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Abstract: This paper examines the response of a cylindrical shell with a solid viscoelastic core
to a non-axisymmetric moving load. We formulate the problem of determining the stationary
stress-strain state of a shell with a solid multilayer viscoelastic core when a non-axisymmetric
normal load moves along an infinitely long cylindrical shell filled with a continuous viscoelastic
inertial core. The equation of motion of the shell is described by shell equations subject to
the Kirchhoff-Love hypotheses, while the motion of the core is described by the dynamic
equations of the theory of elasticity. Sliding-contact conditions are satisfied at the interface
between the shell and the core. The problem is solved in a moving coordinate system using the
Fourier transform and the introduction of potential functions, which in the transform space are
represented as Fourier series. The solution is obtained in terms of special Bessel and Neumann
functions of a complex argument. Numerical results were obtained using the MATLAB
software environment. On the basis of the numerical results obtained, it is established that,
moving away from the point of load application along the length of the shell, the distribution
pattern changes substantially, especially for the stresses. Separation of the shell from the core
can occur not only around the circumference but also along the length, and the variation of the

core stiffness within the range considered here has little effect on the length of the contact zone.

Keywords: cylindrical shell; viscoelastic core; Bessel and Neumann functions; Fourier

transform; contact zone

1. Introduction

The action of a moving load on flat and cylindrical structures is of great practical
importance [1,2]. For example, at a certain load velocity, called the critical velocity,
a resonance phenomenon occurs in which the deflection of the elastic layer increases,
which can lead to failure of the plate structure.
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Studies [3, 4] consider an elastic layer on an elastic foundation, along which a
load moves at a constant velocity. The first part of the work studies a one-dimensional
formulation of the problem: an infinite elastic beam on a Winkler foundation under a
constant load moving uniformly, i.e., at a constant velocity. An exact value of the beam
deflection is obtained, and the critical velocity is found.

The second part of the work investigates a two-dimensional formulation of the
problem. The Mindlin system of equations [5] is taken as the model for the elastic
layer, while the equations of the theory of elasticity for the plane-strain state are used
to describe the elastic foundation. The coupling condition between them is sliding
contact [6,7]. A solution for a concentrated load as a function of moving coordinates is
obtained [8]. The condition for the onset of resonance reduces to a nonlinear algebraic
equation. The smallest positive root of the equation is the critical velocity.

Many loads acting on solid bodies and structures are functions of both time and
space, and also move at variable velocity [9, 10]. In the work of Firsanov [11], the
dynamic responses of “homogeneous” beams subjected to moving loads were obtained
by analytical methods. In numerous studies, various methods were used to solve the
problem of vibrations of a “homogeneous” flat plate, freely supported on its edges,
under a load moving along a prescribed trajectory [12,13].

In the work of Zhou et al. and Auersch [14,15], the dynamic behavior of a road
bridge and the ground was studied by the method of full-scale field tests. Also, in
studies by Karpov et al. and Wang et al. [16, 17], nonlinear effects were investigated
in the problem of a beam on a foundation under a “moving load,” together with the
transient solution for a cylindrical shell under the action of an enveloping axisymmetric
pressure wave.

Most of the solutions cited above were based on analytical methods. However,
for the most complex engineering problems, closed-form analytical solutions are very
difficult to obtain. In the articles of Hussein and Hunt, and Bahranifard et al. [18,19],
numerical methods were applied to solve the problem of the response of a cylindrical
shell with a core to a moving load. In problems on the action of moving loads, the
analysis is usually restricted to pre-resonance velocities of motion [20,21].

In the present work, two methods are developed for solving stationary dynamic
problems for arbitrary constant velocities of load motion, conventionally referred to
here as the contour-deformation (integration-contour) method and the damping method.

The first method is applied to systems without energy dissipation, and the second
to the case when the system contains a mechanism of natural damping of various
physical origins [22,23]. This mechanism may consist in the transfer of energy from
a plate or shell excited by a supersonically moving load to infinity by expansion-wave
components in a liquid or an elastic medium of unbounded extent; its presence may be
explained by energy dissipation in the material of the shell itself; and, finally, damping
appears when the viscoelastic properties of the core are taken into account.

The first method is based on isolating the singularities in the integrand, deforming
the integration contour, and using a special algorithm for computing the integral along
such a contour. In the second method, the improper integrals in the inversion formulas

have no singularities on the real axis [24,25]. The solution obtained by this approach
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is unique for any magnitude of the load velocity, and the algorithm for obtaining
numerical results is analogous to that used previously for pre-resonance velocities.
Using the methods developed, the influence of the constant velocity of load motion
on the stationary dynamic behavior of two- and three-layer cylindrical shells was
investigated.

In Girnis’s study [26], the problem of the action on the inner surface of an infinitely
long elastic cylindrical shell of a load moving uniformly along its axis was studied. The
load acting on the inner surface of the shell is harmonic along its axis. The layered
shell is situated in an elastic space. The motion of the elastic medium and of the shell
layers is described by the dynamic equations of the theory of elasticity in terms of
Lame potentials. The potentials of the longitudinal and transverse waves are described
as Fourier-Bessel series, and the unknown integration constants are determined from
the boundary conditions.

On the basis of the numerical results, it is established that, as the distance from the
surface of the cavity increases, the influence of the dynamic action of the moving load
on the medium decreases.

The basic model problems studied concern the dynamics of transport in
underground structures [27-29]. These are problems of the action of a transport load
on the circular surface of a tunnel. The load is applied over a limited region and
moves along the inner surface forming its plane. It is assumed that the objects under
consideration are located in an elastic half-space. A cylindrical shell in an elastic
space is considered in the studies of Li et al. and Guo and Pan [30, 31], respectively.
Numerical results are obtained as a function of the properties of the surrounding soil.

The present work is devoted to studying the response of a cylindrical shell with
a solid viscoelastic core to a non-axisymmetric moving load. The problem is solved

analytically, but the Gauss and Muller methods are used to obtain the numerical results.

2. Statement of the problem and solution methods

We consider the problem of the action of a normal load moving at constant velocity
on a cylindrical shell with a viscoelastic core. An infinite, uniformly distributed radial
load moves over the outer surface of the cylinder at a constant velocity V. The basic
equations of motion of the multilayer core are given in the form [32]

U

2+ (Xn +ﬁn) gaddivd = p, ", (n=123..) ()

Here, wy (Ugn, Uyn, Uszpn) is the displacement vector of points of the n-th cylinder; p,,
is the density of the n-th cylinder;

l/nEngp(t)
2(1+4vy,)’

EY _ VnEn‘P(t) )
Mol = TS A= 20

ﬁn@(t) =

vy, is the Poisson ratio of the n-th cylinder, ((t) is an arbitrary function of time.
If the Koltunov—Rzhanitsyn relaxation kernel is used instead of (1), then the

elastic modulus is replaced by operators, i.e., E, the operator elastic modulus has the
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form [32]:

Buplt) = Eon [so(t) - [ Bo,te= ot ar @

Rpg, (t — 1) is the relaxation kernel; v, is the Poisson ratio, Ey,, is the instantaneous
elastic modulus. The relationship between stresses and strains has the following
form [32]:
Ugl) = Angﬁ)% + Qﬁn&‘;)
At the contact surface » = R; and the free surface of the cylinder r = Ry and
r = RQZ

(1) (1) (1)
Orr = O, = Orz = 0,
=119 T’:RU T:Ro
(2) (2) (2)
Orr = 0,9 Orz =0,
T:RQ T:Rz =12 (3)
(1) (2) (1) (2) (1) (2)
Orr = Orr y Orp = 0.9 ) Orz = Orz )
r=R; r=Ri r=Ri r=Ri r=R; r=Ry
u”’l‘r:Rl = u”’Q‘r:Rl , uel‘r:Rl = u92|r:R1 ) U’Zl|r:R1 = 'Ufz2|T:Rl .

To solve the integro-differential equation above on the basis of the boundary
conditions, assuming that the integral terms in them are small, the freezing method
developed by Filatov and Sancheleev and presented in Gao et al. and Safarov et al.’s
articles [4,32] can be used. Then relations are replaced by the approximate relations of
the form
An = AonL Bn; fin = ponl Bn,

UnEon _ vpkon
A+ vm) (L =20, T 21 +vp)

>\0n —
FEn =1- CEn (WR) - ZFSETL (WR) )
%on (WR) = / R (1) coswrrdr, I'y, (wr) = / Rpn(7)sinwgrdr, (4)
0 0

Aon, Mon are the instantaneous Lame coefficients, n = 1,2, Rg,(t) is the relaxation
kernel, wg is the real part of the complex frequency.

In the calculations, the three-parameter Koltunov—Rzhanitsyn relaxation kernel
was used: Rp,(t) = Ape~tnt/t1=  The parameters of the relaxation kernel are
given in the monograph [33].

To study the propagation of eigenwaves, a dispersion equation was constructed. In
this case, the external load is not taken into account, so the initial conditions are taken
to be homogeneous.

In some cases, to simplify the calculations, instead of the shell, the theory of shells
based on the Kirchhoff-Love hypothesis (or the Timoshenko hypothesis) is used. Then,
for n = 1, a thin viscoelastic shell is used, which is described by the equation of motion
of a viscoelastic shell subject to the Kirchhoff-Love hypotheses [34]:

1— 13 0%

Goll]T = =15 4
0 = Eoho £0

where 7(u, J,w) are the displacements of points of the shell (or pipe), ho is the
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shell thickness, pg is the density, ng is Poisson’s ratio, Ej is the instantaneous elastic
modulus, % is the load acting from the side of the core, [E] is the differential operator
(according to the Kirchhoff-Love theory):

[ 52 + 1-ng 92 1+ng 8?2 ng 0
Oz2 ZR% 002 2R O0x00 R1 Oz
~ 7 ~ 14ng _9? 1-ng 9% 1 92 1.9 _ » a0
Go [L] = Gy 3R, 9290 5t (1 +4a)5 + R? (1+a) 55 RrZog — @ (2 —n0) 53259 R? 968
f f 2
ng 0 1 90 _ _ _9 a3 1 92 1 92
| R0z rran — (2= o) gummp — 2 900 r2 T\ 52 T 2 o0 |

12R?’

t t
GCEl (wR) = / REl (t) COS wprt dt, sEl (wR) = / REl (t) sin wrt dt, a
0 0

Rp1(t) is the relaxation kernel. The paper presents a study of the stress-strain state of
the core and shells under the action of moving loads. The shell is considered according
to three theories:

1. According to the Kirchhoff-Love theory; 2. According to the Timoshenko
theory; 3. According to the three-dimensional theory of viscoelasticity. A comparative
analysis is presented.

The motion of the viscoelastic core, taking (4) into account, is described by the
dynamic equations of the theory of elasticity

0>

ik C*V2 U + (Mg + fix) grad divd = pg—g-

o k=

1,2,3,...,N). (6)
where fi (u,, uj, u,) are the displacements of points of the core, py, is the density of the
material. If the hollow core is single-layer (n = 1), then at the contact between the shell

and the core, the sliding-contact conditions are satisfied

Ore = 0rg = 0; 000 = —Qpe; Uy :w(T:Rl)' (7)

To solve the equation for the core, the method of potentials is applied, and
the differential equation of the problem under consideration is reduced to the wave

equation [32]

1 92X

2 g
VX = o

3
Here
e =coolen, iy = (Ao +2
Cp = Cpol Ens Cpo (Ao +240) /p,
Ez = CgorEn7 C?O = MO/p-

Let us apply the Fourier transform in the moving coordinate system to (8) with
respect to (= (z — ct)/H) [32]

r T
j(m) = /—r F(h)e_iach dh; F(h) = % /_ij(x)ei:vh de.
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In the transform space, the solution of the transformed equations is sought as
Fourier series in the angular coordinate ¢, assuming that the transforms of the given
normal load are expanded in Fourier series in ¢ and we introduce potential functions,

which in the transform space are represented as Fourier series:

(@,0} =" {ontuleos(nd); X =3 " usin(nd), (9

moreover, the Fourier coefficients of the displacement components in the core are
related to the harmonics of the potential functions by the relations:

Un(r) = i€pn + G + 142 — %45,
Va(r) = = + i€ 0n — G,
Wa(r) = T2 — 65" + xn.
In this case, jn, yn, ¢, are obtained from, whose solutions for the case of a solid
core, for load velocities smaller than the shear-wave propagation velocity, ¢ < cg, have

the form
P (14, €) = Bp(§)In (m&rs) ;¢ (re, €) = D () In (mséra) ; (10)
T (14,€) = Sn(§)In (msérs) -
where
m=\1-M2m,=/1- M2, M2 = — — M?= —°

cpl'p (WR) T csl's (Wr)

m = \/Mg—17m52 V Mg_Lpthl/Pkal:h/ba

_ [QGQO (1- >] R [G
P L e (1 2v0) L
Substituting (10) into (8) and satisfying the boundary conditions, in the transform

1/2
] ;¥ = G10/G2.

space, we obtain the following relation between the reaction of the core and the radial
displacements of the shell:

wO
@i = Gek f1(€n, €) 52

_ezdi+2e4—2(ea—1)da ,
fi&m,c) = == €1d;l+mgzz 5

sk rid

(11)
= (1+m?2) & +2n% — 2¢y; es = m2€2 +n? — ey;
es =n?+ ng — €3; dy = 2e1dy + (1 4+ m2e) ;

n? (62—1)—(1+m§)6265
2e1es—n2(e1—1) :

dy =

Substituting (8) into the transformed equations of motion of the shell, we obtain a
W0

0 .
ns Un» Wy, Whose general solution can be

system of algebraic equations with respect to u!

written in the form
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bl wil} = b
dllz_(l_ll/2)£2 &7
dig = doy = i€ g3 = dyy = ive; (12)
d22— = (1_*CO)§2+H dog = d3z = n;
dgs = %5 (n? +€2)" +1 - 52c3¢? - sz 1€, o).

The determinants A;(j = 1,2,3) are obtained from det ||dj2|| by replacing the
n
Jj-th column with a column having elements {0, 0, 1}. Similarly to [32,33]

g .2
0 __ 1—v PoCo Az 0
QT,n - 73 f(§7 n, C) ||akl||pr,n7
MO — __ha pYcd i Ag+nvAs 0
12k lakilln £mn2
0o _ _1— 0 €xA3A4
T 2 Xoaprn law -

Using (12), one can determine the transforms of the contact pressure, as well as
the components of the stress-strain state of the core and the shell.
Let us write out the final formulas for a system of | concentrated, self-equilibrated

forces uniformly distributed along the circumference:

pr(m.0) = psd() Y, 5(6—6). (13)

If we assume that ps = 2mpg /I, where py is the intensity of a uniformly distributed
load along the circumference, then for the shell deflections and the contact pressure we

can write

< 2Gw _ 201 —v) goo [ cos(én) € |
YT T H ZMM;MWJ%MW% (14)

* Jrr‘r:a _ _1 _V fl f’n & 005(775) dg
7= "kl no[/

. FEm.c) } an cos(nd); (15)

F(& n,c) = Vi (14 v)nzy — v] + 2nzq — 23;

221m + v(1 + v)ng?
4z129 + (1 + u)2n2£2 '

21 =d11; 2o =da;z3 =d33; 2 =

ay, are the Fourier coefficients of the function 22:1 0(0—06).
In the calculations, the delta function was represented by a finite Fourier series

with improved convergence [35]

5(0) = % [0.5 + ZNil N sin (%) cos(n&)] . (16)

n=1 nm

Taking (16) into account, the coefficients a,, in (14) and (15) take the form

Eon=0(1=2/4,...... ),
ap = %sin(%),n:lj,
0,n#lj(1=12...)



Sound & Vibration 2026, 60(6), 4817.

3. Stationary response of the “cylindrical shell-viscoelastic core”
system to the action of a moving load

In the problems considered above, the core or the medium surrounding the
shell was assumed to be viscoelastic. At the same time, many cores encountered
in practice are polymers with pronounced viscoelastic properties. Here, using
the correspondence principle between the elastic and viscoelastic problems (the
elastic-viscoelastic analogy) [34], a stationary solution is obtained for the problem of
the action of moving loads on a cylindrical shell with a viscoelastic core. It is shown that
this principle allows the previously considered problems of this class to be generalized
to the case of viscoelastic media. Since the viscoelastic core has damping properties,
the inversion integrals have no singularities on the real axis, and the elements of the
determinants in the integrands become complex, since in this problem, in the transform
space, the Lame coefficients are complex and depend on the load velocity and the
parameter of the Fourier transform.

Let us write the equations of motion of the medium in a rectangular Cartesian
coordinate system: )

oil) = pe ot (i, ] = ., ). an
The relation between the components of the stress and strain tensors, in the case

of differential operators, is taken in the form
Gij = Newdij + 2053 (18)
where

vEyf(t)
2(1+v)’

VnEOf(t) .
1+v)(1—2v)

Aof(t) = pof(t) =

E, is the operator modulus of elasticity has the form:

BOf(t) = By [f(t)— | Ree-nisyar] .

Here, d;; is the Kronecker delta, p. is the density of the core, f(t) is an arbitrary function
of time, and » is Poisson’s ratio.

The relations between the strains and the displacements have the form [5,35]
2 Dij (t) = u]'i(t) + Uy (t) (19)
Let us write the boundary conditions for the viscoelastic body in the form

Oij (t)nj = SZJ(t) on o

u;i(t) = Ai(t) on Ty, (20)

where n; are the components of the unit outward normal to the boundary of the body;
I, is the part of the boundary on which the components of the stress tensor are given,
and I, is the part of the boundary on which the components of the displacement vector

are given.



Sound & Vibration 2026, 60(6), 4817.

Let us pass from (16)—(18) to the moving coordinate system. Let the given loads,
the sought displacements, and the stresses in the medium satisfy the conditions for the
existence of the Fourier transform with respect to the variable 1. Then, applying the

Fourier transform to (16)—(18), in the transform space we obtain

2

C
Ol = —Pe 5 Ul Q1)
0j (C,é) ij 2 + H(C,g) 92] . (22)

Here, A(c, &), 2u(c, &) are the complex Lame coefficients, depending on the velocity

of motion and the parameter of the Fourier transform, determined by the formulas

_ Q). (9 .
e, €) = myﬂ(caf) = m7 (23)

Q)= ar (9 ()% QY =1tk (— )" (—ie)

K, (24)
Q= XiZoe (=) (="
Instead of (19) and (20), we have
26%- = ugj + uai; (25)
ogn; = S5 atTy; u) = A at Ty, (26)

Moreover, I', and I',, do not change, remaining unchanged together with the
moving coordinate system.

The solution of the stationary problem of the action of a moving load on a
viscoelastic medium can be obtained on the basis of the correspondence principle [36],
according to which, in the transform space, in the formulas for the displacements and
stresses of points of the elastic medium, the Lame coefficients must be replaced by
complex coefficients, and then the final solution is obtained by the inverse Fourier
transform. The main restriction in using this principle is the requirement that the
surface parts I', and I',, do not change with time, which, in problems with moving
loads, is postulated as the invariance of these regions in the moving coordinate system.
In Safarov et al.’s research [36], when studying the action of a moving load on a
multilayer viscoelastic foundation, the integral form of the relation between stresses
and strains was used. It is shown that in this case, in the moving coordinate system,
the displacements and stresses likewise do not depend on time, and the complex Lame

coefficients can be obtained from the formulas

Me,§) =X [1— [5° fult)e ™ dt] ;

, (27)
(e, &) = po [1— [5° fa(t)e™"tat]

where f1(t), fa(t) are the kernels of the viscoelastic operators, which are functions of
the bulk and shear relaxation rates.
Let us apply the method described above to solving the problem of the action

of a moving load on an infinitely long cylindrical shell containing a viscoelastic core
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whose inner surface is free of stresses. Passing to the moving coordinate system and
applying the Fourier transform with respect to 7, in the transform space, we will seek
the solution as Fourier series in the angular coordinate . Similarly, for determining
ud vl wd Y o wg,n a system of algebraic equations is obtained, which includes the

Fourier coefficients of the transforms of the core reaction ¢2.,,,f.,,: Grer,- In the
modified (7), in this case

My(c,€) = C/Cp(c §); Ms(c, &) = ¢/es(¢, €);

(C £) = () -;2#(05 (C £) = #(075)

(28)

Here ¢,, ¢, are the propagation velocities of the tension-compression and shear waves
in the core.

The further course of the solution is analogous to the case of an elastic core
and can be carried out in two ways: 1) determine, from the boundary conditions,
the relation between the core reactions and the transforms of the shell displacements,
and obtain the final solution by resolving the above system of equations with respect
toul, ... ; ¥y, (this approach is usually convenient for a solid core); 2) determine,
from the system of algebraic equations, the loads transmitted to the core by the shell,
expressing them in terms of the displacements, and rewrite the boundary conditions
taking the formulas obtained into account. In this case, the final solution is obtained by
satisfying the boundary conditions (this approach is used for shells with a hollow core
and for three-layer shells).

As an example, numerical results are obtained for the problem of the motion of
an axisymmetric normal load. Using the second approach to solving the problem and
assuming that the contact between the shell and the core is sliding but the bond is
bilateral, we determine the normal load transmitted to the core from the shell, with
the addition of the transform of the given load. Writing the general solutions of (21) at
n = 0 in the form (9) and then satisfying the boundary conditions, we arrive at a system
of algebraic equations for determining the functions A(§),..., D(£), the solution of
which is given by formulas of the form (12), taking into account that the elements of
the determinant (13) include the complex Lame coefficients. If the core is solid, then
the transforms of the displacements in the core are given by formulas of the form

Ul = PO (M2 2) Ty (€) Sy (k) + 21 (ma€) Ty (maéra)], (29)

0 2_ e, _ B m 3
0%, = B (M2 [ (2802 4+ 2m~2) ey () — 22y (mfm}

(30)
X Jy (msﬁ) +4 [ms§J0 (msgr*) - *Jl msf"”* } Jl mf
Fo(e, €) = 2duy (mgé) — 02 = 2) dy (k). (31)
dy = [XEG M2+ 2m~] £ (m€) — (2 — tz) ]y ()
d4 = —Qmsfjo (msé) + (2 - t?) Jl (msé) ; (32)
t 2Gkna
= T=nuled)
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The final solution is obtained by means of the inverse Fourier transform.
Calculations were carried out for a ring concentrated load and a shell with a solid core

for the following values of the dimensionless parameters:

k=0,02; v=20,3; v =G/us, = 125; p* =p/pe = 12.5;
AL, =N /us, = 1.5; T =11/ =0.25; T3 =112 = 2.

The dimensionless velocity of load motion ¢y and the dimensionless characteristic
of the uniaxial-strain recovery time ¢ = ¢ /ar (cse = (us,/ pc)l/ 2) were varied.

4. Results and discussion

To account for the viscoelastic properties of the material, the Rzhanitsyn—Koltunov

Ane—bnt
tlfan

kernel was adopted: Rgy,(t) =
a1 = 0.10; As = 0.078; a; = 0.15. In the calculations, the following values of the
dimensionless parameters were adopted: £ = 0.02; v = v, = 0.025; p* = 12.5.

, with parameter values A; = 0.048; by = 0.05;

Analysis of the dispersion curves (see Figure 1) shows that the difference between
the velocities of the axisymmetric and non-axisymmetric waves of the first mode is
small for all values of the wave number, except those close to zero (the region of very
long waves), and the minima of the first-mode curves for all values of n coincide, so
that in this case too the first resonance velocity can be determined from the solution
of the corresponding axisymmetric problem. Thus, for v = 250 the value obtained
is ¢, = 0.31(3p/G) /2 Further analysis is restricted to pre-resonance velocities of
motion (¢ < cg). In this case, the improper integrals in (12) and (13) are not singular,

and the numerical results are obtained using the MATLAB software package.

Figure 1. Variation of the shell deflections around the circumference.
Note: Dashed lines indicate the unfilled shell; solid lines indicate the filled shell.

Figure 1 shows the distribution of the dimensionless shell deflections w* around
the circumference, in the cross-section n = 0, for two, four, six, and eight concentrated
forces (11) at v = 250, cg = 0.1. The dashed lines relate to the shell without a core,

and for clarity, a separate scale, different from that used for the shell with the core, is
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chosen for each such curve. As shown in Figure 1, the presence of the core significantly
influences the pattern of the deflection distribution, especially for two and four forces.
As the number of forces increases, the influence of the core on the qualitative pattern
of the deflection variation around the circumference decreases.

Figure 2 illustrates the variation of the contact stresses ¢* in the same
cross-section and for the same parameter values. As can be seen from Figure 2,
compressive contact stresses occur only in a certain neighborhood of the point of
application of each force. As one moves away from the point of application of the
force around the circumference, the stresses change sign in all the cases considered.
This is a consequence of the assumption of a bilateral bond between the shell and the
core. If the bond is assumed to be unilateral, it becomes possible for the bond to be
released in those regions where tensile stresses arise, resulting in separation of the

shell from the core.

30
P
i 0y
P {
-30] 2
(/’
\ -60
P 8 P
g
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Figure 2. Contact stresses at the boundary between the shell and the core for different numbers

of concentrated forces.
Note: Solid lines denote the filled shell (orange line—contact stresses for two applied forces, blue line—contact stresses for four applied
forces).

Figure 3 shows the distribution of the radial displacements, and Figure 4 the
radial stresses o* across the thickness of the core for various cross-sections 7 = const
in the axisymmetric case (n = 0) for various values of the relative stiffness (1—y =
250; 2—y = 120; 3—y = 60).

1.0 -123 1.0

0.5 0.5

Ty Ty

n=0 n=0.1 7=0.2

Figure 3. Distribution of the radial displacements across the thickness of the core.
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Figure 4. Radial stresses at points of the core for various distances from the point of loading.

For clarity, a separate scale is chosen for each cross-section.

As can be seen from the figures, moving away from the point of load application
along the length of the shell, the character of the distribution changes substantially,
especially for the stresses. Moreover, whereas for cross-sections = 0 and n = 0.1,
all the stresses are compressive, already for cross-section 1 = 0.2 in the part of the core
adjoining the shell, tensile stresses appear. Thus, separation of the shell from the core
can occur not only around the circumference but also along the length, and the variation
of the core stiffness within the range considered here has little effect on the length of
the contact zone. Taking the viscosity of the materials into account slightly reduces the
stresses and displacements of the core and the shell.

Owing to the damping properties of the viscoelastic core, the stationary solution
obtained is unique for any velocity of load motion. The inversion integrals are not
singular, and their values are found by Filon’s method.

Figure 5 shows the distribution of the dimensionless deflections.

n

-0.4

3
2
1 #
Figure 5. Deflections of the shell with a viscoelastic core for various regimes of motion of the
ring load.
Note: For the given curve 1—co = 0.6; for the given curve 2—co = 1.2; for the given curve 3—co = 1.8. w* = —2Gw/po

along the length of the shell for various velocities of motion of the ring load, with the solid lines relating to the shell.

As can be seen from Figure 5, as the load velocity increases, the maxima of the
deflections decrease and their lag behind the load front increases. Within the range of
velocities considered, on the trailing wave, the results of both shell theories coincide,
and a difference in the deflections is observed only at ¢y = 0.6 the leading wave.

Figure 6 illustrates the variation of the contact pressure 0* = 0|y—qa/po at
the boundary of the “shell-viscoelastic core” system. The calculations show that, for

13
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co = 0.6, taking transverse shear and rotary inertia into account has a substantial effect
on the results. Unlike the deflections, the maxima of the contact stresses lag less behind
the load front.

7

s

(o}

Figure 6. Contact stresses at the boundary of the “shell-viscoelastic core” system according
to Timoshenko theory, with the dashed lines relating to the Kirchhoff-Love shell.

Note: For the given curve 1-—co = 0.6; for the given curve 2—cy = 1.2; for the given curve 3—cp = 1.8.

The variation of the contact stress (¢ = 0|y=r, /00), which arises in the core,
is shown in Figures 7 and 8. Figure 7 shows that as the load velocity increases, the
contact pressure decreases moderately. The graphs show that as the viscosity amplitude

increases, the contact stresses decrease.
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Figure 7. Contact stresses at the boundary of the “shell-viscoelastic core” system.
Note: The dashed line corresponds to the shell of Kirchhoff-Love, the solid line to the three-dimensional theory of viscoelasticity.
1*00 = 1.2; 2*0() = 0.5.

Figure 8. Contact stresses at the boundary of the “shell-viscoelastic core” system.
Note: The dashed line corresponding to the three-dimensional theory of viscoelasticity. 1—A = 0.001, ¢ = 0.45; 2—co = 0.04.
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In conclusion, we note that taking the viscoelastic properties of the core into
account makes it possible to treat all regimes of load motion uniformly from the point

of view of computing the inversion integrals.

5. Conclusion

The paper presents the problem statement, the calculation methods, and numerical
results for the response of a cylindrical shell with a solid viscoelastic core to a
non-axisymmetric moving load. Numerical results have been obtained, on the basis
of which it is established that:

*  Moving away from the point of load application along the length of the shell, the
distribution pattern changes substantially, especially for the stresses;

»  Separation of the shell from the core can occur not only around the circumference
but also along the length, and the variation of the core stiffness within the range

considered here has little effect on the length of the contact zone.
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