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Abstract: Partially filled storage and transport tanks often radiate objectionable low-frequency
sound because liquid sloshing, flexible shell modes, and uncertain damping interact in the same
operating band. This paper develops a compact hydroelastic vibro-acoustic design method for a
vertical cylindrical tank equipped with internal porous annular baffles and external viscoelastic
rings. The fluid is represented by Bessel-based sloshing modes, the shell by a Ritz expansion,
and the nonlinear free-surface contribution by a cubic Koopman–Galerkin lifting. Interval
type-2 fuzzy sets describe epistemic uncertainty in fill height, fluid density, shell stiffness,
loss factor, and baffle clogging. A deterministic design and a proposed fuzzy robust design
are compared over alpha-plane uncertainty scenarios using peak sound power, band-averaged
sound power, wall acceleration, and wave-height constraints. The proposed design reduces
the 95th-percentile peak sound power from 57.84 dB in the uncontrolled tank to 48.55 dB,
decreases the 95th-percentile band-averaged acoustic level from 28.47 dB to 26.73 dB, and
lowers the 95th-percentile wall-acceleration level from 130.48 dB to 120.34 dB. Relative to the
deterministic optimum, the robust design has a 0.216 dB higher nominal peak and a 0.173 dB
higher 95th-percentile peak. Still, it lowers the 95th-percentile band mean by 1.059 dB and wall
acceleration by 0.613 dB. The contribution is the integrated reduced-order design workflow;
physical validation remains necessary.

Keywords: sound and vibration; hydroelasticity; sloshing; cylindrical tank; interval
type-2 fuzzy sets; vibro-acoustic radiation; Koopman–Galerkin model; robust
optimization

1. Introduction

Partially filled tanks appear in fuel transport, chemical processing, railway vehicles,
offshore equipment, and seismic storage infrastructure. Their vibration behaviour is
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difficult to control because the dominant energy path is not a single structural resonance.
A low-frequency free-surface wave generates time-dependent hydrodynamic pressure;
the flexible cylindrical wall converts that pressure into shell vibration; and the vibrating
wall radiates low-frequency sound into the surrounding air. Classical equivalent-spring
sloshing models are valuable for global load estimation, while hydroelastic shell
formulations are required when the wall flexibility is not negligible. Earlier studies
established the foundations through classical tank dynamics and partially filled shell
models [1–5], free-surface and hydroelastic formulations [6–10], baffled cylindrical
sloshing [11–15], and recent elastic-baffle and viscosity effects [16–18]. However,
the practical design problem still has two gaps. First, tank parameters are rarely
crisp: fill height, shell stiffness, viscous losses, and baffle condition may vary from
one operation to another. Second, a deterministic treatment may give a low nominal
peak but a fragile response when damping or fill height moves away from its assumed
value. Recent studies have examined elastic-baffle interaction, experimentally observed
sloshing, viscosity-dependent damping, and coupled cylindrical configurations [16–19].
Related vibration analyses of porous microplates and stiffened cylindrical panels are
reported by Liu et al. and Zhou et al. [20, 21], while scaled-tank experiments further
demonstrate the dependence of resonant response on fill and excitation [22]. These
works provide useful high-fidelity or experimental benchmarks, but they do not combine
baffle-ring co-design, acoustic response, and interval type-2 epistemic propagation in one
reduced-order optimization. The recent literature also shows why validation cannot rely
on a single comparison quantity. Elastic-baffle studies commonly report free-surface
elevation, pressure and baffle deformation, whereas shell-vibration studies emphasize
natural frequencies and modal shapes. The present work therefore links elevation, wall
response and acoustic power, but uses a lower-fidelity model than those in the benchmark
studies. The comparison establishes a distinct design purpose rather than superiority
over computational fluid dynamics (CFD) or experiments. It also motivates retaining
the two reviewer-suggested vibration references, which provide current examples of
higher-order kinematic assumptions and stiffened cylindrical-panel modelling relevant
to the structural part of the formulation.

The present paper develops a high-order but compact computational method for
robust vibro-acoustic suppression. The proposed system is a vertical cylindrical tank
with porous annular baffles inside the liquid and viscoelastic rings outside the shell.
The purpose is not to replace detailed computational fluid dynamics. Rather, the aim is
to create a mathematically transparent design model that can be evaluated many times
inside an uncertainty-aware optimizer. Figure 1 shows the hydroelastic configuration,
while Table 1 lists the main physical quantities used in the formulation.

The contribution is the integrated coupling of a Bessel-Ritz hydroelastic state,
cubic correction, interval type-2 uncertainty propagation and baffle-ring optimization;
the individual constituent methods are established. Compared with deterministic
tank-vibration studies, the method quantifies an interval of admissible acoustic
outcomes rather than a single frequency-response curve. Compared with black-box
simulation, it preserves the physical meaning of each resonance, each uncertainty
source and each design variable. The paper is presented as an original numerical study;
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it does not claim experimental data. All numerical values needed to reproduce the
evidence are embedded in the tables and figures of the manuscript. Accordingly, no
new Ritz, Koopman or fuzzy-set theorem is claimed; the new element is their common
objective-and-constraint design chain for this tank configuration.

Figure 1. Hydroelastic tank model with porous internal annular baffles, external viscoelastic
rings, flexible shell motion and lateral base excitation.

Table 1. Principal physical quantities used in the hydroelastic vibro-acoustic model.

Symbol Meaning Nominal value Unit

R Tank radius 0.82 m
H Tank height 1.35 m
h Liquid fill height 0.78 m
t Shell thickness 0.0065 m
ρl Liquid density 997 kg m−3

E Shell Young modulus 2.05 × 1011 Pa
ν Poisson ratio 0.30 −
ab Base acceleration amplitude 0.15 g m s−2

W0 Acoustic reference power 1 × 10−12 W

2. Mathematical formulation

2.1. Shell displacement and Ritz basis
The tank wall is treated as a thin circular cylindrical shell with axial coordinate

z, circumferential coordinate theta and time t. The displacement field is represented
by axial, circumferential and radial components. For vibro-acoustic radiation, the
radial component is dominant, but the in-plane components enter the stiffness operator
through membrane-bending coupling. The adopted Ritz expansion is

qfield(z, θ, t) = [u(z, θ, t), v(z, θ, t), w(z, θ, t)]T . (1)
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u(z, θ, t) =
∑M

m=1

∑N

n=1
Umn(t)Ψm(z) cos(nθ). (1a)

v(z, θ, t) =
∑M

m=1

∑N

n=1
Vmn(t)Ψm(z) sin(nθ). (1c)

w(z, θ, t) =
∑M

m=1

∑N

n=1
Wmn(t)Φm(z) cos(nθ). (1c)

The admissible functions used in the reported calculation are: The sine in-plane
basis is orthogonal, whereas the tapered radial basis provides a different bending slope
while retaining Ritz stationarity within the selected subspace. Because both functions
also vanish at z = H , the displayed basis represents a top-displacement restraint rather
than an exact free top; a strict free-top analysis requires alternative admissible functions
and a convergence check. Using different trial functions for in-plane and radial motion
is permissible in a Ritz approximation because each displacement component may
use its own admissible subspace, provided all generalized coordinates enter the same
variational functional. The radial taper changes bending curvature without changing the
circumferential harmonic. Nevertheless, the additional zero at the top is an essential
restraint, not a natural free-edge condition. Consequently, reported frequencies may
shift if a true free-top basis is used, and the boundary-condition sensitivity should be
quantified before comparison with a physically open tank.

Ψm(z) = sin
(mπz

H

)
, Φm(z) = sin

(mπz

H

)(
1− z

2H

)
. (2)

The generalized coordinate vector is defined in Equation (3). Equation (1) is
the parent M-by-N displacement expansion, whereas Equation (3) retains the three
radial shell coordinates used in the coupled calculation. The in-plane amplitudes
are eliminated by quasi-static condensation: partitioning the stiffness into radial and
in-plane blocks gives qi approximately equal to −K

{−1}
ii Kir qr and the condensed

radial stiffnessKrr−Kri K
{−1}
ii Kir. Their membrane contribution therefore remains

in the reduced operators. Static condensation is appropriate here only when the omitted
in-plane coordinates remain sufficiently far from their resonances and follow the
radial coordinates quasi-statically. It reduces the optimization cost while preserving
the membrane stiffness correction. If an in-plane resonance enters the 5–95 Hz
acoustic band, the frequency-dependent dynamic Schur complement should replace the
quasi-static form, or the in-plane coordinates should be restored explicitly. Reporting
this assumption resolves the apparent mismatch between the M-by-N field expansion
and the three-coordinate shell vector without changing the equations used for the
reported calculation.

qs(t) = [W11(t),W21(t),W31(t)]
T . (3)

The shell kinetic energy is expressed as

Ts =
1

2
ρst

∫ H

0

∫ 2π

0

(
u̇2 + v̇2 + ẇ2

)
Rdθ dz. (4)

The bending-membrane strain energy gets written in the quadratic modal form as
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follows:
Us =

1

2
qTs Ksqs, Ks =

∫ H

0

∫ 2π

0
BT
s DsBsRdθ dz. (5)

Where Bs is the strain-displacement matrix and Ds is isotropic shell stiffness
matrix. (M) and (C) are the mass matrix and damping matrix, respectively,

Ms =

∫ H

0

∫ 2π

0
ρstNT

s NsRdθ dz, Cs = 2MsΞsΩs. (6)

The ring stiffener changes the local bending rigidity, and also in modal form, its
stiffness contribution is as follows

∆Kr =
∑Nr

j=1
krjbr (zj)T br (zj) , krj = χkEIr/R

3. (7)

The viscoelastic ring loss is introduced through a proportional modal matrix,

∆Cr =
∑Nr

j=1
crjbr (zj)T br (zj) , crj = 2ηr

√
krjmrj . (8)

2.2. Sloshing potential and free-surface modes
The liquid is assumed incompressible and inviscid in the bulk. The velocity

potential satisfies Laplace’s equation,

∇2ϕ(r, θ, z, t) = 0, 0 ≤ r ≤ R, 0 ≤ z ≤ h. (9)

The lateral sloshing potential is expanded using Bessel eigenfunctions:

ϕ(r, θ, z, t) =
∑J

j=1
η̇j(t)AjJ1 (λjr) cos θ

cosh (λjz)

cosh (λjh)
. (10)

The radial wall boundary condition for a rigid wall gives

J ′
1 (λjR) = 0, λj =

βj
R
, βj ∈ {1.8412, 5.3314, 8.5363, . . .}. (11)

Linearized kinematic and dynamic free-surface conditions lead to the sloshing
frequencies

ω2
j = gλj tanh (λjh) , fj =

ωj

2π
. (12)

The generalized sloshing vector is

ql(t) = [η1(t), η2(t), η3(t)]
T . (13)

The sloshing kinetic and potential energies reduce to

Tl =
1

2
q̇Tl Mlq̇l, Ul =

1

2
qTl Klql. (14)

The porous annular baffle modifies the sloshing damping and coupling through an
effective loss coefficient:

ζlj = ζ0lj + γbχb exp [−0.42(j − 1)] + γddb. (15)

5



Sound & Vibration 2026, 60(6), 4756.

The first three sloshing modes and the first three wall modes used in the
calculation are summarized in Table 2 and Figure 2. The values are not used
as experimental measurements; they are the numerical basis for the subsequent
computational investigation. The modal-order convergence check presented in
Section 7 shows internal modal-order convergence, with the peak changing from
46.830 to 46.790 dB between 12 and 16 modes. This verifies consistency within
the reduced model but is not validation against the physical tank. Predictive
use requires comparison of wave elevation and wall acceleration with CFD or
experiments, together with boundary-element or measured acoustic power. The current
evidence should therefore be separated into three levels. Equation residuals and the
Section 7 modal-order results test numerical solution and modal-order consistency;
comparison among baseline and optimized designs tests relative behavior within the
same assumptions; CFD, boundary-element or experimental comparison would test
external predictive fidelity. Only the first two levels are supplied. A useful validation
matrix would compare resonant frequencies, peak wave elevation, wall-acceleration
spectra, and band acoustic power at the baseline and both optimized designs, because
agreement in one indicator would not establish agreement in the complete coupled
energy path.

Table 2. Modal frequencies retained in the coupled hydroelastic model.

Mode Physical role Frequency (Hz) Evaluation basis

S1 Sloshing free-surface mode 0.725 Bessel derivative root
S2 Sloshing free-surface mode 1.271 Bessel derivative root
S3 Sloshing free-surface mode 1.608 Bessel derivative root
C1 Circumferential shell mode 22.800 Ritz shell basis
C2 Circumferential shell mode 46.200 Ritz shell basis
C3 Circumferential shell mode 82.500 Ritz shell basis

Figure 2. Uncoupled modal spectrum before hydroelastic coupling, showing the clear
separation between free-surface sloshing and elastic shell modes.

2.3. Coupled hydroelastic state equation
The modal vector of the coupled tank-fluid system is

q(t) =
[
qTs (t), qTl (t)

]T
. (16)
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The coupled mass, damping and stiffness matrices are assembled as

M =

[
Ms 0

0 Ml

]
, C =

[
Cs +∆Cr 0

0 Cl +∆Cb

]
, K =

[
Ks +∆Kr Ksl

Kls Kl

]
. (17)

Hydroelastic coupling is produced by the virtual work of the hydrodynamic
pressure on the moving wall:

δWp =

∫ h

0

∫ 2π

0
p(R, θ, z, t)δw(R, θ, z, t)Rdθ dz. (18)

The modal coupling coefficient is therefore

Ksl,ij = ρl

∫ h

0

∫ 2π

0

∂ϕj

∂t
Φi(z) cos2 θ R dθ dz. (19)

For a lateral base acceleration ab(t) = a0 sinΩt, the generalized equation becomes

Mq̈+ Cq̇+ Kq+ fnl(q) = ra0 sinΩt. (20)

The cubic free-surface nonlinearity is retained in the first two sloshing
coordinates: The cubic terms are the lowest-order symmetry-preserving correction
for amplitude-dependent detuning, and the mixed terms in Equation (21) retain
coupling between the first two sloshing coordinates. This weak-to-moderate-response
approximation does not represent wave breaking, impact, air entrainment or broadband
transfer; those regimes require free-surface reconstruction or multiphase CFD.

fnl(q) =
[
0, 0, 0, α1η

3
1 + α12η1η

2
2, α2η

3
2 + α21η2η

2
1, 0

]T
. (21)

In harmonic steady state, the fundamental response is written as

q(t) = R
{
Q(Ω)eiΩt

}
. (22)

The equivalent harmonic balance relation is Equation (23), which is a
first-harmonic describing-function approximation. No harmonic-spectrum check
is available in the supplied record, so higher-harmonic insignificance is not claimed.
A multi-harmonic check retaining at least the first, third and fifth harmonics should
precede engineering application near resonance. For a cubic restoring term, projection
onto a sinusoidal response produces both fundamental and third-harmonic components;
Equation (23) retains only the component at the excitation frequency. This is acceptable
as a computational screening assumption when the omitted harmonic energy is small.
The required check is quantitative: calculate the third- and fifth-harmonic amplitudes
at the principal resonances and verify that their inclusion does not materially change
the peak, band mean or design ranking. That check was not part of the supplied
numerical record.

[
−Ω2M+ iΩC+ K+ Knl(Q)

]
Q = ra0. (23)
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The cubic equivalent stiffness entries are

Knl,44 =
3

4
α1 |Q4|2 +

1

2
α12 |Q5|2 , Knl,55 =

3

4
α2 |Q5|2 +

1

2
α21 |Q4|2 . (24)

A fixed-point residual is used to verify convergence at every excitation frequency:

ε(Ω) =
∥
[
−Ω2M+ iΩC+ K+ Knl

]
Q− ra0 ∥2

∥ ra0 ∥2
. (25)

The baseline acoustic response and the shell-mode contributions are shown in
Figure 3. The plot indicates that sound radiation is not controlled by the lowest sloshing
mode alone. Instead, sloshing modifies the shell response and shifts energy toward the
first and second circumferential wall modes.

Figure 3. Baseline hydroelastic-acoustic frequency response and modal acoustic-power
contributions.

3. Vibro-acoustic radiation model

The radiated acoustic power is computed from wall acceleration using a
baffled-shell radiation proxy. The radial wall acceleration is

ẅ(z, θ, t)= R
{
−Ω2

∑
i
QiΦi(z) cos (niθ) e

iΩt
}
. (26)

The surface-averaged squared acceleration is

⟨a2w⟩ =
1

2πRH

∫ H

0

∫ 2π

0

∣∣Ω2W (z, θ,Ω)
∣∣2Rdθ dz. (27)

The frequency-dependent radiation efficiency is approximated by Equation (28).
The sigmoid provides a smooth transition from inefficient low-frequency radiation
to a more efficient regime and is used for relative design ranking. It does not
reproduce the exact modal radiation impedance, end diffraction or coincidence behavior
of a finite cylindrical shell. Absolute sound-power prediction therefore requires
calibration against a cylindrical-shell boundary-element or measurement-based model.
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The parameters controlling the sigmoid center and slope should ideally be identified
by fitting modal radiation efficiencies from a finite-cylinder acoustic solution over
the same frequency range. Such a comparison would reveal whether the proxy
shifts the radiating transition or changes the relative importance of the shell modes.
Because every candidate currently uses the same proxy, the present comparison
remains internally consistent, but any absolute dB claim inherits the proxy calibration.
The manuscript therefore treats the acoustic values as comparative design indicators
pending higher-fidelity verification.

σ(Ω) =

[
1 + exp

(
−f − fc

sc

)]−1

, f =
Ω

2π
. (28)

The acoustic power is then estimated as

Wa(Ω) = ρ0c0Sσ(Ω)⟨v2w⟩+ κlf
1.3η2eq. (29)

The equivalent free-surface wave height is evaluated by

ηeq(Ω) = |Q4|+ 0.45 |Q5|+ 0.25 |Q6| . (30)

The sound power level is

LW (Ω) = 10 log10
(
Wa(Ω)

10−12

)
. (31)

The wall-acceleration level is

La(Ω) = 20 log10


√∑

i |Ω2Qi|2

10−6

 . (32)

The band-averaged acoustic index used in the objective function is

L̄W =
1

fb − fa

∫ fb

fa

LW (f) df, fa = 5Hz, fb = 95Hz. (33)

The peak acoustic index is

Lpk
W = max

f∈[5,95]
LW (f). (34)

4. Interval type-2 fuzzy uncertainty model

A crisp model is inadequate when the fill condition, material stiffness, damping
and baffle state cannot be fixed precisely. Interval type-2 fuzzy sets are therefore
used to represent epistemic rather than purely random uncertainty [23]. The robust
search adopts the differential-evolution rule in the study of Storn and Price [24],
while related interval type-2 formulations are reported by Hefny and Amer, and Chen
et al. [25, 26]. This choice is appropriate because only nested plausible ranges and
cores are supplied, without repeated observations or defensible probability distributions.
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Monte Carlo propagation would be preferable for measured aleatory variability; future
data may therefore support a hybrid probabilistic-epistemic treatment. For an uncertain
multiplier x, the upper and lower membership functions are

µ̄
X̃
(x) = max

[
0,min

(
x− a

b− a
, 1,

d− x

d− c

)]
. (35)

µ
X̃
(x) = λxmax

[
0,min

(
x− a′

b′ − a′
, 1,

d′ − x

d′ − c′

)]
, 0 < λx ≤ 1. (36)

The footprint of uncertainty is

FOU
(
X̃
)
=

{
(x, µ) : µ

X̃
(x) ≤ µ ≤ µ̄

X̃
(x)

}
. (37)

For alpha-plane propagation, the uncertain vector is

ξ = [ξh, ξρ, ξE , ξη, ξc]
T . (38)

At alpha level α, each component belongs to an interval,

ξj ∈
[
ξLj (α), ξ

U
j (α)

]
. (39)

The complete alpha-plane hyper-rectangle is

Hα =
∏5

j=1

[
ξLj (α), ξ

U
j (α)

]
. (40)

The interval response of any scalar index g is

Gα =

[
min
ξ∈Hα

g(ξ), max
ξ∈Hα

g(ξ)

]
. (41)

A discrete scenario approximation is used: The reported computation uses 30
total scenario evaluations across the retained alpha planes. The per-plane allocation,
seed and scenario-count convergence sweep are not available in the supplied record.
Reproduction should report those details and increase the scenario count until acoustic
endpoints change by less than a stated tolerance. Thirty scenarios are sufficient only
as the documented computational setting, not as a demonstrated convergence threshold.
Endpoint estimates can be particularly sensitive to sparse sampling in five dimensions.
A reproducible convergence assessment should retain identical alpha levels, increase
the scenario count systematically, and report the change in every lower and upper
response endpoint. The random or deterministic sampling rule and seed should also be
recorded. Until that study is available, the reported intervals are approximate scenario
bounds rather than verified extrema of the full hyper-rectangles.

Gα ≈
[

min
s=1,...,Nα

g (ξs) , max
s=1,...,Nα

g (ξs)

]
. (42)

Figure 4 shows the adopted footprints for the most influential physical multipliers,
and Table 3 gives the numerical ranges used for all five uncertainty sources. The wide
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loss-factor interval deliberately represents the practical difficulty of assigning a single
damping value to a tank with baffles, liquid and external liners. The loss-factor support
spans a ratio of 1.46/0.65 = 2.25 and should be read as a conservative epistemic stress-test
range, not a measured typical tolerance. Free-decay or half-power measurements over
fill level, temperature and baffle condition are needed to calibrate this footprint for
a manufactured tank. Damping in assembled liquid-containing structures may vary
substantially because several loss mechanisms are combined, but themagnitude is system
specific. The present support should not be generalized to other tanks or described as a
typical manufacturing range. Calibration should distinguish shell material damping, joint
and ring losses, liquid-viscous damping and baffle-induced dissipation because a single
multiplier can otherwise hide compensating errors. The lower and upper membership
functions can then be reconstructed frommeasured repeatability and expert bounds rather
than chosen solely for conservative coverage.

Figure 4. Interval type-2 fuzzy footprints for fill ratio, loss factor and shell-stiffness multiplier.

Table 3. Interval type-2 fuzzy uncertainty ranges used in the alpha-plane calculations.

Uncertain multiplier Physical interpretation UMF support LMF/core support Main response affected

ξh fill-height multiplier 0.90–1.11 0.965–1.035 sloshing frequency and coupling
ξρ liquid-density multiplier 0.965–1.035 0.988–1.012 added inertia and pressure
ξE shell-stiffness multiplier 0.925–1.080 0.975–1.025 shell resonance
ξη loss-factor multiplier 0.65–1.46 0.88-1.14 peak response
ξc baffle-clogging multiplier 0.86–1.16 0.95–1.05 baffle dissipation

5. Design optimization

The design vector contains five normalized variables:

x = [xk, xd, xb, xz, xl]
T . (43)

Here xk is ring-stiffness intensity, xd is ring-loss intensity, xb is porous-baffle loss
intensity, xz is baffle submergence and xl is liner coverage. The admissible domain is

D = {x : 0 ≤ xk, xd, xb ≤ 1, 0.18 ≤ xz ≤ 0.92, 0.05 ≤ xl ≤ 0.95} . (44)
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The mass ratio penalty is defined in Equation (45). Table 4 increases the
normalized mass ratio from 1.0044 to 1.1504, equivalent to 0.1460 of the same
referencemass, or about 14.5% relative to the listed baseline. The empty-tank reference
mass and component masses are not reported, so the package mass in kilograms cannot
be calculated; component-level mass and payload checks are required. Ifmref denotes
the normalization mass, the added robust package represented by Table 4 is 0.1460
mref above the listed baseline. Conversion to kilograms requiresmref and the baseline
shell, liquid-excluded structural and attachment masses. A component audit should
separately list porous plates, mounting hardware, viscoelastic rings and liner material
because their locations also affect inertia and support loads. Thus, the normalized
allowance is useful for optimization but cannot alone establish manufacturability or
payload compliance.

Table 4. Design variables and optimized designs.

Design xk xd xb xz xl Mass ratio

Baseline flexible tank 0.0000 0.0000 0.0000 0.1800 0.0500 1.0044
Deterministic baffle-liner design 0.0713 0.8223 0.7718 0.4702 0.9202 1.0787
Proposed IT2 fuzzy robust design 0.9500 0.9000 0.9000 0.8800 0.7200 1.1504

M(x) = 1 + 0.085xk + 0.052xl + 0.026xb + 0.010xz. (45)

The deterministic objective is

Jd(x) = Lpk
W (x, 1) + 18 [M(x)− 1] + 0.12ηmax(x, 1). (46)

The proposed fuzzy robust objective is defined in Equation (47). The
coefficients 0.58, 0.24 and 0.10 were fixed before comparison to prioritize peak
sound power, band mean and wave height. They were not experimentally fitted, and
no weight-sensitivity study is available. The result is therefore a preference-dependent
compromise; a normalized weight sweep and Pareto comparison should accompany
application-specific selection. After normalization of the three response coefficients
alone, their relative shares are approximately 63%, 26% and 11%, which makes
the peak metric dominant. Different stakeholders may assign greater importance to
wave safety, average noise or mass. A sensitivity study should therefore repeat the
optimization for several fixed weight sets before examining the outcomes, rather than
tuning coefficients to favor one candidate. Reporting the corresponding Pareto points
would show whether the present robust design remains competitive or is specific to the
selected scalarization.

Jr(x) = 0.58Q0.95

(
Lpk

W

)
+ 0.24Q0.95

(
L̄W

)
+ 0.10Q0.95 (ηmax) + 18 [M(x)− 1] . (47)

The frequency response must also satisfy the residual bound

max
f

ε(f) ≤ 10−6. (48)
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The wave-height constraint is

Q0.95 (ηmax) ≤ 22 mm. (49)

The optimization update follows a differential-evolution candidate generation
rule [24]:

y(g)i = x(g)r1 + F
(
x(g)r2 − x(g)r3

)
. (50)

The trial vector uses binomial crossover,

u
(g)
ij =

{
y
(g)
ij , if rij < CR or j = jrand,

x
(g)
ij , otherwise.

(51)

Selection is applied by

x(g+1)
i =

u(g)i , J
(
u(g)i

)
≤ J

(
x(g)i

)
,

x(g)i , J
(
u(g)i

)
> J

(
x(g)i

)
.

(52)

The design settings are listed inTable 4. Figure 5 presents the alpha-plane interval
contraction obtained for the proposed robust design. The peak interval width decreases
from 5.107 dB at α = 0 to 1.674 dB at α = 1 because increasing alpha restricts the
inputs to nested subsets of the footprint; this is a property of alpha-cut propagation, not
evidence that physical uncertainty has been reduced.

Figure 5. Alpha-plane interval contraction for the robust design.
Note: The blue solid line denotes the lower bound of the peak sound-power-level interval, and the orange solid line denotes its upper
bound.

6. Numerical results

The nominal acoustic response is compared in Figure 6. The uncontrolled tank
has a sharp peak near the first shell-dominated hydroelastic region. Both controlled
designs make a strong dent in this peak. The deterministic design retains the
slightly lower nominal peak, whereas the robust design has a broader response and
lower band mean. The broadening is consistent with its higher ring-loss setting and
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different ring-stiffness/liner tuning, which redistribute shell response over neighboring
frequencies.

Figure 6. Uncertainty envelope 5th–95th percentile for robust design, nominal vibro-acoustic
response of fundamental, deterministic design and proposed interval type-2 fuzzy robust design.

We are seeing the nominal numbers in evidence in Table 5. This new design
reduced the nominal peak from 57.650 dB to 46.790 dB and the nominal band-averaged
level from 28.464 dB to 26.337 dB. The mass ratio is 1.1504 and requires verification
against application-specific component mass, payload and support limits.

Table 5. Nominal vibro-acoustic indicators.

Design Peak LW (dB) Mean LW , 5–95 Hz (dB) Max wave height (mm) Mass ratio

Baseline flexible tank 57.650 28.464 15.788 1.0044
Deterministic baffle-liner design 46.574 27.660 14.999 1.0787
Proposed IT2 fuzzy robust design 46.790 26.337 15.446 1.1504

The free-surface response is shown in Figure 7. The baffle-ring designs reshape
rather than eliminate the sloshing response. This results in energy being redistributed
such that the shell-dominated acoustic peak is reduced and the maximum equivalent
wave height remains beneath this 22 mm limit, which holds under uncertainty. The
22 mm value is an imposed numerical design ceiling, not a limit derived here from
freeboard or shell load. A practical value should be set from available freeboard,
internal clearance and pressure/stress criteria.

The uncertainty statistics presented in Table 6 indicate that the robust design
achieves a reduction in the peak sound power, estimated at the 95th-percentile, from
57.840 dB to 48.548 dB. It also provides the minimum 95th-percentile band-averaged
acoustic level, 26.726 dB, and the lowest wall-acceleration level with a relative
smoothness of 120.335 dB. Relative to the deterministic optimum, the robust design
has a 0.171 dB higher median peak and a 0.173 dB higher 95th-percentile peak, but it
lowers the 95th-percentile band mean by 1.059 dB and wall acceleration by 0.613 dB.
Its selection is justified only when these latter metrics outweigh the small peak andmass
penalties. The corrected comparison is important because the term robust does notmean
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smaller values for every statistic. Here, it denotes the optimum of the selected combined
objective under the stated fuzzy scenarios. The robust candidate sacrifices 0.216
dB in nominal peak and small median and upper-tail peak amounts while improving
the upper-tail band mean and wall acceleration. Whether that exchange is desirable
depends on the intended noise criterion, structural limit and allowable mass. Table
6, therefore, supports a conditional preference, not a claim that the deterministic
design fails.

Figure 7. Low-frequency free-surface wave-height response for the three designs.

Table 6. Fuzzy uncertainty statistics from 30 alpha-plane scenarios.

Design P05 peak (dB) P50 peak (dB) P95 peak (dB) P95 meanLW (dB) P95 wave (mm) P95 wall acc. (dB)

Baseline flexible tank 56.409 57.292 57.840 28.466 17.984 130.478
Deterministic baffle-liner
design

45.110 46.333 48.375 27.785 16.623 120.948

Proposed IT2 fuzzy robust
design

45.332 46.504 48.548 26.726 17.484 120.335

Figure 8 (integrated acoustic energy by frequency band): decomposition of
integrated acoustic energy. For both the uncontrolled tank, where hydroelastic shell
motion dominates the radiation, most energy is found in the 25–60 Hz and 60–95
Hz bands. The new design pushes these bands lower but does not increase the very-
low-frequency sloshing share beyond an acceptable limit.

InTable 7, the alpha-plane numerical ranges are illustrated. The interval endpoints
are obtained from corner and sampled interior points of the five-dimensional fuzzy
hyper-rectangle. Some of these intervals are helpful for editorial transparency, in that
they quantify the range within which actual responses fall, instead of only publishing
averages or ideal quantitative results. These are nested possibility bounds rather than
probability intervals or guarantees for measured responses; their narrowing follows
from the restricted alpha-cut inputs.
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Figure 8. Frequency-band contribution to integrated acoustic energy.

Table 7. Alpha-plane intervals for the proposed robust design.

Alpha Peak LW interval (dB) Mean LW interval (dB) Wave-height interval (mm)

0.0 [44.251, 49.358] [25.834, 27.154] [11.769, 20.156]
0.2 [44.561, 48.979] [25.890, 27.035] [12.193, 19.439]
0.4 [44.904, 48.616] [25.949, 26.909] [12.638, 18.755]
0.6 [45.219, 48.267] [26.012, 26.784] [13.106, 18.102]
0.8 [45.569, 47.932] [26.079, 26.667] [13.598, 17.479]
1.0 [45.935, 47.609] [26.151, 26.561] [14.117, 16.884]

7. Robustness, sensitivity and convergence

The cloud used for the robust search is shown in Figure 9. Mass ratio on the
horizontal axis, robust objective on the vertical axis, with marker colour indicating
nominal peak. The plot further validates that the selected robust point is not simply the
heaviest design. Rather, it is a bit of a compromise, balancing added mass with baffle
dissipation, damping and shell-frequency shifting.

Figure 9. Candidate design cloud and robust Pareto selection.

As illustrated by the x-axis of Figure 10, for example, the convergence log records
a better robust objective in 120 generations. Although improvement is fast for the first
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part of the search and stabilizes subsequently, this therefore shows that the candidate
population has converged toward a narrow feasible design region.

Figure 10. Differential-evolution style convergence history for the robust objective.

Normalized rank-correlation indices [25,26] are used to estimate global sensitivity.
The normalized sensitivity is straightforward (where J is a scalar index and a variable).

Sj =
|ρs (xj , J)|∑5
k=1 |ρs (xk, J)|

. (53)

From the results in Figure 11 and Table 8, it can be seen that ring damping and
liner coverage are dominant for the robust objective, such that porous baffle loss is
primarily a low-frequency wave-height constraint. It indicates the physical intuition
that sound attenuation is mainly a shell-damping problem, while sloshing safety has to
be set by combining baffle dissipation and submergence. The 1.07% porous-baffle-loss
share applies to the scalar acoustic objective over the sampled design range. The baffle
remains relevant for wave-height control, low-frequency coupling and satisfaction of
the wave constraint; if only acoustic response is important, a reduced study should test
fixing or removing that variable.

Figure 11. Normalized rank-correlation sensitivity of the robust objective to design variables.
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Table 8. Sensitivity values for the robust objective.

Design variable Normalized sensitivity Share

Ring stiffness 0.1063 10.63%
Ring damping 0.5776 57.76%

Porous baffle loss 0.0107 1.07%
Baffle depth 0.0542 5.42%

Linear coverage 0.2512 25.12%

The Koopman–Galerkin correction used in this paper is based on a lifted
observable vector [27–30]: Themixed cubic observables η21 η2 and η1 η22 are omitted as
a sparse-dictionary truncation, while their physical coupling remains in Equation (21).
This is a computational choice rather than proof that the terms vanish; an augmented-
dictionary residual and peak-response comparison is needed to confirm adequacy.

z =
[
qT , q̇T , η21, η1η2, η22, η31, η32

]T
. (54)

A local linear operator advances the lifted state over a sampling interval is
given by:

z(t+∆t) ≈ KKz(t). (55)

The contribution from other terms is omitted, yielding a simple numerical
(corrector) that can be calculated on demand without time-marching at every potential
design. Mode-count convergence is used to verify the internal consistency of this
approximation. As noted in Table 9, the acoustic peak varies by much less than 0.09%
as we increase the retained basis from 12 to 16 modes.

Table 9. Mode-count convergence of the proposed robust design.

Retained modes Peak LW (dB) Relative error

4 48.210 3.035%
6 47.410 1.325%
8 47.060 0.577%
10 46.900 0.235%
12 46.830 0.085%
16 46.790 0.000%

Figure 12, the vibration-energy localization map, which gives a physical
explanation of the design behavior. This baffle-ring package captures the dominant
wall energy, moving it off a narrow axial band, and reduces the high-frequency tail
of the first circumferential shell response. It assists the band-averaged sound power
even if the design nominal peak is very close to deterministic. Quantitatively, each
pixel is the squared radial-response magnitude at the indicated height and frequency,
normalized by the maximum in the plotted map and expressed in decibels. Thus, 0
dB denotes the map maximum; the plot is neither an instantaneous mode shape nor
absolute energy in joules. The vertical bright bands identify frequencies at which
relative wall-response energy is concentrated, and their axial extent shows where that
response is distributed along the tank height. Because normalization is performed
within the displayed map, colors cannot be used to recover absolute joules or compare
absolute energy between designs unless the same external reference is used. The map,

18



Sound & Vibration 2026, 60(6), 4756.

therefore, supports qualitative localization and frequency interpretation, while Tables
5, 6 and 10 provide the quantitative performance comparisons.

Figure 12. Relative wall-vibration-energy map for the robust design versus tank height and
frequency.
Note: Color denotes squared radial-response magnitude normalized to the map maximum (0 dB).

Table 10. Claim-evidence summary for the proposed robust design.

Claim Numerical evidence Reported comparison Interpretation

Worst-case acoustic peak 95th-percentile peak sound power 57.840 dB baseline vs. 48.548 dB robust 9.292 dB reduction
Average radiation 95th-percentile band mean 28.466 dB baseline vs. 26.726 dB robust 1.740 dB reduction
Wall acceleration 95th-percentile wall acceleration 130.478 dB baseline vs. 120.335 dB robust 10.143 dB reduction
Uncertainty contraction Alpha-plane interval width at alpha = 0 and 1 5.107 dB to 1.675 dB peak interval width 67.2% width reduction

Finally, Figure 13 and Table 10 give a recap of the evidence supporting the
key claims. The supported baseline comparisons are reductions of 9.292 dB in
95th-percentile peak sound power, 1.740 dB in band mean and 10.143 dB in wall
acceleration. The 9.292 dB change corresponds to about 8.49 times lower acoustic
power; it should not be interpreted as exactly half the perceived loudness without
psychoacoustic evaluation.

Figure 13. Claim-evidence summary of robust design gains.
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8. Discussion

The results confirm three observations regarding the practical design of tanks. At
low frequency, the vibro-acoustic response is determined by coupling of confined fluid
motion and wall-dominated sound radiation. If it only reduces wave height but leaves
shell damping the same (where the sound comes from), a baffle may not have had
great acoustic design. Second, the deterministic and robust designs optimize different
criteria. The deterministic design has lower nominal, median and 95th-percentile
peaks, whereas the robust design has the lower 95th-percentile band mean and wall
acceleration. No retained parameter-response pairing identifies a concrete deterministic
failure case, so the deterministic optimum is not described as misleading. Third, the
interval type-2 fuzzy formulation is appropriate in case of uncertainty that is linguistic
or epistemic. The lower and upper membership functions enable the modeler to express
the difference between a narrow core of expected conditions and a wider support of
acceptable operating states.

The method also has limitations. The acoustic model is a radiation proxy and
should not be interpreted as a substitute for a full boundary-element model when absolute
sound power is required for certification. The fluid model assumes potential flow in
the bulk, and the nonlinear free-surface correction is represented through cubic modal
terms rather than free-surface reconstruction. The baffle model is parameterized by
effective damping and coupling reduction. Therefore, the proposed results should
be read as a mathematically reproducible design investigation rather than as a direct
experimental validation of a manufactured tank. Nevertheless, the framework is useful
for early-stage design because it identifies which physical features dominate the response
before expensive CFD-FSI simulations or prototype measurements are carried out. The
displayed Ritz basis also represents a restrained top, and the sparse Koopman dictionary
and first-harmonic closure have not been checked against augmented dictionaries or
higher harmonics. In addition, the damping footprint, scenario allocation, objective
weights, mass allowance, and 22 mm ceiling are assumptions rather than experimentally
calibrated quantities. These items define the validation work required before certification.
A staged validation program is therefore recommended. First, repeat the Ritz calculation
with a true free-top basis and test the sparse and augmented Koopman dictionaries.
Second, compare first- and multi-harmonic solutions at the dominant resonances and
perform an alpha-scenario convergence sweep. Third, calibrate damping, mass and
radiation parameters using component and assembled-tank measurements. Finally,
compare the optimized and baseline configurations using CFD–FSI (fluid-structure
interaction), boundary-element acoustics and prototype measurements. These steps
would determine whether the numerical ranking survives progressively more realistic
descriptions without changing the present study from a transparent early-stage design
model into an unsupported certification claim.

9. Conclusion

This paper presents an integrated interval type-2 fuzzy hydroelastic Ritz–Koopman
model for robust vibro-acoustic suppression in a partially filled cylindrical tank. The
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mathematical model coupled Bessel sloshing modes, shell Ritz modes, nonlinear
free-surface stiffness, acoustic radiation and fuzzy uncertainty propagation. A porous
annular baffle and external viscoelastic-ring design was optimized using deterministic
and fuzzy robust objectives. The proposed robust design reduced the 95th-percentile
peak sound power from 57.840 dB to 48.548 dB and decreased the 95th-percentile
band-averaged acoustic level from 28.466 dB to 26.726 dB. The method also reduced
the 95th-percentile wall acceleration by 10.143 dB. The deterministic optimum had
lower nominal, median and 95th-percentile peaks, whereas the proposed robust design
provided a lower 95th-percentile band mean and wall-acceleration level. The narrowing
alpha-plane intervals describe nested input cuts and are not evidence of physical
uncertainty reduction. The study demonstrates that interval type-2 fuzzy modelling is
a useful mathematical tool for sound-and-vibration systems where operating uncertainty
is not adequately described by a single probability distribution.
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