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graph and the cylindrical ladder graph, as exact test beds for degree-based, eccentricity-based,
distance-based, and spectral descriptors. The two graphs can be seen as graph-theoretic two-rail
models with and without periodic closure, allowing an exact comparison boundary effects
versus cyclic-closure-effect. We obtain closed expressions for the Sombor index, reduced
Sombor index, Sombor coindex, reduced Sombor coindex, first and second Zagreb indices,
forgotten index, Randi¢ index geometric-arithmetic index atom-bond connectivity index total
eccentricity average eccentricity eccentric connectivity index Wiener Index radius diameter and
total m-electron energy. For the energy part, we derive exact spectral sums and trigonometric
closed forms using the Cartesian-product spectra of the underlying path and cycle graphs.
Numerical tables and plots show that periodic closure increases all degree-regularity descriptors
while sharply decreasing distance descriptors. In contrast, the total n-electron energy changes
only by a small oscillatory amount, and both families share the same asymptotic energy
density. The adjacency-based energy indeed can be interpreted explicitly as graph energy,
instead of mechanical vibrational energy. An additional mass-spring formulation rooted on the
graph Laplacian provides the analog equations of motion, natural-frequency spectra, dispersion

samples and frequency-response operator for those analogous ladder topologies.

Keywords: ladder network; cylindrical ladder; Sombor index; reduced Sombor coindex;

eccentric connectivity index; Wiener index; graph energy

1. Introduction

Topological indices compress the structural information of a graph to one number
or one small family of numbers. In addition, they are used to quantify molecular
descriptors in mathematical chemistry and act as fingerprints of local branching, global
spreading and spectral complexity in graph-theoretic investigations of networks. The
Sombor family and its geometric cousins are appealing degree-based descriptors due
to their numerical discriminativity backed by simple geometric primal descriptors [1-4].

Variants of the Sombor index have received considerable attention; closed forms, bounds,


https://orcid.org/0000-0001-6156-9063
https://orcid.org/0000-0001-8080-7821
https://orcid.org/0000-0002-9866-4045
https://orcid.org/0000-0002-0610-0390
https://orcid.org/0009-0000-4178-8664
https://orcid.org/0009-0002-0084-3107
https://orcid.org/0009-0000-8844-157X
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Sound & Vibration 2026, 60(5), 4498.

and applications to chemistry were found for many graph classes [5—9]. We shall refer
to such descriptors as they are very natural for polymer-like, ladder-like and strip graphs
because these families mix a bulk structure with explicit boundary corrections [10—13].

The present work also uses total m-electron energy, or graph energy, both in the
classical Hiickelsense and within modern graph-energy frameworks [14-18]. If we
denote the adjacency eigenvalues of a graph with n vertices as A1, Ag, ..., Ay, then total
n-electron energy is given by |A1| + [A2| 4 ... + |\, |. In the context of chemical graph
theory this quantity is a well-known spectral invariant [15-19]. It is also especially
appealing from the perspective of discrete network analysis, since it is derived directly
from the full adjacency spectrum and thus responds to global regularity/periodicity
finite-size effects. Do not confuse this graph energy with the mechanical vibrational
energy of a mass-spring or acoustic system, which has a quadratic form in space and
velocity. It is held here in strict adjacency—spectral redundancy, from the Hiickel and
graph-energy standpoints.

This paper focuses on two related graph families. The first is the open ladder graph

L,=P,° P,
which has two rails and n rungs. The second is the cylindrical ladder graph
CLy, = Cy° Py,

acquired by cyclically closing the ends of each rail. These objects are considered
graph-theoretic primitives. The boundary vertices of the open ladder are between
those four with a smaller degree than two, whereas the cylindrical ladder is D3. This
topological change alone isolates the effect of cyclic closure on which descriptor
families are studied below, and graph-Laplacian dynamics lead to a separate mechanical

interpretation introduced in Section 2.

2. Preliminaries and notation

Throughout the paper, G denotes a finite, simple, connected graph with vertex set
V(Q), edge set E(G), and complement edge set F(G), that is, the set of unordered
nonadjacent vertex pairs. For a vertex v € V(G), its degree is denoted by d(v).
If u,v € V(G), then dg(u,v) is the shortest-path distance between them, and the
eccentricity of v is

= de(v, ).
£(v) Jax da(v x)

The radius and diameter are

rad(G) = ven‘l/i(%) e(v), diam(G) = vg‘l/e?(G) e(v).

The degree-based descriptors used in this paper are

SOG) = Y Vd(u)?+d(v)?

weE(G)
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Owa(@) = 3 \/(dw) = 1) + (d(v) — 1),

weE(G)
> Vi) +d)?,
weE(G)

and

S0a(G) = 3 \dw) - 1)+ (d(w) - 1),

weE(G)

We also record the auxiliary degree-based indices

= > d My(G)= Y d(u)d(v)

veV(Q) weE(G)
= > d(
veV(G)
1

R(G) = ———

WGZE:(G) d(u)d(v)

2/d(u)d(v)
ca) = Y VAT
weB(G) d(u) + d(v)

and
d(u) +d(v) —
ABC(G

UUEZE:(@ d(u)d(v)

These additional quantities are included because the same edge partitions that drive
the Sombor calculations produce exact formulas for them with very little extra work.

The eccentricity and distance descriptors used below are

oG) = Y &),

veV(G)
Q) = ——0(G)
V(@) ’

= > d

veV(Q)

and the Wiener index

W(G) = Z da(u,v).

{uv}CV(G)
For the spectral part, let A1, ..., Ay be the adjacency eigenvalues of a graph with
N vertices. The total 7-electron energy is

N
= |l
=1

The Cartesian product rule for spectra will be used repeatedly: if Spec(G) = {\;}
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and Spec(H) = {y;}, then
Spec(G = H) = {\i + 115}

This is standard in graph spectra and Cartesian-product spectral theory and can
be found [20-22]. Standard mechanical-wave and periodic-structure formulations are
given by Mead et al. [23-25].

Relevant literature for exact pairwise comparison of structurally related graph
families also includes recent studies on Sombor-type descriptors, coindices, and
extremal problems [26—-30]. Network-complexity measures and further degree-based

variants are discussed by Aguilar-Sanchez et al. [31,32].

Mechanical interpretation and dynamic benchmark

To relate the graph models to vibration engineering without confusing graph with
physical energy, associate a point mass mM with each vertex and an axial spring of
stiffness £ with each edge. The springs of stiffness kg act like grounding springs
(optional) to remove rigid-body motion. The undamped equations of motion for the
displacement vector x(¢) are Mz"(t) + Kx(t) = f(t), with M: = ml and K =
kL(G) + koI, where L(G) = D(G) — A(G) is the graph Laplacian [23-25].

Then, the natural frequencies from K¢j = wj?Mpj, where for a Laplacian
eigenvalue A\j(L), we have wj? = [kO + kAj(L)]/m. Thus, after this degree shift,
adjacency eigenvalues used in the graph-energy analysis can be mapped to natural
frequencies: \j(A) = d—puj(A) — wk(d) on a d-regular graph. This correspondence
is true for the regular cylindrical ladder, but not for the nonregular open ladder, where
one must use the Laplacian spectrum.

Using Cartesian-product spectra and Laplacian eigenvalue, we can prove that for a
open ladder L,, = P,, K the distinct Laplacian eigenvalues \r, s = 2 — 2cos(nr/n) +
2sforr = 0,...,n — 1,s € {0,1}. The characteristic polynomial s € {0,1} of the
cylindrical ladder C'L,, = C,, K3 is givenby: Ar, s = 2—2cos(27r /n)+ s. Hence, for
www}{i}

every r and s we find wr, s = { -

. For the cyclic case, the angle ¢ = 27

[k0+k(2—2cos g+2s)] }{é}

is referred to as a discrete Bloch wavenumber and wy(,) = { -

represents the finite-supercell dispersion relation.

In the case of viscous damping C, the harmonic frequency-response matrix is
H(2) = [K —w?M + iwC’] 8 s poles come very close to the natural frequencies
in the lightly damped limit, and response amplitudes are shaped by the forcing and
observation vectors. Topological indices in that sense convey structural organisation,
while resonance peaks (and amplitudes) require M, K, C and the loading specification.

For the purposes of an analytical benchmark, numerical eigen decomposition of
kL(G) + kol directly for n = 3, 6, 9, 12 and 15 matches the frequency samples
above to machine precision. Cyclic closure (which I have considered periodically since

removing end-localized degree irregularity) converts the admissible wavenumber grid

from path samples mr/ns to periodic samples %, and it removes finite-size resonance
locations; but cyclic closure does not convert adjacency graph energy into mechanical

energy.
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We write the open ladder graph as
Ly, =P, = Py, n >3,
and label its vertices by

V(Lp) ={u1,.. ., un,v1,..., 00},

where u;u; 1 and v;v;41 are rail edges, and w;v; is the ith rung. The cylindrical ladder
graph is
CLnZCn”PQ, TLZ3,

with the same rung set u;v; and cyclic rail edges u;u;41, v;v;+1, Where indices are read
modulo n.

Table 1 summarizes the basic partitions that will be used throughout the paper.

Table 1. Structural partitions of L,, and C'L,,.

Graph Order Size Degree partition Edge partition Nonedge partition
Ly 2n 3n—2 4x2,(2n—4)x3 2(2,2) +4(2,3) + (3n — 8)(3,3)  4(2,2)+(8n—20)(2,3)+2(n—3)%(3,3)
CLn, 2n 3n 2n x 3 3n(3,3) 2n(n —2)(3,3)

The below Figure 1 illustrates the two ladder-network families considered in
the sequel and highlights the difference between open boundary vertices and periodic

closure.

Open ladder network L6 Cylindrical ladder network CL6

oo

00000

Figure 1. Open and cylindrical ladder networks.

The graph families considered in this paper: an open ladder network Lg and a
cylindrical ladder network C'Lg.

3. Exact formulas for the open ladder graph L,

3.1. Degree partition and Sombor-type descriptors

The open ladder is the more irregular of the two families because it contains four
boundary vertices of degree 2. All remaining vertices have degree 3. This creates three
edge types and three nonedge types, which are exactly the types listed in Table 1. Once
these counts are fixed, all degree-based indices become direct substitutions.
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Theorem 1. Forn > 3, the open ladder graph L,, satisfies
SO (L) = 4V13 + (9n — 20)v/2,

SOyeq (Ly) = 45 + (6n — 14)V/2,
SO (Ly) = (6n* — 36n + 62) V2 + (8n — 20)V/13,

and

SOyea (Ln) =4 (n® — 6n +10) V2 + (8n — 20)V/5.

Proof. The edge partition is immediate from the geometry of the ladder. The two
boundary rungs u;v; and u,v, have type (2,2). The four boundary rail edges u;jua,
Up—1Unp, V102, and v, 10, have type (2, 3). Every other edge has type (3, 3). Therefore

SO (Ln) = 2v/22 + 22 + 4/22 + 32 + (3n — 8)V/32 + 32,

which simplifies to the stated expression. The reduced Sombor formula follows from
the same partition after replacing (2,2), (2,3), and (3, 3) by reduced weights v/2, /5,
and 2v/2.

For the coindices, we first count nonadjacent pairs by degree class. Among the

four degree-2 vertices there are (%) = 6 pairs, of which exactly two are adjacent,

namely uqv; and u,v,. Hence there are 4 nonedges of type (2,2). Between the
degree-2 and degree-3 vertices there are 4(2n — 4) = 8n — 16 pairs, of which exactly
four are edges, so there are 8n — 20 nonedges of type (2, 3). Finally, among the 2n — 4

degree-3 vertices there are (2"2—_4) pairs, of which 3n — 8 are edges, leaving

<2n2— 4) — (3n—8) = 2(n —3)?

nonedges of type (3, 3). Substituting the corresponding Sombor and reduced Sombor
weights yields the formulas for SO (L) and SOyeq (Ly,). O

Because the same partition data determine several other degree-based descriptors,

it is convenient to record them together.
Corollary 1. Forn > 3,

My (L) =18n—20, My (Ly,) =27n —40,  F(Ly) = 54n — 76,

5 4
R(L,)=n— -+ —,

(Ln) 3 V6
86

and 06
ABC (Ly) = 2n+ 3v2 — 3
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Proof. Since L,, has four vertices of degree 2 and 2n — 4 vertices of degree 3,
My (L) =4-2% 4+ (2n —4) - 3% = 18n — 20,

and
F(L,) =4-2%+(2n —4) - 3% = 54n — 76.

For M, we use the same three edge types:
My (Lyp) =2(2-2)4+4(2-3) + (3n — 8)(3-3) = 27n — 40.

The remaining formulas follow from direct substitution of the type weights into
the definitions of R, GA, and ABC.

1 1 1 2v6 1
272 =5 17 = 273 = —, s T=»
1 2
3,3 -1, =
(7 )’_>37 73

O

Theorem 1 already shows an important pattern that will remain visible throughout
the paper. The bulk term in SO (L,,) is linear in n because the number of edges is linear.
By contrast, SO (L) and SOq (Ly,) are quadratic, because nonedges are quadratic in

number. This difference is useful later when open and periodic closure are compared.

3.2. Eccentricity pattern and distance descriptors

The eccentricity structure of L,, is simple enough to admit an exact formula vertex
by vertex. The farthest vertices from a given vertex always occur at the opposite end
of the ladder.

Theorem 2. Foreveryl < i <n,
e (u;) =€ (v;) = maz{i, n — i+ 1}.

Consequently,

diam (Ly) =n,  rad(Ly) = {”“]

2

Proof. Consider the vertex u;. Distances to vertices on the same rail are
d (i, uj) = li — jl.
Distances to vertices on the other rail are
d (ui,vj) = li —j| + 1,

because one rung crossing is necessary. The farthest candidates are therefore wy, uy,
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v1, and v, with distances
i—1, n—i, i, n—i+l.

The largest among these four values is maz{i,n — i + 1} and by symmetry the
same formula holds for v;. The smallest eccentricity occurs at the most central columns,
and the largest occurs at the boundary columns, which gives the radius and diameter

formulas. O

The explicit eccentricity pattern gives closed forms for all eccentricity-based

indices of interest.

Theorem 3. Forn > 3,

3n’+2n n even
o L,) = 2 ) )
(Ln) { ()Gl 4 ogq

_ dnt2 n even,
E(Ln) = {(n+1)213n1)

v , modd,

and
€ (L) "(92_2), n even,
n) = 9n2—22n—37 n odd.

Proof. Let us first sum the eccentricities along one rail. If n = 2m is even, then the

sequence on one rail is

2m, 2m -1, ..., m+1, m+1, ..., 2m —1, 2m.
Hence
2m 2m
Ze(ui):2 Z k = 3m? +m.
i=1 k=m+1

Doubling for both rails gives

3n? + 2
O (Lam) =2 (3m? +m) = %
If n = 2m + 1 is odd, the one-rail sequence is
2m+1,2m, ..., m+2, m+1, m+2, ..., 2m, 2m+1,

and therefore Substitution of the rail sums gives the stated parity formulas; collecting
the even and odd terms separately yields the two expressions.
Doubling again gives

O (Loms1) = 2(m +1)(3m +1) = "F 1);3” miy

Dividing by 2n yields € (Ly,).

8
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For the eccentric connectivity index, note that only the four boundary vertices have
degree 2; all other vertices have degree 3. Each boundary vertex has eccentricity n, so

the total boundary contribution is 4 - 2n = 8n. The internal contribution is

n—1
3 ) c)=6) c(u).
internal v 1=2

Substituting the previously obtained rail sums gives the stated parity formulas after
straightforward simplification. g

The Wiener index is also exact and exhibits cubic growth.

Theorem 4. Forn > 3,

B 2n3 +3n% — 2n

W (Ly) 3

Proof. Separate unordered vertex pairs into three classes: pairs on the upper rail, pairs
on the lower rail, and cross-rail pairs.

On a single rail, the graph is a copy of P, so the sum of distances is
3

Y. G- =—p—

1<i<j<n

There are two rails, hence the same-rail contribution is

For cross-rail pairs, every pair is of the form {u;, v;}. Its distance is |i — j| + 1.

DY d(uiv) =) i jl+n?

i=1 j=1 i=1 j=1

Therefore

The leading growth of the Wiener index is cubic because it sums distances over
all unordered vertex pairs, while edge based indices only sum over adjacent pairs.
Thus, the boundary columns give rise to lower-order corrections in a metric quantity

dominated by largest longitudinal length scale associated with the open ladder.

Hence the cross-rail contribution is

3
n’ —n 9

3 +n”.

Adding both parts yields.
The contribution is double the path contribution twice the same-rail and, for each
pair, an absolute-difference sum plus n for single rung crossing by cross-rail term.

This multiplicative relationship explains why we see these factors multiple times when
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reaching the final expression.

O]

The last formula in this subsection makes the end effect very explicit. The Wiener
index grows like %n?’, which is much faster than the linear growth of edge-based indices.
This is exactly what one should expect: a distance sum accounts for all vertex pairs, not
just adjacent ones, and therefore its leading term is governed by the full metric diameter
of the ladder.

3.3. Total n-electron energy of L,,

The spectral analysis of L,, is short because L,, = P, = P». The adjacency

spectrum of P, is well known:

Jm .
S P,)=<2 1< <L
pec (Py,) { cosn_i_1 _j_n},

while
Spec (P») = {1, —1}.

Therefore the ladder spectrum is obtained by shifting each path eigenvalue by £1.

Theorem 5. The adjacency spectrum of L, is

)T )T )
Spec (Ly) = {2cosnj+ 0 +1, QCosnj+ —1:1<5< n}

Ifq=|n/3], then

gm
n—+1

q
Ex(Ln) =8> cos +2(n — 2q),
j=1

and equivalently,

By (Ly) = 4csc (2(717;1)) sin <(22(an;11);> +2(n —2q) — 4.

Proof. The spectral formula is the Cartesian-product rule. Let

g .
0, =—— 1<j<n.
T4 1 =J=0

Then the energy contribution of the pair of eigenvalues corresponding to 6; is
|2cosfj + 1| +|2cosf; —1].

If |2cosf;| < 1, that contribution equals 2. If |2cosf;| > 1, then it equals
4|cosb;|.
Now 6; € (0, ), and the threshold |2cos6;| = 1 occurs at §; = 7/3 and §; =

10
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27 /3. Thus the indices with 6; < 7/3 are exactly j = 1,..., ¢, where ¢ = |n/3], and

by symmetry the same number of terms occur in (27/3, 7). Hence

n

q
Ew(Ln):4Zcosej+2(n—2q)+4 Z |cos 0;] .
j=1 j=n+1—q

Using cos(m — 6) = —cosf, the two outer sums are equal, so

q
Ex(Ln) =8 cos +2(n — 2q).
j=1

g
n+1

Finally, the standard trigonometric identity

d . sin(gz/2)cos (g + 1)x/2)  sin((2¢ + 1)x/2) — sin (z/2)
; cos(jz) = sin(z/2) - 2 sin(z,/2)

with z = 7/(n + 1) yields the closed form. O

Theorem 5 is important because it shows that the energy depends only weakly on
the boundary singularities of the ladder. The Sombor-type coindices and the Wiener
index react strongly to boundary corrections, but the energy depends on the spectral
sampling of the cosine curve and grows only linearly with n.

4. Exact formulas for the cylindrical ladder graph CL,,

4.1. Degree partition and Sombor-type descriptors

The cylindrical ladder is obtained from the open ladder by joining the two ends
of each rail. This removes all boundary vertices and makes the graph 3-regular. As a

result, the degree-based calculations become simpler than in the open case.
Theorem 6. Forn > 3, the cylindrical ladder graph C L, satisfies
SO (CLy) = 92,

SOreq (CLn) = Gn\/§7
SO (CLy) = 6n(n — 2)v/2,

and
SO,eq (CLy) = 4n(n — 2)V2.

Proof. Since C'L,, is 3-regular on 2n vertices, every edge is of type (3, 3) and every
nonedge pair is also of type (3, 3). The graph has 3n edges and

<22”) ~3n—2n(n—2)

nonedges. The Sombor and reduced Sombor weights of a (3, 3) pair are 3v/2 and 2v/2,
respectively. Multiplying by the number of edges or nonedges gives the formulas. [

11
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Corollary 2. Forn > 3,
M, (CL,) = 18n, Ms (CLy,) = 27n, F (CL,) = 54n,
R(CL,) =n, GA(CL,) = 3n, ABC (CLy,) = 2n.
Proof. All vertices have degree 3, so
M, (CL,) =2n-32=18n,  F(CL,)=2n-3%=54n.

Likewise
Ms (CLy) =3n-3-3=27n.

For each edge, the corresponding weights in R, GA, and ABC are 1/3, 1, and
2/3, respectively. Multiplying each by the 3n edges yields the formulas. O

The comparison with the open ladder is already informative. The ordinary Sombor
index rises only by a constant when the rails are closed, because only the boundary

edges are affected:
SO (CLy) — SO (Ly) = 20v/2 — 4v/13.
By contrast, the reduced Sombor coindex difference grows linearly:
S0i1ed (CLy) — §0req (L) = (8n — 20) (2\f - \/5) .

This shows that coindices are much more sensitive to global regularization than

the ordinary edge sum.

4.2. Eccentricity pattern and distance descriptors
In C'L,, the two rails are cycles, so distances are controlled by cyclic separation.
Theorem 7. Every vertex of C L, has eccentricity
n

e(v):bJ+1.

Consequently,

rad (CLy,) = diam (CL,) = [gJ +1,

so CL,, is self-centered.
Proof. Let §(i, j) denote the cyclic distance between columns ¢ and j on Cp,:
6(i, ) = min{|i — j|, n —|i — j[}.
Then for vertices on the same rail,

d (ui, uj) = d(vi,v5) = 6(4, §),
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while for opposite rails,
d (us,v5) = 8(i ) + 1.

The maximum cyclic separation is |n/2|. Since an extra step is needed to cross
the rail-free rung from a vertex on the opposite rail, we thus have every vertex of
eccentricity [n/2] + 1. As all vertices share the same eccentricity, the radius and
diameter coincide. 0

Corollary 3. Forn > 3,
6 (CL,) = 2n (LgJ + 1) ,

£(CLy) = L”

— 1
IR

and

£ (CLy) = 6n (gJ + 1) .

Proof. Since all 2n vertices have the same eccentricity and degree 3, the formulas are
immediate from the definitions. O

The Wiener index again follows from a careful separation of same-rail and

cross-rail pairs.

Theorem 8. Forn > 3,

W (CLy) O neven,
n) = n(n2+2n—
(+1)’ n odd.

Proof. For one rail, we need the Wiener index of the cycle C),. It is classical that

3
o n even,

WiGn) = {”“‘i‘”, n odd.

Since there are two rails, the same-rail contribution is twice this value.
Now consider cross-rail pairs. For each unordered pair {u;,v;}, the distance is
(i, 7) + 1. Summing over all n? such pairs gives

Z Z 5(i,7) + n*.

i=1 j=1

By translation symmetry, the first term equals
n
ny 6(1,5).
j=1

If n is even, this cyclic-distance sum equals n? /4; if n is odd, it equals (n2 — 1) /4.
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Therefore the cross-rail contribution is

n3 9
T + n“ for even n,

and
n (n2 - 1)
4
Adding same-rail and cross-rail contributions yields the stated parity formulas.

O

+n? forodd n.

A direct comparison with Theorem 4 shows that cyclic closure shortens the graph
globally. In fact,

_n(n—2§(n+2) n even
W (CLy) W (L) =4 0 S0 ’
(CL) =W (1) = aotoen o

which is always negative for n > 3. Thus closure removes long end-to-end paths and

compresses the entire metric structure.

4.3. Total m-electron energy of CL,,

The cylindrical ladder is also a Cartesian product, now with a cycle instead of a
path. The spectral treatment is still exact, but the finite-size cases are slightly more
delicate because the sample points are uniformly spaced on the full unit circle.

Theorem 9. The adjacency spectrum of C'Ly, is

27y 21y
Spec (CLy,) = {20087‘-] +1, 2c0s 1.0 <j<n-— 1}.
n n

Ifnis even and a = L%J then
E.(CL,) =8+ 162%003@ +2(n —4a — 2),
= "
or equivalently,

sin(amw/n)cos ((a + 1)m/n)
sin(mw/n)

E.(CL,)=8+16 +2(n —4a —2).

Ifnis odd and

then

a . b .
EW(C’Ln):4(1+2 ZCOSZT—FZZCOS(QJ;D”) +2(n —2a—2b—1),
= =

Jj= Jj=1

or equivalently,

E, (CLn) —4 |:1 + 2sin(aﬂ'/n)cos((a+1)7r/n) + sin(2b7r/n):| + 2(?’7/ 9 — 2% — 1)

sin(mw/n) sin(mw/n)

14
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Proof. The spectral formula follows from
2mg .
Spec (C,) =92cos —=:0<j<n-—1
n

and the Cartesian-product rule.
Let

2]
bj=—=.

For each j, the energy contribution is

n

|2cos¢j + 1| +|2cosp; — 1.

As in the open-ladder case, the contribution is 2 when |2 cos ¢j| < 1, and 4 |cos ¢;|
otherwise. Hence the problem reduces to identifying the sampled angles for which
lcos ¢;| > 1/2.

If n is even, the contributing points form two symmetric clusters around ¢ = 0

and ¢ = m. Writing a = |(n — 1)/6], the positive cluster contributes
- 2mj
1+2 cos ——,
+ ; -

and the negative cluster contributes the same absolute-value sum. The remaining
n — 4a — 2 sample points contribute 2 each. This gives the first even formula. The

trigonometric closed form follows from

- 2rj  sin(am/n)cos ((a+ 1)m/n)
;C"S o sin(r/n) ‘

If n is odd, the positive cluster around ¢ = 0 still contributes
- 21y
1+2 cos ——
- ; =,

but the negative cluster around ¢ = = is centered between two sample points, which
leads to the odd-angle sum

b .
(2 — )
2 —_.
JE_I cos -

The remaining n — 2a — 2b — 1 terms contribute 2 each. Finally,

b . .
(2j — ) _ sin(2bm /n)
JZ::l €08 2sin(7/n)’

which yields the closed form for odd n. O

The theorem makes an instructive contrast with the open ladder. In both families
the energy is controlled by the same threshold |2cosf| = 1, but the path spectrum
samples the interval (0, 7r) whereas the cycle spectrum samples the full circle uniformly.

15
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This is why the two energies have the same linear growth rate but differ by an oscillatory

finite-size correction.

5. Numerical comparison and discussion

The precise formulas are in explicit form, and so Tables 2—4 remain through being
data only compact benchmark checkpoints for reproducibility at 5 representative sizes;
Figures 2-6 give the continuous trend comparison over wider range. We separate them
so as not to utilize the same Tables and Figures for different purposes. The below
Tables 2—4 report the numerical comparison obtained from the closed formulas before
the graphical trend analysis.

Table 2. Numerical values for the open ladder graph L,,.

n SO ﬁred e £c w E;
3.0 243217 14.6011 16.0 36.0 25.0 7.6569
6.0 62.5055 119.1784 60.0 156.0 176.0 16.1957
9.0 100.6892 325.5791 130.0 354.0 561.0 24.7829
12.0 138.873 633.8032 228.0 636.0 1,288.0 33.3838
15.0 177.0568 1,043.8507 352.0 996.0 2,465.0 41.9905

Table 3. The numerical values for the cylindrical ladder graph C'L,,.

n SO %red 6 £c w E‘Il'
3.0 38.1838 16.9706 12.0 36.0 21.0 8.0
6.0 76.3675 135.7645 48.0 144.0 144.0 16.0
9.0 114.5513 356.3818 90.0 270.0 441.0 25.6459
12.0 152.7351 678.8225 168.0 504.0 1,008.0 33.8564
15.0 190.9188 1,103.0866 240.0 720.0 1,905.0 42.9587

Table 4. Selected differences A = value (CL,,) — value (Ly,).

n ASO ASOrea A® Age AW AEr
3.0 13.8621 2.3694 —4.0 0.0 —4.0 0.3431
6.0 13.8621 16.5861 -12.0 -12.0 -32.0 —0.1957
9.0 13.8621 30.8027 —40.0 —84.0 —120.0 0.863
12.0 13.8621 45.0193 —60.0 -132.0 —280.0 0.4726
15.0 13.8621 59.2359 -112.0 —276.0 —560.0 0.9682

450

. el
- ezl
e

3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

-o-L_n -e-CLn
Figure 2. Comparison of the Sombor index for L,, and C'L,, over the range 3 < n < 30.

16
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Figure 3. Comparison of the reduced Sombor coindex for L,, and CL,, over the range 3 <
n < 30.

Figure 4. Comparison of total eccentricity for L,, and C'L,, over the range 3 < n < 30.

Figure 5. Comparison of total m-electron energy for L,, and C'L,, over the range 3 < n < 30.
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Figure 6. Comparison of the Wiener index for L,, and C'L,, over the range 3 < n < 30.

The tables reveal several clean trends under this study.
The ordinary Sombor index of the cylindrical ladder exceeds that of the open
ladder by a constant amount. This is an exact identity rather than a feature limited

to the sampled sizes in Table 4:
SO (CLy) — SO (Ly) = 20v/2 — 4v/13 ~ 13.8621.

The reason is simple and the periodic closure removes exactly the same four
degree-(2, 3) boundary rail edges and two degree-(2,2) boundary rungs that depress
the open-ladder value. After closure observation, these are replaced by six regular
degree-(3, 3) edges. Since the number of modified edges does not depend on n, the
gap is constant.

The reduced Sombor coindex grows much faster and behaves in the opposite scale
regime, because coindices are computed over all nonadjacent pairs, their leading growth
is quadratic. The cylindrical ladder always has the larger value, and the gap increases

linearly as given below:
@red (CLy) — @red (L) = (8n — 20) (2[ — \/5> .

This shows that cyclic closure does more than repair a few boundary edges and it
regularizes the whole complement structure, so the cumulative effect over non-edges
becomes increasingly visible as the graph grows.

The eccentricity and distance descriptors behave in the opposite direction and
both © and W are smaller for C'L,, than for L,,. This is the expected metric effect
of closure: when the rails become cycles, there is no longer a unique long end-to-end
route along each rail, and many pairs of vertices acquire shorter alternative paths. The

exact differences are
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and

WACTn) =W {In) = _nl=DA) g odd.

Thus, the eccentricity gap is quadratic in size, while the Wiener gap is cubic. This
is consistent with the nature of the corresponding sums: © looks at one farthest distance
from each vertex, while W aggregates all pairwise distances.

Figures 2—6 visualize these trends over the range 3 < n < 30. The Sombor-index
comparison is plotted in Figure 2.

The constant gap in the ordinary Sombor index is illustrated perfectly in Figure
2. So the curves have equal slope, and their only difference arises from the intercept-
correcting contribution made by the four open ladder lower-degree boundary vertices.

Figure 3 shows that the reduced Sombor coindex is dominated by quadratic
growth. Hence from this figure both families are asymptotically proportional to 4v/2 n?,
but the cylindrical ladder stays above the open ladder because its degree regularity
is globally much stronger. The total-eccentricity comparison is plotted in Figure 4
plotted.

The above Figure 4 emphasizes the role of end effects in eccentricity and the open
ladder has the larger total eccentricity because its terminal columns see the opposite
side of the graph through unique long routes, while the cylindrical ladder distributes
eccentricity uniformly over all vertices. The total m-electron-energy comparison is
plotted in Figure 5.

In Figure 5, we can see that the graph-energy curves stay close, and their
difference does not have a constant sign. This means that periodic closure, as opposed
to infinite n, can actually make graph energy larger or smaller but never drastically
since the differences between discrete distances and coincides are relatively large. The
Wiener-index is depicted in Figure 6.

The strongest separation is presented in Figure 6. The open ladder holds two free
ends with many accumulated long rail distances over vertex pairs. Periodic closure
squeezes these faraway distances together, and thus for moderate n, the cubic gap reigns
supreme.

The exact formulas also allow a simple asymptotic discussion. As n — oo,
SO (L,) =9vV2n+0(1),  SO(CLy) =9V2n,

SOveq (Ly) = 4V/202 + (sf - 24\@) n+0(1),

and

SOreq (CLy) = 4v2n2 — 8V2n.

For the metric side,

O(L) = 30 +0(n),  O(CLy) =n’+ O(n),
while , 1
W(Ly) = 30" +0(n%),  W(CLy)=3n"+0(n%).
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And this means closure will keep the linear growth class of edge-based indices but
reduces the leading constants of the distance-based descriptors;

The energy asymptotes come from Theorem 5 and the Riemannian sum
interpretation of the cosine sums:

E.(L,) 8

w/3
0

™

W N

n—o0 n T

The same limit holds for C'L,, because its sampled angles become uniformly
distributed on the circle and the same threshold decomposition applies:

lim E. (CL,) 1

n—00 n - 2T

/2w(|20059+ 1]+ ]2cosf —1|) df = ﬂ + g
0 T 3

For this reason, the finite-size value of graph-energy density differs between them
while both have the same asymptotic graph-energy density. The leading term is equal
since the edge modification only impacts a constant number of local degrees while the
bulk spectrum sampling contains O(n) modes. The boundary effects thus come in as
lower order, oscillatory corrections and disappear after rescaling by n.

From the standpoint of exact graph descriptors, the two families therefore provide
a useful benchmark pair. They have the same order 2n, almost the same size, and
very similar visual structure. The only change is the closure of the rails. Yet this single
change leaves a constant trace in the ordinary Sombor index, a linear trace in the reduced
Sombor coindex, a quadratic trace in total eccentricity, a cubic trace in the Wiener index,
and only an oscillatory O(1) trace in the energy. Few graph pairs illustrate so clearly

that different descriptor families measure genuinely different structural phenomena.

6. Conclusion

An exact descriptor analysis of the open and cylindrical ladder graphs is present in
this paper. Using edge and nonedge partitions, parity-sensitive distance counting, and
Cartesian-product spectra, closed-formulas are generated for Sombor-type indices and
coincides; standard degree-based indices; eccentricity measures; the Wiener index; and
adjacency graph energy.

Cyclic closure eliminates the 4 lower-degree boundary vertices, regularizes the
structure of its complement and collapses long paths. Hence, the edge-based descriptors
grow by controlled amounts, as reflected from the decrease of reduced coincides
more severely and that the total eccentricity and Wiener index show reducing trends.
This shows that the limits of graph-energy density for the two families differ only
by a lower-order oscillatory term, because the adjacency graph energy changes in
an equivalent way. For the associated identical-mass, identical-spring model, exact
natural-frequency branches and a discrete dispersion relation are obtained via Laplacian
spectra, while damping and loading data are required to produce the frequency-response

matrix. That is, the graph—energy invariant does not encode physical vibrational energy.
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