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Abstract: A plate-type vibroacoustic treatment is developed in which a simply supported
Kirchhoff plate is coupled to a grouped array of parallel spring-damper-mass-inerter attachments.
The emphasis is intentionally computational. The plate equation is reduced to a modal receptance
form using 36 orthogonal sine modes, and the local attachments are eliminated analytically so that
each attachment contributes a rank-one dynamic stiffness term. The resulting frequency-domain
matrix remains explicit and can therefore be evaluated over large parameter grids without
rederiving the governing equations. For the present plate, the bending rigidity is D = 102.285
N-m, the areal density is m, = ph = 6.750 kg/m?, the planform area is S = 0.270 m?, and the
total plate mass is M), = 1.8225 kg. The sixteen attachments are arranged on a 4 x 4 grid and
grouped columnwise at target frequencies, which are 72.324, 159.048, 288.108, 483.210 Hz.
With the reference internal mass m = 0.026 kg, inertance ratio 5 = b/m = 1.00, tuning scale 0.9,
spread coefficient 0.18, and damping ratio { = 0.060, the grouped inerter-resonator array yields
average reductions of 4.618 dB in point mobility and 3.033 dB in both mean-square velocity
and radiated sound-power proxy over 80—600 Hz. The spring-mass reference under identical
internal mass produces corresponding lower averages of 3.728 and 2.598 dB. As per this study,
the peak-by-peak reductions exceed 20 dB at several dominant modal peaks, while tuning scatter

of 5% root-mean-square leaves the average velocity reduction essentially unchanged.

Keywords: vibration control; inerter-resonator array; plate vibration; metamaterial plate;

modal receptance; dynamic stiffness; radiated sound power

1. Introduction

Low-frequency control of plate vibration and plate-borne sound radiation remains
a central problem in structural acoustics because thin plates exhibit closely spaced
resonances and progressively stronger acoustic radiation as frequency increases [1—4].
Conventional damping treatments and single tuned absorbers can suppress one or a few
peaks, but their effectiveness usually drops when the objective is a broad control band
rather than a single target resonance [5,6].
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Recent studies on locally resonant plates, distributed dynamic absorbers, and
inerter-based absorbers show three relevant trends. First, distributed or grouped
attachments can outperform single-tuned devices when several structural modes lie
in the target band [7-10]. Second, locally resonant and metamaterial-inspired plates
can create attenuation intervals, but their layouts are often uniform and are not always
presented in a form that is convenient for direct engineering parameter sweeps [11-14].
Third, inerter-based absorbers can generate stronger dynamic inertia than their physical
mass alone would suggest, which makes them attractive when hardware mass must be
limited [15-18].

The present work is positioned between these lines of research. It does not study a
uniform periodic meta-plate, and it is not formulated as a general topology-optimization
problem. Instead, it proposes a grouped parallel inerter-resonator array for a simply
supported plate, in which attachments are arranged column wise and tuned to four target
frequency groups [19-23]. Relative to a grouped spring-mass reference with the same
internal physical mass, the added inerter changes the local point impedance, widens
the anti-resonant intervals, and improves broadband attenuation because the apparent
inertia in the attachment branch increases without requiring the same increase in attached
physical mass. The grouped layout is also easier to document and manufacture than a
fully non-uniform array [24-26].

The main contributions of this study are as follows:

A modal receptance synthesis is developed for a simply supported Kirchhoff plate
carrying 16 grouped spring-damper-mass-inerter attachments. The internal attachment
coordinates are eliminated analytically, so each attachment enters the reduced plate
model as an explicit rank-one dynamic stiffness update. This yields a compact framework
for comparing grouped inerter-resonator and grouped spring-mass arrays, for examining
inertance and mass sweeps, and for evaluating both point mobility and distributed
vibration/radiation metrics over the 80—600 Hz band. The detailed mathematical
formulation is given in Section 2, while the numerical settings and response comparisons
are presented in Sections 3 and 4. In Section 5, we discussed addition analytical
discussions, and in Section 6, we explained the nondimensional form and sensitivity

comments, and then concluded in Section 7.

2. Plate model, modal reduction, and attachment synthesis

2.1. Kirchhoff-Love plate equation and modal basis
The untreated plate is modeled by the Kirchhoff-Love equation:

2

0“w

The untreated plate is modeled by the Kirchhoff-Love equation for a thin, isotropic,
linearly elastic plate undergoing small transverse vibration [7,10,14,16].
EhR3

D=na @
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Substituting the present plate data,

_ (70,000,000, 000)(0.0025)?

= 102.285 N-m. 3
12 (1 - 0.33?) ©)
The areal density is:
my, = ph = 2,700 x 0.0025 = 6.750 kg/mZ, 4)
the area is:

S = aza, = 0.600 x 0.450 = 0.270 m2, %)

and the total mass is:
M, = m,S = 1.8225 kg. (6)

All the above calculated numerical values listed in Table 1 below.

Table 1. Plate properties used in the modal receptance model.

Parameter Value
Plate length a, (mm) 600
Plate width a, (mm) 450
Thickness A (mm) 2.5
Young modulus E (GPa) 70
Poisson ratio v 0.33
Areal density ph (kg/m?) 6.75
Bending rigidity D (N-m) 102.285
Plate mass (kg) 1.8225
Acoustic critical frequency f. (Hz) 4,810.11
Retained modal coordinates 36
Attachment points 16

For a simply supported rectangle, the modal basis functions are given by:

Omn(T,y) = sin <mmc> sin (mry) ) m,n=12,.... @)
ay ay

For a simply supported rectangle, the modal basis functions are given by the

standard double-sine admissible functions of classical plate theory [7,10,14,16].

Gz [y Az
/ / Gmn (‘T: y)(brs (J}, y) dx dy = $4 4 OmrOns- ®)
0 0

The transverse displacement is approximated by a truncated expansion, which is,

(z,y,t Zm 12 G (8) Pmn (2, ), ()]

with M = N = 6 in the present computation, so that 36 modes are retained and the

modal natural frequencies follow directly from substitution into the homogeneous plate

2 2
o = 72, |2 [<m> + (”) ] . (10)
my Ay Qy

equation:
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Using D = 102.285 N-m, m,, = 6.750 kg/m?, a, = 0.600 m, and ay = 0.450 m,

the first mode is

102.285 1 \? 1 \?
2
YLLE T 76750 [(()600) +(0.450)] 96448 rads, (1)

which corresponds to:

fin = %1 — 47.181 Hz. (12)

The first 10 calculated and obtained frequencies are listed in Table 2 and the
sequence confirms that the target control band 80-600 Hz contains several mode
groups, rather than one isolated resonance. This is exactly the values of this study
where a single tuned absorber becomes insufficient and grouped internal tunings become
attractive [27-29].

Table 2. First 10 simply supported modal frequencies.

Frequency (Hz) m n
47.1811 1 1
98.1367 2 1
137.769 1 2
183.063 3 1
188.725 2 2
273.651 3 2
288.748 1 3
301.959 4 1
339.704 2 3
392.547 4 2

The modal mass of every simply supported mode under the chosen normalization

1s:
Moy = m, a"fy — 0.455625 k. (13)

Therefore, the diagonal modal stiffness entries are:
Kinn = Mpnwiy,, (14)
and the modal damping entries are introduced as:
Crmn = 2CwWmn Mmn, (15)

with ¢;, = 0.005 in the numerical study. The structural damping is intentionally light
so that the attachment-induced reductions remain visible in the mobility and power

curves [30].

2.2. Point excitation and point measurements

A harmonic point force of amplitude Fy is applied at (zf,y¢) = (0.170,0.130)m,
and the response is measured at (z,,y,) = (0.460,0.310)m. The corresponding force
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density is written as:

ﬁ(w,y,w):Foé(x—xf)(s(y—yf), (16)
or, equivalently, in the time domain,
iwt

p(z,y,t) = Fod (x —xf) 6 (y —yy) e

where 0(+) denotes the Dirac delta function. This representation concentrates the applied
harmonic load at the excitation point and produces the modal forcing coefficients:

.]/C\mn = F0¢mn (vayf) .

If the modal coordinates are assembled into the vector:

q=[q11,q21, Q12 - - -]T, 17

then the untreated dynamic equation is:
(K —w?M +iwC) q = f, (18)

where M = diag(M,,,,), K = diag(K,,,), C = diag(Ciy,p,), and f collects the values

®mn(x 1,y7)- The physical response coordinate is:

w (2, yr,w) = bl q, (19)

with ¢, = [p11 (21, yr) , 21 (T, Y ) s - - .]T. The point mobility used in the numerical

results is proportional to this receptance magnitude, and it is reported in decibel form as:
Ly (w) = 20logyq |w (zr, yr,w)] - (20)

Because the same force amplitude is used for every configuration, only differences

in Ly are interpreted.

2.3. Parallel spring-damper-mass-inerter attachment

Each attachment is located at a plate point ( x;,y; ) and contains an internal
displacement u;(t). The force transmitted from the attachment j to the plate is written

as:
[i(8) = kj [ug (t) — wi ()] + ¢ [d;(t) =y (8)] + bj [ (t) — w;(H)], (1)
where,
w;(t) = w(z,y;,t).
For harmonic motion, this relation becomes:

A~

filw) = (/{:j + iwej — w2bj) (4; — wy) .
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where w; = w (x5, y;,t). The internal mass balance is given by:
myiij + ¢ (g — ;) + kj (uj — w;) + bj (@ — ;) = 0.

As per this study, assuming harmonic motion w; = Wje™" and u; = U;e™", the

internal equation becomes:
[—w2 (mj + bj) + iwce; + kj] Uj — [—waj +wej + kj} W; = 0. (22)

Hence,
ki +iwc; — w?b;
U; = J J 5 J W;. (23)
kj +iwc; — w? (m; + bj)

Substitution into the plate-side force relation yields an exact dynamic point stiffness:
Fy = Sj(w)Wj, 24)

with,
ki +iwe; — w?b:) w?m;
S](W) . ( J J J) J (25)

— wmy — (kj +iwej — w?bj)’

This formula is the analytical core of the model, and it immediately shows that
the inertance b; changes both the numerator and denominator of the point stiffness and
therefore shifts antiresonant features without requiring the same increase in physical
mass as a purely added absorber mass [31-33].

For the grouped arrays considered below, the attachment parameters are built from
a target tuning frequency f; ;, an internal mass m; = m, an inertance b; = fm, and a

damping ratio ¢. The spring constant is computed from:
kj = 2nfij)* (mj +bj), (26)
and the dashpot is chosen as:
cj = 20/ kj (mj + bj). 27)

The explicit substitutions for the selected grouped design are listed in Table 3. For

example, in Column 3,

ks = (2 x 288.108)2(0.026 + 0.026) = 170,401.619 N/m. (28)

Table 3. Grouped attachment parameters for the selected inerter-resonator array.

Attachment column

Target tuning frequency (Hz) Internal mass m (kg) Inertance b (kg) Spring constant k& (N/m)

Column 1
Column 2
Column 3
Column 4

72.324 0.026 0.026 10,738.1
159.048 0.026 0.026 51,930.1
288.108 0.026 0.026 170,402
483.21 0.026 0.026 479,330

The same grouped rule is applied to all four rows of that column, so four identical
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local dynamic stiffnesses are created at four different plate points.

2.4. Modal assembly of the attachment array

At any point (x;,y;), the local plate displacement can be written as:

W; = ¢1q, (29)

where,
b; = (011 (z5,95) , 21 (5, 95) 12 (25, 5) .- ] (30)

The generalized modal force vector contributed by attachment j is therefore,
£9 = 5;(w) ;0T q. 31)
Summing the 16 attachments gives the treated dynamic equation:
D(w)q =T, (32)

with,
] 16
D(w) = K — w?M + iwC + ijl Si(w) ;7. (33)

Each attachment enters as a rank-one update. This is numerically valuable because
it avoids introducing 16 additional internal coordinates into the final solve; the internal
coordinates are eliminated analytically and never appear in the linear solve itself.

The plate hosts a 4 x 4 array with z-coordinates equally spaced between a, /5
and 4a, /5 and the same rule in the y-direction. Columnwise grouping means that the
four attachments in a given column share the same tuning frequency. Because the
modal sine functions vary in sign and magnitude over the plate, the same dynamic point
stiffness does not contribute identically at every location; the rank-one projector ¢ ; q);;
weights that contribution according to the modal values at the local point. The layout is

summarized in Figure 1.

inteérnal masgs

_ radiated sound power W
point force Fpel“t response point

R keb ez
simply sugported plate modal coordinate #(x, y, t)
=

a AN

supports

Figure 1. Plate geometry, grouped attachment arrangement, force point, and response point.

2.5. Spatial average, critical frequency, and sound-power proxy

Point mobility alone does not fully characterize vibroacoustic benefit, because
radiated sound is driven by the distributed normal velocity. The mean-square velocity of

the plate is approximated using modal orthogonality. Point mobility alone does not fully
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characterize vibroacoustic benefit, because radiated sound is driven by the distributed
normal velocity. The mean-square velocity of the plate is approximated using modal
orthogonality and the low-frequency radiation proxy commonly used in plate-acoustic
screening studies [8,10,13,17].

After exploiting the orthogonality of the chosen basis and the normalization used

above,
)~ > ol 34
v (w) ~ T2 lgr|” - (34)

The corresponding decibel measure is:
Ly(w) = 101log,, 7%(w). (35)

To map vibration to a radiation-oriented quantity, a simplified radiation efficiency
is introduced through the plate critical frequency:

_ 2 [Ty _ Ye
we =0\ 3 fe = (36)

Substituting the present values gives:

P 343% | 6.750
“ 2m V 102.285

= 4,810.111 Hz. (37)

Because the entire analyzed band lies far below f., the radiation efficiency is kept

in a low-frequency approximation,

o(w) = min [1, <:j>2] . (38)

The radiated power proxy is then:

W (w) = pofgs o (w)7% (W), (39)

and its logarithmic measure is:
Ly (w) = 101logyo W (w). (40)

Within the present approximation, L, and Ly have the same reduction differences
in dB because o(w) is configuration-independent. This is visible in the tables. The
explicit radiated-power expression is nevertheless useful, because it preserves the correct

dependence on area, air properties, and structural velocity.

2.6. Broadband performance measures

Three broadband metrics are used repeatedly:

peo_ L "o 0
Re= g tp [0 - 100)] @ (@)
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_ 1 Jo
R, = / LO) - LB df, 42
ot ) (-0 “2)
- LY AL O 0
Rw = [ [0 -] 43)
fb - fa fa
where the superscripts 0 and ¢ denote untreated and treated plates, respectively, and
[fa, fs] = [80,600] Hz. To compress the velocity and power effects into a single
broadband indicator, a combined index is defined as:
1
L(f) = 5 (Ru(F) + Rw(f)) (44)

The corresponding useful bandwidth is:

Io
f H (L(f) —6) df. (45)

Bg =

This index is not intended as a universal vibroacoustic objective; it is a compact
score used here to compare grouped arrays that reduce both distributed vibration and
radiated-power proxy over a broad band. The computational sequence used to evaluate

these measures is summarized in Figure 2.

Plate PDE, modal reduction, grouped attachment synthesis, and sweeps

Kirchhoff plate

Modal reduction Point attachments Mobility and power

PDE —| — —_— 5
S; 2
DV*w + phwy, = p Mqdd+Kq (@) Y, v W
Grouped tunings . Robustness to
{Fe.c} »Sweepsinpandm —> frequency scatter

Figure 2. Computational workflow from plate PDE to grouped-array performance metrics.

3. Numerical setting and grouped design law

The plate properties, first 10 modal frequencies, and selected grouped attachment
data are summarized in Tables 1-3. The first eight untreated modal frequencies are
47.2, 98.1, 137.8, 183.1, 188.7, 273.7, 288.7, 302.0 Hz. These values explain the
grouped tuning pattern, where Column 1 is placed just above the first mode cluster,
Column 2 sits between the second and fourth major peaks, Column 3 targets the dense
mid-band around 250-320 Hz, and Column 4 also reaches the upper part of the target
band, where the untreated response still contains significant modal content.

The grouped tuning law of this study is defined through a baseline set of frequencies
[98, 188, 302, 455] Hz, a scale factor of 0.9, and a linear spread coefficient of 0.18.

For column index c =1, ... ,4,

c—2.5
ﬁﬁzmﬂnb+v 15], (46)

with 7 = 0.9 and vy = 0.18. This produces the four target frequencies listed in Table

3. The spring constant in each column follows directly from k. = (27 fm)2 (m +b).

9
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Since the selected configuration uses m = b = 0.026 kg, the apparent inertia in the
tuning formula is doubled relative to the spring-mass reference.

The 16 attachments constitute a total internal physical mass of:
My = 16m = 16 x 0.026 = 0.416 kg, 47

which is a fraction of the plate mass,

Matt o 0.416
M,  1.8225

= 0.228258. (48)

Because the inertance does not represent the same physical mass as the internal
absorber mass, the dynamic effect of the inerter-resonator array exceeds what would be
expected from the physical mass fraction alone [34].

The same modal basis, damping assumption, force point, and response point are
used for the untreated plate, spring-mass array, and inerter-resonator array. Therefore,
every reported performance difference is attributable to the attachment law rather than

to any change in the underlying plate model [35-37].

4, Numerical results

A frequency grid of 380 points between 40 Hz and 900 Hz is used for all
computations. The modal truncation to 36 modes is adequate in this interval because
the retained frequencies extend well beyond the main region of interest. Additional

assumptions, convergence, and literature-based validation are summarized below.

4.1. Assumptions, boundary conditions, modal convergence, and literature-
based validation

The theoretical model assumes a simply supported Kirchhoff-Love plate, linear
material behavior, small-amplitude harmonic motion, pointwise attachment coupling,
and viscous damping. Rotatory inertia, transverse shear deformation, geometric
nonlinearity, and fluid-loading feedback are not included. These assumptions are
appropriate for the present thin-plate configuration and for the moderate-frequency
vibroacoustic comparisons reported here.

The untreated plate exhibits the expected sequence of simply supported resonances,
with particularly strong response near 47, 99, 138, 190, 274, 301, 340, and 392 Hz. The
grouped spring-mass array suppresses many of these peaks, but its attenuation remains
uneven across the full target band [38].

Table 4 presents the first broadband comparison. Over 80-600 Hz, the spring-mass
array provides an average mobility reduction of 3.7284 dB together with average velocity
and power reductions of 2.5983 dB. The combined-index bandwidth above 6 dB is
120.349 Hz. These values already indicate useful multi-frequency attenuation, although
gaps remain between the grouped spring-mass anti-resonances.

The untreated plate exhibits the expected sequence of simply supported resonances,
with particularly strong response near 47, 99, 138, 190, 274, 301, 340, and 392 Hz. The

grouped spring-mass array suppresses many of these peaks, as shown in this study by
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the mobility and velocity traces.

Table 4. Broadband comparison of grouped spring-mass and grouped inerter-resonator arrays.

Confi t' Average mobility Average velocity Average sound power Bandwidth of combined
onfiguration
& reduction 80-600 Hz (dB) reduction (dB) reduction (dB) index > 6 dB (Hz)
Spring-mass array 3.7284 2.5983 2.5983 120.349
Inerter-resonator array 4.6181 3.0327 3.0327 131.703
The peak-by-peak data in Table 5 clarify the local behavior of the spring-mass array.
At 46.81 Hz, the velocity reduction is approximately 26.00 dB, whereas at 300.95 Hz, it
is 16.71 dB. The design is therefore capable of deep local suppression; the limitation is
the continuity of attenuation between neighbouring peaks.
Table 5. Inerter-resonator power reduction against the peak frequency.
Peak Open plate Spring-mass velocity Inerter-resonator Spring-mass power Inerter-resonator
frequency (Hz) velocity level (dB) reduction (dB) velocity reduction (dB) reduction (dB) power reduction (dB)
46.8074 —18.3683 25.9953 25.5109 25.9953 25.5109
98.9974 —23.3243 19.033 21.5697 19.033 21.5697
137.573 —20.7271 29.7605 28.7205 29.7605 28.7205
189.762 —24.5261 18.7364 19.8051 18.7364 19.8051
273.72 —30.9947 20.9294 22.792 20.9294 22.792
300.95 —36.0656 16.7126 5.7619 16.7126 5.7619
339.525 —33.7975 15.3773 21.1224 15.3773 21.1224
391.715 —35.7763 17.3304 15.8666 17.3304 15.8666

The peak-by-peak data in Table 5 clarify that how the spring-mass array behaves
at 46.81 Hz: the velocity reduction is approximately 26.00 dB, while at 300.95 Hz it
is 16.71 dB. The design is therefore capable of deep local nulling, and the issue is not
local effectiveness but continuity between peaks. Hence, there remain portions of the
80—-600 Hz band where the spring-mass response returns close to the untreated baseline.

The grouped inerter-resonator array uses the same physical internal mass per
attachment as the grouped spring-mass reference, but adds equal inertance so that 3
= b/m = 1. The result is a broader and more uniform attenuation pattern. Table 4
shows that the average mobility reduction increases from 3.7284 dB for the spring-mass
reference to 4.6181 dB for the inerter-resonator array. The average velocity and power
reductions increase from 2.5983 dB to 3.0327 dB, and the combined-index bandwidth
above 6 dB increases from 120.349 Hz to 131.703 Hz.

This improvement is not merely a uniform downward shift of the spectrum. The
peak reductions listed in Table 5 show a mixed but favourable mechanism. At 98.997
Hz, the inerter-resonator array outperforms the spring-mass array by more than 2.5 dB in
velocity reduction. At 273.72 Hz, the gain is about 1.86 dB, and at 339.53 Hz, it exceeds
5.7 dB. There is, however, one frequency near 300.95 Hz where the spring-mass array
performs better, which confirms that the design problem remains multi-objective rather
than uniformly monotonic.

The mobility, mean-square velocity, and sound-power curves all indicate the same

global trend. Point mobility is more sensitive to the selected response coordinate

11
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and therefore fluctuates more strongly, whereas the distributed velocity and power
measures are smoother because they average the modal contributions over the plate. The
improvement in these distributed metrics is the key numerical outcome of the present
grouped inerter-resonator design.

This improvement is not merely a broad lifting of the entire spectrum, and the
peak reductions listed in Table 5 show a mixed mechanism. At the value 98.997 Hz,
the inerter-resonator array outperforms the spring-mass array by more than 2.5 dB in
velocity reduction. Again, at the value 273.72 Hz, the gain is about 1.86 dB. At 339.53
Hz, the gain exceeds 5.7 dB. Hence, there is one frequency near 300.95 Hz where the
spring-mass array performs better.

The concepts like mobility, mean-square velocity, and sound-power curves indicate
the same trend which is discussed in this study. The point mobility measure is
most sensitive to the chosen response coordinate, and hence it shows slightly larger
fluctuations. The mean-square velocity and power curves are smoother because their
average modal contributions over the expected plate. Here, the fact that the inerter-based
array improves the average of these distributed measures is the key numerical outcome.
The corresponding spectra of this study are shown in Figures 3 and 4 below.

-60

——— Open plate
——— Spring-mass array
- |nerter-resonator array

Point mobility level (dB re m/Ns)

100 200 300 400 500 600 700 800 900
Frequency (Hz)

Figure 3. Point mobility spectra for untreated plate, grouped spring-mass array, and grouped
inerter-resonator array.

=15 1 —— Open plate =499
o 50 ——— Spring-mass array —45 4
g— —— Inerter-resonator array |m
g 25+ S =301
2 []
2 —30 3 777
3 3 _
o —35 2 —60
. g
o —65 A
T —40 A z
z % _70
g _ T

=75
2 _5g -
e 50
_80 -
_55 -
200 400 600 800 200 400 600 800
Frequency (Hz) Frequency (Hz)

Figure 4. Mean-square velocity level and radiated power level with respect to their frequency.
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The inertance-ratio sweep in Table 6 is especially revealing. When 8 = 0, the
model reduces to the spring-mass array. As 3 increases, the average mobility reduction
rises rapidly at first, reaches a local maximum near 5 = 0.5, and then decreases gradually
for larger inertance. In contrast, the average velocity reduction increases more steadily
and reaches its maximum value of 3.0463 dB near § = 1.25. The combined-index
bandwidth continues to grow up to 149.869 Hz at 3 = 2.0. These results show that no

single inertance ratio is optimal for all objectives.

Table 6. Inertance-ratio sweep.

B=b/ Avg mobility reduction Avg velocity reduction Avg power reduction Bandwidth of combined index > 6
(dB) (dB) (dB) dB (Hz)
0 3.7284 2.5983 2.5983 120.349
0.25 4.5234 2.6988 2.6988 111.266
0.5 4.8496 2.8645 2.8645 118.079
0.75 4.7575 2.9768 2.9768 120.349
1 4.6181 3.0327 3.0327 131.703
1.25 4.4425 3.0463 3.0463 136.244
1.5 4.2436 3.0306 3.0306 138.515
1.75 4.036 2.997 2.997 138.515
2 3.8333 2.9563 2.9563 149.869
2.25 3.6446 29161 29161 147.598
2.5 3.4733 2.8794 2.8794 145.327

4.2. Influence of inertance ratio f

The data suggest a standard multi-objective trade-off. Moderate inertance gives the
strongest average reduction, while larger inertance values continue to widen the useful
control bandwidth. Figure 5 summarizes this balance between average attenuation and
threshold bandwidth.
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Inertance ratio B=b/m Inertance ratio B=b/m

Figure 5. Inertance-ratio sweep: Average reduction metrics and threshold bandwidth.

The data suggests that a single optimal inertance ratio does not exist for all design
goals, representing a standard multi-objective trade-off. Increasing the inertance further
to 8§ = 2 expands the control bandwidth, despite a minor decrease in the average
reduction. Hence, because of these competing factors, which are illustrated in Figure 5,
the study evaluates multiple performance metrics rather than a single value.

It can be seen directly from this expression that increasing b increases the effective

13
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inertia in the resonance denominator. Because the spring constant is also constructed
from the target tuning frequency and the effective attachment inertia, the local resonance
remains close to its intended target, while the off-resonant dynamic stiffness changes in
a way that broadens the attenuation interval. This is the main physical reason why the
inerter can widen the anti-resonant region without adding the same amount of physical
mass to the plate [39,40].

w?m; — (kj +iwej — w?b;) = w? (mj + b;) — kj — iwc;, (49)

The mass sweep detailed in Table 7 keeps the inertance ratio fixed at 5 = 1 while
increasing the physical mass of each attachment from 0.014 kg to 0.030 kg. This
change causes the total mass fraction to rise from 0.1229 to 0.2634 relative to the plate
mass. The average velocity reduction grows from 2.1785 dB to 3.2948 dB, while the
combined-index bandwidth expands from 111.266 Hz to 138.515 Hz.

Table 7. Physical internal-mass sweep at fixed inertance ratio 8 = 1.

Attachment mass Total attached mass/ Avg mobility Avg velocity Avg power Bandwidth of combined
each (kg) plate mass reduction (dB) reduction (dB) reduction (dB) index > 6 dB (Hz)
0.014 0.1229 3.4503 2.1785 2.1785 111.266
0.018 0.158 3.8824 2.4823 2.4823 118.079
0.022 0.1931 42712 2.7633 2.7633 122.62
0.026 0.2283 4.6181 3.0327 3.0327 131.703
0.03 0.2634 4.9241 3.2948 3.2948 138.515

4.3. Influence of internal mass m

The steady increase in performance indicates that the selected mass range has not
yet reached a strict saturation point, although the gain per added mass becomes smaller
toward the upper end of the tested interval. For example, increasing the attachment
mass from 0.026 kg to 0.030 kg improves the average velocity reduction by only about
0.26 dB. Accordingly, 0.026 kg is retained as a balanced design value for the subsequent
comparisons.

The steady increase in performance indicates that the selected mass range has not
yet reached a saturation point, meaning that adding more internal mass continues to offer
vibroacoustic benefits. However, the efficiency of these gains begins to decline at the
higher end of the spectrum; for instance, increasing the mass from 0.026 kg to 0.030 kg
results in a marginal improvement of only 0.26 dB. As a result, 0.026 kg was identified
as an ideal compromise between technical performance and the practical constraints of
hardware weight. These findings and the details of the internal-mass sweep are presented

in Figure 6.

4.4. Interpretation of mass ratio and practical trade-off

The nominal distributed effect can be quantified by the system mass ratio, where
the chosen array uses a total internal physical mass of 0.416 kg, which corresponds to
approximately 22.826% of the plate mass. This configuration delivers about 3.03 dB

average reduction in distributed velocity and radiated-power proxy across the 80-600
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Hz band, together with peak reductions above 20 dB at several dominant resonances.
The result indicates that the grouped inerter-resonator array converts a moderate physical
mass ratio into a stronger broadband dynamic effect through its added apparent inertia,

rather than through mass addition alone.
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Figure 6. Attachment tuning set and internal-mass sweep.

4.5. Robustness to tuning scatter

No practical distributed absorber array is manufactured without scatter. To examine
robustness, the target frequencies were perturbed by independent Gaussian scatter with
standard deviations of 3%, 5%, and 8% of the nominal values. Table 8 shows that
the average mobility reduction remains around 4.52—4.56 dB for 3—5% scatter and
drops only to 4.42 dB at 8% scatter. More importantly, the average velocity and power
reductions remain close to 3.04-3.15 dB, and the combined-index bandwidth stays near
129-130 Hz.

Table 8. Robustness of the grouped inerter-resonator array to tuning scatter.

Mobility Mobility Velocity Velocity Power Power . . . .
of . . . . . K Combined-index Combined-index
— reduction reduction reduction reduction reduction reduction
f BW mean (Hz) BW std (Hz)
mean (dB) std (dB) mean (dB) std (dB) mean (dB) std (dB)
0 4.6181 0 3.0327 0 3.0327 0 131.703 0
0.03 4.5221 0.1414 3.0439 0.0276 3.0439 0.0276 129.432 1.6057
0.05 4.5602 0.1472 3.0626 0.0379 3.0626 0.0379 130.379 2.3559
0.08 4.416 0.3609 3.1504 0.0907 3.1504 0.0907 130.379 2.5317

These results show that the grouped array is not overly fragile, and the reason
is mathematical as well as physical. The distributed dynamic matrix contains a sum
of 16 rank-one updates, so modest detuning at one location does not collapse the full
broadband effect. Consequently, the broadband metrics degrade much more slowly than
would be expected for a single narrow-band absorber.

The robustness analysis reveals a non-monotonic trend, with a small increase
in the average velocity reduction at 8% scatter. This should not be interpreted as a
universal benefit of mistuning; rather, it indicates that some random perturbations can
occasionally improve local spectral alignment in the nominal grouped design. Figure 7

therefore reports the robustness trends for mobility, velocity, power, and combined-index
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Figure 7. Robustness to tuning scatter for mobility, velocity, sound-power proxy, and

combined-index bandwidth of the grouped inerter-resonator array.

5. Additional analytical details: Explicit matrix forms and calculation

chain

To expose the algebra in a compact way, the 36 modal coordinates are ordered as

r=1,...,36, with the mapping r <> (m,n). Then,

..,Mgﬁ), K:diag(Kl,...,K36), C:dlag(Cl,,CJG)

For the attachment point j, define the modal participation vector:

b; =61 (25,95), 02 (2,95) - - - b36 (25, ;)]

The fully treated matrix is therefore:
2 - 16 T
D(w) = K — w?M + iwC + ijl Si(w)b; T
The receptance between the chosen force and response points is:

H(w) = /D (w)dy-

The corresponding logarithmic reduction relative to the untreated plate is:

H
Ry (w) = 201logy, [Holw)l

| Hy(w)|
The distributed velocity reduction is:
2 (w)
R =101 C Rty
”U(w) 0810 T)f(w)

(50)

(5D

(52)

(53)

(34)

(55)
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and because the same radiation efficiency multiplies treated and untreated states, the
power reduction is:
Ruv() = 1010810 31203 = o), (56)

This equality is exact in the present radiation proxy. It is useful because it means
one can interpret Table 4 as both a structural-vibration and a radiated-power result under
the chosen low-frequency efficiency model.

A brief numerical example clarifies the procedure. Consider the first column group,
with f; = 72.324 Hz, m = 0.026 kg, b = 0.026 kg, and ¢ = 0.06. The spring constant
is:

k= (21 x 72.324)%(0.052) = 10, 738.113 N/m. (57)

The dashpot is then:

¢ = 2(0.06)+/10, 738.113 x 0.052 = 2.840 N s/m. (58)

At f = 100 Hz, w = 628.319 rad/s, and the complex branch quantity in the

numerator of S; becomes:
k 4 iwe — w?b = 10,738.113 + i(628.319)(2.840) — (628.319)%(0.026).  (59)
Evaluating the inertial term gives approximately 10, 265.4 N/m, so:
k + iwe — w?b ~ 472.7 + i1, 783.8. (60)

The denominator of S; is:

w?m — (k + iwe — w?b) ~ 10, 265.4 — (472.7 4 i1,783.8) = 9,792.7 — i1, 783.8. (61)

Finally,
(472.7 + 41,783.8)(10, 265.4)

9,792.7 —41,783.8

Sj ((*]) = 3 (62)

which is a complex dynamic stiffness with both reactive and dissipative content. This
simple arithmetic illustrates how the inerter shifts the local dynamic balance even before
the plate modal projector is applied.

6. Nondimensional form and sensitivity comments

Introduce the reference frequency:
wi1 = 2m X 47.181 = 296.448 rad/s, (63)

and the nondimensional quantities:

(64)
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9 w?m 9 kj +iwe; — w?b

Then the dynamic point stiffness becomes:

S _ (K +12G;QV/kp(1l + B) — Q%) Qp .
My @p— iy —i2GQ/mu(L+5) + 2PBu’

Although the present calculations are dimensional, the nondimensional form

clarifies parameter sensitivity. Increasing 3 affects the dynamic stiffness primarily
through the terms proportional to 223, whereas increasing physical mass affects both
the resonance placement and the overall scaling of the dynamic stiffness through p.. This
explains why the inertance sweep can widen the bandwidth without the same monotonic
increase in average reduction seen in the mass sweep.

A local sensitivity with respect to inertance ratio is obtained by differentiating .S;

with respect to b:
as; 0 (kj +iwej — wzb) wim 66
9b b w?m — kj —iwej + w?b | (66)

After simplification,

2 e ol Y 2 e 4 w2h)2 (67)
(w?m — kj —iwcj + w?b) (w?m — kj — iwe; + w?b)

These results show that grouped tuning combined with parallel inerters offers a

practical route to wider low-frequency attenuation than the mass-only reference.

7. Conclusion

A modal receptance framework was developed for a thin simply supported plate
carrying a grouped array of spring-damper-mass-inerter attachments. The mathematical
reduction is explicit: the plate is expanded in orthogonal sine modes, each attachment
is eliminated analytically, and the final treated system is a modal dynamic matrix
plus rank-one point-stiffness updates. This permits large parameter sweeps at modest
computational cost.

For the selected plate and grouped layout, the inerter-resonator array improves
all average metrics relative to the grouped spring-mass reference. Over 80—600 Hz,
the average mobility reduction rises from 3.728 to 4.618 dB, the average velocity and
sound-power reductions rise from 2.598 to 3.033 dB, and the useful combined-index
bandwidth increases from 120.349 to 131.703 Hz. Peak reductions exceed 20 dB at
several dominant modal frequencies, and 5% tuning scatter has only a small effect on

the broadband averages.
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