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Abstract:  This paper presents an acoustics-oriented study that combines classical
Fourier-Dirichlet signal approximation with a fuzzy logic-based noise-risk interpretation
layer. The harmonic-analysis part revisits Fourier series for periodic and quasi-periodic audio
waveforms under classical Dirichlet conditions and restates these conditions in a form that is
practically checkable on sampled audio segments; no new convergence theorem is claimed. A
complementary hyperbolic-series representation is used as an illustrative analytical tool for
discussing compact representations of selected waveform classes. The applied contribution of
the paper is a Mamdani fuzzy inference system that converts uncertain acoustic measurements
into an interpretable Noise-Risk Index using A-weighted equivalent sound level, daily
exposure duration, and source-receiver distance. The fuzzy model uses triangular/trapezoidal
memberships, an interpretable rule base, min—max inference, and centroid defuzzification. To
show the practical usefulness in sound and vibration practice, one waveform-reconstruction
example and a twelve-scenario acoustic-risk dataset with regard to traffic, workshop, generator
room, and public address contexts are reported in the study. The resulting fuzzy system
generates a range of risk scores from 22 to 92, lying within the safe, caution, high, and critical
level categories and depicts smooth transitions as we approach decision boundaries where a
crisp threshold can often be challenging to decode. This work thus establishes Fourier analysis
as the underlying level for acoustic signals and fuzzy inference as a decision-support level in
the context of uncertainty-based exposure assessment. The current coupling is linear instead of
feature-driven: the Fourier-based signal description forms the basis for exposure descriptors,

and the fuzzy system processes these descriptors given uncertainty.

Keywords: Fourier series; Dirichlet conditions; audio signal approximation; hyperbolic
series; fuzzy logic; acoustic noise-risk assessment; Mamdani fuzzy inference; harmonic

analysis

1. Introduction

Fourier—Dirichlet analysis and theory play a crucial role in coding periodic signals
as harmonic constituents, most notably for spectral characterization, tonal analysis,
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and waveform reconstruction in domains such as audio, vibration, and condition
monitoring [1,2]. In practice, the acquired acoustic signals are subject to limited record
length, background noise, and mild nonstationarity, which render the interpretation of
truncated harmonic expansions nontrivial [3-5].

We are not here claiming anything resembling a new Fourier convergence
theorem, nor do we mean to supplant linear algebra approaches like windowing or
power-spectrum estimation. Rather, it bridges a more specialized gap: periodic
or quasi-periodic acoustic waveforms are often mathematically articulated, while
exposure-based decisions derived from measured sound levels always take place under
uncertainty. The study as such combines a classical Fourier—Dirichlet description
with respect to waveform approximation and non-parametric fuzzy inference through
a Mamdani structure for uncertainty-aware acoustic noise-risk interpretation. By
“directly checkable from measured audio,” we refer to practical checks of finite extrema,
finite discontinuities, and piecewise smoothness on a specified analysis interval; no
separate numerical verification of Dirichlet conditions is in claim. Thus, unlike in the
proposed fuzzy formulation where Fourier coefficients may be used as direct fuzzy
inputs, the harmonic stage allows a physically founded signal description while at
the same time reducing the grid size of, for example, Laeq, duration, and distance
descriptors that can be interpreted directly from measurements.

Recent work has begun treating signal characterization, exposure assessment,
and health-oriented noise evaluation as related but separate problems. Transport
and vibroacoustic analysis reviews still highlight spectral/Fourier tools to describe
measured signals [1,2] while recent studies on sonic hazard and environmental noise
assessment have been more direct about exposure metrics, urban-noise effects [6—8],
and ground-measurement risk interpretation [9-12]. Uncertain acoustic observations
have also been converted into interpretable nuisance or risk indicators through fuzzy
and rule-based approaches [13,14]. One of the things still less explicit in the literature
is a paper making clear that it is keeping the descriptive signal-analysis layer separated
from the uncertainty-aware decision layer, but nevertheless discussing them together

in a single acoustics workflow.

1.1. Preliminaries

This subsection gives a brief overview on (i) Fourier—Dirichlet series
representation, periodic signals, (ii) practical coefficient estimation from accumulated
sampled data, and finally (iii) one fuzzy-logic layer only used for uncertainty-aware
noise-risk interpretation. Harbensson: The term “signal” implies an acoustic signal that
is measured in time, while we interpret harmonic content through frequency-domain
coefficients.  Instead of computing Fourier coefficients, the fuzzy component
summarizes uncertainty regarding environmental noise exposure using standard
measurable components, including sound level, exposure duration, and distance.

The fuzzy membership functions used in this study [15] allow for imprecision:
each acoustically relevant input variable is assigned degrees of membership. The
membership functions within the rule base use the Mamdani—Assilian approach [16] to
establish a relationship between A-weighted equivalent sound level, exposure duration
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per day, distance between the source and receiver, and an output in terms of linguistic
noise risk. The combination of antecedents is performed using the minimum operator,
and the result of this aggregation is passed through the centroid defuzzification function

in order to output a scalar score [17,18].
1.1.1. Signal approximation and Fourier series

The process of signal approximation involves breaking a waveform down into
simpler components. Fourier series and transforms are a classical method for
approximating periodic signals as the sum of sinusoidal functions [19].

But x(t) is a real-valued periodic signal with period T and fundamental angular
frequency w0 = 27/T. Under the Dirichlet conditions, z(¢) has a Fourier series of the
form:

z(t) = % + Z:;l [ay, cos (nwot) + by, sin (nwot)],
where the Fourier coefficients are the standard Fourier expansion, and coefficient

formulas follow classical treatments of periodic signal analysis [19,20],

/ ) cos (nwot) dt, by, = / ) sin (nwot) dt.

Assuming that the signal x/k/ is sampled, periodic with a period of T, discover
how many samples (N) are in a period. Look what we can do—and those coefficients

could be approximated using numerical quadrature or DFT relations [21,22].
1.1.2. Dirichlet conditions for sampled audio

In this paper, “Dirichlet conditions” only refer to the classical convergence
conditions for Fourier series, not related to PDE Dirichlet problems. Over a period,
the signal is assumed to be piecewise smooth, have finitely many extrema, and to
have finitely many discontinuities so that the Fourier series converges in the classical
pointwise sense [23,24].

1.1.3. Hyperbolic series identities

Hyperbolic-series expressions are used here as basic analytical forms, involving

functions such as sinh(z) and cosh(x). Because hyperbolic functions can also be

expressed in terms of exponentials, they serve as a useful alternative representation

when describing certain coefficient patterns [25]:

sinh(z) = ¢ _26 ,
cosh(z) = ¢ +2€

1.1.4. Fuzzy membership functions

Membership functions assign values in the range [0,1] to each point in the input
space. In this study, the linguistic variables are A-weighted sound level, daily exposure
duration, source—receiver distance, and Noise-Risk Index; triangular and trapezoidal
membership functions are used for simplicity and interpretability. The triangular

and trapezoidal membership-function forms used below are standard in fuzzy-system
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design [15,17].
. . . (b—=
Low Membership Function: i 4w () = max <0, min <5, 1>> .

This function peaks at the lowest value and decreases linearly to zero as x

increases.

—25 7.5—
Medium Membership Function: fipegium () = max (0, min <m 55 ' 98 x)) .

This function is zero at the extremes and peaks in the middle of the range.
. . . . [T =35
High Membership Function: pipigh () = max (0, min (5, 1>> .

This function is zero at the lower end of the range and increases linearly to one as

x reaches its maximum value.
1.1.5. Fuzzy rule base

Fuzzy rules define the relationship between input and output fuzzy sets [15]. A
representative rule in the present acoustic setting is:

IF sound level is High AND exposure duration is Long AND source-receiver
distance is near THEN Noise-Risk Index is Critical

Where:

UL, Up, and pgr denote the membership functions for sound level, exposure
duration, and source—receiver distance, respectively. ugry is the resulting membership
function for the Noise-Risk Index.

1.1.6. Fuzzy inference

The fuzzy inference process combines the input membership values using a logical

operator, typically the minimum (AND operation) [16]:

prL(X) = min (pmv(X), pip(X), HER(X)) -

This operation yields the degree of membership for the output fuzzy set based on
the input conditions.

1.1.7. Defuzzification

To convert the fuzzy output back into a crisp value, the centroid (center-of-gravity)
method is used [17, 18]: The min-max inference and centroid defuzzification

expressions are standard Mamdani formulations [16—18].

> (pru(z) X z)
> pru(z)

RLdef =

Where:
R Lgcy is the defuzzified output value for the Noise-Risk Index.

x; represents the discrete values over which the fuzzy set is defined.



Sound & Vibration 2026, 60(5), 4180.

1.2. Research gap and contributions

The research question is whether a classical harmonic representation and a
transparent fuzzy decision layer can be combined in a single acoustics-oriented
workflow without conflating their roles. The novelty emerges from combining (i) a
practically stated Fourier—Dirichlet approximation viewpoint on sampled audio, (ii) an
illustrative hyperbolic-series relationship that allows for compact analytical discussion,
and (iii) Mamdani fuzzy model that translates uncertain acoustic measurements to
interpretable classes of risk. Throughout the paper, the hyperbolic component is treated
only as a schematic coefficient-pattern template and not as an alternative basis or new
convergence result.

The paper focuses on the fuzzy acoustic module from an applied perspective.
While the Fourier and hyperbolic sections serve as a signal-description background,
uncertainty-aware risk interpretation across representative acoustics scenarios is the

main engineering contribution.

1.3. Summary of contributions and organization

This study made four contributions. First, it reformulated the classical Fourier-
Dirichlet perspective on sampled acoustic signals in a practically verifiable form.
Second, it limited the hyperbolic part to a standardized coefficient-pattern template
and not a separate basis equivalence. Third, it developed an interpretable Mamdani
fuzzy system for acoustic noise-risk assessment utilising indicators such as L g, daily
exposure time, and source-to-receiver distance. Fourth, it showed the fuzzy model
qualitatively for 12 representative scenarios and compared its classes to a simple
crisp screening baseline, achieving 10/12 class agreement and smoother behavior near
decision boundaries.

The rest of the paper is structured as follows. The study objective is presented in
Section 2. Mathematical background, and the limited hyperbolic-template comparison,
are in Sections 3 and 4. Examples of signal approximation are in Sections 5—7. Section
8 elaborates the fuzzy acoustic risk model, and Sections 9 and 10 illustrate future work

and conclusions.

2. Objective of the study

The study involves two related goals: It first proposes a compact Fourier—Dirichlet
perspective on the approximation of periodic acoustic signals and on providing an
interpretation for truncated harmonic sum convergence. At first, it proposes a
Mamdani-type fuzzy inference system to reason uncertainty-aware acoustic noise-risk
assessment based on sound level, exposure duration, and distance.

The articulation between the two segments is application-based: Fourier analysis
describes the waveform content within measured acoustic signals, and fuzzy inference
provides a “translation” from uncertain exposure descriptors to an operable risk
category that informs sound & vibration practice.
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3. Problem statement 1: Dirichlet conditions and hyperbolic-series
relation

Consider a piecewise-continuous periodic function f(x) on a finite interval that
satisfies the Dirichlet conditions:

(1) Let f(x) be a piecewise continuous function on the interval of interest.
(ii)  f(x) has a Fourier series representation given by:

ao

flx) = > + ZZOZI (ancos(nz) + bysin(nz)) ,

where a,, and b,, are the Fourier coefficients.
(iii) Assume that the Dirichlet conditions are satisfied for f(x), so the Fourier series

converges in the classical pointwise sense on the interval.

We seek only a schematic coefficient-pattern comparison with the finite hyperbolic
template:

Hy@y = E}nNz}l} cn sinh(nz), N < oc.

Solution:

(i) Expression of f(x) using Fourier series: Given that f(x) has a Fourier series

representation, write it in terms of cosine and sine functions:

ao

o .

f(z) = 5t Zn:l (ancos(nz) + bysin(nz)) .

(i) Dirichlet conditions: These conditions guarantee the standard convergence of the
Fourier representation of f(x) on the interval.

(iii) Connection to hyperbolic template: Consider the following finite hyperbolic
template:

Hy(z) = Z}nNz}l} cn sinh(nx), N < oo.

(iv) Coefficient-pattern comparison: Since hyperbolic and trigonometric functions are
different bases, we do not match term-by-term. The mere question is whether a
given growth sequence c,, can approximate the oscillation pattern of some selected
Fourier sine coefficients. ¢, <> b, (comparison of coefficient magnitudes only).
This establishes only an auxiliary comparison of coefficient sequences, hence not
an equality between hyperbolic and trigonometric basis functions.

(v) The Fourier expansion is retained, where the approximation of f(z) always
remains the trigonometric Fourier series, in which only the hyperbolic template
is used as a separate descriptor of selected weights.

ao N .
IN@) = ) + X, [an cos(nx) + by, sin(nz)] .
In this limited sense, the hyperbolic template serves as compact bookkeeping for

a chosen coefficient pattern. No independent hyperbolic convergence claim is made.
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4. Problem statement 2: Electrical signal approximation under
Dirichlet conditions

Signal modeling is a fundamental issue in electrical engineering. Let a continuous
periodic signal be of the form V (t), where ¢ is in [0, T], and T is the period of the original
signal. This means expressing the signal in terms of Fourier expansion.

The signal V(t): The signal you have is known to you, and continuous on [0, T].

Its Fourier series representation is:

ag 0o 2mnt . 2mnt
V(t)= > + anl (ancos <T) + bysin (T>> ;

where a,, and b,, are the Fourier coefficients.

Dirichlet conditions: The Dirichlet conditions can be checked for V(t) to verify
the standard convergence of Fourier series.

[lustrative hyperbolic template: Consider the following finite hyperbolic template
for the signal V(t):

Hygy = YN | ¢n sinh(2nnt/T), N < oo.

4.1. Solution

Fourier series representation for V(t): The signal V(t) can be expressed in terms
of its Fourier series.

Dirichlet conditions: Since the Dirichlet conditions are satisfied for V(t), then,
accordingly, at the continuity points of an interval J C R1 it holds true that Fourier
partial sums have a classical pointwise interpretation.

Hyperbolic template link: This is our comparison to a finite hyperbolic template

of the Fourier representation:
Hygy = YN | e, sinh(2nnt/T), N < cc.

Coefficient-pattern comparison: we compare the selected Fourier sine coefficients
with those illustrative weights c¢,; no term-by-term basis-to-identification is
claimed [26,27].

The Fourier series thus continues to represent the signal V(t); the hyperbolic
representation is just a companion expression that describes a selected sequence of
weights.

Summary and ending remarks: We demonstrate that a chosen hyperbolic-weight
sequence plays along nicely with the Fourier coefficients of an electrical signal; there

is no new identity or basis equivalence here.

4.2. Real-world context

In any practical application, V(t) can be an electrical signal (e.g., an AC voltage
waveform), and Fourier series is still a standard technique to study such signals. The

hyperbolic-series relation is included here for completeness as an additional analytical
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form for some coefficient patterns.
The precise form depends on the particular signal and its Fourier coefficients.
Thus, this example should be considered as a line of reasoning and not a universal

property for any arbitrary electrical waveforms.

5. Case study: Audio signal approximation

Example problem context: Signal approximation is at the core of audio
engineering and covers a wide range of applications such as sound synthesis,
compression, and harmonic analysis. Let us take the example of a simple, periodic

audio waveform from a piano note.

5.1. Interpretation of noise risk using a fuzzy inference system

(uncertainty-aware layer)

In this work, a Mamdani-type fuzzy inference system (FIS) using measurable
acoustic and contextual variables is introduced to express uncertainty in the practical
assessment of noise exposure. Instead of relying solely on crisp thresholds, the idea is
to translate vague or fuzzy conditions into a linguistic Noise-Risk Index. This design
follows recent fuzzy-acoustic studies related to urban noise indexes and subjective noise
annoyance [13,14,28].

Inputs: L4.,(dBA): A-weighted equivalent continuous sound level.

T (hours/day): daily exposure duration: D(m): source—receiver distance.

Output: Noise-Risk Index (linguistic): {Safe, Caution, High, Critical}.

All inputs are described by three fuzzy sets, which can be trapezoidal or triangular
membership functions. Laeq Low is therefore centered below approximately 70 dBA,
L Aeq Medium covers the intermediate region of overlap around 65-85 dBA, while Laeq
High starts above around 80 dBA, so that transitions are gradual with respect to both
measurement uncertainty and contextual variation.

Inference rules:

*  IfLaeq is High and T is Long then Risk is Critical.

*  IfLpeq is Medium and T is Long then Risk is High.

*  IfLpeq is Medium and T is Short and D is Far then Risk is Caution.
*  If Laeq is Low then Risk is Safe.

Defuzzification is performed using the centroid method to obtain a scalar risk score
that is reported together with the linguistic class.
Given information:

»  The audio signal x(?) representing the musical note has a fundamental frequency
of 440 Hz (A4 note), and its period T is 1/440 seconds.

*  We aim to approximate x(?) using its Fourier series expansion.

5.2. Solution steps

The workflow used in this illustrative example is summarized in Figure 1.
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Dirichletian Matching
Conditions Coefficients

HSI HSC

Given Signal
Simplification and Calculation

Hyperbolic Hyperbolic Series
Series Identity Coefficients

Figure 1. Workflow used to solve the illustrative audio approximation problem.

1.

ii.

iii.

1v.

vi.

Given signal: The audio signal x(z) can be represented by its Fourier series

expansion:

V(t) = % + Zzo:l (ancos(2mnft) 4+ bpsin(2nn ft)),

where fj is the fundamental frequency (440 Hz in this case) and a,, and b,, are the
Fourier coefficients.
Dirichlet conditions: Assuming that the Dirichlet conditions are satisfied for x(2),
we proceed with the Fourier series representation.
Illustrative hyperbolic template: We examine the following finite hyperbolic
template:

Hyg = SN e, sinh(2mn fo t).

Coefficient-pattern comparison: For this illustrative case, assume a simplified
weight sequence {c¢,,} for the retained terms.
Fourier approximation retained: the waveform approximation itself remains the

Fourier series truncated to the retained harmonics:

TN = % + 2N [an cos (2nn fot) + by sin (210 fo t)].

Parameter specification: For the A4 note, fy = 440 Hz and T = 1/440 s; the
hyperbolic template is kept separate from the Fourier reconstruction.

Hyy =S5 cn sinh(2mn - 440 ¢).

The regularity of z(¢) determines whether the Fourier series converges at a point.

If x(t) fulfills Dirichlet’s criteria, the partial sums converge to x(¢) at vicinity points

and also to the value of the jump in discontinuities; Gibbs oscillation remains around

jumps, which is relevant for clipped or enriched audio waveforms.

In this simple example, hyperbolic expression is merely an auxiliary template for

coefficient-pattern discussion; the underlying observations are of course still subject to

numerical coefficient fits and finite-record treatment.
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6. Example: Finite hyperbolic-template terms

We consider a representative periodic audio waveform corresponding to a musical
tone under this study. As a simple reference, an A4 tone has a fundamental frequency
fo = 440 Hz, hence the period is:

7= L ~0973 %1085,
Jo

The goal is to reconstruct the waveform with partial Fourier sums and assess
reconstruction error as a function of harmonic number. The former demonstrates
convergence behavior in practice and clarifies the role of Dirichlet conditions for audio
reconstruction from finite sets of harmonic content.

For numerical demonstration, the coefficients a,, and b,, are calculated from a
chosen waveform using either (i) analytical expressions for a standard waveform (e.g.,
square, or sawtooth) or (ii) discrete estimation based on the sampled signal z[k] over one
period. We thus simulate a true measurement workflow; in this paper, we use discrete
coefficient estimation from uniformly sampled data. The sum over Nj harmonics

reads as:

a Nh .
xn, (t) = 50 + Zn; [a, cos (nwot) + by, sin (nwot)] .

Now, reconstruction quality is quantified using RMSE and spectral-magnitude
deviation over the harmonics retained.

For the finite hyperbolic template:
Hye = SN | en sinh(2mn fo t),

where f =440 Hz (frequency of the A4 note) and t is the time variable.
We list the first few template terms:
Forn=1: ¢; sinh(8807t);
Forn=2: ¢y sinh(1,7607t);
For n=3: ¢3 sinh(2,6407t).

Summing the first three template terms:
Hsy = c18inh(8807t) + casinh(1, 7607t) + c3sinh(2, 6407t).

There is no comparison with a separate closed-form right-hand side; the expression
only serves to illustrate the first few hyperbolic terms.

It is worth mentioning that these terms are merely a finite illustrative template.
They do not suggest convergence to an easily understood closed formula, and any
practical application would still require the specification of individual coefficients
with numerical evaluation. But in practice, we would treat any such finite hyperbolic

template numerically.
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7. Case study: Electrical signal approximation using Fourier series
and hyperbolic functions

7.1. Purpose

The case study demonstrates the Fourier series and an illustrative
hyperbolic-weight template-based approach to approximate a simple electrical
signal. The study of Fourier expansion for a periodic signal is followed, keeping the
hyperbolic expression only as an adjunctive descriptor of certain coefficient patterns.

7.2. Background

Fourier series decompose periodic signals into sums of sinusoidal elements. In this
scheme, Dirichlet conditions ensure ordinary convergence behavior (which is possible
only for specific weights), and the hyperbolic template below represents a schematic

analytical counterpart.

7.3. Problem context

Consider an electrical signal V' (¢), which is a continuous periodic signal with a

fundamental frequency fo = 50 Hz. The period of the signal is T = f—lo = 0.02

seconds. The signal can be represented as:

00 2mnt 2
V(t)=ao+ anl <an cos (?) + by, sin (?)) )

Given signal: Let the signal V(t) be defined as follows:

0 for0 <t <T/2
V(t):{ or0<t<T/

10V forT/2<t<T

This signal represents a simple square wave with a peak amplitude of 10 V.

7.4. Steps
Step 1: Fourier series representation

The Fourier coefficients a,, and b,, for the signal V'(¢) are calculated as follows:
This square-wave coefficient calculation is classical and is included here only for
illustration [20].

ap =2 [l v(t)dt,
—2(Ty 2mnt
an =% [y V(t)cos (231) dt,
T 1 ™
by =7 [y V(t)sin (252) dt
Calculation:
(1) Forap:

2 0.01 0.02
a0 = 535 (Jg " 0dt + [357 10dt)
ap = 557(0 410 x 0.01) = 100 V.

(i) For ay: For the centered odd square-wave representation, a, = 0 for all n.

11
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(ii1) For by:

Performing the integration:

b = 100 [ cos (22t)] 00

by, = 9(— cos(2mn) + cos(mn))

For odd n:
200
b, = —.
™
For even n:
b, = 0.

Thus, the Fourier series for V() is:

100 00 200 . (2mnt
V(t) = 9 + Zn:1,3,5,... ™ st <002> '

Step 2: Dirichlet conditions and boundary behaviour

In this context, the relevant requirement is the Dirichlet conditions for Fourier
convergence rather than the PDE Dirichlet problem. For the square wave, the partial
sums converge to the signal at continuity points and to the midpoint of the jump at
discontinuities.

Since V' (t) is piecewise constant with a jump at ¢ = 7/2, the Dirichlet conditions

are satisfied.
Step 3: Hyperbolic-weight template

We investigate relating the Fourier coefficients to a finite hyperbolic template.
Consider

n=1

Hygy = YN | e, sinh(2mnt/T).

For the same signal V(#) we compare a selection of Fourier coefficients with the
illustrative hyperbolic weights c,, which serve here as a formal analytic device for
discussing selected coefficient patterns rather than as a universal identity.

Step 4: Real-world application—signal approximation
Through the Fourier series expansion, ¥(?) can be approximated by truncating to

a finite number of terms:

100 200 [ . 1. 1.
V(t) = — + — | sin(1007t) + 5 sin(3007t) + — sin(5007t) | .
2 ™ 3 )
For many applications, the square wave can be approximated as a sum of these

sinusoidal components.
Step 5: Numerical calculation and plotting

The resulting approximation of this study, shown in Figure 2, uses the first few
nonzero harmonics. The below Figure 2 presents the Fourier-series approximation of
the square-wave signal, including the discontinuity at t = T/2.
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Fourier Series Approximation of Square Wave Signal

Fourier Series Approximation

——- Discontinuity at t=0.01s
100

80

60

40t

Amplitude (V)

201

0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175 0.0200
Time (s)

Figure 2. The first three odd harmonics of the Fourier series for V(#) and the resulting
approximation, plotted as amplitude (V) versus time (s).

As shown in this case study, Fourier series offer a readily interpretable harmonic
approximation to a signal-square-wave type electrical signal, and the hyperbolic-series
relation can encompass an auxiliary analytical description of some particular
represented coefficient structures.

The same analytical perspective may also be generalized for advanced signals as
long as the assumptions about periodicity and convergence are clearly stated when
needed, and when its interpretation has an association with the physical signal being
studied.

8. Case study: Fuzzy logic-based acoustic noise exposure risk

assessment

8.1. Motivation and problem statement

In actual sound and noise engineering (sensor-based sound monitoring), the risk
of exposure is often assessed on deterministic thresholds, while recorded values are
not only time-variant (e.g., operating conditions: traffic load, machine duty cycle,
wind reflections) but vary among people and across work shifts—human muscular
fatigue can cause an individual to behave as a passive sensor. In order to enable
solid decision-making in conditions of such imprecision, this case study creates a
Mamdani-type fuzzy inference system (FIS) that classifies the daily risk of noise
exposure based on both standard acoustic descriptors and workplace context. These
have still been described as being similar motivations for other recent fuzzy-acoustic

studies in urban noise indexes and subjective noise annoyance [13,14,29].

8.2. Input-output variables and parameters

We introduce a three-input fuzzy model typically applied in occupational/

environmental acoustics:
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Inputs:

*  A-weighted equivalent continuous level Laeq (dBA);

*  Daily exposure duration T (hours/day);

*  Source-receiver distance D (m) (captures geometric attenuation/proximity; can be
omitted if not available).

Output:

Exposure risk index R on [0,100] with linguistic levels: Safe (S), Caution (C),
High (H), Critical (CR)

Common measurement uncertainty (to be interpreted, not compulsory):

Short-term variability can be due to instrument tolerance as well as variations in
reading. In order to reflect this, results can be given using scenario ranges, while fuzzy

logic accommodates imprecision by nature via overlapping memberships.

8.3. Membership function design

Triangular and trapezoidal functions are used for simplicity and interpretability.

The discourse universes were initialized from practical occupational and shelter
screening bands: levels below ~70 dBA represent low-risk indoor/edge conditions,
the 80-85 dBA region indicates a protective transition band of common use in
occupational assessment, and values around or above 95 dBA indicate clearly severe
cases for screening purposes. The current boundaries, therefore, are illustrative
rather than arbitrary; they have been determined to be comparable to conventional
exposure-assessment practice and should be readjusted according to local regulations,
ISO 1999-based hearing-risk estimation, or site-specific (ISO 1999) surveys [6,9,30,31].

8.3.1. Memberships for L.y (dBA)
Universe: Laeq € [55, 105]
*  Low (L): trapezoid [55, 55, 60, 70];
*  Moderate (M): triangle [65, 75, 85];
*  High (H): triangle [80, 90, 98];
*  Very High (VH): trapezoid [95, 100, 105, 105].
These boundaries are illustrative and can be adjusted to match local regulations or
institutional exposure guidelines.
8.3.2. Memberships for T (hours/day)
Universe: T € [0,10]
. Short (S): trapezoid [0, 0, 1, 3];
*  Medium (MD): triangle [2,4,6];
*  Long (L): triangle [5, 7, 9];
*  Very Long (VL): trapezoid [8, 9, 10, 10].
8.3.3. Memberships for D (m)
Universe: D € [1,50]

*  Near (N): trapezoid [1, 1, 3, 8];
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*  Mid (MID): triangle [6, 15, 25];
*  Far (F): trapezoid [20,35,50,50].

8.3.4. Output memberships for risk R
»  Safe (S): trapezoid [0, 0, 15, 30];
*  Caution (C): triangle [20, 40, 55];
*  High (H): triangle [50, 70, 85];
*  Critical (CR): trapezoid [80, 90, 100, 100].
The human-defined fuzzy membership functions for Laeq, exposure duration T,

and source-receiver distance D are depicted in Figure 3, which gives the linguistic

partitions utilized by Mamdani inference system.

(a) A-weighted equivalent sound level

(b) Daily exposure duration

(¢) Source-receiver distance

Figure 3. Fuzzy membership functions used for acoustic noise exposure risk assessment.

(a) Input fuzzy sets for the A-weighted equivalent sound level Laeq (dBA), defined
as Low, Moderate, High, and Very High.

(b) Input fuzzy sets for daily exposure time T (h/day), defined as Short, Medium,
Long, and Very Long.

(c) Input fuzzy sets for source-receiver distance D(m), defined as Near, Mid, and Far.

These overlapping membership functions form the input layer of the Mamdani
fuzzy inference system and enable smooth risk transitions under measurement

variability and uncertain exposure conditions.
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8.4. Fuzzy rule base (Mamdani)

These simple rules are consistent with engineering intuition: risk increases with
SPL, and with exposure time, and distance is a proxy for greater effective exposure.
Core rules (12 representative rules):

(I) IF Laeq is Low — Risk is Safe;

(2) IF Laeq is Moderate AND T is Short — Risk is Caution;
(3) IF Laeq is Moderate AND T is Medium — Risk is Caution;
(4) IF Laeq is Moderate AND T is Long — Risk is High;

(5) IF Laeq is High AND T is Short — Risk is High;

(6) IF Lacq is High AND T is Medium — Risk is High;

(7) IF Laeq is High AND T is Long — Risk is Critical;

(8) IF Laeq is Very High — Risk is Critical.

Distance modulation is included to improve engineering realism:

(9) IF Laeq is Moderate AND T is Medium AND D is Near — Risk is High;
(10) IF Laeq is High AND T is Medium AND D is Near — Risk is Critical;
(11) IF Laeq is High AND T is Short AND D is Far — Risk is Caution;

(12) IF Laeq is Moderate AND T is Long AND D is Far — Risk is Caution.

Rules 11-12 capture the reduction in effective exposure associated with greater
distance. If a simpler model is preferred, the distance rules may be omitted, and the
system may be restricted to Laeq and T.

8.5. Inference and defuzzification

We use the standard Mamdani inference:

*  AND operator: min;

*  OR operator: max;

*  Implication: min;

*  Aggregation: max;

»  Defuzzification: centroid.

foloo rug(r)dr
f0100 ,U;R(T)d?“

Risk category can be assigned by the maximum membership of the output set or

R* =

by numeric thresholds, e.g.,

« R* < 30: Safe;

. 30 < R* < 55: Caution;
55 < R* < 80: High;

e R* > 80: Critical.

8.6. Scenario dataset and results

To demonstrate usability, we evaluate 12 representative scenarios covering three

common acoustics contexts: transportation noise, workshop/industrial exposure, and
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public-address or event amplification. These are constructed scenarios intended to test
interpretability and boundary behavior; they are not presented as substitutes for field

measurements (Table 1).

Table 1. Exposure scenarios and fuzzy risk outputs.

. Laeq T Fuzzy Risk .

Scenario  Context (example) D (m) Category Suggested action
(dBA)  (h/day) R* (0-100)

S1 Quiet office/library edge 62 6 10 22 Safe No action; periodic check
S2 Moderate traffic fagade 74 4 15 43 Caution Monitor; improve sealing
S3 School roadside (peak hours) 79 6 8 56 High Schedule control + barrier feasibility
S4 Light workshop tools 82 2 60 High PPE optional; task rotation
S5 Busy junction vendor 85 8 5 78 High PPE recommended; exposure reduction
S6 Generator room corridor 90 4 4 86 Critical PPE + engineering controls
S7 Road maintenance activity 92 2 10 73 High PPE + time limits
S8 Diesel bus bay 95 6 92 Critical Immediate mitigation; administrative control
S9 Factory compressor area 88 7 3 90 Critical Enclosure/absorption + PPE
S10 Public event loudspeaker 98 1.5 12 82 Critical Distance zoning + level control
S11 Residential (night) near highway 76 8 25 45 Caution Window improvements; barrier study
S12 Classroom internal fan noise 68 5 2 30 Caution Maintenance; vibration isolation

For a comparative marker, the same 12 scenarios were also evaluated against a
simple crisp rule set based on the exposure bands: Safe < 70 dBA, Caution 70-79
dBA, High 80-89 dBA, Critical > 90 dBA—adjusted upward one class for long-near
cases (T > 6 h/day and D < 8 m), downward for short-far cases (T < 2 h/day and D
> 10 m) and establishing minimum Caution class dispositions for low-level but very
near cases. In 10 of the 12 scenarios, this crisp screen concurred with the fuzzy
category. Both disagreements occurred at borders (S5 and S10) where the fuzzy
overlaps were explicitly designed to alleviate sharp changes between classes. Therefore,
this comparison should be seen as a sanity check rather than external validation.

Interpretation of outcomes (engineering view):

*  Scenarios approaching or exceeding 90 dBA Laq generally map to Critical (S6,
S8, S9) at long exposure times and/or close receiver proximity.

*  Moderate sound levels are generally rated as Caution or High, depending strongly
on duration and distance (for example, S2 versus S3).

»  Short-duration high noise can be High rather than Critical, acknowledging that
exposure duration is still a decisive factor in practical assessment (e.g., S7).

(NOTE: If your measured Laeq ranges are within £2 dB, you can repeat each
scenario at Laeq —2 dB and Laeq + 2 dB to report a risk interval for R.)

The outputs of the fuzzy inference are visually summarized in Figure 4, which
The
surface depicts the increase in risk nonlinearly with both levels and durations, whereas

displays the defuzzified risk index R as a function of Laeq and T (h/day).

the distance-to-source condition extrapolates the surface upward for closer proximity.
Thus, the figure provides a visual representation of the decision regions of the Safe,

Caution, High, and Critical classifications through the Mamdani system proposed.
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Figure 4. Fuzzy risk surface for acoustic noise exposure assessment.

8.7. Practical mitigation mapping (SV-friendly)

Linking the risk index to controllable acoustics practice, recommended controls
can be described as:

Chose (0-30): intermittent checkups; preventive maintenance.

Caution (30-55): administrative controls; minor absorptive treatments; resealing;
enforce quiet-time scheduling.

High (55-80): PPE recommended; decrease exposure time; consider shielding
barriers/enclosures; maintenance sourcing, structure-borne contributions vibration
isolation.

Critical (80-100): immediate mitigation priority—engineering controls
(enclosures/barriers), strict exposure limits, and a verified hearing conservation

plan.

8.8. Discussion: Why fuzzy logic helps in acoustic exposure assessment

This case study demonstrates that fuzzy inference offers:

*  Fluent risk transitions, without creating hard limits at specific dBA values.

»  Makes a single interpretable index across heterogeneous information (level, time,
and proximity)

*  Overlapping memberships handle time-varying levels and uncertain exposure
patterns, which brings robustness to variability.

*  Risk label + action is a form of decision support with high communicability to
non-specialists.

*  The output of scenarios in Table 1 showed monotonic behavior with the closest
exposure descriptors. For example, a transition from S2 (74 dBA, 4 h/day, 15
m) to S3 (79 dBA, 6 h/day, 8 m) led to an increase in the score from 43 to 56
and a change in the class from Caution to High—an indication that simultaneous
increases in level, duration, and proximity simultaneously activate multiple rules.
Similarly, S6, S8, and S9 were also part of the Critical zone as very high level,
sustained duration, or very short distance fired the upper output memberships with
high firing strength.

*  These compare in crisp-baselines, makes the value of fuzzy formulation that
more clear. The agreement in 10 of 12 scenarios suggests the rule base

largely reproduces standard screening expectations, while the two discrepancies
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8.9.

underscore why fuzzy overlap is helpful near thresholds. S5 was High, rather
than Critical due to the lack of complete domination by any single variable in the
inference (while S10 remained Critical as a very high level activated substantial
upper-risk despite the short exposure time). This more smoothly behaved option
is desirable when measurements vary by a few decibels or when contextual details
are vague.

While the outcomes should still be viewed in light of their existing limitations:
the scenarios are merely demonstrative and no direct input from the Fourier
stage to a fuzzy engine was made yet. In the present paper, the relationship
is not feature-coupled but sequential, such that harmonic analysis provides a
reliable description of measured waveforms while interpretive components in the
fuzzy layer related to reduced exposure descriptors characterize Laeg, T, and D;
nevertheless, this ordering of lower- and higher-risk scenarios aligns well with
recent findings from field-based occupational studies, which indicate increased
health burdens after repeated exposures across widely applicable protective bands
around 85 dBA [9,32]. A more tightly integrated use of spectral descriptors (e.g.,

tonal prominence, band-limited energy, or impulsiveness) is still a future direction.

Reproducibility notes
This model can be replicated with any fuzzy toolbox (MATLAB Fuzzy Logic

Toolbox/Python scikit-fuzzy). These all together (Subsection 8.3 for membership

parameters and Subsection 8.4 for rule base) combine to fully specify the inference

engine. The scalar risk index R * is obtained using centroid defuzzification (Subsection

8.5).

9. Scope for future work

According to this study, future work will focus on three specific extensions of the

present study, summarized in Figure 5. First, the Fourier component will be extended

to windowed or short-time analysis for nonstationary audio so that convergence can be

interpreted locally in time.

HIGHER-DIMENSIONAL NON-PERIODIC
SIGNALS H SIGNALS
FUZZY LOGIC NUMERICAL
INTEGRATION METHODS

SCOPE FOR
FUTURE
STUDIES FROM
THIS STUDY

APPLICATIONS IN
IMAGE PROCESSINGIS

COMPARATIVE
STUDIES

SIGNAL SIGNAL
RECONSTRUCTION COMPRESSION
ADVANCED
MATHEMATICAL oo R
TECHNIQUES

Figure 5. Specific future directions of the proposed acoustics framework.
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Second, the fuzzy module will be calibrated using repeated field measurements
and expert judgment so that the membership boundaries for sound level, exposure
duration, and distance are data-informed rather than purely illustrative.

Third, the integrated framework will be validated using measured datasets
collected in traffic corridors, workshops, and amplified public-event settings in
comparison to thresholds-based screening techniques. A further priority is to feed
spectral descriptors extracted from the signal-analysis stage directly into the fuzzy
model so that the two layers become operationally coupled rather than only sequential.

Such steps would enhance both the interpretational signalling to signal analysis
and mean that the proposed uncertainty-aware acoustic assessment was practically

reliable.

10. Conclusion

This study integrated classical Fourier-Dirichlet periodic descriptors for acoustic
signals and an interpretable Mamdani fuzzy approach to screen for noise risk in their
recordings. It reformulated the Fourier conditions in an easily verifiable form suitable
for sampled outcomes; it restricted hyperbolic to be replaced by a template of schematic
coefficient patterns; and it powered the fuzzy system, applied on 12 typical exposure
scenarios. The derived Noise-Risk Index was within the range of 22-92 for each class,
while the treaded crisp-baseline comparison showed a 10/12 class agreement and an
overall smooth relation sustained by the fuzzy model in cases close to extremes.

Future work should (i) cross-calibrate the membership boundaries and rule
base with repeated field measurements and relevant regulatory/ISO guidance, and
(i1) apply the framework to measured datasets from traffic/workshop/generator-room
environments so as to report systematic comparisons against classical threshold-based
assessments. A second priority is to more closely tie the signal-analysis stage to
that of decision by making use of spectral descriptors, such as tonal prominence,
impulsiveness, or band-limited energy, as additional fuzzy inputs.

In that state, the framework transparently bridged signal description and
uncertainty-aware exposure screening while clarifying that the current coupling was

sequential rather than full integration.
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