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Abstract: Studying tooth surface topography and sliding friction in gear-bearing system is crucial

for enhancing its reliability and minimizing vibration and noise. Inspired by preliminary research

on sliding friction, this study addresses a novel gear-bearing model, in which the fractal meshing

stiffness and fractal friction excitation are emphasized simultaneously. Initially, the formula of

time-varyingmeshing stiffness (TVMS) due to fractal characterization is developed by employing

the W-M function. The influence of fractal dimension on TVMS is investigated. Subsequently,

the sliding friction excitation corresponding to fractal dimension is derived and introduced into the

proposed gear-bearing model. On this basis, the bifurcation and chaos of the gear-bearing system

with and without fractal dimension are compared. The maximum Lyapunov exponent forecasting

methodology is carried out to validate the dynamic characteristics. In order to clearly exhibit the

influence of the fractal dimension, the nonlinear dynamic behaviors of the gear-bearing system

are investigated by reference to its time-domain chart, phase diagram, frequency spectrum,

and Poincare section. Ultimately, contributions of sliding friction on dynamic behaviors of

gear-bearing system are also examined. This work is extremely significant for improving the

gear dynamic performance through guiding gear surface design and manufacture.

Keywords: gear dynamic; fractal dimension; bifurcation and chaos; TVMS (time varying

meshing stiffness); sliding friction

1. Introduction

Noise and vibration generated by the gear system is one of the crucial factors affecting

the dynamic performance and efficiency in many power transmission fields [1–4]. Owing

to the increasingly requirement of reducing noise and vibration [5, 6], the quality and

precision of machining of gear surface has attracted extensive attention. In this manuscript,

we primarily concentrate on the systematic dynamic analysis of gear-bearing dynamic

model with fractal meshing stiffness and fractal friction excitation.

In recent years, the effect of fractal characterization on the dynamic behaviors

of gear-bearing systems has gradually been the focus of research. Huang et al. [7]

studied the nonlinear dynamic behaviors of the spur gear pair system with fractal gear

backlash, and their results show that compared with the fixed backlash case, the system

with fractal backlash will be easily enter the chaotic state at a higher rotational speed.

Based on fractal theory, Wang et al. [8] developed a modified multi-clearance gear

system and studied the influence of bearing clearance and tooth side clearance on the

nonlinear dynamic behaviors. Their research shows that while tooth side backlash and

bearing backlash are considered as constants, the periodicity of the dynamic model is
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essentially unchanged despite variations in clearance values. Chen et al. [9] evaluated

the gears’ dynamic performance influenced by gear backlash based on fractal theory.

They also analyzed the influence of fractal dimension of surface morphology on gear

dynamics. Huang et al. [10] investigated the influence of surface roughness on the

dynamic response by introducing the fractal theory into the static transmission error.

Majumdar and Bhushan [11] theoretically and experimentally demonstrated that a

variety of rough surfaces are fractal in structure within millimeter scales and nanoscales.

Chen et al. [12] established a modified geared rotor-bearing nonlinear dynamic model

to explore the influence of microscopic features on the tooth surface based on fractal

theory. Han et al. [13] examined the nonlinear dynamic behaviors of gear transmission

systems through considering the tooth surface microtopography factor. Mo et al. [14]

proposed an improved nonlinear dynamic model and concentrated on the influence

of sliding friction and fractal roughness on the nonlinear behaviors. Yu et al. [15]

addressed a novel gear fractal backlash model with joint action and validated the

proposed gear model by utilizing experimental data. Wu et al. [16] experimentally

investigated the influence law of tooth surface micromorphology on time-varying

mesh stiffness and fault gear dynamics. Xiong et al. [17] optimized the tangential

contact damping model with the fractal dimension and variable friction coefficient.

Zhu et al. [18] established an improved dynamic model of helical gear pair considering

distinctions in the tooth surface contact coefficients for different slices simultaneously.

The effect of tooth surface morphology on the time varying mesh stiffness of

helical gear pairs was analyzed. Their results show that TVMS escalates with an

increase in fractal dimension and a decrease in the characteristic scale coefficient.

Sun and Xin [19] proposed a fractal model of thermal contact conductance (TCC)

of the involute arc cylindrical gear considering friction coefficient. The influences

of fractal dimension, fractal roughness and surface modification coefficient on the

TCC of the rough surface were investigated. Their results show that increasing

the fractal dimension or reducing the fractal roughness enhances the TCC of the rough

surface, and raising the surface correction coefficient contributes to this improvement.

Guo et al. [20] established the geometric structure of involute beveloid gears through

adopting the Hertz formula. The Hertz contact model and fractal contact model for

involute beveloid gears were explored using fractal theory, and the distribution law of

contact stress was obtained. The finite element method demonstrates that the Hertz

contact stress calculation formula and fractal contact model for involute beveloid gears

have high accuracy. Xu et al. [21] presented a three-dimensional fractal function model

to characterize fractal characteristic of microscopic morphology of the meshing surface.

They also examined how fractal characteristics of microscopic morphology of the

meshing surface influence the oil film pressure, oil film thickness, oil film temperature,

and contact stiffness within the helical gear meshing surface. Cai et al. [22] proposed a

novel dynamic differential equation for spiral bevel gears considering the surface

roughness. The vibration velocity and acceleration of spiral bevel gears with different

surface roughness were revealed by combining the time-varying mesh stiffness with

the dynamic equation. Additionally, the comprehensive dynamic parameter model was

proposed to capture the influence of microtopological changes on gear dynamics. 
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In the matter of modeling the internal dynamic excitations, numerous investigations

have been conducted on the dynamic behaviors of gear systems with friction excitation.

Chen et al. [23] explored the nonlinear dynamics of a multi-degree gear system

with dynamic backlash and friction excitations. Howard et al. [24] investigated

the effect of friction on the gear system by comparing the response results with

friction and without friction. Saxena et al. [25] established the dynamic model

of gear system with misalignment and friction excitation. Also, they considered

the effect of shaft misalignment and friction force on time-varying mesh stiffness

of spur gear pair. Liu et al. [26] proposed a new rigid-flexible coupled planetary

gear-bearing-rotor dynamic model including tooth surface lubrication friction and

roughness. They derived the improved friction coefficient and the meshing stiffness

with lubrication friction based on elastohydrodynamic lubrication theory. Additionally,

they investigated the modulation influence of planetary carrier’s rotational frequency

and friction under different lubrication states on the dynamic response. Wang et

al. [27] conducted a study in which they combined bifurcation, chaos, and largest

Lyapunov exponents of gear system to capture the influence of sliding friction on the

dynamic behaviors. He et al. [28] developed a novel analytical model to predict

the time and frequency domain results considering friction coefficient. Zhang et

al. [29] proposed a prediction method including friction-wear coupling to capture

the dynamic responses of gear systems. Wang and Zhu [30] carried out dynamic

analysis for the GTF gear system and achieved bifurcation and chaos behaviors under

friction. Liang et al. [31] theoretically evaluated the time-varying mesh stiffness of

a planetary gear set using the potential energy method. Liu et al. [32] developed a

novel planetary gear model including tooth surface roughness and elastohydrodynamic

lubrication. Adopting the loaded tooth contact analysis (3D-LTCA) method, they

examined the coupling effect of tooth surface roughness and lubrication on meshing

characteristics of planetary gears. The results show that compared with roughness,

speed, and viscosity, the meshing characteristics of planetary gears are most sensitive

to torque. Zheng et al. [33] proposed an improved analytical model for mesh stiffness

of helical gears considering the relationship of friction and flash temperature under

steady temperature field. Through comparing with the finite element result, the helical

gear model was validated, and the influence of friction coefficient, bulk temperature,

and gear parameters on TVMS was also investigated. Xiao et al. [34] developed a

new tribological model of micro-textured gear tooth in elastohydrodynamic lubrication

(EHL) contact considering the coupled effect of rough surface topography. They

investigated and discussed the effects of surface roughness and micro-texture parameters

on the lubrication behavior, friction coefficient, and fatigue life. Also, experimental

validation was performed and good agreement was obtained between the model

predictions and experimental results. Li and Kahraman [35] developed a novel model

to predict load-dependent (mechanical) power losses of spur gear pairs based on the

elastohydrodynamic lubrication (EHL) model. Correction factors were introduced for

the power losses to account for the thermal effects. They assessed the accuracy of the

proposed model through comparisons to published spur gear efficiency experiments.

Luo et al. [36] provided an improved analytical model to calculate the mesh stiffness
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of the planetary gear set with sliding friction through considering the tooth profile

beginning with the root circle. Their results show that the improved analytical model can

increase the precision of the TVMS. Besides, the effect of sliding friction and spalling

defects on the TVMS is significant.

To the authors’ knowledge, although scholars have conducted numerous works

on the nonlinear dynamics of gear-bearing models, there is still little study on the

comprehensive gear-bearing model coupled with fractal meshing stiffness and fractal

friction excitation. Moreover, unlike the majority of literature published by introducing

fractal characterization into the gear backlash equation, in this work, the fractal meshing

stiffness is modeled utilizing potential energy method. Inspired by our preliminary

research on sliding friction [37–39], this work aims to expand the previous study

by incorporating the fractal sliding friction into the dynamic model to guarantee the

exactitude of the mapping relationship based on fractal theory. Therefore, one main

objective of this work is to develop a novel gear-bearing model to exhibit nonlinear

dynamic behaviors caused by fractal dimension and sliding friction [40].

This work is summarized as follows. In Section 2, the meshing stiffness with fractal

characterization is considered based on fractal theory. The fractal expression related to

the W-M function is developed. Height of surface morphology with two-dimensional

and three-dimensional fractal W-M function is presented. In Section 3, the curvature

radius, relative sliding velocity, and friction coefficient are presented to study the

gear meshing characteristic. The expressions of friction coefficient and meshing force

considering fractal characterization are also given. Additionally, the effect of fractal

characterization on the sliding friction excitation is illustrated. In Section 4, a gear

dynamic model with fractal meshing stiffness and fractal friction excitation is proposed.

Meanwhile, the nonlinear dynamicmodel including fractal characterization is established

and emphasizedmathematically. In Section 5, the bifurcation diagram of the gear-bearing

system with various excitation frequency with respect to fractal dimension is presented.

The time-domain chart, phase diagram, frequency spectrum, and Poincare map with

respect to various values of fractal dimension are presented. Additionally, the maximum

Lyapunov exponent forecasting methodology is conducted to evaluate and confirm

the system’s stability. Bifurcation diagrams of gear system with various excitation

frequency with respect to friction coefficient are compared and analyzed. In Section

6, a conclusion is given. This work is extremely valuable for the dynamic study of

gear systems, especially for guiding gear surface design and improving gear dynamic

performance [41–43].

2. Meshing stiffness with fractal characterization

2.1. Fractal expression of tooth surface

Ameshing spur gear is presented in Figure 1.

Based on the well-known gear meshing theory, the expression of the involute

equation can be written as: {
xi = ri cos (γi)

yi = ri sin (γi),
(1)
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where the angle is γi = s/(2r) − (invαi − invα0). s, r, α0 are the tooth thickness,

radius and pressure angle of pitch circle. αi is the pressure angle corresponding to a

random position on the involute tooth profile.

Figure 1. Sketch map of tooth surface morphology.

For the matching gears, the tooth surface is generally regarded as a smooth

morphology, and this assumption has been applied to analyze the meshing

characteristics of gear pairs by a great variety of representative literature [1,8,20,21,28].

Actually, due to the existence of practically microscopic features figuratively described

in Figure 1, the tooth surface is affected by the surface roughness and fractal dimension.

The fractal characteristics of rough surfaces can be simulated and generated by

employing the W-M function. The asperity height of the two-dimensional gear surface

morphology can be mathematically described, and the corresponding mathematical

formula is proposed as [7]:

Z(x) = L(
G

L
)D−1

∑∞

n=0
γ−(2−D)n cos ((2πγnx)/L), 1 < D < 2, γ > 1, (2)

where Z(x) represents the random asperity height of the rough surface. G is the

characteristic-scale coefficient. D is the fractal dimension. γn is the discrete frequency

spectrum. L is the sampling length. x is the position coordinates.

The characteristic analysis and fractal characterization of three-dimensional surface

morphology is extremely crucial in understanding the dynamic performance of gear

transmission. In order to better describe the fractal characteristics of surface morphology,

the three-dimensional fractal expression related to the W-M function can be further

developed as:

Z(x, y) = L(
G

L
)D−2(

lnγ

M
)1/2

m=1
M∑ n=0

nmax∑
γ(D−3)n{cos φm,n − cos [

2πγn(x2 + y2)1/2

L
cos (arctan

y

x
− πm

M
) + φm,n]}. (3)

The tooth surface is curved, and the surface morphology of machined gear has

an evident fractal characteristic. According to Equations (1) and (2), the meshing

characteristics and dynamic performance of the rotating gear are easily affected by

the tooth surface morphology. Accordingly, the expression of the involute equation

including fractal surface morphology can be rewritten as:{
xi = ri cos (γi)

yi = ri sin (γi) + Z(x).
(4)
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In order to reveal the physical significance of fractal dimension D on the surface

morphology, the asperity height curves for the two-dimensional gear surface morphology

can be depicted evidently by employing the W-M function, i.e., Equation (2). It can

be observed from Figure 2 that with the value of fractal dimension increase, the

amplitude of the surface morphology height decreases gradually. In other words, the

surface morphology becomes refined gradually. This phenomenon indicates that the

W-M function can be smoothly employed to simulate and evaluate the gear surface

morphology.

Figure 2. Height of surface morphology with two-dimensional fractal W-M function: (a)

Fractal dimension D = 1.2; (b) Fractal dimension D = 1.5; (c) Fractal dimension D = 1.7; (d)

Fractal dimension D = 1.9.

Based on the three-dimensional W-M function in Equation (3), the spatial curves

of the fractal surface morphology can be plotted, as shown in Figure 3. Here, the

fractal dimension D = 1.7, 2.5, 2.9 is taken as an example to illustrate the influence

of fractal dimension on the surface morphology. The result indicates that with the

fractal dimension increase, the surface morphology becomes refined gradually, which is

consistent with the phenomenon in the two-dimensional morphology simulation.

In summary, the proposed formula for the surface morphology is beneficial and

will be employed for the following fractal meshing stiffness study.

2.2. Expression for the Hertz stiffness, bending stiffness, axial compression

stiffness, and shear stiffness including fractal characteristics

In this section, the potential energy method for a pair of external-internal gears

will be employed for the purpose of obtaining the developed TVMS formula including

fractal characterization of gear surface morphology. The specific derivation process can
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be found and captured in He et al. [28]. Expressions of the Hertz stiffness, bending

stiffness, axial compression stiffness, and shear stiffness including fractal characteristics

will be re-modified. Here, the Hertz stiffness is not affected by the fractal factor and

can be written as:

kh =
F

δ
=

πEL

4(1− ν2)
. (5)

With respect to a meshing gear pair, the bending stiffness kb, shear stiffness ks and

axial compression stiffness ka are proposed as [28]:

1

kb
=

∫ d

0

[(d− x) cos a1 − h sin a1]
2

EIx
dx, (6)

1

ks
=

∫ d

0

1.2 cos2 a1
GAx

dx, (7)

1

ka
=

∫ d

0

sin2 a1
EAx

dx, (8)

where Ix is the area moment of inertia. E is the Young’s modulus. G is the shear

modulus. d is the distance between the contact point and the tooth root. a1 is the angle

between the component force. Ax is the cross-sectional area.

Figure 3. Height of surface morphology with three-dimensional fractal W-M function: (a)

Fractal dimension D = 1.7; (b) Fractal dimension D = 2.5; (c) Fractal dimension D = 2.9.

The fractal surface morphology can affect the meshing characteristics of gear pairs,

as illustrated in Equation (4). Inspired by the involute equation in Equation (4) and tooth

deformation in Figure 4, the shear stiffness ks and axial compression stiffness ka are

unchanged. Correspondingly, the bending stiffness kb with fractal characterization can
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be re-modified as:

1

kb
=

∫ d

0

[(d− x+Z(x)) cos a1 − h sin a1]
2

EIx
dx. (9)

Figure 4. Teeth force of an internal meshing gear pair [5].

For an internal meshing gear pair (Figure 5), the bending stiffness with fractal

characterization can be converted to:

1

kb
=

∫ β1

φ

3 {1 + cos β1[(β2 − β) sin β − cos β + Z(x)]}2 × (β2 − β) cos β

2EL[sin β + (β2 − β) cos β]3
dβ. (10)

Figure 5. Teeth force of internal gear.
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The shear stiffness is unchanged and proposed as:

1

ks
=

∫ β1

φ

1.2(1 + ν) cos2 β1(β2 − β) cos β

EL[ sin β + (β2 − β) cos β]
dβ. (11)

The axial compression stiffness ka is unchanged and proposed as:

1

ka
=

∫ β1

φ

(β2 − β) cos β sin2 β1
2EL[ sin β + (β2 − β) cos β]

dβ, (12)

where β2 = π/2N2 − tan α0 + α0 represents the half tooth angle of base circle.

φ = β2 + tan (arccosRrb/Rrr) is the half tooth angle of tooth circle. Rrb is the base

circle radius. Rrr is the tooth root circle radius. β1 is the angle between the component

force Fb and the resultant force F .

For an external meshing gear pair (Figure 6), the modified bending stiffness kb,

the shear stiffness ks and the axial compression stiffness ka are proposed as:

1

kb
=

∫ α2

−α1

3 {1 + cos α1[(α2 − α) sin α− cos α] + Z(x)}2 × (α2 − α) cos α

2EL[sin α+ (α2 − α) cos α]3
dα, (13)

1

ks
=

∫ α2

−α1

1.2(1 + ν) cos2 α1(α2 − α) cos α

EL[sin α+ (α2 − α) cos α]
dα, (14)

1

ka
=

∫ α2

−α1

(α2 − α) cos α sin2 α1

2EL[sin α+ (α2 − α) cos α]
dα, (15)

where α2 = π/2N1 + tan α0 − α0 is the half tooth angle of the base circle. α1 is the

angle between the component force Fb and the resultant force F . α0 is the pressure

angle.

Figure 6. Teeth force of external gear.

Ultimately, the total effective meshing stiffness including fractal characteristics

can be constructed mathematically as:

kr(θ) =
1

1
kh

+ 1
kb1

+ 1
ks1

+ 1
ka1

+ 1
kb2

+ 1
ks2

+ 1
ka2

, (16)
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where kr(θ) represents the modified meshing stiffness for single-tooth-pair mesh

duration.

2.3. Verification

To validate the correctness of fractal meshing stiffness calculation, numerical

examples on the meshing characteristics of a pair of external-internal gears are

presented here through employing the potential energy method. The gear’s parameters

tabulated in Table 1 are completely consistent with the data in Liang et al. [31]. The

corresponding characteristic curves of TVMS considering fractal characterization for

the external and internal gears are calculated theoretically, as is depicted in Figures

7 and 8. Simultaneously, the zoomed curves are redrawn for the purpose of better

illustration of the fractal characteristic, as shown in Figures 7b and 8b. It can be

observed that the simulated curves are basically consistent with the published results

in Liang et al. [31].

In order to further illustrate the effect of surface morphology on the TVMS,

the fractal meshing stiffness curves versus the variation of fractal dimension are

depicted in Figure 9. It can be found that after introducing the fractal parameter D,

the TVMS curves exhibit extremely complex fluctuation behavior. With the value of

fractal dimension increasing, the fractal meshing stiffness becomes not significant.

Additionally, comparing with the smooth tooth surface case D = 0, the fluctuated

fractal meshing stiffness are decreased, which is primarily caused by the various

heights of the surface morphology. It can be concluded that the surface morphology

with fractal characterization is a primary factor in generating the vibration response of

gear pairs.

Table 1. Main parameters.

Modulus (mm) Angle Width (m) Young’s Modulus (Pa) Poisson’s ratio Sun teeth Planet teeth Ring teeth

3.2 20° 0.0381 2.07E+11 0.3 19 31 81

Figure 7. Fractal meshing stiffness for an external gear: (a) Integrated graph; (b) Zoomed

graph.
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Figure 8. Fractal meshing stiffness for an internal gear: (a) Integrated graph; (b) Zoomed

graph.

Figure 9. Meshing stiffness with respect to various fractal dimension parameter.

3. Friction excitation force with fractal characterization

In the previous study, the meshing process for the drive gear and the driven gear

has been investigated in one engagement period. The curvature radius, relative sliding

velocity, and friction coefficient are fundamental to deeply study the gear meshing

characteristic. These introduced parameters are extremely significant and will be helpful

for the analysis of the friction excitation force with fractal characterization.

For a meshing gear pair, the curvature radius and the integrated curvature radius
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are proposed as [28]:
R1 = N1A1 + r1p = (r1 + r2) sin α−

√
r2a2 − r2b2 + r1p

R2 = N1N2 −R1 =
√
r2a2 − r2b2 − r1p

R12 = R1R2/(R1 +R2).

(17)

The relative sliding velocity formulas are expressed as:
v1 = ω1R1 = 2πn1[(r1 + r2) sin α−

√
r2a2 − r2b2 + r1p]

v2 = ω2R2 = 2πn2(
√
r2a2 − r2b2 − r1p)

v12 = v1 − v2.

(18)

The expression of friction coefficient can be written as:

µ = 0.002(
Ft

b× 0.001
)0.2[

2000

cos αt(Vt1 + Vt2)RE
]0.2η−0.05XR. (19)

Hence, the friction excitation force can be formulated as:

Ff = η1µFmesh = η1µe(t)kr(θ), (20)

where Ff is the friction excitation force. η1 is the direction of friction excitation force

and η1 = ±1. Here, e(t) is the transmission error. kr(θ) is the TVMS.

The friction torque is deduced as follows:

Mf = RfFf = Rfη1µFmesh = Rfη1µe(t)kr(θ), (21)

where η1 = sign(V s) is adopted to determine the positive or negative values.

The gear parameters tabulated in Table 1 are employed to calculate the curvature

radius, relative sliding velocity, and friction coefficient, as is depicted in Figure

10a. It can be found that the curvature radius of the drive gear is increasing and

the curvature radius of the driven gear is decreasing gradually. They intersect at one

point simultaneously. The absolute sliding velocity presents a similar phenomenon, as

shown in Figure 10b. It can be found that the relative sliding velocity is zero at the pitch

circle. The friction coefficient becomes large or small due to the change of single and

double teeth intervals. Figure 10c indicates that the direction of the friction coefficient

changes invariably, which is primarily determined by the sliding velocity, as described

in Equation (19).

Additionally, the transmission error and TVMS curves are plotted in Figure 11a,b.

According to the equation Fmesh = ekr(θ), one can obtain the meshing force curve, as

shown in Figure 11c. It can be found that the meshing force curve indicates a surface

morphology, which is similar to the fractal meshing stiffness in Figure 9. Combining

the friction coefficient formula and meshing force formula shown in Equation (20), it is

easily to predict that the friction excitation force can perform the fractal characteristic.

And the fractal friction excitation force will be employed to calculate the dynamic

response of gear pairs.
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Figure 10. Change rule of the curvature radius, relative sliding velocity, and friction coefficient:

(a) Curvature radius; (b)Absolute sliding velocity; (c) Friction coefficient.

Figure 11. Meshing force considering fractal characterization: (a) The transmission error; (b)

The TVMS curve; (c) The meshing force curve.

4. Dynamic model and governing equation

In this section, the nonlinear dynamic model of a spur gear pair including fractal

characterization is established mathematically. In this model, the fractal meshing

stiffness and fractal friction excitation force are emphasized simultaneously. The

nonlinear dynamic model for three degrees of freedom is depicted in Figure 12. The

governing equation coupling transverse-torsional motion for the spur gear system is

proposed as [32]:

Figure 12. The nonlinear dynamic model of gear-bearing system.
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
mg1y

"
g1 + cb1y

′
g1 + ch(x

′ + y′g1 − y′g2 − e′) + kb1 fb1(yb1) + kh(t)fh(x+ yg1 + yg2 − e) = −Fb1

mg2y
"
g2 + cb2y

′
g2 − ch(x

′ + y′g1 − y′g2 − e′) + kb2fb2(yb2)− kh(t)fh(x+ yg1 − yg2 − e) = Fb2

mc1x
" + ch(x

′ + y′g1 − y′g2 − e′) + kh(t)fh(x+ yg1 + yg2 − e) = Fm + FaT (t) +Mf/R12,

(22)

where Ig1, Ig2 are the moment of inertia of the driving gear and driven gear, respectively.

mg1, mg2 are the mass. Ig1, Ig2 are the radius of the base circle. Fb1, Fb2 are bearing

force. Tg1, Tg2 are torque. Cb2, Cb2 are damping coefficient. θg1, θg2 are torsional

angular. f b1, f b2 are displacement function (Figure 12). kb1, kb2 are bearing stiffness.

ch is damping coefficient. Mf is friction torque. fh is displacement function. yg1, yg2

represent central displacement between driving gear and driven gear. e(t) is tangential

error along gear base circle. The geometric parameters of sun-planet meshing gear pairs

are tabulated in Table 1.

The specific expression of the gear parameters can be defined as:

x(t) = rbg1θg1(t)− rbg2θg2(t), (23)

mc1 = 1/
(
r2bg1/Ig1 + r2bg2/Ig2

)
, (24)

Fm = Tg1m/rbg1 = Tg2m/rbg2, (25)

FaT (t) = mc1Tg1a(t)/(2Ig1), (26)

kh(t) = kh(t+ 2π/Ωh) = khm +
∑∞

r=1
khar cos (rΩht+ φhr), (27)

where Tg1a(t) is variable torque value. Tg1m, Tg2m are average value of input and

output torque. Tg1(t), Tg2(t) are input and output torque. kh(t) represents gear meshing

stiffness varying with time cycle. khm is average value of meshing stiffness. khar

is coefficient of each harmonic component. φhr is corresponding phase angle. Ωh is

meshing frequency. The relative torsional displacement of gear pair is defined as:

p(t) = rbg1θg1(t)− rbg2θg2(t)− yg1(t) + yg2(t)− e(t). (28)

By taking x1 = yg1, x3 = yg2, x5 = p, Equation (21) can be rewritten as follow:

x1
′ = x2

x2
′ = −Fb1 − 2ξ11x2 − 2ξ13x6 − k11x1 − k13(t)fh (x5)

x′3 = x4

x′4 = Fb2 − 2ξ22x4 + 2ξ23x6 − k22x3 + k23(t)fh (x5)

x′5 = x6

x′6 = Fm + Fah1ω
2 cos(ωt) + x′2 − x′4 − 2ξ33x6 − k33(t)fh (x5) +Mf/R12

, (29)

where x1, x3, x5 are the relative torsional displacement of driving gear, driven gear, and

gear transmission. x2, x4, x6 are the corresponding speeds. The calculation formula

of TVMS is k33(t) = 1 − ε cos (Ωht) and k13(t) = k23(t) = k33(t)/4, respectively.

Note that TVMS k33(t) will be replaced with kr(θ) proposed in Equation (16) in the

following study.
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The nonlinear displacement function of the meshing gear can be expressed as:

fh (x5) =


x5 −B x5 >B

0 −B ≤ x5 ≤ B

x5 +B x5 < −B

, (30)

where B is the non-dimensional backlash.

5. Simulation of dynamic performance based on the fractal method

In this section, the influence of key parameters in the novel gear-bearing system

is evaluated based on fractal theory, particularly concentrating on the microscopic

features i.e., fractal dimension and sliding friction. The nonlinear dynamic behaviors of

gear-bearing system will be examined by utilizing MATLAB software.

5.1. Bifurcation and chaos influenced by excitation frequency

To significantly exhibit the variation of nonlinear dynamic behaviors, the bifurcation

and chaos of the gear-bearing system with and without fractal dimension are compared

theoretically. To make the comparison more reasonable, in this case, the friction

excitation is not considered and set identically to zero. The bifurcation diagrams

of gear-bearing system with various excitation frequency wm with respect to fractal

dimension D = 0 and D = 1.2 are presented figuratively, as shown in Figure 13.

Figure 13. Bifurcation diagram of gear-bearing system with various excitation frequency wm

with respect to fractal dimension: (a) D = 0; (b) D = 1.2.

In comparison with not considering fractal dimension case, the newly emerging

chaotic motion of gear-bearing system presented in Figure 13b is greatly weakened and

the relative displacement becomes smaller. These variations can be clearly observed

in the green area in Figure 13. Similarly, while the fractal dimension D = 1.2 is

introduced, the relative displacement tends to decrease accordingly, as described in the

red area. Actually, the reduction of displacement amplitude is primarily caused by the

smaller value of TVMS corresponding to fractal dimension D = 1.2, which has been

demonstrated and elaborated in Figure 9 in Subsection 2.3. Additionally, adopting the
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Jacobian approach, maximum Lyapunov exponent forecasting methodology is conducted

to evaluate and confirm the system’s stability. It is extensively recognized that the

negative and positive maximum Lyapunov exponents below and above the red line

in Figure 14 are regarded as the periodic motion and chaotic state, respectively. The

predicted maximum Lyapunov exponent result is completely consistent with those in

Figure 13b, which validates the system’s nonlinear behaviors.

Figure 14. Lyapunov diagram of gear-bearing system with various excitation frequency wm.

Furthermore, considering the strong nonlinearity, the time-domain chart, phase

diagram, and Poincare section of the gear-bearing system corresponding to Figure

13b are depicted, as shown in Figures 15–17. It can be clearly observed that the

gear-bearing system varies from the quasi-periodic to chaotic. Figure 15 illustrates that

while the value of excitation frequency is wm = 1.0, the time-domain chart presents

a sine or cosine curve, and the phase diagram is an ellipse which corresponds to a

point in the Poincare section. The dynamic behavior reveals that the gear-bearing

system is in a periodic motion. Depicted in Figure 16 for wm = 1.4 illustrates that

the time-domain chart presents a periodic curve, and the phase diagram presents two

multi-layered ellipses which correspond to two piles of points in the Poincare section.

This phenomenon indicates the chaotic state of the gear-bearing system. Similarly, for

the case ofwm = 1.4 in Figure 17, the time-domain chart presents a periodic curve. The

phase diagram presents a multi-layered ellipse which corresponds to multiple discrete

points in the Poincaré section, indicating that the gear-bearing system is in a chaotic

state. The above dynamic behaviors manifest that the gear-bearing system exhibits more

complicated motion with the excitation frequency increase.

5.2. Dynamic response influenced by fractal dimension

Fractal dimension is a key parameter leading to the enlargement of vibration and

noise in gear-bearing systems. In order to investigate the influence of fractal dimension

on dynamic response, Figures 18–20 present the time-domain chart, phase diagram,

frequency spectrum, and Poincaremapwith respect to various values of fractal dimension

D = 1.2,D = 1.5 andD = 1.9 for the case of excitation frequency wm = 0.7. We can

observe from Figures 18–20 that with the fractal dimension D increasing from 1.2 to

1.5 and then 1.9, the magnitudes of the amplitude of the time-domain chart continuously
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increase from 1.135 to 1.183 and then 1.187. Similar to the phenomenon of time-domain

chart, the values of the frequency spectrum continuously increase from 0.2181 to 0.2292

and then 0.2316. Additionally, the phase diagram becomes gradually wider from a

thin ellipse to a thick ellipse. And the Poincare map exhibits a more disordered point

distribution.

The above phenomenon illustrates that with the fractal dimension increase, the

dynamic response of the gear-bearing system is enlarged intuitively. Actually, in this

particular case, the dynamic response is primarily affected by TVMS, which is sensitive

to the fractal dimension, as demonstrated and elaborated in Figure 9 in Subsection 2.3.

In summary, we can conclude that the fractal dimension can significantly affect the

dynamic response of the gear-bearing system. In other words, the fractal dimension is

an extremely critical parameter for improving the dynamic performance and minimizing

vibration and noise of gear-bearing systems.

Figure 15. The dynamic response curves corresponding to excitation frequency wm = 1.0.

Figure 16. The dynamic response curves corresponding to excitation frequency wm = 1.4.

Figure 17. The dynamic response curves corresponding to excitation frequency wm = 1.5.
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Figure 18. Dynamic response curves corresponding to fractal dimension D = 1.2.

Figure 19. Dynamic response curves corresponding to fractal dimension D = 1.5.

Figure 20. Dynamic response curves corresponding to fractal dimension D = 1.9.
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5.3. Dynamic response influenced by fractal friction excitation

To further investigate the influence of fractal sliding friction, the bifurcation and

chaos of the gear-bearing system with and without friction coefficient are compared

theoretically. The bifurcation diagram of the gear-bearing system with various excitation

frequency wm with respect to the friction coefficient µ = 0 and µ = 0.04 are presented

figuratively, as depicted in Figure 21. It can be observed that, compared with the case

of not considering the friction coefficient in Figure 21a, the displacement amplitude

of the bifurcation diagram in Figure 21b are enlarged noticeably. Simultaneously, the

corresponding chaotic state becomes more significant. These variations have been

confirmed and marked with a red ellipse and a green ellipse. Additionally, the maximum

Lyapunov exponent is carried out to evaluate the periodic motion and chaotic state

illustrated in Figure 22. The Lyapunov diagram with respect to various excitation

frequency wm corresponds to two main chaotic regions, which have been examined and

demonstrated in the bifurcation diagram.

Figure 21. Bifurcation diagrams of gear system with various excitation frequency wm with

respect to friction coefficient: (a) µ = 0; (b) µ = 0.04.

Figure 22. Lyapunov diagram of gear system with various excitation frequency wm.

In addition to the comparison of bifurcation characteristics, the dynamic response

of the gear-bearing system corresponding to excitation frequency wm = 0.65 and

D = 1.2 with respect to friction coefficient µ = 0 and µ = 0.04 is also compared

directly, as depicted in Figures 23 and 24. It can be found that, compared with not

considering friction in Figure 23, the displacement of the time-domain chart increases

evidently after introducing the friction factor. The phase diagram becomes denser, and
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the Poincare map exhibits a more disordered point distribution. On this basis, we also

investigate the dynamic response corresponding to excitation frequency wm = 0.65

and D = 1.2 with respect to the friction coefficient µ = 0 and µ = 0.04. Similar

phenomena and conclusions can be discovered in Figures 25 and 26.

In our previous manuscript, we concluded that sliding friction is a key parameter

and can affect the modal properties of the gear-bearing system [28]. In this analysis,

we can also conclude that the bifurcation characteristic and dynamic response of the

gear-bearing system are sensitive to the sliding friction.

Figure 23. Dynamic response curves corresponding to excitation frequency wm = 0.65,

D = 1.2 and µ = 0.

Figure 24. Dynamic response curves corresponding to excitation frequency wm = 0.65,

D = 1.2 and µ = 0.04.

Figure 25. Dynamic response curves corresponding to excitation frequency wm = 1.284,

D = 1.2 and µ = 0.
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Figure 26. Dynamic response curves corresponding to excitation frequency wm = 1.284,

D = 1.2 and µ = 0.04.

In summary, the sliding friction can significantly affect the nonlinear dynamics of

the gear-bearing system, which is consistent with our previous conclusion in Wang and

Zhu [30].

6. Conclusion

This work theoretically introduces fractal theory to evaluate the TVMS and

nonlinear dynamics of gear-bearing system. The bifurcation characteristics with the case

of considering and not considering fractal dimension and sliding friction are examined.

The maximum Lyapunov exponent forecasting methodology is carried out to validate the

dynamic characteristics. Ultimately, the nonlinear dynamic behaviors of the gear-bearing

system are further investigated with the help of time-domain charts, frequency spectra,

phase diagrams, and Poincare maps. The following conclusions can be drawn:

(1) The results show that after the introduction of fractal characterization, an irregular

minor fluctuation was applied to the TVMS curve, which leads to the overall

decrease of amplitude of meshing stiffness. With the fractal dimension increase,

the minor fluctuation tends to decrease evidently.

(2) In comparison with not introducing fractal dimension case, the newly emerging

chaotic motion of gear-bearing system considering fractal dimension is greatly

weakened, which is primarily caused by the fluctuated meshing stiffness.

(3) The results also show that the bifurcation characteristic and dynamic response

of the gear-bearing system are sensitive to the sliding friction, which makes the

gear’s vibration characteristics more complicated.

In summary, this work indicates that the fractal dimension and sliding friction have

significant influence on the nonlinear dynamics of the gear-bearing system. This work

is helpful for guiding gear surface design and improving the gear dynamic performance.
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