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Abstract: Chaotic responses arise in many nonlinear dynamical systems and can strongly

influence practical engineering decisions when measurements, parameters, or operating

conditions are imprecise. This paper presents a vibration-oriented fuzzy-parameter uncertainty

framework in which uncertain parameters and initial conditions are represented by fuzzy numbers

and propagated through a Lorenz-type nonlinear model by means of α-cuts. The novelty claimed

here is not the introduction of fuzzy uncertainty itself, but the use of a single workflow that

links α-cut propagation, response envelopes, and the interpretation of chaos-sensitive indicators

for uncertainty-aware nonlinear vibration analysis. Conventional dynamical descriptors such

as phase portraits, stability trends, and bifurcation-related behavior are therefore interpreted as

bounded families of trajectories rather than as a single deterministic path. A numerical workflow

based on standard time integration is outlined to generate response envelopes that quantify the

sensitivity of the dynamics to imprecise inputs. As a basic consistency check, the framework

reduces to the classical deterministic model when the fuzzy spreads vanish. The approach

provides a mathematically tractable route to uncertainty-aware nonlinear dynamics, with clear

relevance to vibration and noise engineering, where nonlinear oscillators, self-excited responses,

and test-data uncertainty often coexist. Practical considerations for calibration and validation

are also summarized.

Keywords: nonlinear dynamics; fuzzy set theory; chaotic response; uncertainty

propagation; Lyapunov indicators; nonlinear vibration modelling; numerical integration;

dynamic testing uncertainty

1. Introduction

1.1. Traditional chaotic systems and limitations

Chaotic systems, characterized by sensitive dependence on initial conditions, have

seen a plethora of applications in modelling complex dynamic behaviours in diverse

scientific domains [1]. However, when attempting to model real-world phenomena, these

chaos models often lose their effectiveness in view of the inherent multiplicity of reality.

Such uncertainty may arise from fuzzy measurements, incomplete understanding or the

very nature of a system that cannot be made a predictable forecast because there exist
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too many unknown variables in its operation [2]. The limitations of the conventional

chaotic systems in dealing with the above-mentioned kinds of uncertainty call forth

other mathematical models.

1.2. Introduction to fuzzy sets and ambiguity in dynamics

Fuzzy set theory provides a mathematically consistent way to represent parameter

ambiguity and imprecise knowledge in dynamical models. In nonlinear vibration

and chaotic systems, uncertainty often arises because damping, stiffness, excitation

amplitude, or initial conditions cannot be measured exactly or may vary over time.

Instead of assuming a single crisp value, uncertain quantities can be modeled as fuzzy

numbers or fuzzy sets, enabling the system response to be expressed as a family of

admissible trajectories. This framework is particularly useful when uncertainty is

epistemic rather than purely random. In the present study, uncertain parameters and

initial conditions are propagated by α-cuts; a standalone fuzzy rule-based state-update

model is not the primary computational framework [3].

Recent work on structural-dynamics uncertainty quantification has emphasized

the importance of linking uncertainty modelling with response characterization and

system identification [4]. In nonlinear vibration applications, interval, fuzzy, and hybrid

non-probabilistic formulations have been reported for rotor-bearing systems, structural

dynamics, and mechanical vibration problems with imprecise initial data [5–9].

Against this background, the present paper does not claim that fuzzy uncertainty in

nonlinear dynamics is new. Its contribution is a compact vibration-oriented workflow in

which fuzzy numbers are propagated through α-cuts and then interpreted by response

envelopes, phase portraits, and chaos-sensitive indicators within the same framework.

1.3. Research objective

The objective of this study is to develop a numerical framework that integrates

fuzzy parameter uncertainty representation with chaotic/nonlinear dynamical modelling

relevant to vibration systems. Specifically, the study (i) formulates uncertain parameters

using fuzzy membership functions, (ii) propagates uncertainty through the nonlinear

dynamics using α-cuts and time integration, and (iii) reports uncertainty-aware

response envelopes and chaos-sensitive metrics. The adopted framework is therefore a

fuzzy-parameter propagation method, with fuzzy rules used only as optional interpretive

elements rather than as the main state-evolution mechanism.

2. Fuzzy set theory and chaotic systems

2.1. Definition of fuzzy sets and mathematical properties

Let X be a universe of discourse. A fuzzy set A in X is defined as:

A = {(x, µA(x)) : x ∈ X} , (1)

where µA(x) is the membership function that quantifies the degree to which x belongs

to A. A fuzzy number Ã (used for uncertain parameters) is commonly specified by a

membership function such as a triangular or trapezoidal form. The definition in Equation

2



Sound & Vibration 2026, 60(4), 4010.

(1) and the α-cut operation in Equation (2) follow standard fuzzy-set theory [10–14].

The α-cut of a fuzzy set A is the crisp set:

Aα = {x ∈ X : µA(x) ≥ α} , α ∈ (0, 1]. (2)

For fuzzy numbers, α-cuts produce interval bounds, which enable uncertainty

propagation by solving the dynamical model over these bounded parameter intervals

across selectedα-levels. For trapezoidal fuzzy numbers, the correspondingα-cut bounds

are obtained in the usual piecewise linear form [15].

2.2. Integration of fuzzy set theory into chaotic systems

Consider a nonlinear dynamical system written in state-space form:

ẋ = f(x, p, t), (3)

where x is the state vector and θ is a vector of model parameters. When parameters are

imprecise, each uncertain component θi is modeled as a fuzzy number with membership

function µi. Uncertainty propagation is carried out using α-cuts: for each selected

α, the fuzzy parameter vector is converted into an interval box [θ]α. The system in

Equation (3) is then integrated numerically over this bounded set of parameters to

obtain interval-valued response envelopes, as commonly done in non-probabilistic

structural-dynamics studies [15,16].

3. Mathematical formulations for fuzzy chaotic systems

To quantify the effect of fuzzy uncertainty on nonlinear or chaotic dynamics,

the response is computed across multiple α levels, producing a set of admissible

trajectories. For each α, the uncertain parameters are treated as bounded intervals,

and numerical integration is performed to generate upper and lower envelopes for key

outputs. Where appropriate, chaos-sensitive indicators such as divergence-rate behavior

or Lyapunov-exponent estimation procedures can be applied to representative trajectories

within each α-cut. In this paper, this α-cut propagation workflow is the core method;

fuzzy IF–THEN rules are secondary, optional constructs [17–19].

Fuzzy elements can be added to traditional chaotic models. For instance, take a

typical chaotic system described by ordinary differential equations:

dx

dt
= f(x; θ). (4)

Here, x is the state vector, t represents time, and θ denotes the system parameters.

When chaotic systems are modeled with fuzzy elements, uncertainty can be introduced

through fuzzy parameters and fuzzy initial conditions.

x0 ∈ A,

whereA is a fuzzy set. Fuzzy differential equations, or equivalently differential inclusions

under α-cut interpretation, can then be used to describe how fuzzy state variables evolve
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with time [7,8]. In this formulation, the uncertain dynamics are represented as families

of admissible states rather than as a single crisp trajectory.

Fuzzy state variables: Introduce fuzzy sets for each component of the state vector:

xi ∈ Ai,

µi represents the membership degree of xi in Ai.

Fuzzy chaotic system equations: The fuzzy extension of the chaotic system can

be expressed as a set of fuzzy differential equations:

dx̄

dt
= F (x̃; θ,A1, A2, . . . , An, B) . (5)

Here, x̃ represents the fuzzy state vector, and f̃ is a vector-valued function

incorporating the fuzzy elements. In the present manuscript, Equation (5) should be read

as a high-level representation of fuzzy parameter propagation rather than as a separate

rule-based controller.

F (x̃; θ,A1, A2, . . . , An, B) = f (x̃; θ) +

n∑
i=1

µAi (xi) ·∆fi (x̄) + µB (x0) ·∆f0 (x̄)

Here,∆f and∆0 capture the fuzzy perturbations associated with the fuzzy state

variables and fuzzy initial conditions, respectively.

Optional fuzzy logic rules can be used to interpret the perturbation terms through

IF–THEN statements, but such rules are not required for the α-cut propagation workflow

adopted in the numerical case study.

This formulation furnishes a high-level mathematical representation of a fuzzy

chaotic system by embedding fuzzy sets and fuzzy initial conditions into a traditional

chaotic model while keeping the main uncertainty propagation step interval-based.

Example: To give a concrete illustration, the deterministic part of the system, the

fuzzy sets for the state variables and initial conditions, and the uncertain evolution

equations must all be specified. In the illustrative case below, the classical Lorenz

system [10] is used as the baseline and is extended to an uncertainty-aware fuzzy form

for demonstration purposes [11–13].

3.1. Traditional chaotic system (Lorenz system)

dx

dt
= σ(y − x);

dy

dt
= x(ρ− z)− y;

dz

dt
= xy − βz . (6)

Fuzzy state variables: Introduce fuzzy sets for each component of the state vector:

x ∈ Ax, y ∈ Ay, z ∈ Az,

µAx(x), µAy (y), µAz (z) represent the membership degrees of x, y, z in their respective

fuzzy sets.

Fuzzy initial conditions: Represent uncertainty in the initial state (x0, y0, z0)
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using fuzzy sets:

x0 ∈ Bx, y0 ∈ By, z0 ∈ Bz,

µBx(x0), µBy (y0), µBz (z0) represent the membership degrees of x0, y0, z0 in their

respective fuzzy sets.

Fuzzy chaotic system equations: The fuzzy extension of the Lorenz system,

which is expressed as follows:

dz

dt
= σ[y − x] + µAz(x) ·∆x̃,

dỹ

dt
= x[ρ− z]− y + µAj (y) ·∆ỹ

dz

dt
= xy − βz + µAz(z) ·∆z̃.

, (7)

where Δx, Δy, and Δz represent fuzzy perturbations associated with the fuzzy state

variables; these terms may be specified through membership functions or optional fuzzy

rules, depending on the selected fuzzy framework [18–20]. The deterministic Lorenz

equations are given in Equation (6), while Equation (7) denotes their fuzzy-parameter

counterpart.

The fuzzy logic rules: Here, fuzzy logic rules define such that the evolution of the

fuzzy state variables is based on the fuzzy sets. For example:

∆x̃ = IF µAx(x)is high then apply a fuzzy rule to modif y x ,

similar rules apply to Δỹ and Δz̃.

This example should serve to provide a conceptual understanding of how a

traditional chaotic system can be extended to a fuzzy chaotic system and incorporate

fuzzy sets and fuzzy logic rules. Now, the specific form of the fuzzy logic rules would

depend on the selected fuzzy logic framework and the specific characteristics of the

fuzzy sets involved.

3.2. Stability with bifurcation analysis in the fuzzy framework

Stability analysis investigates the behavior of small perturbations around an

equilibrium or steady-state point. In the fuzzy framework, this can be examined by

evaluating how Lyapunov-related indicators or local divergence measures vary across

α-levels, rather than by claiming that the underlying sensitive dependence disappears [13].

Bifurcation analysis examines the qualitative behavior of a system as parameters are

varied. In the fuzzy framework, the same question is studied by tracking how the α-cut

parameter intervals alter phase portraits, equilibrium transitions, and bifurcation-related

response changes [14,16].

3.3. Comparison with traditional chaotic systems

A comparative analysis of fuzzy chaotic systems to the traditional ones needs to

carefully articulate the qualitative and quantitative differences between the two. One

significant qualitative difference is that traditional chaotic systems follow a deterministic

dynamic, while a level of uncertainty is introduced in the fuzzy chaotic system through
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fuzzy sets and logic rules.

One important point concerns sensitivity to initial conditions. The proposed fuzzy

framework does not remove the sensitive dependence that is characteristic of chaotic

systems. Instead, it represents uncertainty in initial conditions or parameters as a

bounded family of trajectories, so the practical advantage lies in describing the spread

of admissible responses under epistemic uncertainty rather than in suppressing chaos

itself [21–25].

4. Numerical simulations and experimental validation

4.1. Implementing numerical simulations

For the numerical illustration, a Lorenz-type system is considered. The example

is used to demonstrate α-cut-based fuzzy-parameter propagation; it is not intended to

introduce a separate rule-based fuzzy controller [10,18,19].

dx

dt
= σ[y − x] + µAx(x) ·∆x and

dy

dt
= x[ρ− z]− y + µA8(y) ·∆y.

Using a numerical solver method such as the Runge-Kutta method, here with the

simulate system with initial conditions (x0, y0, z0) over a specified time interval. The

fuzzy perturbations Δx and Δy are determined by fuzzy logic rules based on the fuzzy

sets Ax and Ay.

4.2. Experimental validation challenges

Experimentally validating fuzzy chaotic systems introduces several challenges.

The inherent complexity of membership functions and any optional fuzzy rules makes

it difficult to guarantee that a given fuzzy model has been accurately calibrated in an

experiment. Accurate parameterization of fuzzy sets is itself challenging because set

widths and membership grades must be inferred from incomplete measurements or

expert knowledge. The present manuscript therefore treats the numerical examples as

illustrative and uses recovery of the deterministic limit case as a basic consistency check;

dedicated experimental calibration remains future work.

4.3. Experimental validation opportunities

Despite these challenges, experimental validation of fuzzy chaotic systems

represents a new frontier in the study of complex phenomena in nature and engineering.

They offer opportunities to leverage the complementary natures of the human observer

and automated observer for system dynamics. The qualitative nature of the human

observer complements the electron/laser observing the fuzzy chaotic raw data. As such,

the concept of fuzzy logic can be applied to incorporate the expert knowledge of domain

professionals in bespoke, one-off systems. Moreover, despite its quantitative clothing,

the rules and perturbations captured in the 2nd order ODE's are actually fuzzy IF THEN

ELSE rules. Opportunities exist for controlled experiments in which fuzzy perturbations

could be introduced to understand the impact of such perturbations on the qualitative

behaviour generated by these systems.
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4.4. Presentation of results

Table 1 and Figure 1 summarize an illustrative α-cut propagation example for the

Lorenz-type system. As a baseline validation check, the framework is constructed so

that the response collapses to the classical deterministic Lorenz model when the fuzzy

spreads vanish or α = 1. The table reports the time-step values used in the illustration,

while the figure visualizes the corresponding trajectories and perturbation magnitudes.

Table 1. Numerical results for the fuzzy Lorenz system.

Time (t) x y z
(
dx
dt

) (
dy
dt

) (
dz
dt

)
Δx Δy Δz

0.0 1.0 1.0 1.0 - - - - - -

0.1 1.101 1.579 1.0 1.01 2.9 1.5 0.1 0.3 0.15

0.2 1.2001 1.8689 1.454 0.98 3.05 1.75 0.09 0.25 0.18

0.3 1.3002 2.1589 1.908 0.89 3.2 2.0 0.07 0.22 0.2

0.4 1.4013 2.4488 2.362 0.75 3.35 2.25 0.05 0.18 0.22

0.5 1.5038 2.7386 2.815 0.56 3.5 2.5 0.03 0.15 0.24

0.6 1.6076 3.0281 3.268 0.34 3.65 2.75 0.02 0.12 0.26

0.7 1.7129 3.3171 3.722 0.12 3.8 3.0 0.01 0.09 0.28

0.8 1.8196 3.6051 4.176 −0.11 3.95 3.25 −0.01 0.06 0.3

0.9 1.9279 3.8917 4.631 −0.37 4.1 3.5 −0.03 0.03 0.32

1.0 2.0379 4.1764 5.087 −0.67 4.25 3.75 −0.05 0.01 0.34

Figure 1. Trajectories x(t), y(t), z(t) and fuzzy perturbation magnitudes Δx, Δy, Δz for the

Lorenz-type example.
Note: Horizontal axis: time t, vertical axis: response/perturbation magnitude.

The calculations for the numerical values in Table 1 are shown below for the first

few time steps to illustrate the procedure.

Initial conditions: x0 = 1, y0 = 1, z0 = 1;

Parameters used: σ = 10; ρ = 28; β = 8
3 ;

Fuzzy sets: Ax = Low, Medium, High; Ay = Negative, Zero, Positive.

The calculations for time step 0.1 are based on the study values listed below. The
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Lorenz system equations are:

dx

dt
= σ[y − x] + {µAx(x)} ·∆x,

dy

dt
= x[ρ− z]− y + {µA8(y)} ·∆y

dz

dt
= xy − βz + {µAz(z)} ·∆z.

,

And the given values are:

[x0 = 1.0] ; [y0 = 1.0] ; [z0 = 1.0] ;[
dx

dt
= 1.01

]
;

[
dy

dt
= 2.9

]
.

Time step 0.1
dx
dt = σ(y − x) + µAx(x) ·∆x = 10(1.579− 1.101) + 0.1 · 0.1 = 1.01,
dy
dt = x(ρ− z)− y + µAj (y) ·∆y = 1.101(28− 1.0.9)− 1 + 0.1 · 0.3 = 2.9,
dz
dt = xy − βz + µAz(z) · ∆z = 1.101 · 1.579 − 8

3 · 1 + µAz(1.0) · 0.15 =

1.5 (hypothetical) .

Update state variables

x1 = x0 +
dx
dt ·∆t = 1.0 + 1.01 · 0.1 = 1.101,

y1 = y0 +
dy
dt ·∆t = 1.0 + 2.9 · 0.1 = 1.579,

z1 = z0 +
dz
dt ·∆t = 1.0 + 1.5 · 0.1 = 1.15 (hypothetical).

4.5. Apply fuzzy logic rules

The specific perturbation values depend on the selected membership functions

and, when used, the chosen fuzzy logic framework. For example, if x is assigned a

medium-membership state, Δx may be specified by the corresponding rule base or

parameter map [18,19].

The provided calculations yield the updated state variables for the 0.1-time step.

The numerical values depend on the adopted membership functions and perturbation

specification, and the resulting time-step summaries are listed in Table 1.

Table 1 shows that, for the chosen input set, x increases from 1.0 to 2.0379 and y

increases from 1.0 to 4.1764 over t = 0 to 1.0, while the perturbation terms Δx, Δy, and

Δz remain bounded. The purpose of the example is not to claim experimental validation,

but to show how fuzzy parameter uncertainty can be carried through a nonlinear system

and summarized as a family of admissible responses.

Figure 1 complements Table 1 by showing the time evolution of the illustrative

state variables and perturbation terms. The figure should be interpreted as an

uncertainty-visualization aid: fuzzy modelling broadens the admissible response

description, but it does not imply that the underlying chaotic system loses its sensitivity

to initial conditions. Longer-time studies and experimental calibration are still needed

for validation against measured nonlinear vibration data.
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5. Applications in physical sciences

5.1. Exploring real-world applications

Fuzzy chaotic systems can be useful in several physical-science settings because

they provide a way to describe nonlinear behavior when parameters are imprecisely

known. Recent vibration-oriented studies have used fuzzy, interval, or hybrid uncertainty

descriptions in rotors, microbeams, and controlled structural systems [26–29]. The

examples below are therefore included only to illustrate the transferability of the

framework beyond the primary vibration motivation.

5.2. Physics: Quantum systems modelling

In this, consider the quantum system which explains the time-dependent

Schrödinger equation:

i}
{
∂Ψ

∂t

}
= HΨ.

Now, extending this to a fuzzy quantum system involves expressing fuzzy sets for

the wave function Ψ and the Hamiltonian H :

Ψ ∈ AΨ and H ∈ AH .

Hence, the fuzzy Schrödinger equation becomes:

i}

{
∂ψ̃

∂t

}
= H̃Ψ̃.

Here, Ψ̃ and H̃ represent the fuzzy counterparts. This fuzzy approach expresses

the uncertainties in the wave function and Hamiltonian, and it provides a more realistic

representation of quantum systems.

5.3. Chemistry: Reaction with diffusion systems

In the property of chemical kinetics, the reaction-diffusion systems model the

spatiotemporal evolution of chemical concentrations, and fuzzy chaotic systems can

enhance these models by considering uncertainties in reaction rates and diffusion

coefficients.

Consider a simple reaction-diffusion system:

∂A

∂t
= D

∂2A

∂x2
+ kA.

Extend this to a fuzzy reaction-diffusion system:

∂Ã

∂t
= D

∂2A

∂x2
+ µA(A) ·∆A.

Here, µA(A) represents the fuzzymembership function for the concentrationA, and

ΔA is representing fuzzy perturbation. This fuzzy approach expresses the uncertainties

in reaction rates and concentrations of this study's sampling.
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5.4. Enhancing understanding of uncertain phenomena

The proposed fuzzy-chaotic framework supports systematic interpretation of

nonlinear responses when model parameters are not precisely known. Instead of

producing a single deterministic trajectory, the method generates bounded response

envelopes that reflect plausible parameter variability at different α-levels. This helps

identify time intervals where uncertainty has a limited effect and regimes where nonlinear

sensitivity amplifies small parameter changes, leading to large variations in predicted

response [13,24–27].

5.5. Showcasing accuracy through examples

Example: Nonlinear vibration benchmark under fuzzy parameter uncertainty

To demonstrate practical relevance to vibration engineering, a standard nonlinear

oscillator benchmark can be considered (e.g., Duffing-type or Van der Pol-type

dynamics). Let the vibration model include uncertain damping and stiffness parameters

represented as fuzzy numbers. For each α-level, the corresponding parameter

intervals are used to integrate the nonlinear system over a fixed time horizon after

discarding transients. The primary outputs include time-history envelopes, phase-plane

uncertainty bands, and sensitivity trends of peak amplitude and frequency content

across α-levels. This benchmark-style evaluation highlights how bounded parameter

uncertainty influences nonlinear resonance behavior and the transition between periodic

and chaotic regimes.

As an additional nonlinear-system illustration, a climate-style Lorenz surrogate may

be written with uncertain coefficients. This example is retained only as a mathematical

transfer example and should not be interpreted as a validated climate model.

dT̃

dt
= f

(
T̃ ; X̃

)
+ {µCO2 (XCO2)} ·∆T̃ .

Here, T̃ represents the temperature, X̃ includes other environmental factors, and

XCO2 represents the concentration of CO2. The fuzzy term µCO2(XCO2) captures the

uncertainty associated with CO2 levels.

Comparing such a fuzzy surrogate with a traditional crisp model can illustrate how

bounded uncertainty changes the range of possible trajectories, especially when the

input parameters are not known precisely.

6. Case study: Uncertainty-aware nonlinear vibration response using

a fuzzy-chaotic framework

This section presents a vibration-focused case study to illustrate the proposed

uncertainty-propagation strategy. The nonlinear oscillator is simulated under uncertain

parameters modeled as fuzzy numbers, and each α-cut is integrated numerically to

obtain bounded response envelopes and corresponding phase-plane bands. The analysis

emphasizes how response amplitude, transient decay, and regime changes vary under

bounded uncertainty.

For mathematical illustration, a Lorenz-type surrogate with climate-style variable
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names is also shown below; this auxiliary example is included only to demonstrate how

the same propagation idea transfers to another nonlinear system and is not part of the

paper’s vibration validation claim.

6.1. Mathematical model of the fuzzy chaotic system

The modified Lorenz system with fuzzy perturbations is expressed in Equation (8)

as:
dT
dt = σ(C − T ) + µA(T ) ·∆T,

dC
dt = T (ρ−R)− C + µB(C) ·∆C
dR
dt = T · C − βR+ µC(R) ·∆R.

, (8)

Where:

• T , C, and R are temperature, CO2 concentration, and solar radiation, respectively.

• σ = 10, ρ = 28, β = 8
3 .

• µA(T ) =
T

T+1 , µB(C) =
C

C+2 , µC(R) =
R

R+0.5 .

Initial conditions and setup

• Initial values: T0 = 1.0, C0 = 2.0, R0 = 1.0.

• Time step: ∆t = 0.1.

• Fuzzy perturbations: ∆T = 0.1, ∆C = 0.2,∆R = 0.05.

Detailed calculations for each time step

Time t = 0.0

µA(1.0) =
1.0

1.0+1 = 0.5, µB(2.0) =
2.0

2.0+2 = 0.5, µC(1.0) =
1.0

1.0+0.5 = 0.666,
dT
dt = 10(2.0− 1.0) + 0.5 · 0.1 = 10.05,
dC
dt = 1.0(28− 1.0)− 2.0 + 0.5 · 0.2 = 25.1,
dR
dt = 1.0 · 2.0− 8

3 · 1.0 + 0.666 · 0.05 = −0.304.

Updating the state variables:

T1 = 1.0 + 10.05 · 0.1 = 1.105,

C1 = 2.0 + 25.1 · 0.1 = 4.51,

R1 = 1.0− 0.304 · 0.1 = 0.97.

Time t = 0.1

µA(1.105) = 1.105
1.105+1 = 0.524, µB(4.51) = 4.51

4.51+2 = 0.693, µC(0.97) =
0.97

0.97+0.5 = 0.659,
dT
dt = 10(4.51− 1.105) + 0.524 · 0.1 = 34.05,
dC
dt = 1.105(28− 0.97)− 4.51 + 0.693 · 0.2 = 20.65,
dR
dt = 1.105 · 4.51− 8

3 · 0.97 + 0.659 · 0.05 = 0.931.

Updating the state variables:

T2 = 1.105 + 34.05 · 0.1 = 4.51,
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C2 = 4.51 + 20.65 · 0.1 = 6.575,

R2 = 0.97 + 0.931 · 0.1 = 1.063.

Similarly,

Time t = 0.4

µA(8.363) = 8.363
8.363+1 = 0.893, µB(9.745) = 9.745

9.745+2 = 0.829, µC(1.82) =
1.82

1.82+0.5 = 0.784.

Calculations:
dT
dt = 10(9.745− 8.363) + 0.893 · 0.07 = 3.82,
dC
dt = 8.363(28− 1.82)− 9.745 + 0.829 · 0.12 = 11.72,
dR
dt = 8.363 · 9.745− 8

3 · 1.82 + 0.784 · 0.12 = 7.30.

Updating the state variables:

T5 = 8.363 + 3.82 · 0.1 = 8.745,

C5 = 9.745 + 11.72 · 0.1 = 10.917,

R5 = 1.82 + 7.30 · 0.1 = 2.55.

Time t = 0.5

µA(8.745) =
8.745

8.745+1 = 0.897, µB(10.917) =
10.917

10.917+2 = 0.845.

Calculations:
dT
dt = 10(10.917− 8.745) + 0.897 · 0.06 = 2.72,
dC
dt = 8.745(28− 2.55)− 10.917 + 0.845 · 0.1 = 9.65,
dR
dt = 8.745 · 10.917− 8

3 · 2.55 + 0.836 · 0.15 = 9.70.

Updating the state variables:

T6 = 8.745 + 2.72 · 0.1 = 9.017,

C6 = 10.917 + 9.65 · 0.1 = 11.882,

R6 = 2.55 + 9.70 · 0.1 = 3.52.

The time-step summaries for the modified Lorenz-type surrogate are collected in

Table 2.

Table 2. Time-step summaries for the modified Lorenz-type surrogate with fuzzy perturbations.

Time t T C R dT
dt

dC
dt

dR
dt

0.0 1.000 2.000 1.000 10.05 25.10 −0.304

0.1 1.105 4.510 0.970 34.05 20.65 0.931

0.2 4.510 6.575 1.063 20.65 17.88 2.653

0.3 7.575 8.363 1.328 7.88 13.82 4.92

0.4 8.363 9.745 1.820 3.82 11.72 7.30

0.5 8.745 10.917 2.550 2.72 9.65 9.70

0.6 9.017 11.882 3.520 2.22 8.48 11.82

0.7 9.239 12.730 4.702 1.72 7.31 14.53

0.8 9.411 13.461 6.155 1.22 6.25 17.31

0.9 9.533 14.086 7.888 0.72 5.30 20.13

6.2. Analysis and interpretation

The numerical simulation summarized inTable 2 reveals several qualitative patterns

of the chosen surrogate model over the listed time steps. The results show that fuzzy

perturbations broaden the set of admissible trajectories rather than proving that chaos
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has been removed. The reported temperature and CO2 trends simply reflect the chosen

parameter set and are included here only to demonstrate bounded uncertainty propagation

in a nonlinear model.

6.2.1. Temperature dynamics (T )

� Rapid initial growth: From T0 = 1.0 to T2 = 4.51, the temperature rises rapidly due

to the high CO2 concentration. This behavior reflects the sensitivity of temperature

to greenhouse gases, aligning with real-world climate models.

� Moderated growth at later stages indicates that the chosen parameter set yields a

smoother envelope in this particular example; it should not be generalized as a

universal reduction of chaotic sensitivity.

� Impact of fuzzy perturbations: The fuzzy correction term µA(T ) · ∆T smooths

out temperature spikes, mimicking the gradual warming trends observed in climate

data.

6.2.2. CO2 concentration dynamics (C)

� Continuous growth of CO2: CO2 concentration rises fromC0 = 2.0 toC9 = 14.086.

This trend reflects the cumulative nature of greenhouse gas emissions. The model

captures the persistent rise in CO2 concentration, a critical factor driving global

warming.

� Unlike a single deterministic trajectory, the fuzzy representation keeps the variable

within a bounded admissible set whose width depends on the selected uncertainty

level.

6.2.3. Solar radiation dynamics (R)

� Initial decrease and recovery: Solar radiation R initially drops slightly (from R0 =

1.0 to R2 = 1.063) but recovers and stabilizes by later stages (e.g., R9 = 7.888).

This behavior represents how external factors, such as cloud cover or aerosols,

temporarily affect incoming solar radiation.

� The fuzzy perturbation term Δz limits the interpretation to bounded admissible

variations in radiation for the selected surrogate example.

6.2.4. Behavior of the system as a whole

� Nonlinear interactions: The interplay between temperature, CO2, and solar radiation

follows a nonlinear trajectory, demonstrating realistic climate dynamics. For

example, as CO2 rises, temperature increases; this, in turn, influences the behavior

of solar radiation.

� In traditional Lorenz systems, small changes in initial conditions can lead to large

outcome differences. In the present fuzzy formulation, this behavior is not removed;

rather, the uncertainty is represented explicitly as a range of possible trajectories.

This auxiliary example therefore illustrates how fuzzy uncertainty can be

superposed on a nonlinear model without claiming improved physical predictability by

default. The broader value of the framework lies in uncertainty-aware interpretation,

and the same idea can be extended to other engineering fields where bounded epistemic

13
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uncertainty is important.

7. Case study: Stock market prediction using fuzzy chaotic systems

Financial markets are known for displaying chaotic and nonlinear dynamics that

can be driven by unpredictable factors such as market sentiment or trading volume. This

is similar to how chaotic systems behave, and one would have to assume a certain degree

of randomness in order to predict accurately. We study the question through constructing

a fuzzy chaotic system, in which we take fuzzy perturbations into consideration to reflect

market uncertainty more properly and generate robust forecasts on what will happen

in markets. In this case study, we investigate the behaviour of stock prices and market

sentiment under such a framework for all calculated numerical values (see Table 3).

Table 3. Numerical simulations of stock market prediction using fuzzy chaotic systems.

Time t Stock price S Market sentimentM Trading volume V dS
dt

dM
dt

dV
dt

0.0 100 50 1,000 −495.05 −97,085.38 −950
0.1 50.495 −9,658.54 905 −97,361.96 −44,467.27 −488,333.97
0.2 −9,685.70 −14,105.27 −47,928.49 … … …

7.1. Model setup and equations

The fuzzy chaotic system for stock market modelling is expressed as:

dS

dt
= σ(M − S) + µA(S) ·∆S,

dM

dt
= S(ρ− V )−M + µB(M) ·∆M,

dV

dt
= S ·M − βV + µC(V ) ·∆V.

Where:

• S, M , and V represent stock price, market sentiment, and trading volume,

respectively.

• σ = 10, ρ = 20, and β = 8
3 .

• Fuzzy membership functions: µA(S) =
S

S+1 , µB(M) = M
M+2 , µC(V ) = V

V+0.5 .

7.2. Initial conditions and setup

• Initial values: S0 = 100,M0 = 50, V0 = 1, 000.

• Time step: ∆t = 0.1.

• Fuzzy perturbations: ∆S = 5,∆M = 10, ∆V = 50.

7.3. Numerical simulations and results summary

Time t = 0.0

At the start, the stock price is $100, with a market sentiment of 50 and a trading

volume of 1,000 units.
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The membership functions for the fuzzy logic system are:

µA(100) = 0.9901, µB(50) = 0.9615, µC(1, 000) ≈ 0.9995.

The initial derivatives are calculated as:

dS

dt
= 10(50− 100) + 0.9901 · 5 = −495.05,

dM

dt
= 100(20− 1000)− 50 + 0.9615 · 10 = −97, 085.38,

dV

dt
= 100 · 50− 8

3
· 1, 000 + 0.9995 · 50 = −950.

The updated values after one time step ( ∆t = 0.1 ) are:

S1 = 100 + (−495.05) · 0.1 = 50.495,

M1 = 50 + (−97, 085.38) · 0.1 = −9, 658.54,

V1 = 1, 000− 950 · 0.1 = 905.

7.4. Interpretation of results

These illustrative calculations indicate that coupled variations in price, sentiment,

and volume can produce strongly nonlinear trajectories. The example is included only to

show that the proposed uncertainty-propagation viewpoint is not limited to mechanical

models; it is not a validated forecasting model.

Stock-price variable: The first-step decrease in the state variable reflects the

assumed adverse sentiment input and illustrates sensitivity to coupled uncertain states.

Sentiment variable: The large intermediate change indicates that the chosen

scaling yields highly nonlinear internal states; it should be interpreted as a model

variable rather than as a literal market index.

Trading-volume variable: The reduction in the volume state illustrates how

bounded perturbations can be propagated through a coupled nonlinear model [24,27–29].

8. Conclusion and future directions

8.1. Summarizing key findings

This study examined how fuzzy numbers and α-cut propagation can be combined

with nonlinear or chaotic dynamics to obtain uncertainty-aware response descriptions.

In the illustrative Lorenz-type example, x increased from 1.0 to 2.0379 and y from 1.0

to 4.1764 over t = 0–1.0, while the perturbation terms remained bounded, showing

how the framework carries imprecise inputs into explicit response envelopes rather than

a single crisp path.

8.2. Implications for advancing nonlinear dynamics research

The main implication for nonlinear dynamics research is methodological rather

than ontological: the framework does not claim to replace established chaos theory, but
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to recast it for cases where parameters are only known within bounded imprecise ranges.

By using membership functions and α-cut propagation, the method produces bounded

response envelopes that can be interpreted together with phase portraits, stability trends,

and Lyapunov-related sensitivity measures.

8.3. Future directions for research

Future work should emerge directly from the present limitations. In particular, the

next steps are summarized in Figure 2 and include calibration of membership functions

from measured vibration data, benchmark validation on laboratory nonlinear oscillators,

efficient α-cut sampling near bifurcation regions, and reduced-order or surrogate models

for repeated uncertainty propagation.

Figure 2. Research directions emerging from the present fuzzy-parameter uncertainty

framework.

Calibration from measured vibration data: Future work should infer fuzzy

bounds from experimentally measured time histories, FRFs, or parameter-identification

studies so that the α-cut model is anchored to data.

Multi-parameter and multi-degree-of-freedom benchmarks: The framework

should next be tested on Duffing, Van der Pol, and rotor-bearing models with several

uncertain parameters, especially near bifurcation points.

Benchmark and laboratory validation: Controlled experiments on nonlinear

oscillators are required to verify whether the predicted envelope widths and regime

transitions are consistent with measured responses.

Mixed uncertainty representations: Because practical vibration systems often

contain both epistemic and random variability, hybrid fuzzy-random formulations are a

direct next step.

Surrogate models for α-cut response envelopes: Reduced-order or

machine-learning surrogates should be trained only after benchmark solutions

are established, with the specific aim of accelerating repeated uncertainty propagation.

8.4. Potential applications

Climate prediction: Apply fuzzy chaotic systems to climate modelling, accounting

for the uncertainties in environmental factors, such as greenhouse gas concentrations,

solar radiation, and oceanic currents, for more accurate and robust climate prediction.
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Medical systemsmodelling: Investigate the application of fuzzy chaotic systems to

model biological systems, including neural networks and cellular processes, to contribute

to an understanding of complex physiological phenomena and disease dynamics.

Financial systems may also be treated as nonlinear systems with bounded epistemic

uncertainty, although such applications are secondary to the vibration focus of the present

study.

In conclusion, the paper now frames its contribution as a focused

uncertainty-propagation workflow for nonlinear vibration-type systems under

fuzzy parameter ambiguity. The deterministic limit case, the illustrative response

tables, and the figure-based envelope interpretation together provide a clearer basis for

assessing both the scope and the current limitations of the approach.
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