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Abstract: Quasi-accumulation solutions for acoustic waves in a compressible moving fluid are
obtained by applying the Lagrange parameter variation method to solve the Lighthill equation.
The results demonstrate that nonlinear interactions lead first to period-doubling, followed by
odd multiple half-period bifurcations, with all-order sub-harmonics subsequently generated.
The amplitudes of these sub-harmonics depend not only on the acoustic Mach number but
also on the Mach number of the flow. The latter result indicates that the acoustic wave has
been amplified by the momentum of the flow. Furthermore, the relationship between the
amplification gain of sub-harmonics and flow velocity is a polynomial function of flow-sound
Mach number ratio M/m. If the kinetic energy gained through momentum amplification
exceeds the energy loss due to the acoustic attenuation, a chain-reaction of the period-doubling
followed by the odd multiple half-period bifurcation can be sustained. As the order number
of the approximation m; increases, the number of degrees of freedom in the flow increases
infinitely and the leading terms of the amplitudes for the generated sub-harmonics which are
proportional to (M m%)m1 approach to infinity, where M and m, k and « are Mach number
for flow and sound, the wave-number and absorption coefficient, respectively. The obtained
results also indicate that the appropriate control parameter for transitioning from bifurcation to
chaos should be % instead of Reynolds number Re. This paper also demonstrates that in the
moving fluid sound waves can be amplified through nonlinear interactions, particularly, the first
sub-harmonic generates, thereby explaining the experimental results we discovered decades ago.
Finally, a potential strategy for suppressing aircraft-induced atmospheric turbulence is proposed

based on the present theoretical findings.

Keywords: bifurcation; mach number; reynolds number; chaos; sub-harmonics; flow

amplifies sound; turbulence

1. Introduction

According to the theory of nonlinear sound propagation, a single-frequency wave
traveling through a static medium will continuously generate all harmonic waves.
However, due to the dissipation effects of the medium, the energy of the sound wave
will eventually be attenuated and ultimately decay. In a previous publication [1],
the author investigated nonlinear sound propagation in ideal media and obtained
the so-called accumulation solutions. The results demonstrated that a sound wave
propagating in a flowing medium undergoes period-doubling bifurcations, during
which the amplitudes of successive sub-harmonic orders increase with propagation

distance. Throughout the period-doubling bifurcation process, the sub-harmonics
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continuously generate.  Since the medium concerned therein is ideal and the
accumulation solutions obtained by Qian [1] increase with distance, thus, they do not
converge at infinity.

However, in real media such as water, dissipation effects like viscous dissipation
cause the sound wave to attenuate, preventing divergence at infinity. In this paper, we
incorporate the viscous stress into the stress tensor and substitute it into the relevant
equations from reference [1], conducting a further study on the bifurcation problem
in a disturbed fluid. The results indicate that a sound wave propagating in a moving
fluid can be amplified, and the amplitude of the generated sub-harmonics depends on
acoustical absorption coefficient as well as on the Mach numbers of both the sound
and the flow. When discussing chaos, one inevitably associates it with turbulence.
What are the defining criteria of turbulence, and what theoretical scenarios are used
to describe the transition from laminar flow to turbulence? To address this question,
we first recall Landau’s conjecture on turbulence [2]: as a system evolves, the number
of degrees of freedom approaches infinity, and the amplitudes of the physical quantities
corresponding to the degrees of freedom approach to infinity with the increase of
time ¢, that is, an instability factor 7' appears where v+ > 0. On the other hand,
according to chaos theory [3—8], as the control parameters reach certain critical values,
a system that initially exhibits a predictable behavior can suddenly become chaotic
and random. Through iterative computations, Feigenbaum [9, 10] obtained the critical
control parameters for the population growth function to transition to chaos, but did
not determine the instability factor. Therefore, it cannot be concluded that the system
transitions to chaos and forms turbulence. More relevant publications in recent years
are reported by Cui et al. and other scholars [11-15], as well as in studies by Jakobsen
and related works [16—19]. In this paper, we apply the variable parameter method to
solve the Lighthill equation, and the results indicate that the nonlinear interactions cause
the period-doubling, followed by odd multiple half-period bifurcations, generating
sub-harmonics of all orders of which the leading terms of amplitudes for these generated

sub-harmonics are proportional to (M m%)m1

In addition, this paper proves that
the appropriate control parameter for transitioning from bifurcation to chaos should be
g instead of Reynolds number Re, where M and m are Mach number for flow and
sound, m; is the order number of the perturbation approximation, £ and « are the
wave-number and absorption coefficient, respectively. As mjincreases, the degrees
s>,
(%)m1 >> 1 is equivalent to the instability factor in Landau conjecture, although

it does not depend on ¢. These results demonstrate that the bifurcation framework

of freedom of the system increase to infinity, but on the other hand, due to

presented in this article provides an effective description of the transition from laminar
flow to turbulence. This paper also demonstrates that the moving fluid can amplify
sound waves through nonlinear interactions, particularly, in the moving fluid the first
sub-harmonic can generate, thereby explaining the experimental results we discovered
decades ago.

Finally, a potential, strategy for suppressing aircraft-induced atmospheric

turbulence is proposed based on the present theoretical findings.
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2. Theory

As is well known, the one-dimensional form of stress tensor in viscous media
should be written as
Ty =T + TV, (1)

where
7O = p? ()

is the Reynolds stress, 7®) is the stress that can denoted by

4  Ov
T =p—Cip+(m+ 515 (3)

where p is the pressure, p is the density, Cj is the sound velocity, © and p;, are the shear
viscosity coefficient and the volume viscosity coefficient, respectively. v is the fluid
particle velocity,

v =V + vocos2(t — o) 4)

Substituting Equation (4) into (2), Lighthill equation yields (Appendix A)

0? ok 0? 0
G5~ o =€ {gl<m>80’; + g2(0.7) 50 gg<a,7>p} 5)
where v
_ -0 . _ %
5—Mm,M—CO,m o (6)
and M
m m
== 4 — " cosd(T —
g1(o, 1) - + Wi + 2co82(1 — o) + 527 €08 (t—o0)
g2(0,7) = 8sin2(t — o) + 4%3@%4(7’ —0) (7

g3(o,7) =8 [0052(7' —0)+ %0034(7 — 0')}

where M and m are the Mach numbers for moving fluid and excite sound, respectively.
Equation (5) characterizes the interaction between sound waves and the flow. It is
well known that the viscosity term in the stress tensor 7'(*) affects sound propagation
by adding sound absorption to the amplitude of sound waves [20-22] (cf. Equation
(10) below). Furthermore, the remaining two terms in Equation (3) are associated
exclusively with the nonlinear coefficients and are therefore neglected in the present
analysis.

Due to the consideration of viscous absorption, there will be no long-term problem,
so we can use the normal perturbation method to get the solution of Equation (5) which

can be written as
p= p(o) + 6,0(1) + 52,0(2) + o — Z Emlp(ml) (8)
my
Substituting (8) into (5) yields

2 (0) 2 (0)
. 22 9p — —

or2 902

9
my 82p(m1) a2p(m1) 92p(m1-1) ap(m1—1) ( )

€ : 972 T T as2z  — g1 (07 T) 902 + 92(07 T) B0 - 93(07 T)p(ml_l)
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and
P = e %7 Agcos(T — o) (10)

In the following, we choose the cosine wave in Equation (10) as the zeroth order
solution (the case of sine wave can be treated similarly). Substituting the cosine solution

in Equation (10) into the second equation of Equation (9) yields approximately

92p()
or2

~Z AS) e G cos[(2n + 1)(r — o)), (11)

during the calculation, the approximation a << k was applied. In Equation (11),
Agi) 1 should be (Appendix B)

A = 12 (3 + g +1) Ao,

(12)
AP = 32 (M 4 my 4y, AY = 52 Ay).

By using the Lagrange parameter variation method, the solution of Equation (11)
are obtained as follows (Appendix C)

2

W (r ) ~ (1) ~Gninge__ LK _
(o)~ Ayl IR o (G sinln+ D = o)} (13)

and we call it quasi-accumulation solution for m; = 1. Similarly, the solution for

m1 = 2 can be obtained as follows

82[0(2) 82p(2) 82[)(1) ap(l) "
o712 B Oo2 —91(0,7') o2 +92(0 T) 90 —gg(U,T)p . (14)

By substituting (7) into (14) and utilizing the sum difference angle relationship of
the trigonometric function, it can be seen that there are five quasi accumulation terms
at the right end of Equation (14), that is

2 (2) 2 ,(2) 4 o
o7 p'= 0% ~ ano e—(2n+1)za{A§i)+l <2]Z¢) sin(2n+1)(t — o)} (15)

or2 Oc?

where the coefficients Agi) 41 satisfy (Appendix D)
2 M m 1 1 1 m 5) 1 13 1
AP = (= +m—1)A() gAg)—m[—?TgA(g)JF?Aé)]
@ _ g0 M Mmoo 3
2 13m 52 M m 1
AP WAE = §A§ - (= m)Aé ) (16)
(2) m 29 )y 49,
0 = Al - [ A
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By means of the Lagrange parameter variation method, the solution of (15) are

obtained as follows (Appendix E)

2
@_NY b @ (FN —enes .
p Zn:() Q(Qn + 1)2A2n+1 <2a> € k COS[(QTL + 1)(T U)] (17)

The term of quasi-accumulation solution (k/2c)? appears in Equation (17). In
addition, the Equation (16) shows us that ASB 41 and Agi) +1 depend on both the Mach
number of sound and the Mach number of flow. The results for m; > 2 can be obtained

similarly.

3. Discussion

3.1. Period-doubling followed by the odd multiple half-period bifurcation

From the results above-mentioned, it is also evident that the sound propagation
in this type of medium is a period-doubling followed by the odd multiple half-period
bifurcation process. The original excitation wave is vpe 2%%cos2(r — o) and
the sub-harmonics are the combination of e~ ?"*D%%sin[(2n + 1)(t — ¢)] and
et D% cos[(2n + 1)(1 — 0)], n = 0,1,2,...,2m,. And Figure 1 describes the

bifurcation process:

| - — =3 - ==
——— >
-—>

Figure 1. Bifurcation diagram.

The green thick arrow indicates the excitation wave vge 2% cos2(t — o), while
a pair of the blue (solid and dashed) arrows indicate the generated first sub-harmonic
pair for m; = 0, the three pairs of black arrows indicate the generated sub-harmonic
pairs for m; = 1, the five pairs of red arrows indicate the generated sub-harmonic pairs
for m; = 2 and the bifurcation diagram for m; > 2 can be obtained similarly, where
the solid arrows represent the cosine terms, while the dashed arrows represent the sine
terms.

In the Figure 1, the green arrow represents the original excitation wave, while
a pair of the blue (solid and dashed) arrows indicate the generated sub-harmonic pair
for my = 0, and its phase factor is (7 — o); when m; = 1, the three pairs of black

arrows indicate the generated sub-harmonic pairs, of which the phase factors are (7—o),
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3(T — o) and 5(7 — o), respectively; when m = 2, the five pairs of red arrows indicate
the generated sub-harmonic pairs, of which the phase factors are 1, 3, 5, 7 and 9 times
of the (7 — o), respectively. the bifurcation diagram for m > 2 can be obtained.similarly,
where the solid arrows represent the cosine terms, while the dashed arrows represent
the sine terms.

From the bifurcation process, we can see that the bifurcation indicated by the first
sub-harmonic pair represents period doubling, and the subsequent bifurcations differ
from the period doubling bifurcation, so we refer to them as odd multiple half-period
bifurcations. When m; >> 1, the numbers of the degree of freedom in the system
are much greater than 1 and their representative quantity is traveling waves with
the leading-term amplitude proportional to [M m%]ml, which is equivalent to the
instability factor in Landau conjecture, but not ¢?*. If the fluid sound absorption
coefficient is caused by shear viscosity, then the absorption coefficient is classical
absorption, that is

It is easy to prove that the control parameters of the system should be

ek VR wje | 3W(W/) _ 3,
as 22w 2v ) ©
S 3p06377

This suggests that the system’s control parameter can be identified as the Reynolds
number only when the sound absorption coefficient follows the classical absorption law.
However, in most natural media, the sound absorption does not follow the classical
absorption law. For instance, the sound absorption mechanism in atmosphere comes
from the contributions of viscosity, thermal conduction, and thermal relaxation [20-22].
Therefore, based on the results of the above consideration and Equations (13) and (17), as
well as comparisons with reference [23], the author believes: when studying bifurcation
phenomena in fluids, the appropriate control parameter should be aﬁ instead of Reynolds

number Re.

3.2. Flow amplifies sound

From the solutions of Equations (12), (13) and (16), (17), it can be seen that the
amplitude of sub-harmonics generated by the nonlinear interaction of sound waves is

directly proportional to two factors, one of which is

oy (E\™
Agnj-)l <20&>

that were called quasi-accumulation solutions. When the frequency of sound wave is
100 Hz, k/«a (for water) can reach the numerical range of 10° (Nepers)—1. Therefore,
these terms in (13) and (17) are much larger than other terms. Another one is
proportional to Ag:lﬁ)l [Mm]™ or dependent of two Mach numbers, which means that
the interaction between sound and flow leads to the acoustic wave amplification in the

moving fluid.
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Amplification gain (Appendix F)

Define the gain of flow amplification sound

IB(ml) 1"427141r1
2n+1 — m (m1)
€™ Ay, Mo

The relationship between the amplification gain of the five sub-harmonics for
my = 2 and the flow-sound Mach number ratio was M/m calculated in Appendix
B, that is

4 1 1

8® — 5{[<M/m)2 +5- M /m)[(M m)* + 5 T M/m)]
1 1 1 M 13
+ M /ml(5 + M /m)] + 5[‘5(1 + E) + 1
(18)

(2)_8 131 51 M 7_@]‘4 M
8 e ) R el b )? +2—+1

[@Jr(@ + M /m)Im 4A 98
Béz): 8 2 %;4A0 0_1+(4+ )M/m
g =1

From (18) we can see that 552) is the fourth degree polynomial of M/m, 6§2)
the third degree polynomial of M/m, 5&2) is the second degree polynomial of M/m,
552) is the first degree polynomial of M/m and @52) is independent of M/m. Numerical
calculations were performed on Equation (18) to obtain the relationship between the
amplification gains of the five sub-harmonics and the flow-sound Mach number ratio

M /n. The results are shown in Figure 2,

12,000
10,000
£,000
6,000
4,000

2,000 |

x

Figure 2. The relationship between the amplification gains of the five sub-harmonics and the

Mach number ratio M/m for m; = 2.
Note: the horizontal axis in the figure is x = M/m, and the vertical axis is the amplification gain: red line: [3&2) , blue line: 6§2) , green

line: [35 2 dotted line: ﬁgZ) B(z) 1 (not shown in the figure).
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When M = 0 and M = 3m, it can be calculated from Equation (18) that the
amplitude of the first sub-harmonic in the quasi-accumulation solution is amplified by
nearly 56 times due to the appearance of flow. Reviewing the experimental results of
reference [24,25] (Figures 3 and 4), the first sub-harmonic can be only observed in

disturbed water, but not in stationary water. This paper gives it a powerful explanation.

Figure 3. The signals in static medium.
Note: Fundamental frequency signal (upper); First sub-harmonic signal (lower); From Figure 2 in Shao and Qian [24].

Figure 4. The signals in disturbed medium.

Note: Fundamental frequency signal (upper); First sub-harmonic signal (lower); From Figure 3 in Shao and Qian [24].
Now let’s study the situation for m; = 1.

8 = (M /m)? + M/m+ 5
1

B = 4(; + M /m) 19

B =1

Numerical calculations show that ﬁgl) is a quadratic parabola, is ﬁél) a straight
line, ﬁél) is independent of flow, and not magnified. From this, we can further infer that
the amplification gain of £4A§4) is an 8th degree polynomial of M/m, the amplification
gain of €4A§4) is a 7th degree polynomial of M/m, the amplification gain of 54Aé4) is

a 6th degree polynomial of M/m, - - -, the amplification gain of 54A%) is a straight line,

and the amplification gain of 54A§A}) is 1, which is independent of the flow. From the
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results above-mentioned, it can be seen that the relationship between the amplification
gain of sub-harmonics and flow velocity is a polynomial of M/m, of which the first
sub-harmonic has the highest degree being 2.

3.3. Atmospheric turbulence suppression

When an aircraft is in flight, its plate and shell structures may begin to vibrate
and radiate waves under certain airflow conditions. This vibration generates three
types of waves: two longitudinal waves and one transverse wave, the latter of which
experiences significant attenuation. The transverse wave is a viscous wave produced by
the in-plane vibration of a flat plate [2]. Its propagation direction is perpendicular to the
flow velocity, while the direction of particle velocity is parallel to the direction of flow
velocity. On the other hand, one of two longitudinal waves propagates perpendicular to
the direction of the flow velocity and does not produce flow-amplification-sound, while
the other longitudinal wave propagates along the direction of the flow velocity and
does produce flow-amplification-sound. The interaction between high-speed airflow
and these waves leads to a cascade of bifurcation process. During this evolution, the
wave amplitudes are amplified by the airflow, potentially developing into turbulence
and thereby posing a significant hazard to the aircraft. To address this issue and enhance
flight safety, we propose two measures. The first measure is to temporarily reduce the
aircraft’s flight speed, thereby directly mitigating the problem. Alternatively, from (13)
and (17), it can be observed that the leading-term amplitude for the sub-harmonics is

m E\™ EN\T™
4 (a) ()

It is worth noting that in reference [23] the author studied the formation process

proportional to

of turbulence in cylindrical tubes, and the results showed that the n-order energy
density in the tube is proportional to (1/2aR)™, where R is the radius of the tube.
Comparing the results of them, it can be seen that both depend on the energy
dissipation of the medium. As is well known, the sound absorption mechanism
in the atmosphere involves three contributors: viscosity, thermal conduction, and
thermal relaxation [20-22]. Thus, the second measure involves effectively increasing
the absorption coefficient of the surrounding atmosphere. For example, raising the
temperature around the aircraft can enhance both the viscosity and thermal conduction
of the medium, thereby increasing the absorption coefficient. Additionally, adjusting
environmental parameters such as temperature and humidity can shift the frequency
position of the relaxation absorption peak where thermal relaxation predominates,
further enhancing the absorption coefficient in that frequency range.

4. Conclusion

In this paper, the author applies the Lagrange parameter variation method to solve
the differential equation that describes the interaction between sound waves and the
flow, and obtains the highest growth terms (leading terms) in their quasi-accumulation
solutions which are proportional to [Mm (g)]ml As m; increases, it tends towards
infinity. The results indicate that a wave propagating in a moving fluid produces
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the period-doubling, followed by odd multiple half-period bifurcations of the
sub-harmonics. The Mach number of the moving fluid generates amplification to the
sound wave, and the process of the bifurcation driven by the nonlinear interaction
between moving fluid and sound wave can proceed continuously. This process leads
to a continuous increase in system’s the number of degrees of freedom, ultimately
approaching infinity. The obtained results also indicate that the appropriate control
parameter for transitioning from bifurcation to chaos should be § instead of Reynolds
number Re. As a result of the interaction between the flow and sound waves, the
relationship between the amplification gain of the flow and the flow-sound Mach ratio
is polynomial of M/m, of which the first sub-harmonic has the highest degree being 2.

Based on the findings presented in this article, we propose two suggestions to
mitigate the aircraft’s intense vertical movements: The first is to temporarily reduce
the flight speed, which decrease the amplification effect of sub-harmonics and thereby
helps alleviate the aircraft’s movement. The second is to increase the sound absorption
coefficient of the surrounding medium within the relevant frequency band, thereby

reducing the amplitudes of the sub-harmonics and further stabilizes the aircraft.
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Appendix A
Lighthill equation
— = Al
czo T 2 owom, (A
T = pv2,7' =wt,oc =kx (A2)
v =Vp + vpcos2(T — o) (A3)
Substituting (A3) into the first expression of (A2) yields
1 1
Tl(ll) =p?=p {VOQ + 51}3 + 2Vhvocos2(T — o) + 51}(2)0054(7' - 0)} (A4)
and ) ) )
0 0 1 0°T;
gp_9op _ — 11 (A5)
or?  0o?  C§ 0o
1 0*T 1 9%*(pv? av ) d*v?
— ;1:72 (1)2)7 2{2 b +2 P_|_ 2} (A6)
Cg Oo Cg Oo Cs 90 90 "B
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ov?

B = % {VE + 20g + 2Vhugcos2(r — o) + Fvicosd(T — o)}

= 4Vyuosin2(t — o) + 2v3sind(T — o)

. (A7)
% = 80—2 {VZ + $v§ + 2Vouocos2(T — o) + Jvicosd(t — o)}
= —8Vyupcos2(T — ) — 8vicos2(T — o)
Substituting them into (A6) to get
2
Ciga;f;l = Mm{[]\n/{ + §M + 2co82(1 — o) + %%6084(7 — U)}%
+4[25in2(T — 0) + Dsind(t — o)] 22 (A8)
— 8[cos2(T — o) + Jpcosd(T —o)p }
Finally, the expressions (5)—(7) in the text can be obtained from (AS).
Appendix B
Due to acoustical absorption, Equations (4) and (7) should be modified as
v =V + voe 2% cos2(r — o) (A9)
(0,7) = M+ +2e 2% %c0s2(T — o) + ~1%%cosd(t — o)
g1(o, T onf T %€ cos2(t — o 2M€ cosd(t — o
ga(o,7) = 8e 2 % Tsin2(t — o) + 4%6_4%03’”14(7' —0) (A10)
g3(0,7) =8 |e 2k cos2(T — o) + %8_4%U6084(T - U)]
Substituting (A10) into (11) in the text to get
a2p)  52p) 92pl0) 2p0)
orz 302 =g1(0,7) 902 + g2(o, ) . g3(0, T)P(O)
{[ + m +2¢ 2% cos2(T — o) + me %9 cosd(1 — 0)][—Ape” " cos(T — o)) (ALD)

+[8e™ 2k sin2(t — o) + 4%6_4%”51'714(7 — 0)]Age k7 sin(r — o)

-8

289 cos2(T — o) + %6_4%06034(7' — 0)} [Age™ %% cos(T — o))}

By using the trigonometry relationship and approximation @ << k, following expression can be approximately

obtained
2 ,(1) 2,(1) M
a@iQ - 88Z2 ~— ( + m + 1) Age" %% cos(T — o) — 9(m +1)e 73k Ag[+cos3(r — )]
- T—Mone 57cos5(T — 0)
= {A{e R cos(r — o) + A e %cos3(r — ) + A e PR coss(r — o))
where

m (1) _
+2M+1) Al

This is exactly the results of (11) and (12) in the text.

M
AW = —4y(=— —32A0(—= 4+ 1), ALY = —52A04

AM M
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Appendix C
1) (1) 2 (n41) %0
S = g == L AGL e R cosl(2n 4+ 1)(7 ~ 0)]
LS AW 1 i@nt)(r—0) | pmi@n41)(7—0) ]~ (2nt]) S0 1 & D) intl)(r—o)
=32 2 Asnpale t+e Je FO=—5 Z—:o As, e + c.c.
= _%Agl)e_%aei“*") +c.c — %Agl)e_?’%ae‘gj@*”) +c.c. — %Aél)e_s%“eW(T*U) + c.c.

(A12) can be written as three non-homogeneous equations, that is

2 (1,1) 2 (1,1) 1 _a S
T~ T = —sAemioeiro) e
2 (1,3) 2 (1,3) 1 _qa - _

T — T = —Ae3RoeBT) 4 e
82p(18)  92p(15)

_ _%Agl)e—5%aez‘5(7—0) + e

or? 0c?
of which the homogeneous equation and the solution can be

2 5(1,1) 2 5(1,0)
0“p 0“p -0

or? o2

ﬁ(l’l) _ Be'il(T—O')
[=2n+1
and the spatial accumulation solutions of their non-homogeneous equations can be written as
p(l,l) = B (O_)Bil(rfa') + BQ(O_)efil(Tfa)

apt-H) — @[Bl(o.)eil(r—a) + B2(U)e—il(7—a)] — 8381;0) eil(r—o) _ ’l:lBl(O')eil(T_U)

Jdo o

4 8382(‘7) e—il(r—o) + ilBQ(U)e_il(T_U)

(e

(A12)

(A13)

(A14)

(A15)

(A16)

What we are seeking is only one unknown function, but in (A15) there are two unknown functions so that we can

propose following constraint condition, that is

9B1(9) i(r—a) , 9B2(9) _i(r—0) _
do © * 0o ¢ =0

Substituting it into (A16) yields

aptb)
do

= —ilB1(0)e" 7% 4 il By(o)e =)

and
§2p(1D) 52 [Bl (O’)eil(T_U) + BZ(O_)e—il(T—O')]

902~ 902

= Z[—ilB1(0)e7=9) +ilBy(0)e =] = — 2By (0)e("=7) — 12By(0)e~(T=7)

(o}

— 3l 83810(‘7) e7,'l(7'—z7) 44l 8B820(U) e—il(T—U)

(A17)

(A18)

(A19)
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Similarly

(L,
g = 5l Bulo)e 70 + By(o)e )

= —1%[B1(0)e("=9) + By(o0)e~(7=)]
Substituting (A19) and (A20) into (A12) to get

o0 _ P00 — 2By (0)elm=0) — |By(c)e~ =)

T2 do2
_ ilaBBl(EU) eil(T*O‘) +il 63820(0) efil(rfcr)
_ {[—l231 (o.)ez‘l(r—a) _ l232 (O.)e—il(r—a)]}

laBl (o) el l(t—0) 44l 33820(0) e—il(T—J)

Combine (A21) with (A12) one has

831(0) eil(T—a) _ 832(0) e—il(T—O') — A( ) —l%aeil(T—a)
Jo oo 2il
By using (A17) and (A22), we can obtain

9B1(9) ii(r—o) L, 120 il(r—

TP gil(r=0) — _ ~ 4 o il(t—0)
do ¢ e e

9B2(0) _ii(r—o) Lo —12otil(r—

T2\ mil(t—0) .~ g o+il(t—o)
do 211 ¢ "

Integrate them to get

1 .« 1oy n 1 k
Bl(O’):—@Al( )/e U dozAl( )4zl2

and
By(o) = 5 lAl [ e lFo+i2l(T—0) 7, :LA(I)efl%aﬂ‘m(ffa)

1 —I%o+i2l(t—0 —1%o+i2l(t—0
N21leAgn)H 1&04i2l(t—0) _ 412A() 120+i2l(T—0)

(l,l) =B (O_)e'il(Tfa) + BQ(J)efil(‘rfa)

A(l)LEe 120 il(T—0) 4

e Agl)e_l o+il(t—o)

412
[e3 . .
:Alﬁe—lzoeﬂl(r—a)(l _ Zg)

of which the conjugate value is

L)x _ (1)1 —1%0 —il(t—0 k
pHY = A pe re ( )(1+1a)

After adding the two terms and then summing them up and taking an approximation g >> 1 one has

2 2
p(l) _ 20 [p(1,2n+l) _|_p(1,2n+1)*] Z: 2714_14(27’J1+1)2e @2n+1)¢o z(2n+1)(7—0)(_i§)
2 1) 1 —(2n+1)$o —i(2n+1)(t—0) (; k
+ ZOA2n+14(2n+1)2€ ke )

=3 Ablgee R sinl2n + (7 - o))}

which is Equation (13) in the main text.

(A20)

(A21)

(A22)

(A23)

(A24)

(A25)

(A26)

(A27)

(A28)

(A29)
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Appendix D

5 92pd 52y _ 92p) 9oV

_ (1) A

where

M
gi1(o,7) = p + % + 2co82(T — o) + %0034(7 —0)

g2(0,7) = 8sin2(r — o) + 4%52'714(7 —0) (A31)
g3(o,7) =38 [0052(7' —0)+ %0054(7 — O')}

In Appendix C following results were obtained, that is

P = 370 AL qrre” @R {2c08](2n 4+ 1)(r — o) )
+ 228@71[(2’/1 —+ 1)(7’ — O')]} -t 2 Zi:o Agln)Jrlme_@n—’_l)%osin[(Zn + 1)(7_ _ O')]}

Let’s calculate the relevant quantities under approximate condition o << k. In this and the following calculations,

summation signs will be temporarily omitted until the calculation is completed, at which point they will be restored.

op) Ee—<2n+1)%aa{A;QHmsm[@nﬂ)@—a)n
oo o oo (A33)
1 — a
I—EAQHﬂﬁﬂyz@HUNwQQn+Uh—Uﬂ
82p(1) 1 ko _ X0 1 ko _ 2n+1)%o
57 —Agn)ﬂge CrtDTosin[(2n + 1) (1 — 0)] = _Ag")“%e )R g0y (A34)
For the convenience of writing, define symbols
sin(nx) = s, cos(nz) = ¢,
then one has
52 (1) _ a,
g1(o, T)dagQ = [% + g7 +2c082(T — 0) + gypcosd(T — o)) - (—ASL)H%G D)%% g0 p1)

=— Agln)Jrle_@”H)%”%[% + 957 + 2c082(T — 0) + gi7cosd(T — 0)] - (S2041)
= —Agl)ﬂe*@”“)%”%{(% + 917 )Sm+1 + 2C282m41 + S35 C4S2m41}
g2(0o, T)ag—fj) = [8sin2(1 — o) + 4% sind(1 — 0)] {e_(%“)%” [—Aggngcos(Zn +1)(r— O‘):| }
At R {(~Ssen, ) + 45 (~Esicannr)}
g3(a,7)pH) =8 [cos2(T — o) + Tcosd(T — 0)] -
(A, e NS [k gin(2n + 1) (1 — o))}

2n+12(2n+1) o

1 _ o
A prae OV ((Eeasani) + i (Bessan )]
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Add up the three results above to obtain

82 (1) 9p(D)
91(0,7) 5L + g2(0,7) %6~ — g3(o, 7)pV)

=[- AW

2n+132a rem (DR 7] [(M

m T %)(SQTL-H) + 2¢289n41 + %0482n+1]

+Aén)+1 o Gt DEo[(—8s2cant1) + 48 (—54C2041)]

A e R a4 fcasm) (a39)

= Agn)+1 ~EnADFO(M g my g1+ 2e089m41 + 2 (Ca52n41))]

+AS) e @rtD %o [—8spcon i1 + 455 (—sacons1)]

_ AW k —(2n+1)%0[

m
2n+17(2n+1)2 20 ¢ cason+1 + 77 (casant1)]

Using the sum difference relationship in trigonometry (A35) becomes

_ W

_ Qg M
2n+1 2a (@nt1)5o [(

o+ aap)82na1 + 2c2520 11 + 357 (Cas2n11)]

(1) 1 k —(2n+1)%o
A1 @) 20 i

1 —(2n Lo
—Aén)ﬂﬁﬁe (@nt1) 5o

[—8s2¢con41 + 477 (—s4c2n+41)]

25241 + g7 (caSony1)]

2 (1) (1
or +gz(ff 22 _ g(o, T)p( )

91(07 T)

+ % : [%(82n+5 + sop—3)]}

ASZ)_H (2n1+1) 2ie_(2n+1)%o{_8 : %(32n+3 — Sop—1) + 4%[—%(8%% — Son—3)]} (A30)
- A;z)ﬂm%f(znm%”ﬂ%(&n% + son-1) + 5[5 (52045 + s20-3)]}
+%“cos’terms << “sin’terms
By restoring the summation signs the Equation (A36) can be written as the following seven terms:
The first term
om0 A agge IR0+ i)} =
—(M 4 i) A A e B+ A e sy + A e 75}
The second term
- 22:0 Ag2+le_(2n+1)%0%(32n+3 +son-1) = —Ae™ K7 E (53— s1)—
=
Aél)ef%"%(skr, + 1) — Aél)e FO (57 + s3)
= —Agl)ef%"%sz), — Agl)%ef%”(—sl) — Aél)ef%”%‘sl — Agl)ef%”%s‘r,—
Ag)ef% 2253 - Aél)e k Uzk 57
~ Agl)%e_%”sl - Agl)e_%”%sl - Agl)e_%"f S3 — A(l) Tk 2a83 - Agl)e x %55 Aél) ”21257
o EAD AP tom £ AD ¢ AV Eery AT Ao o
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The third term

~ —ﬂi{[A(l) — Agl)]ef%gsl — Agl)ef%gszﬁ, + Agl)e 085 + Ag )e & 987 + Aé e T 789}

1 n Lo
Z Agn)—&-l 2(254_1) ~Entg {_*(3271—1—3 — Sop— 1)

1 _ s —3—QU 1 757010_
= A e R {- %<83+sl>}+A3 H()e {—<5—sl>}+Aé’%<£> F{ s —ss))
= AVe R s + A e T s - AR )% s+ AL S e T (1}
AL e T —sr} + AV LR e (s}
:Az(,)l)%% "{51}+A1 x e 5o 31}+A1 Ve—fo & —s3}
+Aé1)%%e_57 33—A§1)§(%)6_T S5 ++Aél)52a —Fo {—s7}
{A3 e BTa”sl—Agl)e_% 151 A(ll)e Ko 253
+A( )4 _*‘733 - Agl)%e_%a% - Ag )%6_7"37

~ g (- AT + A1 R s)- (A - AVl R 7ss) - AP (em T oss) — AT de W0

The fifth term

- 0 AS g e FTVRGHA (52045 — 520-3)]
= —Em (A e 1 (55 + 53)] + [AF) de T (57 + s1)] + [AJV e F (s — s1)]}
= —hmAlemfosg) — kAl Lemios;) — bmialD Loy
—kmaD e Fos)) — kmalDLemF o] 4 (B my[All LemF o]
= A (A fem BT — A Lem R sy + 4]} E7sy)
+[A§1)%6_%085] + [Aél)%e_f“sﬂ + [Aél)%e_%%g;]}
751+ 2A§1)e_37a033 + 2Ag Je= %735 + Agl)%e_%”s + Agl) 2e7 Kk 759}

m 1 1 _
~ g i {14575 - A 2e

The The sixth term

~ 5 éo AG)y ST e~ IR (s9n15 + s20-1)]
= — g A e B sy — s)] + 4G 5e R (55 + s0) + A5 e E (o7 + )]}
= —% . 4{A§1)e_%‘733 + Agl)e_% (—s1) + 31)3)6_37 S5+ Agl)%e_%"sl + Aél)%e_m"s + Aél)%e_g"s;),}
:—%'4{14&1)6_%0( )—i—A(l)1 —Fos —I—A( Je= 734 —I—Aél)z—lg)e_iaas +A§)ée 755 —I—Aé)%e 57&“37}
A{(—ADeo 4 AD L) 4 (Ao +A(1)256 Boygy 4 AN I Rog 4 AD Loy
~—%{[—A§”1%+Aé>3ﬁ1e £y 1A + A4 e s+ 43 e %US5]+[A§-,”5%6—%%7}}
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The seventh term

2 1 a
_i n=0 Aén)—ﬁ—l (2n—1&-1)2 e —(2n+1) kg{<52n+5 + 52n—3)}

= g5 HHAY B (55 — s0) + A e E (o7 — 1) + ARl e E (0 + 1))
— _%%{Agl)e_%‘735 — Agl)e 83+ Aé )3126_7 S7 — A§1)312e_* s1+ Aé )526 5 89 + Aé )5126_7 s1}
= —%%{—Ag)?’%e—%”sl + Aél)g)%e_%”sl - Agl)e_%as;:, + A( Ve~ 785 + A( )326 T8+ A( )526 %059}

r—dmk i AL 4 A e Ros — AV Lo F sy + AN Lem 755+ AP L Fosr + A Lem F 50}

In above results, only the “sin” terms proportional to g are written out, while other terms such as the “cos” terms are
ignored!

Adding above seven items together we obtain

a2p(t) oo 4 k
91(0,7) S + 920, 7) o — g0 m)p ) = T A e s (A37)
. E : A2k %0
First sub-harmonic term: A" 5>~ e %751
K mo\o (1) 1) 4y Moo Wy a1
{ ( 2M)A + [A4] Azl Y3 [A5 Ay’] =84 2.1 3 2’3}
ol ml 11 w1 m (1) 8 1 8. —ag,
_2M4[A3 3 4 5] 4[-A; 12 Ay @]—m[ 555 M3 @]} 781

20 2M 121 5.2.3 12778 32
—mzx[ 02 —Am;] %[ ()= AP - AP 5 - AP 2,
o= o)A+ AP = SAD LAY - A0 - 2l A+ S e
= 2’; (M + m — 1Al - ;Agw 2”;4[ > AN ¢ 13A(1)]} = AL )Qﬁe s
Second sub-harmonic term: Ag )% 6737&083
et~y + g AS (A0 + A0 - AP - sAP
o) - AP — A0 + AP ) - T-aD e B,
(o ) AD — (A0 AL 8AD Al a2y a0
AL = AP T - AP e sy
= (0al) 4 AW (M A DA e Ry = A e,

Third sub-harmonic term: Aé )20 67%085
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Maol“*1 12
m 1 1 m (1 1 m 1 1 m
= £ {2 4 z2)Al) — AP - Al gL A) - e Al) - (AP £ - A ]}e F
= g (=g (BAY) = ZAY - GF + A Yo Foss = AP fre W78
Fourth sub-harmonic term: A% £ ¢ 77%37
koo moa w8, m2 q w4, mk (0 _Ta,
= o[ AY - gAY Sl s = AP e R
Fifth sub-harmonic term: AgQ) %6_%039
koomom_md iy, m 8 ~9a,
o0t Tanr s T oarisds I applgds et
__ Kk m 53 ) s, @)k s,
= “oqonrizds e = Ay 2" © %

Substituting (A37) into (A30) to get following differential equation

82 (2) 82 (2) 82 (1) ) (1) 1
35).2 - 65'2 :91(077') 8122 +92(U’7—) go‘ _93(037—)p( )

A38
=4 A@) k-2t oy, _ (A38)
> n=0A5m1135¢ #7sin[(2n +1)(1 — )]
where M 1 5 13
A(Q) _ o mo 1 A(l) . 714(1) _my A(l) 714(1)
1 (m + IM ) 1 9 3 2M[ 32 3 + 52 5 ]
5m M m 32
A@ _ A(l) A(l) 20 My 2 4
3 ) oM (m + 2M) 3 5275
2 13m 52 1 M m 1
AP = A - A - (o Ay (A39)
@ _ _m 29 )y 49,0
A7 - _2M[32A3 ] [572145 ]

@ __ m 53 )
AQ - oM [572‘45 ]
(A38) is just the Equation (15) in the main text.

Tables related to sum and difference relationships in trigonometry:

C2C2n+1 = 5 Llean—1 + cans), casong1 = 5 Lson+3 + S2n—1]
Son+1C4 = %[3277,—1—5 + s2,-3], cacony1 = %[6271—3 + can+s),
528241 = %[C2n71 + cany3], s2c2n41 = %[52n+3 — S2n-1]
548241 = 3[Con—3 — Cant5), S4Con+1 = 3[S2nt5 — S2n—3]



Sound & Vibration 2026, 60(2), 3837.

Appendix E

To find the quasi-accumulation solution of following differential equation

82,(2) 82p(2) 4 _ a 2 .
o — T R Y e DR AR) | (L) sin(2n +1)(r - 0)}

(A40)
4 — [e3 2 i(2n+1)(T7—0o)
=Yonoe PIETAR) ) () S e
Let the homogeneous solution of Equation (A40) be

p22ntl) — p@)eiCntl)(r=0) )y — (1,2, 3,4,

The right-hand end of Equation (A40) has a total of five terms, and according to the algorithm in Appendix C, their

quasi cumulative solutions can be written as

p(22n+1) — B§2)(U)ei(2n+l)(7—a) + B§2)(U)e—¢(2n+1)(f—a) (A41)

n @5y . ) . @y B
Bp@;U L 33180( LeiCn+1)(1=0) _ j(9n + 1) BP) (0)ein+Dr—0) 833%( ) p—i(2n+1)(r—0)
+i(2n + 1)352) (0)ei@n+D)(T=0)

(2) . (2) . )
:aBlaa(U) 62(2n+1)(7—0) + 83280(‘7) 6—1(2n+1)(7’—a) _ z(2n + 1)352) (U)ez(2n+1)(7—a)+
i(2n + 1)352) (O.)ei(2n+1)(r—a)
= _ Z'(Qn 4 1)B§2)(U)ei(2"+1)(T_U) + i(2n + 1)B§2)(0)€i(2n+1)(7—o‘)

. 0B int1)(r—0) BB;E;; () ~i2nt+1)(r—0) _ g

0o
92 p22nt1) . 0B (o) i(2n+1)(r—0) , 2 n(2)
— o= —2i(2n + 1)76 +[—2i(2n + 1)]"B," (o)
. 0BY(0) iani1)ro) 19 2p(»
+2i(2n + 1) —=—— "I L [2i(2n + 1)]°By 7 (0)

Oo

?p® 62B§2) (0)ein+1)(r—0) . 62352)(0)67i(2n+1)(770)
87’2 - 87‘2 87-2

= [i(2n + 1)]ZB§2)(g)ei(2n+1)(PU) +[—i(2n + 1)]2352)(U)efi(QnJrl)(Tfo')

Substituting this result into (A40) yields

(i) (2 L\ ei@ntl)(r—o)
il () S

2p®  92p(® _ [z(Qn + 1)]2B§2) (U)ez’(2n+1)(r—0) + [—i(2n + 1)]2352)(U)e_i(2n+1)(7_g)

or2 002

@,
— {~2i(2n + 1)833970(0)62(271-1—1)(7—0) +[~2i2n + D12B? (o)

)
o

(2 .
4+ 2i(2n + 1)8'%7@6—2(27%&-1)(7—0) + [21:(2n + 1)]2352) (O‘)}

(2) ) () .
=2i(2n + 1)78]3}%(0) ei@nt1)(7=0) _ 9(2n + 1) aB?%(U) e—i(2n+1)(7—0)

20
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Simultaneous this result and equation (A40) to get

(2) 2)
2i(2n + 1)831 (G)ei(2n+1)(7'70) —2i(2n + 1) 5 (o) o i2nt+1)(1—0) —,—(2n+1)Fo 4(2)

0B k ei(2n+1)(7'—a)
5 5 (o) o
et Q) (d) O )T

9B (0) i2n+1)(r—0) _ 0BY() —i(2n+1)(r—0) -1 &
Jo 90 2i(2n+1) n+1 \2q 5

or

(A42)

- (2)
4(2$+1) Az

(%) o~ (2n+1) Eo+i(2n+1)(7—0)

Bf)(o) and B§2) (o) must satisfy the condition

2 2
9By (0) ians1)r—o) N 9B5(0) ieminiro) _ (A43)
Oo Oo

(A43) plus (A42), one has

A
do 8(2n + 1) 2ntt

2
9B{” (o) i@t (r—0) _ 1 &) ( k > o~ (2nt1) Eo+i2n+1)(r—0)
2a

oo 8(2n+1) Aznir

0B (0) 1 2) ( k ) o (2nt1)%0
2

Integrating this result with respect to o yields

(), _ 1 @ (k) —@n+1ee
BP(0) = — A L3
U0 = e e+ 1) ant <2a) ‘ '

2
1 2) (’f) ()20 (Add)

4(2n + 1)27 2\ 20

(A43) minus (A42) to get

332(32) (@) ,—i(2n+1)(r—0) — 142

" 8(2n+1)“"2n+1 ( - ) 67(2n+1)ﬁ‘7*i(2n+1)(7—g) =

2a

do — T 8(@2n+1)“M2n+1

0B (o) 1 4@ ( k ) e~ (2n+1) Fo—i2(2n+1)(t—0)

2a

2 2 —(2n Lo—i2(2n T—0O
= By (0) = gaagmyAsme (g5) ¢ CrDRr2Cmi o) o

K &
— 8(2n+1) 2c 2a

Due to Béz) (o) << BP(U), we ignore Bém(a) and substitute the obtained result into (A41), add its conjugate
value, and restore the summation sign to obtain the final result

p(z) _ B§2)(U)ei(2n+1)(rﬂ) +ce.

2) 2 _(2n Lor,i(2n T—0 —i(2n T—0
:ngomAg"“ (£) e ) Foei2n+1)(T=0) 4 g=i(2n+1)(r—0)] (A45)

2 _(on X o
s ASii (4) e Ui cos[(2n + 1)(7 — o)

4
n=0

21
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Appendix F

Flows amplify sound

2
@ _ V™ ¥A(2) k —(2n+1) %0 9 D (r —
0 =Y s (5] OV Eosl(2n + (o)
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Define the gain of flow amplification sound
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Now let’s study the situation m; = 1. Since
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Obviously, Bg) is a quadratic parabola, 6?()1) is a straight line, independent of flow, and 65()1) does not magnify. Thus,

)

it can be inferred that the amplification gain of 54A§4 is an 8th degree polynomial of M/m, the amplification gain of

54A:(34) is a 7th degree polynomial of M/m,, the amplification gain of 54Ag4) is a 6th degree polynomial of M/m, ..., the

amplification gain of £4A§? is a straight line, and the amplification gain of E4Aﬁ) is 1 independent of the flow.
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