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Abstract: Accurate estimation of modal damping ratios is essential for predicting and
controlling the dynamic response of multi-degree-of-freedom (MDOF) structures, particularly
in bridge and structural vibration studies. Despite the availability of various methods for
estimating damping ratios in MDOF systems, most approaches rely on modal decoupling,
which often involves considerable complexity and effort. This work introduces two approaches
that eliminate the need for modal decoupling: a filter-based method and an improved
Half-Quadratic GainMethod (HQGM). The filter-based approach extracts decay characteristics
directly from displacement signals using frequency-domain filtering and logarithmic envelope
analysis, achieving damping ratio estimates within 3% error for both free and forced
vibrations and for systems with low or high damping. The HQGM, originally formulated for
single-degree-of-freedom systems, is extended here to MDOF systems and further enhanced by
a correction formula that suppresses coupling-induced secondary peaks in frequency response
functions. Comparative analysis demonstrates that while the original HQGM performs well in
weakly coupled systems, the improved HQGM yields superior accuracy under strong coupling
conditions. Both methods provide a robust framework for identifying damping characteristics
across a wide range of dynamic systems. The proposed techniques offer practical advantages for
structural engineering applications, where damping properties are difficult to measure directly.

Keywords: modal damping ratio; MDOF systems; filter-based method; HQGM; modal
coupling

1. Introduction

Bridge vibration incidents resulting from wind-structure interaction have
underscored the critical importance of accurate damping identification in structural
engineering and design. In particular, the ability of a bridge to dissipate dynamic
energy plays a key role in ensuring structural safety and serviceability under
wind-induced excitations. As long-span bridges continue to increase in size, flexibility,
and complexity, their dynamic behavior becomes more difficult to predict and
control. This evolution has made the precise estimation of damping ratios in
multi-degree-of-freedom (MDOF) systems not only more challenging but also more
essential. Reliable damping measurements are fundamental to the development of
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realistic analytical models, effective vibration mitigation strategies, and robust design
practices that account for aeroelastic effects and resonance phenomena in large-scale
bridge structures.

Environmental factors, such as traffic loads and wind effects, significantly
influence the dynamic response of structures, including both urban transportation
infrastructure and wind turbine blades [1]. These factors introduce time-varying forces
and fluctuations that can alter the structural damping characteristics [2]. Traffic loads,
for example, generate dynamic forces that vary depending on vehicle speed, weight, and
traffic density. As seen in the Humen Bridge, the damping ratio increases from 0.069%
under unloaded conditions to 0.290% when subjected to traffic-induced excitation [3].
Similarly, wind effects, including changes in wind pressure and turbulence, contribute
additional dynamic loading, further affecting the structural damping and overall
performance.

The single-degree-of-freedom (SDOF) system forms the fundamental basis for
vibration analysis and provides essential insights into the modal decomposition of
MDOF systems [4,5]. In a NASA technical memorandum, six commonly usedmethods
for estimating the damping ratio of SDOF systems are summarized: the Half-Power
Method, the HQGM, the Logarithmic Decrement Method, the Autocorrelation and
Power Spectral Density Method, the Frequency Response Function (FRF) Method, and
the Random Decrement Method [6]. Building upon these SDOF-based techniques,
researchers have developed a variety of approaches to estimate damping ratios in
MDOF systems, aiming to address the added complexity introduced by mode coupling
and closely spaced natural frequencies.

Naylor et al. [7] introduced the Resonant Decay Method (RDM) for identifying
the modal mass, damping, and stiffness matrices of MDOF systems exhibiting
non-proportional damping. The effectiveness of the RDM was demonstrated using
an analog plate model equipped with discrete dampers. The study further examined
the influence of factors such as out-of-bandwidth flexible and rigid modes, imperfect
force distribution, measurement noise, and deviations in mode shapes. While the
RDM proved effective for systems with non-proportional damping, its performance
degraded in the presence of non-smooth signals. To address this limitation, the
researchers incorporated wavelet transform techniques, enabling improved handling of
non-smooth and transient data. Meo et al. [8] proposed a wavelet transform–based
method for estimating modal parameters of suspension bridges from time-domain
output data. The Random Decrement Technique (RDT) was used to extract free
vibration signals, which were then decomposed using wavelet transforms to identify
natural frequencies, mode shapes, and damping ratios. This approach enhanced the
analysis of non-stationary signals and, with the use of analytic wavelet transforms,
offered improved time–frequency resolution for systems with closely spaced or dense
modes.

Wang and Zhai [9] proposed a method for identifying modal damping ratios
in MDOF systems with dense modes using the analytic wavelet transform. They
constructed normalized analytic wavelets to transform system responses into wavelet
magnitude maps, from which ridge points were extracted. The damping ratio of each
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mode was then estimated from the corresponding logarithmic magnitude curves. To
improve the accuracy and robustness of data analysis, Ku et al. [10] proposed a Random
Decrement (RD) method that integrates Fast Fourier Transform (FFT) and Linear Least
Squares. This approach enables accurate modal identification even without knowledge
of external excitation, making it effective in complex and variable environments.

To address nonlinear and nonsmooth vibration signals, He et al. [11] proposed
a method combining Empirical Mode Decomposition (EMD) with the RD. The
Newton–Raphson iterative method, coupled with the Davidon–Fletcher–Powell
(DFP) variable scaling algorithm, was used to obtain optimal solutions. This
approach improves parameter identification accuracy while reducing errors caused
by signal irregularities. In bridge modal analysis, distinguishing between free
and forced vibration remains a key challenge. To address this, Yang et al. [12]
proposed the Iterative Variational Modal Decomposition (IVMD) method, which
automatically extracts individual modal components from free vibration data without
manual intervention. The identified free vibration signals are then processed using
the data-dependent Eigensystem Realization Algorithm (ERA) to estimate modal
parameters.

The impact of environmental loads, such as traffic and wind, on the modal
damping of suspension bridges has become an important research focus. Dan et
al. [13] studied how traffic and wind loads affect the dynamic characteristics of
suspension bridges. Using the Extended Dynamic Stiffness Method (EDSM), they
derived an explicit expression for the modal damping ratio under traffic loading
and established its relationship with bridge design parameters. Their findings show
that modal damping increases with traffic load, which helps suppress wind-induced
vortex-excited vibrations. Niu et al. [14] proposed a method for identifying modal
parameters of multi-span bridges by combining Complementary Ensemble Empirical
Mode Decomposition (CEEMD) with the RDT. Utilizing high-frequency GNSS-RTK
measurements to capture dynamic responses, this approach improves the accuracy and
reliability of modal identification under operational conditions.

Advancements in vibration signal analysis have led to non-contact methods that
simplify testing and improve measurement accuracy. Hallal et al. [15] introduced
a video amplification technique to identify modal damping ratios in mechanical
structures. Using a high-frame-rate camera, they captured the vibration response of
a cantilever beam subjected to shock. The structure’s FRF was extracted via video
amplification, and damping ratios were calculated using the 3 dB bandwidth method.

The HQGM was originally developed for SDOF systems as a robust technique
for estimating damping ratios from FRFs using the half-power points [16, 17]. The
method has been widely utilized due to its ability to provide accurate damping estimates
in systems with low to moderate damping. The HQGM has been further explored and
applied in various domains, including mechanical systems and vibration analysis [18,19].
However, its direct application to multi-degree-of-freedom (MDOF) systems, where
modal coupling and closely spaced modes often occur, presents significant challenges.
In MDOF systems, coupling effects can distort the FRF, leading to inaccurate damping
estimates. Recent studies have attempted to extend the HQGM to MDOF systems
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by incorporating modal decoupling techniques or alternative methods to address these
issues [8]. Despite these efforts, the accuracy of the HQGM remains compromised in
systems with strong coupling.

Although many methods exist for estimating damping ratios in MDOF systems,
most require modal decoupling, leading to significant effort. We propose two novel
methods for estimating damping ratios in 2DOF systems: a filter-based method that
avoids modal decoupling and an improved HQGM that corrects coupling-induced
errors, offering more efficient and accurate results compared to existing techniques.
The first is a filter-based approach that extracts decay characteristics directly from
displacement signals to estimate damping ratios. The second is an enhanced version of
the HQGM—originally developed for SDOF systems and detailed in NASA’s technical
manual—augmented with a correction formula to extend its application to MDOF
systems. This study extends beyond existing methods such as wavelet transforms and
RDT, not merely complementing but offering a distinct and more efficient framework
for damping estimation. By addressing the challenges of modal decoupling and
computational effort, the present methods provide a more accessible and accurate
solution for structural applications.

The remainder of this paper is organized as follows. The filter-based damping
estimation method and its application to both excited and unexcited 2DOF systems are
presented in Section 2. The original HQGM and its improved version for handling
modal coupling are introduced in Section 3, along with validation under different
coupling conditions. Summary of key findings and concluding remarks are provided
in Section 4.

2. Filter-based method for damping estimation

2.1. Application to unexcited 2DOF systems
The dynamic equation of a 2DOF unexcited system, in the absence of excitation,

is given by Liu et al. [20]:

[M ]{Ẍ}+ [C]{Ẋ}+ [X]{X} = 0 (1)

whereM denotes the mass matrix,C is the dampingmatrix, andK is the stiffness matrix.
The vectors X, Ẋ , and Ẍ denote displacement, velocity, and acceleration of the system,
respectively.

A simple sketch of an unexcited 2DOF is shown in Figure 1a, where subscripts
‘1’ and ‘2’ refer to the structures ‘1’ and ‘2’, respectively. The specific equations of
motion for this system can be derived as

m1ẍ1 + c1ẋ1 + (k1 + k2)x1 − k2x2 = 0

m2ẍ2 + c2ẋ2 − k2x1 + k2x2 = 0
(2)

The final expressions for the displacements of the system are as follows:

x1(t) = A11e
α1t cos(β1t) +A12e

α2t cos(β2t)
x2(t) = A21e

α1t cos(β1t) +A22e
α2t cos(β2t)

(3)
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Figure 1. (a) Free vibration of a 2DOF system; (b)Vibration displacement response of a 2DOF
unexcited system.

Our goal is to deepen the understanding of the fundamental vibration responses
of a forced damped system. In this context, we introduce universal definitions for the
frequency ratio and critical damping ratio, which are essential for effectively teaching
and learning the mechanics of a damped system subjected to an excitation force. There
is no doubt that this content is imperative and indispensable for pupils, teachers,
researchers, engineers, and military personnel. The constants A11, A12, A21, and A22

are the inherent characteristics of the system, determined by the initial conditions. The
parameters α1 or α2 and β1 or β2 represent the corresponding mode decay factor and
damped natural frequency, respectively, both of which depend solely on the intrinsic
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properties of the system.
It can be seen that both displacement expressions are linear combinations of

eα1tcos (β1t) and eα2tcos (β2t). To analyze the system and produce response signals,
the following parameter values are selected: m1 = 1 kg,m2 = 2 kg, c1 = 0.05 Nm/s, c2
= 0.1 Nm/s, k1 = 300 N/m, k2 = 200 N/m. The initial conditions are set as: x1(0) = 1 m,
ẋ1(0) = 0 m/s, x2(0) = 0 m, and ẋ2(0) = 0 m/s. Using these values, the displacement
response of the system can be explicitly calculated as:

x1(t) = 0.9092e−0.025tcos(23.344t)− 0.00097e−0.025tsin(23.344t)

+0.0918e−0.025tcos(7.420t)− 0.00031e−0.025tsin(7.420t)

x2(t) = −0.2044e−0.025tcos(23.344t) + 0.00022e−0.025tsin(23.344t)

+0.2040e−0.025tcos(7.420t)− 0.00069e−0.025tsin(7.420t)

(4a)

Neglecting very small-amplitude terms, Equation (4a) could be reduced to

x1(t) = 0.9092e−0.025tcos(23.344t) + 0.0918e−0.025tcos(7.420t)

x2(t) = −0.2044e−0.025tcos(23.344t) + 0.2040e−0.025tcos(7.420t)
(4b)

The corresponding displacement responses of the system are illustrated in
Figure 1b.

For a 2DOF system, the system matrix is a 4 × 4 real matrix, and its eigenvalues
typically appear as two pairs of complex conjugates, expressed as λ = −α ± jβ,
where α represents the decay factor, and β is the damped natural frequency for the
corresponding mode. According to the theory of linear differential equations with
constant coefficients, each pair of complex conjugate eigenvalues corresponds to a
modal solution of the form e−αtcos(βt) and e−αtsin(βt). The general solution of the
system’s displacement response is then a linear combination of suchmodal components,
each representing one mode of vibration. When the initial conditions are applied, the
specific coefficients of each mode are determined, and the final expression for the
displacement response becomes an explicit sum of exponentially decaying sinusoidal
terms.

As a result, each term in the response expression clearly contains an exponential
decay component e−αt, representing the damping factor α, and a cosine wave cos(βt)
or sin wave sin(βt) with the damped natural frequency β. Since this structure arises
directly from the eigenvalue characteristics of the system, the parameters α and β can
be extracted from the response expression with mathematical rigor.

For a single degree of freedom of a system, the displacement equation can be
written as,

x(t) = Ae−ζωntcos
(
ωn

√
1− ζ2t

)
(5)

where A is a constant (depending on the initial condition), ζ is the damping ratio, and
ωn is the undamped natural frequency of the system. Here, the decay factor α and the
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damped natural frequency can be expressed as,

α = ζωn (6a)

β = ωn

√
1− ζ2 (6b)

Equation (5) can now be written as,

x(t) = Ae−αtcos(βt) (7)

The ζ can be obtained by solving Equation (6a,b) as,

ζ =
α√

α2 + β2
(8)

Equation (8) has been used to calculate the damping ratio in the study of
Casiano [6]. From Equation (4), the first mode of the system has a decay factor of
0.025 and a damped natural frequency of 7.420 rad/s, yielding a damping ratio of
0.00337. The secondmode, with the same decay factor of 0.025 and a natural frequency
of 23.344 rad/s, corresponds to a damping ratio of 0.00107. These values represent the
actual modal damping ratios of the unexcited system.

Given the relationship between circular frequency and frequency,

fn =
ωn

2π
(9)

the corresponding frequencies are calculated as fn1 = 1.18 Hz and fn2 = 3.72 Hz.
In practical and engineering applications, the mass, damping, and stiffness of

a system are often difficult to determine directly, whereas vibration displacement
responses can be readily measured using sensors and other tools. In the following
sections, we present a method for extracting the system’s natural frequencies and
damping ratios based on the measured displacement response.

The FFT is a powerful tool for analyzing the frequency content of a signal.
It converts complex time-domain signals into the frequency domain, revealing the
underlying frequency characteristics. Here, two vibration displacement responses x1
and x2 are analyzed using FFT to identify the dominant vibration frequencies of the
system. The resulting FFT power spectra are shown in Figure 2.

To facilitate comparison of spectral characteristics across different frequency
ranges and eliminate the influence of absolute amplitude scales, the FFT amplitude
spectra were normalized by dividing all values by the maximum amplitude within
the analyzed frequency range. This normalization approach allows for dimensionless
representation of the frequency content, making it easier to identify dominant frequency
components and compare relative amplitude distributions. As shown in Figure 2, the
two vibration displacement signals (from Figure 1b) exhibit two dominant vibration
frequencies each. The two frequency values (f1 = 1.17 Hz and f2 = 3.70 Hz) are
identical for both signals, while their amplitudes differ, as expected. These frequency
values closely match those calculated from Equation (6), with minor errors of 1.22%
and 0.41%, respectively, attributed to the FFT frequency resolution. Thus, the natural
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frequencies derived from the FFT method can be considered accurate.

Figure 2. Amplitude-frequency curves obtained by FFT of vibration displacement responses
of a 2DOF unexcited system: FFT of (a) x1(t); (b) x2(t).

Using f1 and f2 as the center frequencies, corresponding bandpass filters are
designed to isolate the displacement responses in Figure 1b. The filter bandwidth is
set to 20% of the center frequency, with the lower and upper cutoff frequencies defined
as 0.9 and 1.1 times the center frequency, respectively, following Köhler et al. [21].
This filtering process allows the system’s responses associated with each frequency to
be separated and analyzed individually. As an example, the displacement response x1
is filtered, and the resulting signal is shown in Figure 3. Both filtered signals exhibit
amplitude decay over time. Since the damping ratio is determined using the decay
factor α and the oscillation frequency β (as shown in Equation (8)), a key question
arises: can α be reliably estimated from the filtered signals for accurate damping ratio
calculation? How is α extracted from a signal? Is it represented by the slope of the
envelope connecting the signal peaks? If so, is this envelope always linear? If the
decay is not linear, what method should be used to calculate α? Note that the circular
frequency β has already been determined from the FFT results in Figure 2.

Recalling the equation x(t) = Ae−αtcos(βt), the amplitude envelope is,

Ap(t) = Ae−αt. (10)

Taking the logarithm on both sides of the equation, we can get:

ln(Ap(t)) = lnA− αt. (11)

It is now a straight line equation, with a negative slope of α magnitude that is to
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be calculated from the signal as shown in Figure 4.

Figure 3. Filtered modal components of displacement x1(t) for the 2DOF system: First and
second modal components centered at (a) f 1 = 1.17 Hz; (b) f 2 = 3.70 Hz, respectively.

Figure 4. (a) First mode component of displacement x1(t) and its envelope, centered at f 1 =
1.17 Hz; (b) Log-transformed envelope of the first mode and its linear fit.

Firstly, the Hilbert transform is used on the filtered signals to get the envelope of
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the curve, as shown in Figure 4a. The estimated α and β of the system given in this
example are shown in Table 1.

Table 1. Decay factor and natural frequency of the unexcited system.

Estimated α1 (× 10−2) Estimated β1 Estimated α2 (× 10−2) Estimated β2

x1(t) 2.447 7.420 2.495 23.344
x2(t) 2.441 7.420 2.492 23.344

After obtaining β and α of the system, ζ values for the twomodes can be calculated
directly using Equation (8). The actual modal damping ratios ζ1 = 3.369 × 10⁻3 and ζ2
= 1.071 × 10⁻3 are obtained from Equation (4). The results of the calculations and the
error are shown in Table 2.

Table 2. Damping ratios and errors by filter-based method (unexcited system).

EstimatedFrequencies (Hz)InputMode ζ (× 10−3 Actual) ζ (× 10−3 Errors in) ζ

ζ1
x1(t) 1.17 3.298 3.369 2.12%
x2(t) 1.17 3.290 3.369 2.36%

ζ2
x1(t) 3.70 1.069 1.071 0.20%
x2(t) 3.70 1.068 1.071 0.32%

As shown in Table 2, the errors are all below 2.36%. This demonstrates that the
filter-based method can accurately estimate the damping ratios of an unexcited 2DOF
system.

After isolating the vibration response of a single mode through filtering, the
logarithmic decrement method — commonly used for SDOF systems [22–25]—can
also be employed to estimate the system’s damping ratio. The results obtained by
applying the traditional logarithmic decrement method to the system presented in this
section are provided in Table 3.

Table 3. Damping ratios and errors by logarithmic decrement method (unexcited system).

EstimatedFrequencies (Hz)InputMode ζ (× 10−3 Actual) ζ (× 10−3 Errors in) ζ

ζ1
x1(t) 1.17 3.3191 3.3693 1.49%
x2(t) 1.17 3.3218 3.3693 1.41%

ζ2
x1(t) 3.70 1.0669 1.0709 0.38%
x2(t) 3.70 1.0712 1.0709 0.02%

The logarithmic decrement method is highly dependent on the quality of the
filtered signal. If the filtered signal accurately reflects the true decay behavior, the
resulting damping ratio estimation can be precise. By comparing the calculation errors
presented in Tables 2 and 3, it can be seen that the filtered signals used in this study are
of high quality. Under such conditions, the logarithmic decrement method yields even
more accurate results.

2.2. Application to 2DOF excited systems
The dynamic equation of a 2DOF system under excitation is given by

[M ]{Ẍ}+ [C]{Ẋ}+ [K]{X} = F (t), (12)
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where F(t) denotes the excitation force. The corresponding 2DOF schematic is
provided in Figure 5a.

Figure 5. (a) Forced vibration of a 2DOF system; (b) Vibration displacement response of a
2DOF excited system.

The equation of motion for an unexcited system is a homogeneous system of
equations. In contrast, when the system is subjected to external excitation, the equation
of motion becomes nonhomogeneous, with the additional terms accounting for the
applied external forces. The nonhomogeneous system is shown as follows.

m1ẍ1 + c1ẋ1 + (k1 + k2)x1 − k2x2 = F1sin (ω1t+ ϕ1)

m2ẍ2 + c2ẋ2 − k2x1 + k2x2 = F2sin (ω2t+ ϕ2)
(13)

where F1 and F2 denote the amplitude of external forces, ω1 and ω2 denote the circular
frequency of external forces, and ϕ1 and ϕ2 denote the corresponding phase lag with
respect to the initial conditions. The above six known physical quantities are all
constants: F1 = 120 N, F2 = 100 N, ω1 = 2 rad/s, ω2 = 3 rad/s, ϕ1 = 0.5 rad, and
ϕ2 = 0.4 rad. The specific values of physical quantities such as mass, damping, and
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F1sin (ω1t+ ϕ1) = F1 [sin (ω1t) cosϕ1 + cos (ω1t) sinϕ1]

F2sin (ω2t+ ϕ2) = F2 [sin (ω2t) cosϕ2 + cos (ω2t) sinϕ2]
(14)

In this system, the external excitation comprises multiple frequency components,
and the system must respond to each accordingly. The response at each degree of
freedom is influenced by all frequency components, with the response to each frequency
consisting of both sine and cosine terms. Consequently, four unknown coefficients
must be determined for each degree of freedom to fully describe the amplitude and
phase of the sine and cosine components associated with each frequency. Given that
the system has two degrees of freedom and is subjected to two distinct frequency
components, the particular solution involves a total of eight unknown coefficients. The
particular solutions can then be expressed as follows.

x1,p(t) = A1sin (ω1t) +B1cos (ω1t) + C1sin (ω2t) +D1cos (ω2t)

x2,p(t) = A2sin (ω1t) +B2cos (ω1t) + C2sin (ω2t) +D2cos (ω2t)
(15)

After defining the particular solution with eight unknown coefficients, take its first
and second derivatives, substitute them into Equation (13), andmatch the coefficients of
sin and cos. This yields eight linear equations that naturally split into two independent
4 × 4 subsystems: the first contains the unknowns A1, B1, A2, B2 together with F1

and ω1; the second contains the unknowns C1, D1, C2, D2 together with F2 and ω2.
Solving each 4× 4 system individually provides its corresponding coefficients. These
two 4× 4 systems of equations are given as follows.

k1 + k2 −m1ω
2
1 −k2 ω1c1 0

−k2 k2 −m2ω
2
1 0 ω1c2

−ω1c1 0 k1 + k2 −m1ω
2
1 −k2

0 −ω1c2 −k2 k2 −m2ω
2
1



A1

A2

B1

B2

 =


F1cosϕ1

0

F1sinϕ1

0

 (16)


k1 + k2 −m1ω

2
2 −k2 ω2c1 0

−k2 k2 −m2ω
2
2 0 ω2c2

−ω2c1 0 k1 + k2 −m1ω
2
2 −k2

0 −ω2c2 −k2 k2 −m2ω
2
2



C1

C2

D1

D2

 =


0

F2cosϕ2

0

F2sinϕ2

 (17)

After solving Equations (16) and (17), the eight unknown coefficients are obtained:
A1 = 0.3659, A2 = 0.3809,B1 = 0.2004,B2 = 0.2091, C1 = 0.3726, C2 = 0.9149,D1 =
0.1591,D2 = 0.3903. After substituting the above data into Equation (15), the particular
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stiffness  are  the  same  as  those  in  the  unexcited  system  described  in  Section  2.1.
  The  solution  to  a  nonhomogeneous  system  of  equations  consists  of  two:  the
complementary  solution  to  the  corresponding  homogeneous  system  and  a  particular
solution  to  the  nonhomogeneous  system.  The  first  step  is  to  determine  the  particular
solution.

  Decomposing  the  external  force  using  the  trigonometric  sum  and  difference
formulas,  we  can  get:



(18)

The homogeneous solution of the system is subsequently determined. In this
study, the forced vibration system is subjected to the same initial conditions as the
free vibration system analyzed in Section 2.1. Given that the particular solution of
the forced system has already been derived, the initial conditions corresponding to the
homogeneous solution at t = 0 s can be obtained accordingly. Utilizing these initial
conditions, the homogeneous solution can be computed following the same procedure
outlined in Section 2.1. By superimposing the homogeneous and particular solutions,
the complete displacement response of the forced vibration system is thus obtained.

x1(t =) −0.1859e−0.025t cos(7.420t)− 0.2164e−0.025x sin(7.420t)
+0.8271e−0.025x cos(23.344t)− 0.0097e−0.025t sin(23.344t) + x1,p(t)

x2(t =) −0.4138e−0.025t cos(7.420t)− 0.4815e−0.025t sin(7.420t)
+0.0022e−0.025t cos(23.344t) + 0.1858e−0.025t sin(23.344t) + x2,p(t)

(19)

The vibration displacement response of the system is shown in Figure 5b.
Since the undamped natural frequency is an inherent property of the system,

the presence or absence of external forces does not affect it. Therefore, the natural
frequency of the excited system should be equal to that of the unexcited system.

Using the FFT on the two vibration displacement signals separately, the vibration
frequencies of the system can be known from Figure 6. As can be seen from Figure
6, the two vibration displacement curves have four predominant vibration frequencies:
f1 = 0.30 Hz, f2 = 0.47 Hz, f3 = 1.17 Hz, and f4 = 3.70 Hz. Notably, f1 and f2

correspond exactly to the frequencies of the external forces, while f3 and f4 are the
natural frequencies of the excited system. Moreover, these two frequencies are exactly
equal to the natural frequencies of the unexcited system, as the damping values are
small.

Using these four frequencies as center frequencies, corresponding filters are
designed to process the vibration response signals in Figure 5b. This allows the
displacement responses of the system to be isolated at each of these frequencies.

Filtering the response signals yields the results shown in Figure 7. It can be
observed that the filtered signals at the excitation center frequencies f1 and f2 are
not attenuated (Figure 7a,b). This indicates that the corresponding damping ratios
are effectively zero; no evidence of structural damping is present at the excitation
frequencies. In other words, damping at the excitation frequencies does not play a
significant role. In contrast, the filtered signals at the system’s natural frequencies f3
and f4 exhibit clear attenuation, revealing the influence of structural damping.
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solution  of  Equation  (13)  can  be  obtained  as

x1,p(t)  =  0.3659sin(2t)  +  0.2004cos(2t)  +  0.3726sin(3t)  +  0.1591cos(3t)
x2,p(t)  =  0.3809sin(2t)  +  0.2091cos(2t)  +  0.9149sin(3t)  +  0.3903cos(3t)



Figure 6. Amplitude-frequency curves obtained by FFT of vibration displacement responses
of a 2DOF system with force: FFT of (a) x1(t); (b) x2(t).

Figure 7. Filtered components of displacement response x1(t) centered at (a) f 1 = 0.3 Hz; (b)
f 2 = 0.47 Hz; (c) f 3 = 1.17 Hz; (d) f 4 = 3.70 Hz.

Following the same procedure applied to the unforced system in Section 2.1, the
decay factor α and the natural frequency β are estimated from the filtered signals, as
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summarized in Table 4.

Table 4. Decay factor and natural frequency of the excited system.

Estimated α1 (× 10−2) Estimated β1 Estimated α2 (× 10−2) Estimated β2

x1(t) 2.519 7.420 2.533 23.344
x2(t) 2.417 7.420 2.578 23.344

Using α and β values, the corresponding damping ratios are calculated and
compared with the actual values inTable 5. The table shows that the deviation from the
theoretical values is less than 3.12%, demonstrating both the feasibility and accuracy of
the proposed method. The larger errors observed for (1.32% and 3.12%) compared to
(0.76% and 0.68%) are primarily due to leakage from the first mode into the passband
of the second mode. Although the frequency separation between the two modes is
much greater than the filter’s bandwidth, which usually ensures good mode separation,
leakage remains an inherent limitation of the filter design. The six-order Butterworth
filter used in this study, while effective, cannot fully eliminate this leakage. Notably,
the errors indicate that the leakage is more pronounced at the higher frequency of 3.70
Hz. The selection of the 6th-order Butterworth filter was based on a balance between
filter stability and sensitivity to bandwidth. The Butterworth filter is known for its
maximally flat frequency response in the passband, which minimizes distortion and
ensures reliable signal processing. It provides a good trade-off between filter sharpness
and computational complexity. Higher-order filters can improve the attenuation of
unwanted frequencies, but they can also lead to increased sensitivity and potential
instability if not carefully tuned.

Table 5. Damping ratios and errors by filter-based method (excited system).

EstimatedFrequencies (Hz)InputMode ζ (× 10−3 Actual) ζ (× 10−3 Errors in) ζ

ζ1
x1(t) 1.17 3.395 3.369 0.76%
x2(t) 1.17 3.392 3.369 0.68%

ζ2
x1(t) 3.70 1.085 1.071 1.32%
x2(t) 3.70 1.104 1.071 3.12%

For the same excited system, the damping ratio is calculated using the logarithmic
decrement method and compared with that obtained from the envelope method.
Comparison of Tables 5 and 6 indicates that the logarithmic attenuation method
and the filter-based method attain comparable computational accuracy. The former,
nevertheless, exhibits a larger error variance, implying a pronounced dependence on
signal quality. Accordingly, the filter-based method affords greater stability.

Table 6. Damping ratios and errors by logarithmic decrement method (excited system).

EstimatedFrequencies (Hz)InputMode ζ (× 10−3 Actual) ζ (× 10−3 Errors in) ζ

ζ1
x1(t) 1.17 3.3444 3.3693 0.74%
x2(t) 1.17 3.2891 3.3693 2.38%

ζ2
x1(t) 3.70 1.0706 1.0709 0.03%
x2(t) 3.70 1.1055 1.0709 3.23%

As shown in Tables 2 and 5, when evaluating the accuracy of the filter-based
method for calculating the damping ratios of a 2DOF system, the damping ratios of
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the given system are very small, with the highest modal damping ratio not exceeding
0.005. Therefore, the filter-based method can be considered an effective and reliable
technique for estimating the modal damping ratios in low-damping 2DOF systems.

2.3. Applications to systems with high damping ratio
To examine whether the filter-based method is applicable to systems with higher

damping ratios, a new system is designed by adjusting parameters such as mass,
stiffness, and damping. The newly adopted parameter values are: m1 = 1 kg, m2 =
1 kg, c1 = 0.04 Nm/s, c2 = 0.03 Nm/s, k1 = 1 N/m, k2 = 1 N/m. The damping ratio of
the new system is calculated using the same method described in Section 2.1, and the
results are presented in Table 7.

Table 7. Damping ratios and errors (higher-damping-ratio unexcited system).

EstimatedFrequencies (Hz)InputMode ζe (× 10−2 Actual) ζa (× 10−2 Errors in) ζ

ζ1
x1(t) 0.10 2.6840 2.6506 1.26%
x2(t) 0.10 2.6602 2.6506 0.36%

ζ2
x1(t) 0.26 1.1337 1.1507 1.47%
x2(t) 0.26 1.1446 1.1507 0.52%

Subsequently, the applicability of the filter-based method is examined for the
excited systemwith a higher damping ratio. An external force identical to that described
in Section 2.2 is applied to this system, and its damping ratio is then computed. The
results of the calculation are presented in Table 8.

Table 8. Damping ratios and errors (higher-damping-ratio excited system).

EstimatedFrequencies (Hz)InputMode ζ (× 10−2 Actual) ζ (× 10−2 Errors in) ζ

ζ1
x1(t) 0.10 2.6427 2.6506 0.30%
x2(t) 0.10 2.6275 2.6506 0.90%

ζ2
x1(t) 0.26 1.1187 1.1507 2.78%
x2(t) 0.26 1.1452 1.1507 0.47%

From Tables 7 and 8, it can be observed that for the new system with a higher
damping ratio, the maximum computational error is 2.78% and the minimum is
0.30%. This demonstrates the applicability of the filter-based method to such systems.
Furthermore, when the errors of the high-damping system are compared with those
of the low-damping system (Tables 2 and 5), they are found to be numerically
similar. This indicates that the method achieves comparable accuracy for both cases.
Overall, the filter-based method provides a high level of computational accuracy and is
applicable to 2DOF systems with either high or low damping ratios.

In practical applications, FRFs are typically derived from real-world data, where
measurement noise can significantly influence the results. This noise can introduce
inaccuracies in the estimation of damping ratios and modal parameters. To mitigate
these effects, techniques such as noise filtering, statistical averaging, and robust
estimation can be employed.
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3. HQGM and its improvement

3.1. Original HQGM for SDOF systems
The dynamic equation of a SDOF system shown in Figure 8a can be written

as [26].
mẍ(t) + cẋ(t) + kx(t) = F (t)) (20)

where m, c, and k denote the mass, viscous damping coefficient, and stiffness
of the system, respectively; x, ẋ, and ẍ represent displacement, velocity, and
acceleration. The variable t denotes time, and F(t) is the external excitation force.
The Half-Quadratic Gain Method is based on the analysis of FRF of an SDOF system.
The FRF is obtained either by taking the ratio of the Fourier transforms between the
output and input signals. This approach is straightforward, being suitable for systems
with deterministic or periodic excitations. Subsequently, the relationship between the
squared magnitude of the FRF and the excitation frequency f is established.

Figure 8. (a) Forced vibration of a SDOF system; (b) Normalized magnitude squared curve
of FRF in a SDOF system.
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Figure 8b illustrates this relationship for the SDOF system. The peak of the
squared FRF magnitude can be identified at fp. Next, the two frequencies at which
the squared magnitude drops to half of the peak value can be determined, referred to as
the half-power points. These frequencies are denoted as the lower half-power frequency
fl and the upper half-power frequency fu.

The damping ratio of the system is related to the peak frequency and the
frequencies of the half-power points [6]. The relationship of the damping ratio with
the three frequencies (fl, fp, and fu) is:

ζ =

√√√√√1

2
−

√√√√(4 + 4

(
fu − fl

fp

)2

−
(
fu − fl

fp

)4
)−1

(21)

It is an exact formula for calculating the damping ratio of an excited SDOF system.
The Half-Quadratic Gain Method is closely related to the concept of the quality

factor (Q-factor) in vibratory systems. Both approaches involve analyzing the FRF of
a SDOF system. Both methods use the squared magnitude of the FRF to identify the
peak frequency and the half-power points, which are essential for determining system
damping or quality factor.

3.2. Direct application to MDOF systems
Consider the 2DOF excited system introduced in Section 2.2. The equations of

motion for this system are already given in Equation (12). The explicit forms of the
mass matrix, damping matrix, stiffness matrix, and external force vector are presented
below.

M =

(
m1 0

0 m2

)
(22)

C =

(
c1 0

0 c2

)
(23)

K =

(
k1 + k2 −k2

−k2 k2

)
(24)

F (t) =

(
F1sin (ω1t+ φ1)

F2sin (ω2t+ φ2)

)
(25)

In the frequency domain, the equation of motion of the system is:

(
−Mω2 + iCω +K

)
X(ω) = F (ω) (26)

where X (ω) is the displacement response vector, containing the response of two
degrees of freedom, F(ω) is the force vector, and each component corresponds to a
frequency-domain representation of the force.

The FRF, denoted by H(ω), is defined as the ratio of the system output to its input
in the frequency domain. The relationship between the output X (ω) and the input F(ω)
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is:
X(ω) = H(ω)F (ω) (27)

Therefore, the FRF matrix H(ω) is:

H(ω) =
(
−Mω2 + iCω +K

)−1 (28)

For the 2DOF system, the FRF is a matrix:

H(f) =

(
H11(f) H12(f)

H21(f) H22(f)

)
(29)

where H11(f) denotes the response of mass 1 under the excitation force F1, and
H22(f) denotes the response of mass 2 under the excitation force F2. The termH12(f)

represents the response of mass 1 due to F2 applied at mass 2, transmitted through the
dynamic coupling between the two masses. Similarly, H21(f) represents the response
of mass 2 due to F1 applied at mass 1, also induced by the coupling effect.

Therefore, H11(f) and H22(f) are referred to as self-response functions, as they
characterize the response of each degree of freedom to its own excitation. In contrast,
H12(f) and H21(f) are referred to as mutual response functions as they capture the
coupling effect between the two degrees of freedom; specifically, how the excitation
applied to one degree of freedom influences the response of the other.

The key to estimating the system’s damping ratio in HQGM lies in accurately
determining the FRF. From Equation (28), it can be seen that the system’s FRF depends
only on the system’s mass, damping, and stiffness. However, in practical applications,
information such as the system’s damping and stiffness is often difficult to obtain.
Nevertheless, according to Equation (27), the system’s FRF can also be determined
from the external force applied to the system and the resulting displacement. Therefore,
in this study, when applying the HQGM method to estimate the damping ratio of the
case system, only the excited vibration scenario is considered, while the free vibration
case is not taken into account.

In SDOF systems, no coupling effects exist, and the calculation of the damping
ratio is relatively straightforward. In contrast, in MDOF systems, the response of each
degree of freedom is influenced not only by its own external excitation but also by
interactions with the rest of the system. Such coupling effects introduce considerable
complexity into the estimation of damping ratios. For example, when applying the
HQGM, modal coupling can lead to overlapping or distortion of resonance peaks,
thereby altering their characteristics and potentially affecting the accuracy of the results.
To assess the extent to which modal coupling influences damping ratio estimation using
HQGM in MDOF systems, the 2DOF system in Section 2.2 is analyzed. The damping
ratio is first calculated directly using the HQGM, and the resulting computational errors
are then examined.

For the 2DOF system presented in Figure 5a, the FRF of the system is shown
in Figure 9. The mutual response functions |H12(f)| and |H21(f)| exhibit significant
peak amplitudes at frequencies corresponding to the primary resonance peaks of the
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self-response functions |H11(f)| and |H22(f)|, respectively. Specifically, at the
frequency where |H11(f)| attains its maximum, |H12(f)| reaches approximately 15%
of the peak amplitude of |H11(f)|. Similarly, at the frequency corresponding to the
peak of |H22(f)|, |H21(f)| attains nearly 67%of the peak amplitude of |H22(f)|. These
pronounced peaks in the mutual response functions suggest a coupling effect between
the two degrees of freedom, indicating that the modes are not independent but instead
exhibit considerable dynamic interaction.

Figure 9. Normalized magnitude curves: (a) H11(f ) and H12(f ); (b) H21(f ) and H22(f ).

In a typical 2DOF system, two distinct natural frequencies correspond to two
vibration modes. As shown in Figure 9, each self-response function exhibits two
resonance peaks: one at a lower frequency and one at a higher frequency. The height
of each peak indicates the amplitude of response at resonance, while the square of the
amplitude is proportional to the energy associated with that response.

To estimate the damping ratios of the individual modes using the HQGM, it
is essential to analyze the squared magnitude curves of FRF. However, a critical
question arises regarding which resonance peaks should be selected for the damping
ratio calculation among the eight available peaks. From a physical standpoint, the
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self-response functions H11(f) and H22(f) are expected to provide the most reliable
damping information. This is because H11(f) represents the response at location
1 due to excitation at the same location, which directly reflects the local dynamic
characteristics withminimal cross-coupling interference. In themodal expansion, when
a particular mode has strong participation at a specific location, the corresponding
resonance peak is dominated by that mode’s inherent damping properties.

Among the two peaks in each self-response function, the peak with higher
magnitude is expected to provide more accurate damping estimates, as higher peaks
indicate stronger modal participation and better signal-to-noise ratios. To validate these
theoretical considerations, the HQGM is systematically applied to all eight resonance
peaks across the four FRFs. The results and the error using HQGM directly are shown
in Table 9. The results in Table 9 validate the theoretical predictions regarding the
selection of appropriate FRFs for damping ratio estimation. The eight resonance peaks
were categorized into two groups based on their frequencies for comparative analysis:
peaks at 1.17 Hz corresponding to the first mode, and peaks at 3.70 Hz corresponding
to the second mode. Within each frequency group, the four FRFs (H11(f), H12(f),
H21(f), H22(f)) were compared in terms of damping ratio estimation accuracy. The
analysis reveals that at 1.17 Hz, H22(f) exhibits the smallest calculation error among
the four functions, with this peak coincidentally being the dominant peak of H22(f).
Similarly, at 3.70 Hz, H11(f) demonstrates the highest accuracy, where this peak
happens to be the dominant peak ofH11(f). The results strongly support the proposed
approach of utilizing the dominant resonance peaks of H11(f) and H22(f) as the
optimal choice for damping ratio calculation in 2DOF systems.

Table 9. Errors in the system using the Half-Quadratic Gain Method directly.

FRFs EstimatedFrequencies (Hz) ζe (× 10−3 Actual) ζa (× 10−3) Errors

H11(f)
1.17 3.36994 3.36943 0.01514%
3.70 1.07092 1.07093 0.00093%

H12(f)
1.17 3.37035 3.36943 0.02730%
3.70 1.07110 1.07093 0.01587%

H21(f)
1.17 3.36974 3.36943 0.00920%
3.70 1.07075 1.07093 0.01681%

H22(f)
1.17 3.36933 3.36943 0.00297%
3.70 1.07266 1.07093 0.16154%

The comprehensive evaluation across all eight resonance peaks reveals that the
maximum error when applying the HQGM to this 2DOF system is merely 0.16%. This
low error margin demonstrates that the direct application of the HQGM to the selected
2DOF system yields acceptable accuracy for practical engineering applications. While
coupling effects are evident from the FRF plots, the unexpectedly small calculation
errors suggest that the coupling strength in this particular systemmay be relativelyweak,
allowing the HQGM to maintain its effectiveness despite being originally developed
for SDOF systems. The modal damping ratios of approximately 0.00107 and 0.00337
represent light damping conditions, under which the method demonstrates satisfactory
performance for this specific system configuration.
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3.3. Improved HQGM for MDOF systems
While the direct application of HQGM to the 2DOF system introduced in Section

2.2 demonstrated satisfactory accuracy, the presence of coupling effects inevitably
influences the precision of damping ratio calculations. The coupling between degrees
of freedom introduces cross-modal interference that can distort the frequency response
characteristics, potentially affecting the identification of pure modal parameters.
Therefore, this section presents an improved HQGM approach specifically designed
to reduce the impact of coupling effects in MDOF systems. The objective is to enhance
the method’s computational precision and extend its applicability to more complex
dynamic systems.

The improvement strategy is inspired by the frequency response characteristics
of SDOF systems. In SDOF systems, the FRF exhibits a single resonance peak
corresponding to the system’s natural frequency. For uncoupled 2DOF systems, the
self-response functions H11(f) and H22(f) would theoretically display only one
resonance peak each, analogous to independent SDOF systems. However, in coupled
systems, the presence of coupling effects results in bothH11(f) andH22(f) exhibiting
two distinct peaks: a dominant peak and a secondary peak. This observation leads
to a conceptual approach for improving the HQGM accuracy. If a method could be
developed to eliminate the secondary peaks fromH11(f) andH22(f), leaving only the
dominant peak in each function, the resulting frequency response would resemble that
of a SDOF system. Such a modification would theoretically eliminate the influence of
coupling effects, thereby enabling more accurate damping ratio calculations using the
original HQGM formulation.

The elimination of secondary peaks in self-response functions is achieved through
a straightforward modification approach that leverages the coupling information
embedded in mutual response functions. The mutual response functions H12(f) and
H21(f) inherently contain the coupling characteristics of the system, as they represent
the dynamic transmission between different degrees of freedom. To develop a practical
and efficient correction method suitable for engineering applications, this study
proposes a modification formula based on complex-domain subtraction with adjustable
coefficients. The modified self-response functions are obtained by subtracting a
proportional amount of the corresponding mutual response functions from the original
self-response functions:

H11(f)corrected = H11(f)− rH12(f)

H22(f)corrected = H22(f)− r
′
H21(f)

(30)

where r and r′ are system-dependent correction coefficients that need to be determined
based on the specific characteristics of each system. The correction is performed
directly on the complex-valued FRFs rather than their magnitudes, ensuring that both
amplitude and phase information are preserved throughout the process. Depending
on the phase relationships between the self-response and mutual response functions,
the correction coefficients may assume negative values, which naturally accounts for
the directional effects of coupling. This approach offers significant advantages in
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terms of implementation simplicity, as it directly utilizes the coupling information
contained within the mutual response functions without requiring complex modal
decomposition. The objective is to obtain modified self-response functions whose
magnitude plots exhibit a single dominant resonance peak, similar to the frequency
response characteristics of SDOF systems. An initial value range is first estimated.
The correction factor is then varied uniformly within this range, and FRF curves
are generated for the sampled values. The correction factor producing the strongest
suppression of the secondary peak is identified, and a narrower range is subsequently
defined. This procedure is repeated until the secondary peak is nearly eliminated, at
which point the optimal correction factor is obtained. The assumption that removing
secondary peaks in the self-response functions eliminates coupling effects is valid for
linear, weakly coupled systems. However, in real-world systems with more complex
coupling or nonlinear damping, this assumption may not hold.

From Equation (30), it is known that the determination of the correction factor r is
based solely on the characteristics of H11(f) and H12(f), independent of H22(f) and
H21(f). FromFigure 9, it is observed thatH11(f) has its dominant peak at 3.70 Hz and
a secondary peak at 1.17 Hz. Therefore, this analysis focuses on the frequency range
around 1.17 Hz. As shown in Figure 10, when r varies from 0.1 to 1.0, the magnitude
of the secondary peak initially decreases and then increases, reaching local minima at
r = 0.4 and r = 0.5. This indicates that the optimal correction factor likely lies within
this interval. A closer examination of the responses within this range further reveals
that the secondary peak attains its minimum when r = 0.45, at which point the curve
becomes nearly flat around 1.17 Hz. Based on this analysis, the optimal value of the
correction factor is determined to be r = 0.45.

Figure 10. Magnitude curves of corrected H11(f ) under varying correction factors r for
suppression of the secondary peak.
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A similar procedure is employed to determine the correction factor r′ . Figure 11
reveals that when r

′ = −0.22, the magnitude curve of the corrected H22(f) achieves
its lowest secondary peak at 3.70 Hz. At this value, the curve becomes nearly flat in
the vicinity of the target frequency, confirming that r′ = −0.22 is the most appropriate
correction factor.

Figure 11. Magnitude curves of corrected H22(f ) under varying correction factors r' for
suppression of the secondary peak.

With the optimal values of r = 0.45 and r
′ = −0.22 determined, the correction

formulas are fully defined. Figure 12 compares the magnitude profiles of the original
and corrected self-response functions. The corrected responses clearly show a single
dominant resonance peak in each function, consistent with the behavior of a weakly
coupled system.

Figure 12. Cont.
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Figure 12. Comparison of normalized magnitude of (a) H11(f ); (b) H22(f ) before and after
corrected.

After obtaining the corrected self-response functions H11(f) and H22(f), the
HQGM is applied to estimate the modal damping ratios. For the 2DOF system
described in Section 2.2, the computed damping ratios and their corresponding errors
using the improved HQGM are summarized in Table 10.

Table 10. Errors in the system using the improved HQGM.

FRFs EstimatedFrequencies (Hz) ζe (× 10−3 Actual) ζa (× 10−3) Errors

H11(f) 3.70 1.07107 1.07093 0.01307%
H22(f) 1.17 3.37009 3.36943 0.01959%

The results of applying the improved HQGM to the 2DOF system demonstrate
acceptable accuracy, with amaximum error not exceeding 0.02%, which falls within the
range suitable for practical engineering applications. However, comparison between
Tables 9 and 10 reveals that the improved method produces larger calculation errors
than the original HQGM when applied to the same system. When using the dominant
peaks of H₁₁ and H₂₂, the original method exhibits errors that are two and one orders
of magnitude smaller, respectively, than those of the improved approach. These results
indicate that for this particular system, the improved HQGM does not provide the
anticipated enhancement in accuracy. A plausible explanation is that the coupling
strength between the two degrees of freedom in this system is relatively weak, making
the original method more suitable for such weakly coupled conditions, while the
improved HQGMmay demonstrate advantages only in systems with stronger coupling
characteristics.

3.4. Damping estimation in a strongly coupled system
The analysis of results in the previous section reveals that the improved HQGM

did not outperform the original method for the investigated system, prompting further
examination of the method’s applicability range. To test the hypothesis that the
improved HQGM may be more effective for strongly coupled systems, this section
investigates a 2DOF system with significantly enhanced coupling characteristics. The
objective is to determine whether the proposed modification demonstrates superior
performance when coupling effects are more pronounced, thereby establishing the
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appropriate application scope for each method.
The new system’s parameters are as follows: m1 = 6 kg, m2 = 5 kg, c1 = 0.05

Nm/s, c2 = 0.08 Nm/s, k1 = 1200 N/m, k2 = 1000 N/m. The magnitude profile of the
corresponding FRF is shown in Figure 13.

Figure 13. Normalized magnitude responses in new system: (a)H11(f ) andH12(f ); (b)H21(f )
and H22(f ).

To assess the relative coupling characteristics between the newly designed system
and the original system, a comparative analysis is performed based on the FRF
features. The magnitude ratio between the secondary peak and the dominant peak
in the self-response functions serves as an indicator of coupling strength, with higher
ratios suggesting stronger coupling effects. Table 11 presents the magnitude ratios of
secondary-to-dominant peaks for both systems, providing a quantitative basis for this
qualitative comparison.

Table 11. Magnitude ratio of secondary to dominant peak in FRF (old vs. new system).

System FRF
Dominant peak
frequency (Hz)

Dominant peak
magnitude

Secondary peak
frequency (Hz)

Secondary peak
magnitude

Ratio

Original H11(f) 3.70 233.43 1.17 74.20 31.79%
New H11(f) 3.50 607.78 1.47 467.53 76.92%

Original H22(f) 1.17 244.82 3.70 7.86 3.21%
New H22(f) 1.47 1131.5 3.50 251.12 22.19%

As shown in Table 11, the newly designed system exhibits significantly higher
secondary-to-dominant peak ratios compared to the original system, indicating stronger
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coupling characteristics. To evaluate the performance of both methods under these
enhanced coupling conditions, the same analytical procedures applied to the original
system are now implemented on the new system. Specifically, both the original HQGM
and the improved HQGM are employed to calculate the modal damping ratios, and the
resulting errors are compared to assess the effectiveness of each method in the presence
of stronger coupling. The calculation results are presented in Tables 12 and 13.

Table 12. Errors in the new system using the HQGM directly.

EstimatedFrequencies (Hz) ζ (× 10−4 Actual) ζ (× 10−4) Errors

H11(f) 3.50 2.409853 2.409025 0.037365%
H22(f) 1.47 7.569766 7.590172 0.268853%

Table 13. Errors in the new system using the improved HQGM.

EstimatedFrequencies (Hz) ζ (× 10−4 Actual) ζ (× 10−4) Errors

H11(f) 3.50 2.409481 2.409025 0.018923%
H22(f) 1.47 7.570699 7.590172 0.256561%

The calculation results reveal a significant finding: for the newly designed
system with stronger coupling characteristics, the improved HQGM demonstrates
superior performance compared to the original method. As shown in Tables 12
and 13, the improved HQGM consistently produces smaller errors when calculating
damping ratios using both the dominant peak of H11(f) and the dominant peak of
H22(f). This outcome validates the hypothesis proposed earlier and suggests that
the improved HQGM is indeed more suitable for systems with stronger coupling
effects. The correction approach, which removes coupling-induced secondary peaks
through complex-domain subtraction, effectively enhances the accuracy of damping
ratio estimation when coupling between degrees of freedom becomes significant.

In summary, this section investigated the applicability of the improved HQGM
by designing a system with enhanced coupling characteristics. Through comparative
analysis of FRF features, it is confirmed that the new system exhibits stronger coupling
than the original system, as evidenced by the higher secondary-to-dominant peak
ratios in the self-response functions. Both the original and improved HQGM were
applied to this strongly coupled system, and the results demonstrate that the improved
method achieves better accuracy in damping ratio calculations. These findings establish
that while the original HQGM may be sufficient for weakly coupled systems, the
improved HQGM provides distinct advantages when dealing with systems where
coupling effects are more pronounced. This clarifies the appropriate application scope
for each method and provides practical guidance for selecting the suitable approach
based on system coupling characteristics. A computational flowchart summarizing the
proposed improved HQGM is presented in Figure 14.
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Figure 14. Computational flowchart of the improved HQGM.

4. Conclusion

This study presents two approaches for estimating damping ratios in
multi-degree-of-freedom (MDOF) systems: a filter-based method and an improved
Half-Quadratic Gain Method (HQGM). The performance of each technique is
examined across different system configurations, including unexcited and excited
2DOF systems as well as systems with low and high damping ratios and varying
coupling strengths.

The filter-basedmethod demonstrates robust performance by accurately extracting
modal decay characteristics directly from vibration displacement signals. Through
envelope fitting and logarithmic analysis, it achieves damping ratio predictions with
errors consistently below 3% for both low- and high-damping cases, confirming its
broad applicability and reliability. The method, grounded in theoretical foundations
and supported by numerical validation, demonstrates effectiveness even under forced
excitation, confirming its potential for practical engineering systems where direct
measurement of damping and stiffness is challenging.

The HQGM, initially designed for SDOF systems, is successfully extended to
MDOF systems. When applied directly to weakly coupled systems, the original
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HQGM produces highly accurate damping estimates, with errors not exceeding
0.16%. However, for strongly coupled systems, coupling effects lead to interference
between resonance peaks, reducing accuracy. To address this, an improved HQGM is
proposed, introducing a correction formula based on complex-domain subtraction of
mutual response functions. This modification effectively suppresses coupling-induced
secondary peaks, restoring SDOF-like frequency response characteristics. The
improved HQGM achieved superior accuracy in strongly coupled systems, reducing
estimation errors compared to the original method.

Overall, the findings can be pointed out as follows:

1. The filter-based method provides a simple, efficient, and accurate technique for
determining damping ratios in both free and forced vibration systems, regardless
of damping magnitude.

2. The original HQGM performs best in weakly coupled systems, offering very high
accuracy.

3. The improved HQGM enhances performance for strongly coupled systems by
mitigating cross-modal interference and achieving higher precision.

4. Both methods are suitable for practical structural applications where modal
parameters are difficult to obtain experimentally.

These methods provide a reliable and cost-effective alternative to traditional
experimental techniques, making them highly applicable in real-world scenarios where
access to experimental setups is limited or infeasible. The ability to estimate damping
ratios and modal parameters directly from numerical simulations can greatly enhance
the analysis of structural systems, particularly in cases involving complex geometries
or inaccessible experimental conditions. While the current study focuses on linear
systems, real-world applications often involve systems with varying parameters, and
these variations may lead to errors in damping estimation. Further research is
necessary to explore methods that can account for nonlinearities and system parameter
fluctuations, improving the method’s applicability in more complex scenarios.

While the proposed approaches have demonstrated excellent performance in
2DOF systems, generalization to systems with three or more degrees of freedom
presents additional challenges, such as more complex correction formulations and
the need to determine multiple correction factors. Future work is required to further
validate these techniques through experimental data and real-world case studies.
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Abbreviation

M mass matrix
C damping matrix
K stiffness matrix
X displacement of the system
Ẋ velocity of the system
Ẍ acceleration of the system
M mass of the system
C damping of the system
K stiffness of the system
Α decay factor
Β damped natural frequency
ζ damping ratio
fn undamped natural frequency
F excitation force
fp peak of the squared FRF magnitude
fl lower half-power frequency
fu upper half-power frequency
H(f frequency response function)
R the first correction coefficient
r' the second correction coefficient
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