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Abstract: The stability of nonlinear transverse vibrations of an axially moving beam resting
on a nonlinear elastic foundation is analysed, considering the effects of viscous damping and
a harmonically varying time-dependent velocity around a low constant mean speed. The beam
is assumed to have simply supported boundary conditions at both ends. The contribution of
this paper is the combined study of damping, nonlinear foundation, and harmonic velocity
variation on the stability of axially moving beams, which has not been studied before. The
governing equation for the transverse dynamics is a nonlinear partial differential equation
with variable coefficients, which is solved using the two-timescale perturbation method in
combination with the Fourier series method. The stability of the system is investigated for
both non-resonant and resonant cases by examining the influence of key parameters, including
nonlinear bending stiffness, nonlinear elastic foundation and damping. The analysis reveals that
an increase in nonlinear bending stiffness and nonlinear elastic foundation tends to destabilize
the system, leading to growing oscillations and instability. In contrast, an increase in damping
enhances stability, causing oscillations to decay over time and leading to an asymptotically
stable response. Furthermore, validation was carried out through comparison with an existing
model.

Keywords: axially moving beam; elastic foundation; viscous damping; two-time scales
method; stability analysis

1. Introduction

Axially moving beam on elastic foundation represents a large class of mechanics
in various disciplines of engineering such as aerospace [1] civil and mechanical
engineering [2]. There are various mechanical and civil structures that represent
engineering devices such as vibratingmachines, pipelines, electric power lines, elevator
cables, steel rod, saw-tooth blades, magnetic tapes, crane cables bridges and medical
Nano robots [3]. Despite their numerous benefits and wide-ranging applications, the
transverse vibrations have limited their efficiency and productivity. Various factors,
such as wind forces, earthquakes and other external forces can induce vibrations which
lead to potential damage or destroy the structures. For instance, vibrations in elevator
cable [4], leakages in pipelines [5] and destruction of the Tacoma Narrows suspension
bridge USA in 1940 completely [6] are few examples of damaged structures. To
optimize the designs of such systems, numerous theoretical and experimental studies
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have been conducted over the decades. Based on the system’s flexibility and geometric
characteristics, two models can be developed as string model [7] and beam model
[8]. Extensive research has been conducted on the transverse dynamics of nonlinear
vibration of beams on a nonlinear elastic foundation such as, the nonlinear vibrations
of beam with cubic stiffness resting on a nonlinear spring foundation is examined [9],
nonlinear dynamics of slightly curved beams are analyzed [10], the free and forced
nonlinear dynamics of Kelvin-Voigt beam with nonlinear spring are discussed [11],
vibration of axially moving beams with nonlinear viscoelastic foundations is analyzed
[12], the nonlinear dynamic behavior of an axially moving beam with subjected to blast
load in thermal environment is examined [13], positive position feedback is applied
for vibration suppression in cantilever beams [14], a gyrostabilizer is used for modal
control via dynamic inertia [15], thermal and follower force effects are analyzed on
circular plates [16], energy transfer in axially loaded beams is studied on non-uniform
foundations is studied in Xu et al. [17], piezoelectric layers were employed for
active control of composite beams [18], a high-gain boundary feedback controller is
developed for exponential stabilization [19], tuned mass dampers are implemented to
attenuate nonlinear beam vibrations [20], nonlinear post-buckling dynamic of axially
moving beam is explored under external loads [21], the complex periodic responses
in beams are analyzed subjected to multi-frequency excitation [22], localized waves
and moving-load effects are analyzed on damped Euler–Bernoulli beams [23], the
stability of nonlinear forced vibration is investigated of an axially moving beam
composed of two segments connected by a free internal hinge [24], the nonlinear
transverse vibrations of a slightly curved hinged–hinged beam are analyzed under
axial loading [25], the vibration suppression of a double-cable beam is investigated
by nonlinear energy sinks [26], the large-amplitude vibration and buckling behavior
of Euler–Bernoulli foam beams with viscoelasticity is examined resting on nonlinear
elastic foundations [27], the nonlinear vibrations of deflection of beam with nonlinear
elastic foundation are studied [28].

To analyze the dynamics of the system numerous numerical and analytical
techniques are used, such as the perturbation methods [29], the lindstedt poincare
method with frequency transformations [30], Galerkin’s method [31], differential
quadrature method [32], finite difference method [33] and averaging method [34]. The
free vibrations of moving beams with elastic foundation are analyzed by Galerkin’s
method [35]. The chaotic behavior of beam-like models with foundation is obtained
by the cosine-cosine function [36]. The homotopy perturbation method is used to
analyze the behavior of axially loaded beam with variable elastic foundation [37] and
for damped Mathieu equations under parametric excitation [38]. The classical multiple
scales and multiple scales Lindstedt Poincare methods are employed to analyse the
vibration [39] to find analytical solutions of nonlinear dynamic of beam with nonlinear
elastic foundation. Approximate analytical solution is obtained of nonlinear vibration
of beam with a nonlinear elastic foundation subject to moving load by the Galerkin’s
method and He’s variational method [40]. The weakly nonlinear transverse vibrations
of a convoy belt were analyzed by using a two-timescales method, revealing that
nonlinearity stabilizes the system [41].
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A thorough review of the literature shows that there are not many detailed studies
on modes interaction for axially moving beams with nonlinear elastic foundations.
Most research has focused on mode interactions in nonlinear beam vibrations but has
not considered how a nonlinear elastic foundation affects these interactions. Studies
have shown that different vibration modes interact within nonlinear systems but
their behavior with a nonlinear foundation is not well understood. The novelty
of this work lies in analyzing how nonlinear elastic foundations influence mode
interactions in axially moving beams. This study incorporates damping and harmonic
velocity variation simultaneously unlike prior studies [9, 12, 27], understanding these
interactions is important for improving the stability and performance of axially moving
beams in engineering. This contribution differs from earlier works [9, 12, 27] by
jointly analyzing damping, nonlinear foundation, and harmonic velocity variation on
modal interactions, which have not been considered together before. In this paper, the
stability of nonlinear transverse vibrations of an axially moving beam with nonlinear
elastic foundation under viscous damping is discussed with harmonically varying
time dependent velocity and about low constant speed subject to the fixed boundary
conditions under the effects nonlinear bending stiffness, nonlinear elastic foundation
and internal damping. The governing equation of motion is discretized by the Fourier
expansion method, then two-timescales perturbation method is used to the obtained
infinite dimensional system of coupled ordinary differential equations.

The paper is structured as follows. In section 2, the mathematical formulation
of the governing equations of nonlinear transverse vibrations of moving beam
with elastic foundation and damping is presented. In section 3, construction of
asymptotic approximations for examining the stability of the system with the method
of two-timescales is given. In section 4, the stability of the system for interaction
of different vibration modes in resonance regions is discussed. In section 5, the
conclusions of the paper are presented.

2. Mathematical formulation

An axially transporting beam moving with the velocity V (t) with the length L
between two pulleys resting on non-linear elastic foundation is shown in Figure 1.

Figure 1. The schematic model of a moving beam [42].

The equations of motion that governs the nonlinear transversal vibrations of an
axially transporting damped beam under elastic foundation is derived from Newton’s
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second law of motion [42] and can be represented as follows:

ρA
(

∂2u
∂t2 + 2V ∂2u

∂x∂t + V 2 ∂2u
∂x2

)
+ EI ∂4u

∂x4 −Nx1
∂2u
∂x2−

EA
2L

∂2u
∂x2

∫ L

0

(
∂u
∂x

)2
dx+ kslu+ ksnu

3 + cd
(
∂u
∂t + V ∂u

∂x

)
= 0,

t ≥ 0, 0 < x < L,

(1)

with simply supported boundary conditions:

u(0, t) = u(L, t) = 0, uxx(0, t) = uxx(L, t) = 0, t ≥ 0 (2)

and with initial conditions:

u(x, 0) = f(x), ut(x, 0) = g(x). 0 < x < L. (3)

Where u(x, t) is the transverse displacement with spatial axis x and time t, ρ is
the density,A is cross-sectional area, I is moment of inertia,E is Young’s modulus, ksl
is linear stiffness of foundation, ksn is nonlinear stiffness of foundation, cd is viscous
damping, Nx1 = P0 + aρA V 2 + (x − L)ρAV̇ is the axial varying tension with P0

is the initial axial varying tension and a is the axial support stiffness. The physical
meaning of terms in Eq. (1), where ∂2u

∂t2
represents the local acceleration, 2V ∂2u

∂x∂t

denotes the Coriolis acceleration due to the rotation, V 2 ∂2u
∂x2

corresponds to centrifugal
acceleration due to the beam curvature, EI ∂4u

∂x4
represent the bending stiffness to

deformation,Nx1
∂2u
∂x2

indicates the influence of axial force on transverse displacement,
EA
2L

∂2u
∂x2

∫ L
0

(
∂u
∂x

)2
dx express the Nonlinear bending effect due to stretching, kslu

represents the linear foundation stiffness due elastic restoring force, ksnu3 denotes the
nonlinear foundation stiffness due to the cubic stiffness and cd

(
∂u
∂t + V ∂u

∂t

)
describes

the damping force.
The following dimensionless parameters are used to form the Eq. (1)–Eq. (3)

dimensionless:

u∗ = u√
ϵL
, x∗ = x

L , V ∗ = V
√

ρA
P0
, t∗ = t

L

√
P0

ρA , k∗sl =
kslL

2

ϵP0
,

k∗sn = ksnL
4

ϵP0
, c∗d = cdL

ϵ
√
ρAP0

, kf =
√

EI
L2P0

, P1 =
√

EA
ϵP0

, κ = 1− a,

f(x)∗ = f(x)√
ϵL
, g(x)∗ = g(x)

√
ρA
ϵP 0

.

(4)

where ϵ with 0 < ϵ ≪ 1 is a bookkeeping parameter which indicates the smallness
of transverse motion, elastic foundation and viscous damping. Substitution of Eq. (4)
without asterisks into Eq. (1)–Eq. (3) yields the following non-dimensional form:

∂2u
∂t2 + 2V ∂2u

∂x∂t +
[
κV 2 − (x− 1)V̇ − 1

]
∂2u
∂x2 + k2f

∂4u
∂x4 =

1
2ϵP

2
1

∂2u
∂x2

∫ 1

0

(
∂u
∂x

)2
dx− ϵ(kslu+ ksnu

3)− ϵcd
(
∂u
∂t + V ∂u

∂x

)
,

t ≥ 0, 0 < x < 1

(5)

u(0, t) = u(1, t) = 0, uxx(0, t) = uxx(1, t) = 0, t ≥ 0 (6)

u(x, 0) = f(x), ut(x, 0) = g(x), 0 < x < 1 (7)

The axial speed is assumed about a lowmean speedα0 of order ϵ and harmonically
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varying velocity ϵα with a frequency Ω as:

V (t) = ϵα0 + ϵα sin(Ωt) (8)

where α0, α and Ω are constants with α0 > 0, Ω > 0 and with a condition α0 > |α|,
that is the belt move forward axially.

3. Construction of the asymptotic approximations

In this section, a two-times perturbation combined with Fourier series approach
is utilized to construct formal asymptotic approximations for the solution of
initial-boundary value problem for Eq. (5)–Eq. (7). To satisfy the Dirichlet boundary
conditions in Eq. (5), it is necessary to make all the terms odd [7]. So that even terms
such as uxt and xuxx must be multiplied by the Fourier series of the functions H(x)

and xH(x) respectively, and given as below:

H(x) =

{
−1 −1 < x < 0

1 0 < x < 1
=

∞∑
j=0

4

(2j + 1)π
sin ((2j + 1)πx) (9)

xH(x) =
1

2
−

∞∑
j=0

4

(2j + 1)2π2
cos ((2j + 1)πx) (10)

By substituting Eq. (8)–Eq. (10) into Eq. (5), yields:

utt − uxx + k2fuxxxx =

ϵ[−2 (α0 + α sin(Ωt))uxt
∑∞

j=0
4

(2j+1)π sin ((2j + 1)πx)+

αΩ cos(Ωt)
(

1
2 −

∑∞
j=0

4
(2j+1)2π2 cos ((2j + 1)πx)− 1

)
uxx+

1
2P

2
1

∂2u
∂x2

∫ 1

0

(
∂u
∂x

)2
dx− kslu− ksnu

3 − cdut] +O
(
ϵ2
)
.

(11)

To discretize the PDE in Eq. (11), the Fourier expansion method is used. The
solution of Eq. (11) is assumed in the form as under:

u(x, t) =
∞∑
n=1

un(t; ϵ) sin(nπx) (12)

By putting Eq. (12) in Eq. (11), then multiplying the resulting equation with
sin (kπx), k ∈ and then integrating w.r.t ‘x’ from 0 to 1 and observing the following
orthogonality properties:

1∫
0

sin (nπx) sin (kπx)dx =

{
0, if n ̸= k
1
2 , if n = k

(13)

1∫
0

cos (nπx) sin (jπx) sin (kπx)dx =


0, if j ̸= ±n± k
1
4 , if j = k ± n, j ≥ 1

−1
4 , if j = n− k, j = 1

(14)

An infinite-dimensional system of coupled ordinary differential equations is
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obtained,

ük + ((kπ)2 + k2f (kπ)
4)uk = ϵ[4 (α0 + α sin (Ωt)) {

∑
k=n−2j−1 −∑

k=2j+1+n −
∑

k=2j+1−n }
nu̇n

(2j+1)+

2αΩ cos (Ωt){
∑

k=n−2j−1 +
∑

k=2j+1+n −
∑

k=2j+1−n }
n2un

(2j+1)2−
ksn

4 {3
∑

k=n+p−q − 3
∑

k=−n−p+q −
∑

k=n+p+q }unupuq−
k2π4P 2

1

4 uk
(∑∞

l=1 l
2u2l

)
+ αΩ cos (Ωt)

2 (kπ)2uk − ksluk − cdu̇k] +O
(
ϵ2
)
.

(15)

In order to solve the Eq. (15), a two-timescales perturbation method will be used.
Let’s introduce the two-timescales, the fast timescales (to = t) and slow timescales
(t1 = ϵt). With these timescales, the solution of Eq. (15) is assumed in the form:

uk(t; ϵ) = vk (t0, t1; ϵ) (16)

The following time-derivatives are introduced:

duk

dt = ∂vk

∂t0
+ ϵ∂vk

∂t1
(17)

d2uk

dt2 = ∂2vk
∂t20

+ 2ϵ ∂2vk
∂t0∂t1

+ ϵ2 ∂2vk
∂t21

(18)

With Eq. (16)–Eq. (18), the Eq. (15) becomes:

∂2vk
∂t20

+ 2ϵ ∂2vk
∂t0∂t1

+
(
(kπ)2 + k2f (kπ)

4
)
vk =

ϵ[4 (α0 + α sin (Ωt))
{∑

k=n−2j−1 −
∑

k=2j+1+n −
∑

k=2j+1−n

}
n

(2j+1)
∂vn

∂t0

+2αΩ cos (Ωt)
{∑

k=n−2j−1 +
∑

k=2j+1+n −
∑

k=2j+1−n

}
n2

(2j+1)2 vn−

ksn

4

{
3
∑

k=n+p−q − 3
∑

k=−n−p+q −
∑

k=n+p+q

}
vnvpvq

−k2π4P 2
1

4 vk
(∑∞

l=1 l
2v2l

)
+ αΩ cos (Ωt)

2 (kπ)2vk − kslvk − cd
∂vk

∂t0
] +O

(
ϵ2
)
.

(19)

Now assume:

vk (t0, t1; ϵ) = vk0 (t0, t1) + ϵvk1 (t0, t1) +O
(
ϵ2
)

(20)

By putting Eq. (20) into Eq. (19) and making the coefficients of ϵ0 and ϵ1 equal
to zero, it follows O(1) problem and O(ϵ) problem respectively:

∂2vk0
∂t20

+ ω2
kvk0 = 0 (21)

∂2vk1

∂t20
+ ω2

kvk1 = −2 ∂2vk0

∂t0∂t1
+[∑

k=n−2j−1 −
∑

k=2j+1+n −
∑

k=2j+1−n

]
4n(α0+α sin(Ωt))

(2j+1)
∂vn0

∂t0
+[∑

k=n−2j−1 +
∑

k=2j+1+n −
∑

k=2j+1−n

]
2n2αΩ cos(Ωt)

(2j+1)2 vn0−

ksn

4

[
3
∑

k=n+p−q − 3
∑

k=−n−p+q −
∑

k=n+p+q

]
vn0vp0vq0−

k2π4P 2
1

4 vk0
(∑∞

l=1 l
2v2l0

)
+
(

αΩ cos(Ωt)
2 (kπ)2 − ksl

)
vk0 − cd

∂vk0

∂t0
.

(22)
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The solution of Eq. (21) is:

vk0 (t0, t1) = Ak0 (t1) sin (ωkt0) +Bk0 (t1) cos (ωkt0) (23)

Where:
ωk =

√
(kπ)2 + k2f (kπ)

4 (24)

is the natural frequency of the beam system.
Substituting Eq. (23) on the right side of the Eq. (22), which results in:

∂2vk1

∂t20
+ ω2

kvk1 = −2ωk

(
dAk0

dt1
cos (ωkt0)− dBk0

dt1
sin (ωkt0)

)
+[∑

k=n−2j−1 −
∑

k=2j+1+n −
∑

k=2j+1−n

]
2nαωn

(2j+1) [An0{sin (Ω + ωn) t0

+ sin (Ω− ωn) t0} −Bn0 {cos (Ω− ωn) t0 − cos (Ω + ωn) t0}]+[∑
k=n−2j−1 +

∑
k=2j+1+n −

∑
k=2j+1−n

]
n2αΩ
(2j+1)2 [An0{sin (Ω + ωn) t0

− sin (Ω− ωn) t0}+Bn0 {cos (Ω− ωn) t0 + cos (Ω + ωn) t0}]−
ksn

16

[
3
∑

k=n+p−q − 3
∑

k=−n−p+q −
∑

k=n+p+q

]
[An0Ap0Bq0{cos (ωn−

ωp + ωq)t0 + cos (ωn − ωp − ωq) t0 − cos (ωn + ωp + ωq) t0−

cos (ωn + ωp − ωq) t0}+An0Bp0Aq0{cos (ωn + ωp − ωq) t0−

cos (ωn + ωp + ωq) t0 + cos (ωn − ωp − ωq) t0 − cos (ωn − ωp + ωq) t0}+

Bn0Ap0Aq0{cos (ωn + ωp − ωq) t0 − cos (ωn + ωp + ωq) t0−

cos (ωn − ωp − ωq) t0 + cos (ωn − ωp + ωq) t0}+

Bn0Bp0Bq0{cos (ωn + ωp + ωq) t0 + cos (ωn + ωp − ωq) t0+

cos (ωn − ωp + ωq) t0 + cos (ωn − ωp − ωq) t0}+

An0Ap0Aq0{sin (ωn − ωp + ωq) t0 − sin (ωn − ωp − ωq) t0−

sin (ωn + ωp + ωq) t0 + sin (ωn + ωp − ωq) t0}+

An0Bp0Bq0{sin (ωn + ωp + ωq) t0 + sin (ωn + ωp − ωq) t0+

sin (ωn − ωp + ωq) t0 + sin (ωn − ωp − ωq) t0}+

Bn0Ap0Bq0{sin (ωn + ωp + ωq) t0 + sin (ωn + ωp − ωq) t0−

sin (ωn − ωp + ωq) t0 − sin (ωn − ωp − ωq) t0}+

Bn0Bp0Aq0{sin (ωn + ωp + ωq) t0 − sin (ωn + ωp − ωq) t0+

sin (ωn − ωp + ωq) t0 − sin (ωn − ωp − ωq) t0}]− k2π4P 2
1

8 {Ak0 sin (ωk) t0+

Bk0 cos (ωk) t0}
∑∞

l=1 l
2
(
A2

l0 +B2
l0

)
− k2π4P 2

1

16

∑∞
l=1 l

2
(
B2

l0 −A2
l0

)
[Ak0 {sin (2ωl + ωk) t0 − sin (2ωl − ωk) t0}+Bk0{cos (2ωl + ωk) t0+

cos (2ωl − ωk) t0}]− k2π4P 2
1

8

∑∞
l=1 l

2Al0Bl0[Ak0{cos (2ωl − ωk) t0−

cos (2ωl + ωk) t0}+Bk0 {sin (2ωl + ωk) t0 + sin (2ωl − ωk) t0}]−

ksl {Ak0 sin (ωk) t0 +Bk0 cos (ωk) t0} − cdωk{Ak0 cos (ωk0) t0−

Bk0 sin (ωk) t0}+ Non Secular Terms.

(25)

7
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4. Stability analysis

Since cos (ωkt0) and sin (ωkt0) are part of homogeneous solution of Eq. (25), so
to eliminate secular terms, the coefficients of cos (ωkt0) and sin (ωkt0) on the right
hand side in Eq. (25) must be equal to zero. That is if the velocity variation frequency
Ω is within the neighborhood of sum and difference of two natural frequencies ωk, the
system’s amplitude grows without bound. This phenomenon is known as resonance.
From Eq. (25) it is observed that there are infinitely many resonances in the system if
Ω = ±ωn ± ωk. If the velocity variation frequency Ω is not within the neighborhood
of the natural frequencies that cause the system’s amplitude grow, so here only internal
resonance occurs in equation (25) if Ω ̸= ±ωn ± ωk. This phenomenon is known as
non-resonance.

4.1. When Ω ̸= ±ωn ± ωk (Non-Resonant case)
In this case, the velocity variation frequency Ω is not within the neighborhood

of any natural frequency of the system. By eliminating the secular terms in O(1)−
problem, that is, vk1(t0, t1), the following conditions are satisfied for the functions
Ak0(t1) and Bk0(t1):

dAk0
dt1

= − ksl
2ωk

Bk0 − cd
2 Ak0 −

k2π4P 2
1

32ωk
Bk0{k2

(
A2
k0 +B2

k0

)
+

2
∑∞

l=1 l
2
(
A2
l0 +B2

l0

)
} − 3ksn

16ωk

(
A2
p0 +B2

p0

)
Bk0,

dBk0
dt1

= ksl
2ωk

Ak0 − cd
2 Bk0 +

k2π4P 2
1

32ωk
Ak0{k2

(
A2
k0 +B2

k0

)
+

2
∞∑
l=1

l2
(
A2
l0 +B2

l0

)
}+ 3ksn

16ωk

(
A2
p0 +B2

p0

)
Ak0

(26)

To transform the system into the polar coordinates, let Ak0(t1) = rk (t1)

sin (ϕk (t1)) and Bk0(t1) = rk (t1) cos (ϕk (t1)), so from Eq. (26) it follows that:

drk
dt1

= − cd
2 rk,

dϕk
dt1

= −k2π4P 2
1

32ωk

(
k2r2k + 2

∑∞
l=1 l

2r2l
)
− 3ksn

16ωk
r2p −

ksl
2ωk

.
(27)

The solution of system in Eq. (27) is:

rk (t1) = Ce−
1
2 cdt1 ,

ϕk (t1) =
k2π4P 2

1

32ωkcd
C2e−cdt1

(
k2 + 2

∑∞
l=1 l

2
)
+ 3ksn

16ωkcd
C2e−cdt1 − ksl

2ωk
t1 + C̃,

(28)

Where C and C̃ are arbitrary constants.
It can be observed from Eq. (28), that system will exponentially decrease with

increase of cd, while P1, ksn and ksl effect the frequency of the system, furthermore,
to see the behavior of the system the graphs are made in phase portraits. The phase
portraits of the system in Eq. (26) are shown under the effect of bending stiffness P1,
nonlinear elastic foundation ksn and damping cd, while keeping other parameters fixed
to 0.003. Figure 2 shows the effect of bending stiffness. In Figure 2a, for smaller
values of P1, all trajectories move toward the origin, indicating that the system loses
energy over time and stabilizes at equilibrium. In Figure 2b, for larger values of P1,

8
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the system becomes oscillatory, meaning that the increased stiffness sustains periodic
motion instead of allowing the system to settle at the origin. Figure 3 illustrates the
impact of the nonlinear elastic foundation. In Figure 3a, for smaller values of ksn, all
trajectories spiral inward to the origin, implying that the system undergoes damping
and eventually reaches equilibrium. In Figure 3b, for larger values of ksn, the system
exhibits periodic motion near the origin, indicating that a stronger nonlinear foundation
provides sufficient elastic resistance to sustain oscillations. Figure 4 illustrates the
impact of the damping parameter cd. In Figure 4a, for smaller values of cd, the system
remains oscillatory, suggesting that the damping effect is weak and unable to suppress
vibrations. In Figure 4b, for relatively larger values of cd, all trajectories converge
asymptotically to the origin, demonstrating that increased damping enhances energy
dissipation, leading to the decay of oscillations and eventual stabilization at equilibrium.
Physically, higher nonlinear foundation stiffness amplifies restoring forces that sustain
oscillations, while damping dissipates energy, suppressing resonance amplification and
stabilizing the beam.

(a) (b)

Figure 2. Phase portraits when: (a) P1 = 0.0001; (b) P1 = 0.1.

(a) (b)

Figure 3. Phase portraits when: (a) ksn = 0.0001; (b) ksn = 3.

9
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(a) (b)

Figure 4. Phase portraits when: (a) cd = 0.0001; (b) cd = 0.1.

4.2. When Ω= ±ωn ± ωk (Resonant case)
In this paper, the following resonant cases are considered [41]. 1. Ω = ω2 −

ω1, 2. Ω = ω3 − ω2, 3. Ω = ω2 + ω1 and 4. Ω = ω3 + ω2 with detuning parameter
ϕ and is of O(1), where Ω denote the excitation frequency of axial velocity variation,
and ω1, ω2, ω3 the natural frequencies. The detuning parameter ϕ is defined as the
deviation from the resonance region. For non-linear elastic foundation, it is shown in
Appendix A that when Ω = ω2 ± ω1, if k = 1, n = 2 then p = 1, q = 2 and if k = 2,
n = 1 then p = 2, q = 1. Similarly, when Ω = ω3 ± ω2, if k = 2, n = 3 then p = 2,
q = 3 and if k = 3, n = 2 then p = 3, q = 2.

Case 1. When Ω = ω2 − ω1+ϵϕ

It is shown in Appendix B that by substituting Ω = ω2 −ω1 + ϵϕ in Eq. (25) and
making the terms equal to zero that cause resonances, the following coupled ordinary
equations are obtained:

dA10
dt1

= − 4α
9ω1

(ω2 − 4ω1)A20 sin (ϕt1) + 4α
9ω1

(ω2 − 4ω1)B20 cos (ϕt1)−
π4P 2

1
32ω1

B10

{(
A2

10 +B2
10

)
+ 2

∑∞
l=1 l

2
(
A2
l0 +B2

l0

)}
− 3ksn

16ω1

(
A2

20 +B2
20

)
B10

− ksl
2ω1

B10 − cd
2 A10,

dB10
dt1

= − 4α
9ω1

(ω2 − 4ω1)A20 cos (ϕt1)− 4α
9ω1

(ω2 − 4ω1)B20 sin (ϕt1)+
π4P 2

1
32ω1

A10

{(
A2

10 +B2
10

)
+ 2

∑∞
l=1 l

2
(
A2
l0 +B2

l0

)}
+ 3ksn

16ω1

(
A2

20 +B2
20

)
A10

+ ksl
2ω1

A10 − cd
2 B10,

dA20
dt1

= 4α
9ω2

(ω2 − 4ω1)A10 sin (ϕt1) + 4α
9ω2

(ω2 − 4ω1)B10 cos (ϕt1)−
π4P 2

1
4ω2

B20

{
2
(
A2

20 +B2
20

)
+
∑∞

l=1 l
2
(
A2
l0 +B2

l0

)}
− 3ksn

16ω2

(
A2

10 +B2
10

)
B20

− ksl
2ω2

B20 − cd
2 A20,

dB20
dt1

= − 4α
9ω2

(ω2 − 4ω1)A10 cos (ϕt1) + 4α
9ω2

(ω2 − 4ω1)B10 sin (ϕt1)+
π4P 2

1
4ω2

A20

{
2
(
A2

20 +B2
20

)
+
∑∞

l=1 l
2
(
A2
l0 +B2

l0

)}
+ 3ksn

16ω2

(
A2

10 +B2
10

)
A20

+ ksl
2ω2

A20 − cd
2 B20.

(29)

To transform the system into the polar coordinates, let Ak0(t1) = rk (t1)

10
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sin (ϕk (t1)) and Bk0(t1) = rk (t1) cos (ϕk (t1)), so from Eq. (29) yields:

dr1
dt1

= − cd
2 r1 −

4α(ω2−4ω1)
9ω1

r2 sin (ϕ2 − ϕ1 + ϕt1) ,

dr2
dt1

= − cd
2 r2 +

4α(ω2−4ω1)
9ω2

r1 sin (ϕ2 − ϕ1 + ϕt1) ,

dϕ1
dt1

= 4α(ω2−4ω1)r2
9ω1r1

cos (ϕ2 − ϕ1 + ϕt1)−
π4P 2

1
32ω1

(
r21 + 2

∑∞
l=1 l

2r2l
)

− 3ksn
16ω1

r22 −
ksl
2ω1

,

dϕ2
dt1

= 4α(ω2−4ω1)r1
9ω2r2

cos (ϕ2 − ϕ1 + ϕt1)−
π4P 2

1
4ω2

(
2r22 +

∑∞
l=1 l

2r2l
)

− 3ksn
16ω2

r21 −
ksl
2ω2

.

(30)

From first two equations in Eq. (30); which results in that ω1r
2
1+ω2r

2
2 = c1e

−cdt1 ,
where c1 is constant of integration. Now let Φ(t1) = ϕ2 (t1)− ϕ1(t1) + ϕt1, so from
the last Eq. (30) it follows that:

dr1
dt1

= − cd
2 r1 +

4α(4ω1−ω2)
9ω1

√
c1e

−cdt1−ω1r21
ω2

sin(Φ),

dΦ
dt1

= ϕ+ 4α(4ω1−ω2)
9

(√
c1e

−cdt1−ω1r21
ω1

√
ω2r1

− r1√
ω2

√
c1e

−cdt1−ω1r21

)
cos(Φ)+

π4P 2
1 {

(
3

32ω1
− 1

4ω2

)
r21 +

(
1

4ω1
− 3

2ω2

)
c1e

−cdt1−ω1r21
ω2

+(
1

16ω1
− 1

4ω2

)
C2e−cdt1

∑∞
l=3 l

2}+ 3ksn
16

(
c1e

−cdt1−ω1r21
ω1ω2

− r21
ω2

)
+

ksl
2

(
1
ω1

− 1
ω2

)
.

(31)

and ṙk = − cd
2 rk for k = 3, 4, 5, . . .. ⇒ rk(t1) = Ce−cdt1 .

Stability of beam in difference-type resonance of interaction 1st and 2nd modes is
shown by phase portraits of the system in Eq. (31) under the effect of bending stiffness
P1, nonlinear elastic foundation ksn and damping cd, while keeping other parameters
fixed to 0.003.

Figure 5 depicts the behaviour of the beam under the effect of bending stiffness
P1. When P1 is relatively small, all trajectories indicate that the system tends to rotate
around certain fixed points, as observed in Figure 5a. In Figure 5b, for larger values
of P1, all trajectories move away from the fixed points, causing the system to become
unstable. Figure 6 illustrates the effects of the nonlinear elastic foundation ksn. In
Figure 6a, the trajectories around the fixed points show that the system undergoes
periodic oscillations for smaller values of ksn. However, for larger values of ksn, the
instability region expands, as depicted in Figure 6b. Figure 7 presents the effects of
the damping parameter cd. In Figure 7a, all trajectories move around the fixed points,
indicating sustained motion. In Figure 7b, for larger values of cd, all trajectories spiral
inward toward the fixed points, demonstrating that the system becomes asymptotically
stable due to enhanced damping. So, the instability increases with greater bending
stiffnessP1 and nonlinear foundation stiffness ksn, while stability increases with higher
damping cd.

11
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(a) (b)

Figure 5. Phase portraits when: (a) P1 = 0.0001; (b) P1 = 0.1.

(a) (b)

Figure 6. Phase portraits when: (a) ksn = 0.0001; (b) ksn = 8.

(a) (b)

Figure 7. Phase portraits when: (a) cd = 0.0001; (b) cd = 0.1.

Case 2. When Ω= ω2 + ω1 + ϵϕ

Substituting Ω = ω2 + ω1 + ϵϕ in Eq. (25) and making the terms equal to zero

12

that cause resonances, the following coupled ordinary equations are obtained:
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dA10
dt1

= − 4α
9ω1

(ω2 + 4ω1)A20 sin (ϕt1) + 4α
9ω1

(ω2 + 4ω1)B20 cos (ϕt1)−
π4P 2

1
32ω1

B10

{(
A2

10 +B2
10

)
+ 2

∑∞
l=1 l

2
(
A2
l0 +B2

l0

)}
− 3ksn

16ω1

(
A2

20 +B2
20

)
B10

− ksl
2ω1

B10 − cd
2 A10,

dB10
dt1

= 4α
9ω1

(ω2 + 4ω1)A20 cos (ϕt1) + 4α
9ω1

(ω2 + 4ω1)B20 sin (ϕt1)+
π4P 2

1
32ω1

A10

{(
A2

10 +B2
10

)
+ 2

∑∞
l=1 l

2
(
A2
l0 +B2

l0

)}
+ 3ksn

16ω1

(
A2

20 +B2
20

)
A10

+ ksl
2ω1

A10 − cd
2 B10,

dA20
dt1

= − 4α
9ω2

(ω2 + 4ω1)A10 sin (ϕt1) + 4α
9ω2

(ω2 + 4ω1)B10 cos (ϕt1)−
π4P 2

1
4ω2

B20

{
2
(
A2

20 +B2
20

)
+
∑∞

l=1 l
2
(
A2
l0 +B2

l0

)}
− 3ksn

16ω2

(
A2

10 +B2
10

)
B20

− ksl
2ω2

B20 − cd
2 A20,

dB20
dt1

= 4α
9ω2

(ω2 + 4ω1)A10 cos (ϕt1) + 4α
9ω2

(ω2 + 4ω1)B10 sin (ϕt1)+
π4P 2

1
4ω2

A20

{
2
(
A2

20 +B2
20

)
+
∑∞

l=1 l
2
(
A2
l0 +B2

l0

)}
+ 3ksn

16ω2

(
A2

10 +B2
10

)
A20

+ ksl
2ω2

A20 − cd
2 B20.

(32)

To transform the system into the polar coordinates, let Ak0(t1) = rk (t1)

sin (ϕk (t1)) and Bk0(t1) = rk (t1) cos (ϕk (t1)), so from Eq. (32) it follows that:

dr1
dt1

= − cd
2
r1 +

4α(ω2+4ω1)
9ω1

r2 sin (ϕ2 + ϕ1 + ϕt1) ,

dr2
dt1

= − cd
2
r2 +

4α(ω2+4ω1)
9ω2

r1 sin (ϕ2 + ϕ1 + ϕt1) ,

dϕ1
dt1

= 4α(ω2+4ω1)r2
9ω1r1

cos (ϕ2 + ϕ1 + ϕt1)− π4P2
1

32ω1

(
r21 + 2

∑∞
l=1 l

2r2l
)
− 3ksn

16ω1
r22 − ksl

2ω1
,

dϕ2
dt1

= 4α(ω2+4ω1)r1
9ω2r2

cos (ϕ2 + ϕ1 + ϕt1)− π4P2
1

4ω2

(
2r22 +

∑∞
l=1 l

2r2l
)
− 3ksn

16ω2
r21 − ksl

2ω2
,

(33)

From first two equations in (33); which results in that ω1r
2
1 − ω2r

2
2 = c2e

−cdt1 ,
where c2 is constant of integration. Now let Φ(t1) = ϕ2(t1) + ϕ1(t1) + ϕt1, so from
the last equation (33) it follows that:

dr1
dt1

= − cd
2
r1 +

4α(4ω1+ω2)

9ω1

√
ω1r

2
1−c1e

−cdt1

ω2
sin(Φ),

dΦ
dt1

= ϕ+ 4α(4ω1+ω2)
9

(√
ω1r

2
1−c1e

−cdt1

ω1
√
ω2r1

+ r1
√
ω2

√
ω1r

2
1−c1e

−cdt1

)
cos(Φ)−

π4P 2
1 {

(
3

32ω1
+ 1

4ω2

)
r21 +

(
1

4ω1
+ 3

2ω2

)
ω1r

2
1−c1e

−cdt1

ω2
+(

1
16ω1

+ 1
4ω2

)
C2e−cdt1

∑∞
l=3 l

2} − 3ksn
16ω2

(
ω1r

2
1−c1e

−cdt1

ω1ω2
+

r21
ω2

)
− ksl

2

(
1
ω1

+ 1
ω2

)
.

(34)

and ṙk = − cd
2 rk for k = 3, 4, 5, . . ..⇒ rk(t1) = Ce−

1
2
c
d
t1 .

Stability of beam in sum-type resonance of interaction first and second mode is
shown by phase portraits of the system in Eq. (34) under the effect of bending stiffness
P1, nonlinear elastic foundation ksn and damping cd, while keeping other parameters
fixed to 0.003. Figure 8 shows the behaviour of the beam under the effect of bending
stiffness P1. For smaller values of P1, as seen in Figure 8a, some trajectories rotate
around certain fixed points, while others deviate. In Figure 8b, for larger values of
P1, all trajectories move away from the fixed points, leading to system instability.
Figure 9 illustrates the effects of the nonlinear elastic foundation ksn. In Figure 9a,
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for smaller values of ksn, some trajectories move around the fixed points, while others
deviate. However, for larger values of ksn, all trajectories become unstable, as shown
in Figure 9b. Figure 10 presents the effects of the damping parameter cd. In Figure
10a, some trajectories spiral around the fixed points, while others diverge. In Figure
10b, for larger values of cd, all trajectories approach the fixed points directly, indicating
that the system becomes asymptotically stable due to the stronger damping effect. So,
Instability rises with larger bending stiffness P1 and nonlinear elastic foundation ksn,
while stability improves with higher damping cd.

(a) (b)

Figure 8. Phase portraits when: (a) P1 = 0.0001; (b) P1 = 0.1.

(a) (b)

Figure 9. Phase portraits when: (a) ksn = 0.0001; (b) ksn = 8.

(a) (b)

Figure 10. Phase portraits when: (a) cd = 0.0001; (b) cd = 0.1.
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The following coupled system is obtained in a similar way as discussed in case 1:

dr2
dt1

= − cd
2 r2 +

12α(9ω2−4ω3)
25ω2

√
c3e

−cdt1−ω2r22
ω3

sin(Φ),

dΦ
dt1

= ϕ+ 12α(9ω2−4ω3)
25

(√
c3e

−cdt1−ω2r22
ω2

√
ω3r2

− r2√
ω3

√
c3e

−cdt1−ω2r22

)
cos(Φ)

+π4P 2
1 {3

(
1

2ω2
− 3

4ω3

)
r22 + 9

(
1

4ω2
− 27

32ω3

)
c3e

−cdt1−ω2r22
ω3

+(
1

4ω2
− 9

16ω3

)
C2e−cdt1

(
1 +

∑∞
l=4 l

2
)
}+ 3ksn

16

(
c3e

−cdt1−ω2r22
ω2ω3

− r22
ω3

)
+

ksl
2

(
1
ω2

− 1
ω3

)
,

(35)

and ṙk = − cd
2 rk for k = 1, 4, 5, . . ..⇒ rk(t1) = Ce−cdt1 .

The interaction of the second and third modes in difference-type resonance is
illustrated in Figures 11–13 under the influence of the parameters P1, ksn and cd. The
dynamic behavior of the beam for P1 and cd is like that observed in the interaction
of the first and second modes in difference-type resonance. However, the instability
regions appear to have significantly increased for larger values of the nonlinear elastic
foundation parameter ksn, indicating that stronger nonlinear elasticity is increasing the
instability in this mode interaction.

(a) (b)

Figure 11. Phase portraits when: (a) P1 = 0.0001; (b) P1 = 0.1.

(a) (b)

Figure 12. Phase portraits when: (a) ksn = 0.0001; (b) ksn = 35.
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(a) (b)

Figure 13. Phase portraits when: (a) cd = 0.0001: (b) cd = 0.5.

Case 4. When Ω= ω3 + ω2 + ϵϕ

The following coupled system is obtained in a similar way as discussed in case 2:

dr2
dt1

= − cd
2 r2 +

12α(9ω2+4ω3)
25ω2

√
ω2r22−c4e

−cdt1

ω3
sin(Φ),

dΦ
dt1

= ϕ+ 12α(9ω2+4ω3)
25

(√
ω2r22−c4e

−cdt1

ω2
√
ω3r2

+ r2√
ω3

√
ω2r22−c4e

−cdt1

)
cos(Φ)

−π4P 2
1 {3

(
1

2ω2
+ 3

4ω3

)
r22 + 9

(
1

4ω2
+ 27

32ω3

)
ω2r22−c4e−cdt1

ω3
+(

1
4ω2

+ 9
16ω3

)
C2e−cdt1

(
1 +

∑∞
l=4 l

2
)
} − 3ksn

16

(
ω2r22−c4e−cdt1

ω2ω3
+

r22
ω3

)
−ksl

2

(
1
ω2

+ 1
ω3

)
,

(36)

and ṙk = − cd
2 rk for k = 1, 4, 5, . . ..⇒ rk(t1) = C.

The interaction of the second and third modes in sum-type resonance is illustrated
in Figures 14–16 under the influence of the parameters P1, ksn and cd. The dynamic
behavior of the beam forP1, ksn and cd is similar to that observed in the interaction of
the first and second modes in sum-type resonance.

(a) (b)

Figure 14. Phase portraits when: (a) P1 = 0.0001; (b) P1 = 0.1.
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(a) (b)

Figure 15. Phase portraits when: (a) ksn = 0.0001; (b) ksn = 35.

(a) (b)

Figure 16. Phase portraits when: (a) cd = 0.0001; (b) cd = 0.5.

5. Conclusion

The stability of nonlinear dynamics of an axially moving damped beam on a
nonlinear elastic foundation is examined. Mathematically, the nonlinear transverse
vibrations of the system are formulated as fourth order nonlinear homogeneous partial
differential equations (PDE) with variable coefficients. The PDE is discretized by
using Fourier Expansion method into infinite dimensional system of coupled ordinary
differential equations and then resulting equations are handled by two-timescales
perturbation method to analyze the fast and slow dynamics in the system. It is
found that the system exhibits infinitely many resonances, characterized by condition
Ω = ±ωn ± ωk. This implies that resonance occurs when frequency Ω matches
the sum difference of the natural frequencies ωn and ωk, leading to multiple resonant
interactions across the system. In this work, the stability of the system is examined in
the following cases:

i. Non-resonant case:
Ω ̸= ±ωn ± ωk

ii. Difference-type resonance:
Ω = ω2 − ω1 + ϵϕ, and Ω = ω3 − ω2 + ϵϕ

iii. Sum-type resonance:
Ω = ω2 + ω1 + ϵϕ, and Ω = ω3 + ω2 + ϵϕ

In the non-resonant case, the effects of bending stiffness, nonlinear elastic
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foundation, and damping were analysed. It was observed that for smaller values
of bending stiffness and nonlinear elastic foundation, the system exhibits an
asymptotically stable solution, indicating that all trajectories eventually settle at
equilibrium. However, for larger values of bending stiffness and nonlinear elastic
foundation, periodic solutions arise, meaning that the system sustains oscillations
around certain points. Additionally, for smaller values of damping, the system
remains oscillatory, whereas for larger values of damping, all trajectories converge
asymptotically to the origin, demonstrating that increased damping enhances energy
dissipation and stabilizes the system.

In difference-type resonance, it was observed that for smaller values of bending
stiffness, the system exhibits oscillatory solutions, while for larger values of bending
stiffness, the system becomes unstable, with trajectories diverging over time. For
smaller values of the nonlinear elastic foundation, the system undergoes periodic
oscillations, whereas for relatively larger values, the instability region increases,
indicating that stronger nonlinearity contributes to system divergence. Similarly,
for smaller values of damping, the system yields periodic solutions, but for larger
values, the system becomes asymptotically stable, showing that damping suppresses
oscillations and stabilizes the response.

In sum-type resonance, for smaller values of bending stiffness, the system
exhibits a mix of bounded and unstable solutions, while for larger values of bending
stiffness, the system becomes completely unstable, with all trajectories diverging. For
smaller values of the nonlinear elastic foundation, the system exhibits both periodic
oscillations and some unstable solutions, whereas for relatively larger values, the
system becomes entirely unstable. Regarding damping, for smaller values, the system
displays both periodic and unstable solutions, while for larger values, the solutions
become asymptotically stable, confirming that increased damping mitigates instability
and ensures convergence toward equilibrium.

Comparing resonant and non-resonant regimes, resonant cases exhibit wider
instability regions and are far more sensitive to nonlinear foundation effects,
underlining their importance in engineering design considerations. The present
analysis is restricted to the small-parameter assumption ϵ ≪ 1, which acts as a
bookkeeping device representing the smallness of damping, foundation, and nonlinear
effects, which justifies the use of the two-timescale method in the weakly nonlinear
regime considered here. Nevertheless, harmonic axial speed can lead to internal and
parametric resonances that require careful treatment. For regimes where the smallness
assumption is less justified, alternative perturbation strategies such as the homotopy
perturbation method (HPM) may provide complementary insights, particularly in
capturing moderate nonlinearities or additional solution branches. Future work should
extend to stronger nonlinearities, alternative foundation models, external excitations,
and systematic numerical comparisons. Furthermore, the validity of the results
is confirmed in Appendix C. In the limiting case when damping and foundation
effects are neglected, the system reduces exactly to that given by Suweken and Van
Horssen [41], and the corresponding phase portraits are in full agreement.
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Appendix A

In this appendix, it is shown that when Ω = ω2 ± ω1, if k = 1, n = 2 then p = 1, q = 2 and if k = 2, n = 1 then
p = 2, q = 1. The secular terms will arise for non-linear elastic foundation in Eq. (25), if±ωk = ±ωn±ωp±ωq, where
k = n+ p+ q or k = −n− p+ q or k = n+ p− q with k, n, p, q ∈ N+. So, the following cases will be considered:

(a) k
(
1 + µ2k2

) 1
2 = n

(
1 + µ2n2

) 1
2 + p

(
1 + µ2p2

) 1
2 + q

(
1 + µ2q2

) 1
2

For k = 1, n = 2 and k = 2, n = 1, there is not any solution for p,q ≥ 1.
(b) k

(
1 + µ2k2

) 1
2 = −n

(
1 + µ2n2

) 1
2 − p

(
1 + µ2p2

) 1
2 − q

(
1 + µ2q2

) 1
2

For k = 1, n = 2 and k = 2, n = 1, there is not any solution for p,q ≥ 1

(c) k
(
1 + µ2k2

) 1
2 = n

(
1 + µ2n2

) 1
2 + p

(
1 + µ2p2

) 1
2 − q

(
1 + µ2q2

) 1
2

When k = 1 and n = 2, it has solution if p = 1 and q = 2 and when k = 2 and n = 1, it has solution if p = 2 and
q = 1.

(d) k
(
1 + µ2k2

) 1
2 = n

(
1 + µ2n2

) 1
2 − p

(
1 + µ2p2

) 1
2 + q

(
1 + µ2q2

) 1
2

When k = 1 and n = 2, it has solution if p = 2 and q = 1 and when k = 2 and n = 1, it has solution if p = 1 and
q = 2.

(e) k
(
1 + µ2k2

) 1
2 = −n

(
1 + µ2n2

) 1
2 + p

(
1 + µ2p2

) 1
2 + q

(
1 + µ2q2

) 1
2

When k = 1 and n = 2, it has solution if p = 1 and q = 2 or p = 2 and q = 1 and when k = 2 and n = 1, it has
solution if p = 1 and q = 2 or p = 2 and q = 1.

(f)
(
1 + µ2k2

) 1
2 = −n

(
1 + µ2n2

) 1
2 − p

(
1 + µ2p2

) 1
2 + q

(
1 + µ2q2

) 1
2

For k = 1, n = 2 and k = 2, n = 1, there is not any solution for p,q ≥ 1.
(g)

(
1 + µ2k2

) 1
2 = −n

(
1 + µ2n2

) 1
2 + p

(
1 + µ2p2

) 1
2 − q

(
1 + µ2q2

) 1
2

For k = 1, n = 2 and k = 2, n = 1, there is not any solution for p,q ≥ 1.
(h)

(
1 + µ2k2

) 1
2 = n

(
1 + µ2n2

) 1
2 − p

(
1 + µ2p2

) 1
2 − q

(
1 + µ2q2

) 1
2

For k = 1, n = 2 and k = 2, n = 1, there is not any solution for p,q ≥ 1.

So, only possible solution from above which satisfy k = n+ p+ q ork = −n− p+ q ork = n+ p− q is in case
(c) and case (e), that is when if k = 1, n = 2 then p = 1, q = 2 and if k = 2,n = 1 then p = 2,q = 1 because it will also
hold for k = n+ p− q.

Appendix B

In this appendix, the derivation of coupled system of ODEs (29) is discussed in detail and it is shown that how the
secular terms are eliminated in Eq. (25).
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When Ω = ω2 − ω1 + ϵϕ for k = 1 and n = 2, substituting in Eq. (25) yields:

∂2v11
∂t20

+ ω2
1v11 = −2ω1

(
dA10
dt1

cos (ω1t0)− dB10
dt1

sin (ω1t0)
)
+
[∑

j=0 −
∑

j=−1 −
∑

j=1

]
4αω2
(2j+1)

[A20 {sin (2ω2 − ω1 + ϵϕ) t0 + sin (−ω1 + ϵϕ) t0} −B20{cos (−ω1 + ϵϕ) t0−

cos (2ω2 − ω1 + ϵϕ) t0}] +
[∑

j=0 +
∑

j=−1 −
∑

j=1

]
4α(ω2−ω1+ϵϕ)

(2j+1)2

[A20 {sin (2ω2 − ω1 + ϵϕ) t0 − sin (−ω1 + ϵϕ) t0}+B20 {cos (−ω1 + ϵϕ) t0 + cos (2ω2 − ω1 + ϵϕ) t0}]

−3ksn
16 [A20A10B20 {cos (2ω2 − ω1) t0 + cos (−ω1) t0 − cos (2ω2 + ω1) t0 − cos (ω1) t0}+

A2
20B10 {cos (ω1) t0 − cos (2ω2 + ω1) t0 + cos (−ω1) t0 − cos (2ω2 − ω1) t0}+

B20A10A20 {cos (ω1) t0 − cos (2ω2 + ω1) t0 − cos (−ω1) t0 + cos (2ω2 − ω1) t0}+

B2
20B10 {cos (2ω2 + ω1) t0 + cos (ω1) t0 + cos (2ω2 − ω1) t0 + cos (−ω1) t0}+

A2
20A10 {sin (2ω2 − ω1) t0 − sin (−ω1) t0 − sin (2ω2 + ω1) t0 + sin (ω1) t0}+

A20B10B20 {sin (2ω2 + ω1) t0 + sin (ω1) t0 + sin (2ω2 − ω1) t0 + sin (−ω1) t0}+

B2
20A10 {sin (2ω2 + ω1) t0 + sin (ω1) t0 − sin (2ω2 − ω1) t0 − sin (−ω1) t0}+

B20B10A20 {sin (2ω2 + ω1) t0 − sin (ω1) t0 + sin (2ω2 − ω1) t0 − sin (−ω1) t0}]−
π4P 2

1
8 {A10 sin (ω1) t0 +B10 cos (ω1) t0}

∑∞
l=1 l

2
(
A2
l0 +B2

l0

)
− π4P 2

1
16

(
B2

10 −A2
10

)
[A10 {sin (3ω1) t0 − sin (ω1) t0}+B10 {cos (3ω1) t0 + cos (ω1) t0}]−

π4P 2
1

8 A10B10 [A10 {cos (ω1) t0 − cos (3ω1) t0}+B10 {sin (3ω1) t0 + sin (ω1) t0}]

−ksl (A10 (t1) sin (ω1t0) +B10 (t1) cos (ω1t0))− cdω1 (A10 cos (ω1t0)−B10 sin (ω1t0))

+Non Secular Terms,

(A1)

Simplifying and making the terms on the right side of Eq. (A1) equal to zero, which generate resonances, it follows
that:

−2ω1

(
dA10
dt1

cos (ω1t0)− dB10
dt1

sin (ω1t0)
)
+
(
1− 1

3

)
4αω2[A20 {sin (ϕt1) cos (ω1t0)− cos (ϕt1) sin (ω1t0)}

−B20 {cos (ϕt1) cos (ω1t0) + sin (ϕt1) sin (ω1t0)}] +
(
1− 1

9

)
4α (ω2 − ω1) [A20{cos (ϕt1) sin (ω1t0)−

sin (ϕt1) cos (ω1t0)}+B20 {cos (ϕt1) cos (ω1t0) + sin (ϕt1) sin (ω1t0)}]− 3ksn
16 [

{
2A2

20B10 cos (ω1) t0
}

+
{
2B2

20B10 cos (ω1) t0
}
+
{
2A2

20A10 sin (ω1) t0
}
+
{
2B2

20A10 sin (ω1) t0
}
]−

π4P 2
1

8 {A10 sin (ω1) t0 +B10 cos (ω1) t0}
∑∞

l=1 l
2
(
A2
l0 +B2

l0

)
− π4P 2

1
16

(
B2

10 −A2
10

)
{−A10 sin (ω1) t0

+B10 cos (ω1) t0} −
π4P 2

1
8 A10B10 {A10 cos (ω1) t0 +B10 sin (ω1) t0} − ksl{A10 sin (ω1t0)+

B10 cos (ω1t0)} − cdω1 {A10 cos (ω1t0)−B10 sin (ω1t0)} = 0,

(A2)

Equating the coefficients of cos (ω1t0) and sin (ω1t0) in Eq. (A2) respectively and simplifying, the following
equations are obtained:

dA10
dt1

= − 4α
9ω1

(ω2 − 4ω1)A20 sin (ϕt1) + 4α
9ω1

(ω2 − 4ω1)B20 cos (ϕt1)−
π4P 2

1
32ω1

B10{
(
A2

10 +B2
10

)
+

2
∑∞

l=1 l
2
(
A2
l0 +B2

l0

)
} − 3ksn

16ω1

(
A2

20 +B2
20

)
B10 − ksl

2ω1
B10 − cd

2 A10,

dB10
dt1

= − 4α
9ω1

(ω2 − 4ω1)A20 cos (ϕt1)− 4α
9ω1

(ω2 − 4ω1)B20 sin (ϕt1) +
π4P 2

1
32ω1

A10{
(
A2

10 +B2
10

)
+2

∑∞
l=1 l

2
(
A2
l0 +B2

l0

)
}+ 3ksn

16ω1

(
A2

20 +B2
20

)
A10 +

ksl
2ω1

A10 − cd
2 B10.

(A3)

22



Sound & Vibration 2025, 59(4), 3381.

When Ω = ω2 − ω1 + ϵϕ for k = 2 and n = 1, substituting in Eq. (25) yields:

∂2v21
∂t20

+ ω2
2v21 = −2ω2

(
dA20

dt1
cos (ω2t0)− dB20

dt1
sin (ω2t0)

)
+

[∑
j=−1 −

∑
j=0 −

∑
j=1

]
2αω1

(2j+1)

[A10 {sin (ω2 + ϵϕ) t0 + sin (ω2 − 2ω1 + ϵϕ) t0} −B10 {cos (ω2 − 2ω1 + ϵϕ) t0 − cos (ω2 + ϵϕ) t0}]

+
[∑

j=−1 +
∑

j=0 −
∑

j=1

]
α(ω2−ω1+ϵϕ)

(2j+1)2 [A10 {sin (ω2 + ϵϕ) t0 − sin (ω2 − 2ω1 + ϵϕ) t0}+

B10 {cos (ω2 − 2ω1 + ϵϕ) t0 + cos (ω2 + ϵϕ) t0}] 3ksn

16 [A10A20B10{cos (2ω1 − ω2) t0 + cos (−ω2) t0−

cos (2ω1 + ω2) t0 − cos (ω2) t0}+A2
10B20 {cos (ω1) t0 − cos (2ω1 + ω2) t0 + cos (−ω2) t0 − cos (2ω1 − ω2) t0}

+B10A20A10 {cos (ω2) t0 − cos (2ω1 + ω2) t0 − cos (−ω2) t0 + cos (2ω1 − ω2) t0}+

B2
10B20 {cos (2ω1 + ω2) t0 + cos (ω2) t0 + cos (2ω1 − ω2) t0 + cos (−ω2) t0}+

A2
10A20 {sin (2ω1 − ω2) t0 − sin (−ω2) t0 − sin (2ω1 + ω2) t0 + sin (ω2) t0}+

A10B20B10 {sin (2ω1 + ω2) t0 + sin (ω2) t0 + sin (2ω1 − ω2) t0 + sin (−ω2) t0}+

B2
10A20 {sin (2ω1 + ω2) t0 + sin (ω2) t0 − sin (2ω1 − ω2) t0 − sin (−ω2) t0}+

B10B20A10 {sin (2ω1 + ω2) t0 − sin (ω2) t0 + sin (2ω1 − ω2) t0 − sin (−ω2) t0}]−
π4P 2

1

2 {A20 sin (ω2) t0 +B20 cos (ω2) t0}
∑∞

l=1 l
2
(
A2

l0 +B2
l0

)
− π4P 2

1

4 4
(
B2

20 −A2
20

)
[A20 {sin (3ω2) t0 − sin (ω2) t0}+B20 {cos (3ω2) t0 + cos (ω2) t0}]− π4P 2

1

2 4A20B20[A20{cos (ω2) t0

− cos (3ω2) t0}+B20 {sin (3ω2) t0 + sin (ω2) t0}]− ksl {A20 sin (ω2t0) +B20 cos (ω2t0)}−

cdω2 {A20 cos (ω2t0)−B20 sin (ω2t0)}+ Non Secular Terms,

(A4)

Simplifying and making the terms on the right side of Eq. (A4) equal to zero, which generate resonances, it follows
that:

−2ω2

(
dA20

dt1
cos (ω2t0)− dB20

dt1
sin (ω2t0)

)
+
(
−1− 1

3

)
2αω1[A10 {sin (ϕt1) cos (ω2t0) + cos (ϕt1) sin (ω2t0)}+

B10 {cos (ϕt1) cos (ω2t0)− sin (ϕt1) sin (ω2t0)}] +
(
1− 1

9

)
α (ω2 − ω1) [A10{cos (ϕt1) sin (ω2t0)+

sin (ϕt1) cos (ω2t0)}+B10 {cos (ϕt1) cos (ω2t0)− sin (ϕt1) sin (ω2t0)}]− 3ksn

16 [
{
2A2

10B20 cos (ω2) t0
}
+{

2B2
10B20 cos (ω2) t0

}
+
{
2A2

10A20 sin (ω2) t0
}
+

{
2B2

10A20 sin (ω2) t0
}
]−

π4P 2
1

2 {A20 sin (ω2) t0 +B20 cos (ω2) t0}
∑∞

l=1 l
2
(
A2

l0 +B2
l0

)
− π4P 2

1

(
B2

20 −A2
20

)
{−A20 sin (ω2) t0+

B20 cos (ω2) t0} − 2π4P 2
1A20B20 {A20 cos (ω2) t0 +B20 sin (ω2) t0} − ksl{A20 sin (ω2t0)+

B20 cos (ω2t0)} − cdω2 {A20 cos (ω2t0)−B20 sin (ω2t0)} = 0,

(A5)

Simplifying and equating the coefficients of cos (ω2t0) and sin (ω2t0) in Eq. (A5) respectively, the following
equations are obtained:

dA20

dt1
= 4α

9ω2
(ω2 − 4ω1)A10 sin (ϕt1) + 4α

9ω2
(ω2 − 4ω1)B10 cos (ϕt1)− π4P 2

1

4ω2
B20{2

(
A2

20 +B2
20

)
+∑∞

l=1 l
2
(
A2

l0 +B2
l0

)
} − 3ksn

16ω2

(
A2

10 +B2
10

)
B20 − ksl

2ω2
B20 − cd

2 A20,

dB20

dt1
= − 4α

9ω2
(ω2 − 4ω1)A10 cos (ϕt1) + 4α

9ω2
(ω2 − 4ω1)B10 sin (ϕt1) + π4P 2

1

4ω2
A20{2

(
A2

20 +B2
20

)
+∑∞

l=1 l
2
(
A2

l0 +B2
l0

)
}+ 3ksn

16ω2

(
A2

10 +B2
10

)
A20 +

ksl

2ω2
A20 − cd

2 B20.

(A6)
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Hence, the coupled system of ordinary differential equations is given by:

dA10

dt1
= − 4α

9ω1
(ω2 − 4ω1)A20 sin (ϕt1) + 4α

9ω1
(ω2 − 4ω1)B20 cos (ϕt1)− π4P 2

1

32ω1
B10{

(
A2

10 +B2
10

)
+

2
∑∞

l=1 l
2
(
A2

l0 +B2
l0

)
} − 3ksn

16ω1

(
A2

20 +B2
20

)
B10 − ksl

2ω1
B10 − cd

2 A10,

dB10

dt1
= − 4α

9ω1
(ω2 − 4ω1)A20 cos (ϕt1)− 4α

9ω1
(ω2 − 4ω1)B20 sin (ϕt1) + π4P 2

1

32ω1
A10{

(
A2

10 +B2
10

)
+

2
∑∞

l=1 l
2
(
A2

l0 +B2
l0

)
}+ 3ksn

16ω1

(
A2

20 +B2
20

)
A10 +

ksl

2ω1
A10 − cd

2 B10,

dA20

dt1
= 4α

9ω2
(ω2 − 4ω1)A10 sin (ϕt1) + 4α

9ω2
(ω2 − 4ω1)B10 cos (ϕt1)− π4P 2

1

4ω2
B20{2

(
A2

20 +B2
20

)
+∑∞

l=1 l
2
(
A2

l0 +B2
l0

)
} − 3ksn

16ω2

(
A2

10 +B2
10

)
B20 − ksl

2ω2
B20 − cd

2 A20,

dB20

dt1
= − 4α

9ω2
(ω2 − 4ω1)A10 cos (ϕt1) + 4α

9ω2
(ω2 − 4ω1)B10 sin (ϕt1) + π4P 2

1

4ω2
A20{2

(
A2

20 +B2
20

)
+∑∞

l=1 l
2
(
A2

l0 +B2
l0

)
}+ 3ksn

16ω2

(
A2

10 +B2
10

)
A20 +

ks

2ω2
A20 − cd

2 B20.

(A7)

Appendix C

In this appendix, the validity of the results is confirmed by comparison with Suweken and Van Horssen [41], which
used a similar phase-portrait approach to examine stability. While Suweken and Van Horssen [41] considered only
nonlinear vibration without damping, linear and nonlinear elastic foundation effects, setting cd = 0, ksl = 0 and ksn = 0

in the present model reduces it to the same system given by Suweken and Van Horssen [41]. Under these conditions, the
equations and phase portraits match exactly, demonstrating the correctness of the results in this limiting case.

Validation of Ω ̸= ±ωn ± ωk(Non-Resonant case)

When damping cd = 0, the linear elastic foundation ksl = 0 and the nonlinear elastic foundationksn = 0 in Eq. (28),
the solution reduces to the same form as presented by Suweken and Van Horssen [41] and given as:

rk (t1) = C,

ϕk (t1) = −k2π4P 2
1

32ωk
C2

(
k2 + 2

∑∞
l=1 l

2
)
+ C̃.

(A8)

Validation of Ω = ±ωn ± ωk(Resonant cases)
For the resonant cases, when damping cd = 0, the linear elastic foundation ksl = 0 and the nonlinear elastic

foundation ksn = 0. The same set of coupled ordinary differential equations are obtained as given by Suweken and Van
Horssen [41] and also the corresponding phase portraits agree exactly for the following resonant cases.

Case 1. When Ω = ω2 − ω1 + ϵϕ

Under these conditions, Eq. (31) reduces to:

dr1
dt1

= 4α(4ω1−ω2)
9ω1

√
c1−ω1r21

ω2
sin(Φ),

dΦ
dt1

= ϕ+ 4α(4ω1−ω2)
9

(√
c1−ω1r21

ω1
√
ω2r1

− r1√
ω2

√
c1−ω1r21

)
cos(Φ) + π4P 2

1 {
(

3
32ω1

− 1
4ω2

)
r21 +

(
1

4ω1
− 3

2ω2

)
c1−ω1r

2
1

ω2
+(

1
16ω1

− 1
4ω2

)
C2

∑∞
l=3 l

2},

(A9)

By applying the following rescaling, Eq. (A9) becomes identical in the form, which is given by Suweken and Van
Horssen [41]:

r1 (t1) =
√

c2
ω1
R1 (s2), s1 = 4α

9
√
ω1ω2

(4ω1 + ω2) t1, ds2ds1
= 1

R1

√
R2

1−1
, Φ(t1) = ψ1(s2), (A10)
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which leads to:
dR1
ds2

= R1

(
R2

1 − 1
)
sin (ψ1) ,

dψ1

ds2
=

(
2R2

1 − 1
)
cos (ψ1)−

(
k1R

2
1 + k2

)
R1

√
R2

1 − 1,
(A11)

with k1 =
9P 2

1 π
4√ω1ω2

4α(4ω1+ω2)
k̃j for j = 1, 2 where k̃1 =

(
3

32ω1
+ 1

4ω2

)
c2
ω1

+
(

1
4ω1

+ 3
2ω2

)
c2
ω2

and k̃2 = −
(

1
4ω1

+ 3
2ω2

)
c2
ω2

−
ϕ

P 2
1 π

4 +
(

1
16ω1

+ 1
4ω2

)
C2

∑∞
l=3 l

2.
The corresponding phase portraits also agree precisely, as illustrated in Figures A1–A6.

Figure A1. k1 = 4 and k2 = −2. Figure A2. k1 = 9 and k2 = −15.

Figure A3. k1 = 6.5 and k2 = −2.8. Figure A4. k1 = 6.5 and k2 = −3.7.

Figure A5. k1 = 9 and k2 = −4. Figure A6. k1 = 4 and k2 = 3.
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Case 1. When Ω = ω2 − ω1 + ϵϕ

In this case, Eq. (34) reduces to the following form:

dr1
dt1

= 4α(4ω1+ω2)
9ω1

√
ω1r21−c2

ω2
sin(Φ),

dΦ
dt1

= ϕ+ 4α(4ω1+ω2)
9

(√
ω1r21−c2

ω1
√
ω2r1

+ r1√
ω2

√
ω1r21−c2

)
cos(Φ)− π4P 2

1 {
(

3
32ω1

+ 1
4ω2

)
r21 +

(
1

4ω1
+ 3

2ω2

)
ω1r

2
1−c2
ω2

+(
1

16ω1
+ 1

4ω2

)
C2

∑∞
l=3 l

2},

(A12)

Applying the following rescaling, Eq. (A12) takes the exact same form which is given by Suweken and Van
Horssen [41]:

r1 (t1) =
√

c1
ω1
R1 (s2), s1 = 4α

9
√
ω1ω2

(4ω1 − ω2) t1, ds2ds1
= 1

R1

√
1−R2

1

,Φ(t1) = ψ1(s2), (A13)

which yields:
dR1
ds2

= R1

(
1−R2

1

)
sin (ψ1) ,

dψ1

ds2
=

(
1− 2R2

1

)
cos (ψ1) +

(
k1R

2
1 + k2

)
R1

√
1−R2

1,
(A14)

with k1 =
9P 2

1 π
4√ω1ω2

4α(4ω1−ω2)
k̃j for j = 1, 2 where k̃1 =

(
3

32ω1
− 1

4ω2

)
c1
ω1

−
(

1
4ω1

− 3
2ω2

)
c1
ω2

and k̃2 =
(

1
4ω1

− 3
2ω2

)
c1
ω2

+

ϕ
P 2
1 π

4 +
(

1
16ω1

− 1
4ω2

)
C2

∑∞
l=3 l

2.
The corresponding phase portraits are also in agreement, as shown in Figures A7–A12.

Figure A7. k1 = 1 and k2 = −2. Figure A8. k1 = 1 and k2 = −3.802.

Figure A9. k1 = 1 and k2 = −5. Figure A10. k1 = 4 and k2 = 4.
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Figure A11. k1 = 4 and k2 = −7.657. Figure A12. k1 = 4 and k2 = −8.
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