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Abstract: The study primarily focuses on the impact of the installation stiffness at the bottom
of the reinforced cylindrical shell on its natural characteristics. Using the finite element modal
analysis method, it systematically investigates the effects of three installation stiffness forms—
rigid base, rubber pad-supported base and isolator-supported base on the natural frequencies
and mode shapes of the stiffened cylindrical shell. Additionally, the influence of key
parameters such as rubber pad thickness and elastic modulus on the natural characteristics of
the stiffened cylindrical shell is examined. The results show that as installation stiffness
increases, the natural frequencies of the stiffened cylindrical shell significantly rise, with a
more pronounced effect on lower-order modes. The rubber pad-supported base maintains
vibration characteristics close to those of the free state, particularly above 50 Hz. Furthermore,
increasing the rubber pad thickness and decreasing the elastic modulus both lead to a reduction
in natural frequency, particularly for lower-order modes, which are more sensitive to these
parameter changes. These findings provide important guidance for optimizing the vibration
characteristics and isolation design of stiffened cylindrical shell structures.

Keywords: near-free vibration isolation design; stiffened cylindrical shell; finite element
analysis; installation stiffness; natural frequency

1. Introduction

The stiffened cylindrical shell structure, with its central symmetry and excellent
mechanical properties, is widely used in key fields such as aerospace, mechanical
engineering, and naval architecture [1-3]. It is particularly applied in scenarios such
as pressure-resistant hulls of underwater vehicles, weapon launch tubes, and aircraft
fuselages [4-6]. The vibration characteristics of cylindrical shells determine the
structural noise radiation, fatigue life, and operational stability. However, in practical
engineering applications, shells are often connected to external structures through
bases, vibration isolators, and other support systems, where variations in installation
stiffness can significantly alter boundary conditions, thereby affecting natural
frequencies and mode shapes. Improper design may lead to increased resonance risk
and higher vibration transmission efficiency. Therefore, investigating the influence of
installation stiffness on the natural characteristics of cylindrical shells is of great
engineering significance for optimizing vibration isolation design, preventing
resonance damage, and enhancing equipment reliability [7].

In recent years, significant progress has been made in the study of shell structure
vibration characteristics and stiffness effects. Liu et al. [8] proposed a magnetic
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higher-order stable quasi-zero-stiffness (QZS) mechanism, and analyzed its frequency
response characteristics without involving polynomial approximation. Li et al. [9]
introduced a unified Jacobi-Ritz-spectral boundary element method (BEM) for
spherical shells, which offers high-precision solutions for complex boundary
conditions. Liu et al. [10] systematically examined research advancements in quasi-
zero stiffness vibration isolation technology from the perspectives of design
optimization, improvement strategies, and engineering applications. This innovative
approach enables significant reduction of dynamic stiffness while maintaining static
stiffness integrity, thereby effectively extending the vibration isolation frequency band
into the low-frequency domain. Liu et al. [11] developed a novel quasi-zero stiffness
configuration integrating four piezoelectric buckling beams with vertical spring
elements. This device leverages negative stiffness characteristics to achieve dual
functionality: lowering the fundamental vibration isolation frequency while
simultaneously enhancing electrical energy output through piezoelectric conversion.
Xu et al. [12] analyzed the effect of transmission stiffness on the open-loop transfer
function of the rudder servo system, finding that increasing transmission stiffness
raises the anti-resonant and resonant frequencies of the rudder servo system. Wang et
al. [13] studied the free vibration characteristics of shells under arbitrary boundary
conditions and solved the dynamic differential equations of shells with arbitrary
boundary conditions. Emad et al. [14] solved the problem to illustrate the effects of
the changes in geometry, material, and elastic boundary conditions (EBCs) on the
natural frequency fluctuations (NFFs) of the ASCCS structure. Li [15] investigated
the influence of orthotropic properties and boundary conditions on the free vibration
of rotating, truncated, circular orthotropic conical shells. Pang et al. [16] According to
different scenarios applicable to paraboloidal shell structures, artificial spring
techniques are employed to simulate complex boundary conditions including free,
simply supported, and fully clamped edges. This approach is used to verify the
convergence of the Jacobi-Ritz spectral boundary element method. Li et al. [17]
studied the impact of joint stiffness and joint size on the load-bearing capacity of
single-layer cylindrical reticulated shells. Gao et al. [18] investigated the free and
forced vibration characteristics of uniform and stepped coupled shell structures with
arbitrary boundary conditions. Zheng et al. [19] proposed a unified and efficient
method for analyzing the vibration characteristics of conical shells with arbitrarily
varying thickness and elastic boundary conditions.

The aforementioned literature, through studies in various fields, has
demonstrated that installation stiffness, support parameters, and material and
geometric design have a significant impact on the natural frequencies, vibration
characteristics, and transmission properties of structures [20,21]. Existing work has
mostly focused on optimizing the support stiffness of electromechanical systems, shaft
assemblies, or simple shells, and in most studies, spring models are used to represent
boundary stiffness. However, the relationship between installation stiffness and the
vibration characteristics of stiffened cylindrical shells, a typical structure has not been
fully explored. Therefore, this study takes the stiffened cylindrical shell as the research
object. Using the finite element method, it systematically compares for the first time
the modal characteristics of the stiffened cylindrical shell under three different
installation stiffness conditions, focusing on analyzing the effects of three installation
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stiffness forms—rigid base, rubber pad-supported base, and isolator-supported base
—on natural frequencies. By comparing the changes in natural frequencies under
different installation stiffness conditions, the influence of installation stiffness on the
inherent properties of the stiffened cylindrical shell is thoroughly investigated.
Additionally, a quantitative sensitivity analysis of natural frequencies is conducted
based on theoretical formulas. These findings not only provide a theoretical basis for
vibration control and installation design of stiffened cylindrical shells but also offer
practical guidance for optimizing parameter selection in vibration isolation support
designs, demonstrating significant engineering application value.

2. Theoretical analysis

2.1. Dynamic equation of the cylindrical shell

The vibration system is usually a distributed-parameter system, and due to its
continuity, directly solving for the natural frequencies and mode shapes is quite
difficult. To simplify the analysis, it is typically discretized into a system with finite
degrees of freedom, and the differential equations governing its free motion are
established. The finite element dynamic equation for the cylindrical shell is expressed
as follows [22]:

Mii + Cit + Ku = 0 (1)

In Equation (1), M represents the structural mass matrix, C denotes the structural
damping matrix, K is the structural stiffness matrix, and u is the nodal displacement
vector.

Modal analysis aims to obtain the natural frequencies and mode shapes of the
system, which are primarily determined by the mass matrix and stiffness matrix. In
engineering applications, structural damping is usually small and has a relatively
limited effect on natural frequencies and mode shapes. The equation can be simplified
as:

Mii + Ku = 0 )

The two fundamental paradigms of vibration analysis reveal the intrinsic
characteristics of a system. The Fourier transform decomposes any complex vibration
signal into harmonic components in the frequency domain, while the modal
superposition principle decouples the structure’s free vibration into a linear
combination of its natural modes. The exponential function e/®t naturally represents
the combination of sine and cosine functions: e/t = cos(wt) + j sin(wt), Thus, the
free vibration solution is assumed to take the form:

u(t) = pel®t (3a)
u(t) = jopel®t (3b)
ii(t) = —w?pel®t (3c)

where w represents the natural frequency of the cylindrical shell, and ¢ is the
eigenvector describing the vibration mode shape in this modal state.
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Substituting the above expression into the dynamic equation:
M(—w?¢pe/®t) + Kpel®t = 0 (4)
After simplification, the eigenvalue problem can be obtained as:
(0 )M +K)p =0 ()

Solving Eigenvalues: Since the mass matrix M and stiffness matrix K are often
large-scale sparse matrices, the Lanczos method is employed for solving them. The
Lanczos method is an efficient iterative algorithm for computing eigenvalues of large
sparse symmetric matrices by transforming the symmetric matrix into a symmetric
tridiagonal matrix through orthogonal similarity transformations [23]. The core idea
of this method lies in projecting the eigenvalue problem onto a low-dimensional
Krylov subspace spanned by a set of orthogonal vectors. A Krylov subspace is a linear
subspace formed by the initial vector v and the vectors generated by repeatedly
applying matrix A, expressed as follows [24]:

km (4, v) = span{v, Av, A?v, ..., A" v} (6)

where k,, denotes the constructed Krylov subspace, A is the object matrix for
constructing the subspace, and v is the initial vector.

By constructing a tridiagonal matrix within this subspace that effectively
approximates the original system, the Lanczos method can efficiently compute the first
few natural frequencies and mode shapes of the structural system in a reduced-
dimensional space.

2.2. Incorporation of mounting stiffness

The total stiffness matrix of the structure is obtained by adding a support stiffness
matrix Kgypport to the overall finite element stiffness matrix K, where the support

stiffness matrix has non-zero entries only in the rows and columns corresponding to
the support nodes. The total stiffness matrix is given by:

Ktotal = K+ Ksupport (7
The dynamic equation of the structure is expressed as:
Mil + Kiogartt = 0 (@®)
The eigenvalue equation with supports can be obtained as:
(M + Kiora)p = 0 ©)

The natural frequency w; is determined by the eigenvalues of the stiffness matrix
Kiotal and the mass matrix M, and satisfies:

(10)

where k; and m; are the i-th generalized eigenvalues of the stiffness matrix and the
mass matrix, respectively.



Sound & Vibration 2025, 59(2), 2952.

2.3. The sensitivity of the natural frequency to the installation stiffness

Starting from the eigenvalue equation, consider differentiating with respect to k;.

Expanding, we obtain:

dw; 0¢; O0Kiorar d¢;
20— Mp; + WM — = 2%y 4 K, ——
wl ak] d)l + a)l ak] ak] d)l + total akj (1 1)

Multiplying both sides of the equation by d)iT on the left, the above equation can
be simplified as:

awi 1 aKlfotal

T i o] (12)

Since in this partial derivative matrix, only the degree of freedom corresponding
to the applied stiffness k; has a value of 1, and all other positions are 0, Equation (11)

can be further simplified as:

aa)l

= (¢U) (13)

where (qbi, ]-) represents the component of the i-th mode at the j-th installation degree
of freedom.

The impact of installation stiffness on the natural frequency of the cylindrical
shell can be further expressed as:

Aw; % Z (¢") (14)

2w;

where Aw; is the change in the system’s natural frequency w; due to the variation in
the installation stiffness k; and Ak; is the change in the installation stiffness at position

j.
3. Model description

3.1. Stiffened cylindrical shell geometric model

This study focuses on the stiffened cylindrical shell structure, with one end open
and the other closed. The structure consists of the cylindrical shell body, internal raft
base, and internal ring ribs that enhance the structural strength. The three-dimensional
model of the stiffened cylindrical shell structure was established in CATIA software,
as shown in Figure 1. The model has a total length of L = 3500 mm, a radius of R =
1500 mm, a shell thickness 2 = 6 mm, and rib spacing of 700 mm. The circumferential
reinforcement ribs are flat steel with dimensions of 10 mm % 90 mm. All components
of the structure are made of steel material, with a density of p = 7850 kg/m?, Young’s
modulus £=2.1 x 10" Pa, and Poisson’s ratio = 0.3. The total weight of the structure
is 2876.06 kg.
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Figure 1. Stiffened cylindrical shell geometrical model.

3.2. Installation base geometrical model

According to the research objectives, finite element models for three typical
support forms—rigid base, rubber pad-supported base, and vibration isolator-
supported base—have been established. The design features and parameter settings
are as follows:

Rigid base: As displayed in Figure 2, the base is rigidly fixed to the ground, and
the shell is directly placed on the base without any flexible connection. This results in
an increase in the overall system stiffness. The dimensions of the base are L' = 3000
mm, B = 1800 mm, and A = 400 mm.

L'——-"‘""‘

{Bﬂ

s

Figure 2. Schematic of rigid base.

Rubber pad support base: In this study, neoprene rubber was selected as the
material for the rubber pad, with the following parameter settings based on the
supplier’s data: The density range is 1230-1300 kg/m?, and the Young’s modulus is
between 2—5 MPa. Additionally, the common thickness range for rubber pads in the
market is 10—100 mm. Based on this data, a rubber layer with a thickness of 50 mm
was added between the shell and the base, as shown in Figure 3. In Abaqus, the rubber
layer was defined as a linear elastic material with a density of 1230 kg/m?, a Young’s
modulus of 3 MPa, and a Poisson’s ratio of 0.48.
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Figure 3. Schematic of the rubber pad support base.

Vibration isolator support base: The system utilizes 20 BE-220 vibration
isolators (parameters listed in Table 1) to connect the shell and base. In accordance
with engineering vibration isolation design standards [25], the isolators are
symmetrically arranged at equal intervals along the base direction [26], as shown in
Figure 4.

Table 1. Vibration isolator parameters.

Installation condition Dynamic stiffness (kN/m)
Model Rated static deformation

Number (pcs) Arrangement Y X Z
BE-220 3-5mm 20 Two-row symmetrical arrangement 2268 816 880

vibration isolator

base .““:’,/

Figure 4. Schematic of the vibration isolator support base.

In Abaqus, the modeling of the vibration isolator-supported base uses spring
elements to simulate the supporting effect of the vibration isolators [27]. The specific
implementation method is as follows: First, connection points are defined at
corresponding positions between the shell and the base, and spring elements are
applied between these points to simulate the supporting characteristics of the vibration
isolators. To accurately describe the directional stiffness characteristics of the
vibration isolators, a local coordinate system is established to define the action
direction of the vibration isolators. Based on this, spring elements are arranged along
the three orthogonal directions (X, Y, Z) at each connection point, and the
corresponding directional stiffness values are assigned, where the isolators on the left
side are numbered 1-10 and those on the right side are numbered 11-20 (as shown in
Figure 5).

Figure 5. Schematic of the vibration isolator support base.
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3.3. Mesh convergence analysis

To ensure the accuracy and reliability of the finite element analysis results, this
study conducted a mesh convergence analysis on the computational model.

When performing the mesh division, the element type used was C3D8R. For the
free-state model, a mesh size of 25 mm was used, resulting in a total of 94,609
elements. Under the rigid base, the base section consisted of 142,080 elements, with
the overall model having a total of 236,689 elements. For the rubber pad-supported
base, the base section consisted of 162,480 elements, with the overall model having a
total of 257,089 elements. The isolator-supported base had 142,080 mesh elements,
and the overall model consisted of 236,689 elements.

To ensure the accuracy of the results, a mesh convergence test was conducted.
Following the empirical rule that “5-7 nodes should be included within one
wavelength range” for vibration analysis, simulation results for different element sizes
(25 mm, 20 mm, 15 mm) were compared. The rate of change in the natural frequency
was used as the criterion for convergence. After further refining the mesh, the variation
in the calculated natural frequency was less than 2%, indicating that the results had
converged.

4. Structural modal analysis and results analysis

Based on the established model, the effect of installation stiffness on the free
vibration characteristics of the stiffened cylindrical shell is discussed using the finite
element software Abaqus [28]. The natural frequencies and mode shapes for each
condition are obtained through modal analysis. Specifically, this includes four
conditions: free state, rigid base, rubber pad-supported base, and vibration isolator-
supported base.

4.1. Modal analysis under the free state

Figure 6 shows the finite element model of the structure under free state
conditions, where no constraints are applied. This model serves as the baseline for
understanding the natural vibration characteristics of the system.

Figure 6. Finite element model of the structure in the free state.

The first six natural frequencies of the structure in this state are shown in Table
2, and the corresponding mode shape cloud diagrams are shown in Figure 7.

Table 2. Natural frequency in the free state.

Mode order 1 (Hz) 2 (Hz) 3 (Hz) 4 (Hz) 5 (Hz) 6 (Hz)

Free state 22.1 26.8 62.8 66.5 115.4 124.9
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f=22.1Hz

f=606.5Hz f=1154Hz
Figure 7. Mode shape cloud diagram in the free state of the structure.

4.2. Modal analysis under a rigid base

The finite element model of the structure supported by a rigid base is shown in
Figure 8. This model is used to simulate the vibration characteristics of the structure
under rigid installation conditions.

Figure 8. Finite element model under a rigid base.

Under this installation condition, the first six natural frequencies of the structure
are listed in Table 3, and the corresponding mode shapes are shown in Figure 9.
Compared with the free state (Figure 7), it is evident that the change in installation
stiffness has led to significant variations in the structural modes.

f=12.7Hz f=29.0Hz

f=554Hz f=79.0Hz f=117.0Hz
Figure 9. Mode shape cloud diagram under a rigid base.
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Table 3. Natural frequency under a rigid base.

Mode order 1 (Hz) 2 (Hz) 3 (Hz) 4 (Hz) 5 (Hz) 6 (Hz)

Rigid base 12.7 29.0 49.5 554 79.0 117.0

4.3. Modal analysis under a rubber pad-supported base

Figure 10 presents the finite element model of the structure under rubber pad
installation conditions.

Figure 10. Finite element model under a rubber pad-supported base.

Through modal analysis, the first six natural frequencies of the structure under
rubber pad installation are obtained, as listed in Table 4. The corresponding mode
shapes are shown in Figure 11, exhibiting relatively uniform deformation patterns.

f=10.7Hz

f=30.7Hz
Figure 11. Mode shape cloud diagram under a rubber pad-supported base.

Table 4. Natural frequency under a rubber pad-supported base.

Mode order 1 (Hz) 2 (Hz) 3 (Hz) 4 (Hz) 5 (Hz) 6 (Hz)
Rubber pad-supported base 10.7 19.2 239 30.7 443 62.5

4.4. Modal analysis under a vibration isolator-supported base

Figure 12 illustrates the finite element model of the structure under vibration
isolator-supported conditions, which is used to analyze the vibration characteristics in
this installation state.

10
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Figure 12. Finite element model under a vibration isolator-supported base.

The first six natural frequencies in this condition are listed in Table 5, and the
corresponding mode shapes are shown in Figure 13. Compared with other installation
conditions, the vibration characteristics under this state are closer to those of the free
state shown in Figure 7.

f=64.6 Hz f=113.2Hz f=123.0Hz
Figure 13. Mode shape cloud diagram under a vibration isolator-supported base.

Table 5. Natural frequency under a vibration isolator-supported base.

Mode order 1(Hz) 2(MHz) 3(Hz) 4MHz) 5(Hz) 6(Hz)

Vibration isolator-supported base ~ 21.4 25.7 61.2 64.6 113.2 123.0

4.5. Modal comparison analysis

Taking the same mode shape as an example, the changes in natural frequency
under different installation stiffness conditions were compared, as detailed in Table 6.

Table 6. Comparison of natural characteristics under different installation stiffness conditions.

Free state Rigid base Rubber pad-supported base  Vibration isolator-supported base

f=22.1Hz f=554Hz f=36.7Hz f=21.4Hz

11
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Table 6. (Continued).

Free state

Rigid base Rubber pad-supported base  Vibration isolator-supported base

f=147.5Hz

For ease of comparison (Table 7), the relative change Af; is defined as follows:

Afl(%) — fi,ba;e_fi,free X 100% (15)

ifree

where f;pase 1S the natural frequency of the i-th mode under the installed base
condition, and f; free is the natural frequency in the free state.

Table 7. Analysis of the influence of installation stiffness on the natural frequency of the structure.

Mode (Hz) 1st mode Afi(%) 2nd mode Af (%) 3rd mode Af (%)
Free state 22.1 62.8 124.9

Rigid base 55.4 150.679 79.0 25.796 147.5 18.094
Rubber pad-supported base 36.7 66.063 62.5 0.478 123.7 0.961
Vibration isolator-supported base 21.4 3.167 61.2 2.548 122.9 1.601

4.6. Results analysis

Through modal analysis of the shell under different installation stiffness base
conditions, three cases were considered: rigid base, rubber pad-supported base, and
vibration isolator-supported base. The natural frequencies of the stiffened cylindrical
shell were calculated under a range of installation stiffness conditions and compared
with the natural frequencies in the free state [29]. The results indicate that different
installation stiffness has a significant impact on the natural frequencies and vibration
characteristics of the stiffened cylindrical shell.

4.6.1. The impact of installation stiffness on vibration characteristics

From the mode shape analysis, it can be observed that under the rigid base
condition, the free deformation of the stiffened cylindrical shell is significantly
restricted, especially the bottom displacement, which is strongly constrained. The
mode shape mainly exhibits localized deformation, with the deformation concentrated
at the open end of the cylindrical shell. Under the rubber pad-supported base condition,
the overall stiffness decreases, and the deformation at the bottom is more noticeable

12
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compared to the rigid base. In the case of vibration isolator-supported installation, the
deformation mode of the shell is freer compared to other installation stiffness
conditions, with the structural deformation almost identical to the deformation mode
in the free state.

4.6.2. Comparison of natural frequencies under the same mode shape

Through a detailed analysis of the natural frequencies and relative changes of the
structure under different installation stiffness conditions presented in Table 6, this
study found that the variation in natural frequencies primarily occurs in the lower-

2
order modes. Based on Equation (14) Aw; o« ), j%Akj, under the rigid base

condition, the natural frequency of mode 1 increases from 22.1 Hz to 55.4 Hz relative
to the free-state structure, with a relative change exceeding 150%. This is consistent

with the theoretical prediction % x % The 2nd and 3rd modes also show significant
j i

increases, but the amplitude of increase gradually decreases as the mode order rises.
The finite element results show that as the installation stiffness increases, the natural
frequency shifts to higher frequency ranges, significantly raising the natural
frequencies of the cylindrical shell [30], with a particularly noticeable impact on the
low-frequency modes.

Under the rubber pad-supported base condition, the relative change in the natural
frequency of mode 1 is 66.06%. Although there is a noticeable deviation in mode 1,
the frequency change for other modes is Af; < 1%, which is significantly smaller than
under the rigid base condition and is almost identical to the free state. This suggests
that the rubber pad-supported base can effectively retain the original vibration
characteristics at mid-to-high frequencies.

In the case of the vibration isolator-supported base, with isolators installed on
both sides of the stiffened cylindrical shell, the natural frequencies are similar to those
in the free state, closely matching the free vibration state of the stiffened cylindrical
shell. This indicates that the vibration isolator-supported base retains the natural
frequencies close to the free vibration state of the structure compared to other
installation stiffness conditions.

4.6.3. Sensitivity verification based on theoretical formula
Based on the sensitivity relationship between natural frequency and installation

stiffness in Equation (13):

6wi _ 1 2
ok; z_wi(d’i'f)

it can be seen that the change in natural frequency Aw; is proportional to the square of

the displacement component of the modal shape at the installation position ((j)i_ j)z,
and inversely proportional to the current order of the natural frequency w; (Equation
(14)). For low-order modes (e.g., the 1st mode), their natural frequency w; is relatively
small, so the attenuation effect of the denominator term 2w; is weak. Moreover, the
overall displacement amplitude of the low-order mode at the support position, ¢; ;, is
generally larger (as seen in the overall bending mode in the free state shown in Figure
7). Therefore, the same change in stiffness Ak; has a more significant impact on low-

13
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order frequencies. In contrast, for high-order modes, w; is higher, and the mode shape
becomes more localized (e.g., localized buckling of the shell). The displacement
component at the support position, ¢; ; is smaller, which leads to a reduced sensitivity

to stiffness changes.

5. The impact of rubber pad parameters on natural frequency

From the analysis of the above results, it can be concluded that under the rigid
base condition, the natural frequency of the structure increases significantly,
demonstrating a strong rigidity effect. In contrast, the vibration isolator-supported base
can effectively approach the ideal vibration isolation state, achieving better vibration
isolation performance. The rubber pad-supported base shows a noticeable difference
only in the first-order natural frequency, but for other frequencies, it closely resembles
the ideal state. Based on this, the impact of key parameters such as rubber pad
thickness and elasticity modulus on the natural characteristics of the stiffened
cylindrical shell was further explored. Compared to the other two installation methods,
the rational selection and use of an appropriate rubber pad not only meets the diverse
vibration isolation needs but also enables quick adjustment and optimization of the
installation method. This, in turn, provides more targeted solutions for vibration
isolation design.

5.1. The influence mechanism of rubber pad materials

The thickness and elastic modulus of rubber are key parameters in evaluating the
performance of rubber pads [31]. Increasing the rubber thickness generally makes the
material softer in vibration isolation applications. Additionally, a high elastic modulus
indicates that the material has a more crystalline structure, making it stiffer. In contrast,
a low elastic modulus suggests that the material has a more amorphous structure,
making it more flexible [32].

The stiffness of the rubber pad-supported base mainly depends on the stiffness of
the rubber material [33]. According to elastic mechanics theory, under uniform
compression conditions, the stiffness k of the rubber pad can be calculated using
Equation (16):

E XA
k =

b (16)

where A is the contact area of the rubber pad, 4 is the total thickness of the rubber
layer, and E is the elastic modulus of the rubber.

In the vibration analysis of elastic support structures, the basic description is the
single degree of freedom (SDOF) vibration system, whose natural frequency
expression is:

on = |~ (17)
m

where w, is the system’s natural angular frequency, k is the system’s equivalent
stiffness, and m is the system’s equivalent mass.
Substituting this into the natural frequency equation, we get:

14
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EA
on= [— (18)
The conclusion that can be drawn from this is that increasing the rubber thickness
h or decreasing the elastic modulus E of the rubber will result in a reduction of the
system’s stiffness k, thereby decreasing the natural frequency w,,.
In classical vibration isolation theory, to improve the isolation effect, the system’s
natural frequency should be as low as possible compared to the excitation frequency
Weyc- This is typically defined by the isolation frequency ratio:

Wexc
Y =
™ (19)
According to theory, when the isolation frequency ratio Y > +/2 the vibration
isolation effect is significant. A common engineering approach to reduce the natural
frequency w, is by increasing the thickness of the rubber layer or using materials with

a lower elastic modulus.

5.2. The effect of rubber pad thickness on the structural natural frequency

The initial rubber pad used in this study had a thickness of 50 mm. Since the
common thickness range for rubber pads in the market is 10—100 mm, with 10-100
mm being the standard specifications available for direct purchase, it is necessary to
ensure that the selected parameters not only meet the procurement availability from
the supply chain but also achieve the required functionality. Based on this, as displayed
in Table 8, the effects of rubber pad thicknesses of 70 mm, 60 mm, 40 mm, and 30
mm on the inherent characteristics of the reinforced cylindrical shell were further
investigated [34].

Table 8. Comparison of the natural characteristics of the structure under different rubber pad thicknesses.

60 mm 50 mm 40 mm

15
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Table 8. (Continued).

70 mm 60 mm 30 mm

f=132.0 Hz f=133.4Hz f=134.1Hz f=1352Hz

5.3. The effect of the rubber pad’s elastic modulus on the structural
natural frequency

To further investigate the impact of rubber material hardness on the system’s
vibration characteristics, this study selected a 60 mm thick rubber pad as the reference

and analyzed the changes in the natural characteristics of the stiffened cylindrical shell
when the elastic modulus was 5 MPa, 4 MPa, 3 MPa, and 2 MPa, as shown in Table 9.

Table 9. Comparison of structural natural characteristics under rubber pads with different elastic moduli.

5 MPa 3 MPa 2 MPa

f=38.5Hz

f=61.8Hz

f=343Hz f=49.4Hz

f=593 Hz

f=1249 Hz f=1475Hz f=123.7Hz f=1229Hz

5.4. Result analysis

In the experiment, the effects of rubber pad thickness and elastic modulus on the
natural frequencies and vibration modes of the stiffened cylindrical shell were
analyzed. The results in Figure 14 and Table 10 show that the rubber pad thickness
has varying sensitivity to the natural frequencies and vibration modes at different

16
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modes. In the low-order natural frequency range, the variation of rubber pad thickness
significantly affects both the natural frequency and vibration mode; however, at
higher-order natural frequencies, the effect is relatively smaller. This phenomenon can
be attributed to the fact that low-order natural frequencies primarily reflect the overall
vibration characteristics of the structure, and the variation in rubber pad thickness has
a more significant impact on the overall stiffness and boundary conditions of the
structure, leading to a more noticeable effect on low-order natural frequencies and
modes. On the other hand, high-order natural frequencies reflect more localized
vibration characteristics, and the change in rubber pad thickness has a lesser effect on
local vibrations.
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Figure 14. The effect of rubber pad thickness on the structural natural frequency
curve.

Table 10. Analysis of the impact of rubber pad thickness on the structural vibration characteristics.

Mode (Hz)
Rubber pad thickness 1st mode Afi (%) 2nd mode Afi (%) 3rd mode Afi (%)
Free state 22.1 62.8 129.9
70 mm 327 47.964 59.9 —4.618 133.1 2.463
60 mm 343 55.204 59.3 -5.573 132.0 1.617
50 mm 36.7 66.06 62.5 —0.48 133.4 2.69
40 mm 38.1 72.398 61.8 -1.592 134.1 3.233
30 mm 40.2 81.900 63.2 0.637 135.2 4.080

Through systematic analysis of Figure 15 and Table 11, we demonstrate that a
decrease in the elastic modulus of the rubber pad leads to a clear downward trend in
the natural frequencies of the stiffened cylindrical shell. For example, in the first mode,
when the elastic modulus decreases from 5 MPa to 2 MPa, the first natural frequency
decreases from 38.5 Hz to 29.4 Hz, a reduction of approximately 23.64%. From the
perspective of material mechanics, the elastic modulus £ is positively correlated with
stiffness, i.e., k£ < E. When the elastic modulus is lower, the stiffness of the rubber pad
is smaller, resulting in weaker constraint on the reinforced cylindrical shell, which
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increases the freedom of vibration and makes deformation more likely, thereby further
reducing the natural frequency.
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Figure 15. The effect of rubber pad elastic modulus on the structural natural
frequency curve.

Table 11. The impact of rubber pads with different elastic moduli on structural vibration characteristics.

Mode (Hz)
lrfll(?;tlilcus of rubber pad 1st mode Afi (%) 2nd mode Afi (%) 3rd mode Afi (%)
Free state 22.1 62.8 129.9
5 MPa 38.5 74.208 61.8 -1.592 134.0 3.156
4 MPa 37.2 68.326 60.7 -3.344 133.2 2.540
3 MPa 343 55.20 59.3 -5.57 132.0 1.62
2 MPa 294 33.032 57.1 -9.076 129.7 —-0.154

In engineering practice, the selection of rubber pads should consider the vibration
characteristics of the reinforced cylindrical shell, the installation environment, and the
vibration isolation requirements. In situations where a higher vibration isolation effect
is needed, softer and thicker rubber pads can effectively lower the natural frequencies
and optimize the vibration isolation performance. However, it should be noted that
excessively thick or soft rubber pads may reduce the support stiffness and affect the
structural stability. Therefore, it is also important to properly adjust the rubber pad
parameters to achieve the best installation effect during the design process.

6. Conclusions

To more accurately simulate the dynamic characteristics of an underwater vehicle
in its actual working state, the installation stiffness and support method should closely
approximate the natural characteristics in the free state. This study focuses on a
stiffened cylindrical shell structure, employing finite element simulation analysis to
systematically investigate the influence of installation stiffness on the natural
characteristics of the stiffened cylindrical shell and analyze the effect of rubber pad
parameters on the structural vibration characteristics. The main conclusions are as
follows:
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(1) The study shows that the natural frequency and vibration modes of the
structure are significantly affected by installation stiffness. Based on the equation

(¢i)

2
Aw; o< ), j 203 Akj and simulation data analysis, it is observed that as installation
A

stiffness increases, the natural frequency also increases, especially for lower-order
modes. Under high installation stiffness conditions, the degrees of freedom for
vibration are constrained, shortening the vibration path and thereby increasing the
natural frequency. In contrast, under low stiffness conditions, the natural frequency
decreases significantly. Furthermore, higher installation stiffness results in stronger
boundary constraints, limiting the free deformation of the shell, particularly at the
bottom, leading to localized deformation, with the deformation area concentrated at
the open end of the cylindrical shell. Under low stiffness conditions, bottom
deformation is more noticeable, and the vibration mode approaches the free state.

(2) In frequency bands above 50 Hz, the natural frequency of the rubber pad-
supported base remains consistent with that in the free state, effectively preserving the
structural vibration characteristics. Experimental analysis indicates that the thickness
and elastic modulus of the rubber pad significantly influence lower-order natural
frequencies. Specifically, increasing the thickness or reducing the elastic modulus
decreases the system stiffness, thereby lowering the natural frequency. While proper
selection of rubber pad parameters can reduce the structural natural frequency to some
extent, it is critical to note that rubber pads may undergo permanent deformation under
high static or impact loads. Prolonged static loading can also induce creep effects, and
their stiffness and damping properties vary significantly with temperature. To ensure
long-term reliability in engineering applications, the vibration isolation system should
integrate load verification, creep testing, and temperature adaptability evaluations.
Additionally, appropriate safety factors must be applied to balance vibration isolation
performance with structural stability under diverse operational conditions.

(3) This study, consistent with references [12], finds that lower-order natural
frequencies are highly sensitive to changes in boundary stiffness. For example, under
rigid base conditions, the first-order frequency of the reinforced cylindrical shell with
an added rubber pad increases by 150.68%. In reference [12], experimental validation
showed that stiffness adjustment could shift the resonance frequency by up to 20%.
Through both experiments and numerical simulations, the study investigated the
influence of edge stiffness on the vibration characteristics of an open square box
structure [35], revealing that a 20% increase in edge stiffness could raise the
fundamental frequency by 18%, but also intensifies mode coupling. This indicates that
the sensitivity of low-order modes to stiffness variations exhibits cross-structural
universality.
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