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Abstract: In this paper, the boundary element method for nonlinear vibration of thin-walled
box beams is established, including axial displacement, torsion, distortion, and quadratic
torsion. The thin-walled box girders are subjected to conservative dynamic torsional and
warping moments that are arbitrarily distributed or concentrated along the length direction. Its
control differential equations and boundary conditions are represented by torsion, distortion,
and secondary torsional deformation. Its nonlinear terms show strong coupling. The coupling
effects of axial displacement, torsion, distortion, and quadratic torsion deformation are fully
considered, and the vibration analysis is carried out, respectively, in the state of buckling or
post-buckling. The nonlinear differential algebraic equations can be obtained by using the
simulation equation method based on the initial boundary value problem, and solved by using an
effective time-discrete scheme. In addition, it is proven by two examples that the nonlinear term
has a great influence on the torsional moment and the mode of the thin-walled box girder under
free vibration. Large torsional rotations increase the torsional stiffness of the thin-walled box
beam, ultimately leading to a higher natural frequency. Although the influence of the distortion
moment is not as good as that of the torsion moment, it cannot be ignored. The axial inertia

term has an obvious influence on the axial stress.
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1. Introduction

In engineering practice, the thin-walled box beams (TBB) are often subjected
to eccentric and torsional loads. Meanwhile, due to functional requirements, some
stiffening ribs will be arranged inside the TBB or irregular columns. Therefore, it is
very important to consider lightweight in the structural design. When the edges or any
internal points of TBB are subjected to uneven torsion and distortion, the results of
applying elastic analysis may be very conservative due to the significant differences
between the initial buckling and complete plasticization of the TBB cross-section
that has a large torsional deformation and distortion. It is not enough to merely
regard torsional deformation as very small and ignore the influence of the distortion.
Therefore, it becomes crucial to study the nonlinear effects of these components. For
example, in the finite displacement-small strain theory, the retained nonlinear terms
are nonlinearized by the strain-displacement relationship. When torsion and distortion
are taken into account, the dynamic analysis of the non-uniform torsion and distortion
becomes more complex. It contains the nonlinear coupling of torsion, distortion, and

axial displacement balance equations. In this state, it is crucial to analyze the axial load
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and boundary conditions and conduct a strict dynamic analysis of the TBB.

The basis for evaluating the moving parts of thin-walled hollow beams is stress
analysis under axial and/or bending forces, rather than torsional load. Saint-Venant
estimated shear stress using the method of boundary value problems for the first time, and
various analytical and numerical methods were employed to conduct extensive analysis
and research on it. However, due to the coexistence of tangential stress and warping
shear stress, the form of shear stress distribution in the Saint-Venant (principal) theory
is no longer applicable in the case of non-uniform torsion. Then, some specialized
theories have developed to address non-uniform torsion problems, such as analytical and
semi-analytical methods. Among them, the Vlasov theory is the most well-known theory
for calculating thin-walled section beams, and a similar second-order beam theory for
calculating bending and non-uniform torsion. The above theories are aimed at torsion of
open thin-walled structures. Rozmarynowski and Szymczak [1] only analyzed the free
torsional vibration of axially immovable thin-walled structures, ignoring some nonlinear
terms and the axial inertia term. Without using any static or kinematic assumptions,
Ladeveéze and Simmonds [2] proposed a stress field-dependent ‘exact’ beam theory based
on a complete three-dimensional function for analyzing beams under arbitrary loads and
boundary conditions. In addition to the well-known principal shear stress (Saint-Venant),
the beam also generates normal shear stress and secondary shear stress (warping),
which are respectively caused by warping (bending moment) and secondary torsional
(twisted-torsion) bending moments. At this point, the improved Saint-Venant theory is
usually adopted for torsion analysis, and a special mass matrix is used simultaneously.
Typically, when the influence of secondary torsional deformation (STMDE) is not
considered, bicurvature is selected as the additional warping degree of freedom.

In the book published by ADINA R&D [3], only the warping effect influence is
included, but the shear deformation influence is not. Beam elements can be combined
with lumped or uniform mass matrices. For general standard beam elements, the uniform
mass matrix established by Przemieniecki [4] eliminated the additional terms caused
by the warping constant /w. Based on the displacement formulation of Hermitian
and isoparametric three-dimensional beam elements, Bathe and Chaudhary [5] studied
the torsional stiffness of rectangular cross-section beams expressed by the warping
displacement function. Sapountzakis et al. [6-9] took into account both non-uniform
warping and the influence of secondary torsional shear deformation, and used the boundary
element method (BEM) to solve the problem of non-uniform torsional vibration with
double symmetry and equal cross-section. Considering the influences of geometric
nonlinearity, moment of inertia, and warping inertia, the elastic non-uniform torsional
dynamics analysis of cylindrical girders with arbitrary cross-sections was carried out within
the frame of BEM. Taking into account the nonlinear strain-displacement relationship, Sina
et al. [10,11] studied the axial torsional vibration of the rotating pretwisted thin-walled
composite box girder with primary warping and secondary warping. Based on the
isogeometric method of Timoshenko beam theory, Lee and Park [12] developed a free
vibration analysis of Timoshenko beams with thick beam elements that allow for transverse
shear deformation and rotational inertia effects. Stoykov and Ribeiro [13] studied the

geometric nonlinear spatial free vibration and forced vibration of asymmetric cross-section
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beams in the frequency domain using the P-type finite element method (FEM). The
warping function of the beam model was numerically calculated using BEM. Ferradi and
Cespedes [14] used a new approach to analyze the lateral deformation and warping of the
girder cross-section. That is, the section is decomposed into one-dimensional elements
of thin-walled structures and triangular elements of arbitrary cross-sections to determine
the lateral deformation mode, and the stiffness matrix is combined to extract feature
pairs from it. Yoon et al. [15] applied a geometric nonlinear finite element formula for
analyzing three-dimensional beams with functional gradients. This formula adopts beam
elements with warping displacement based on continuum mechanics to simulate complex
deformation modes. For the first torsional characteristic frequency, the methods proposed
in the solid finite element, Stoykov and Ribeiro [13] and Moaveni [16], clearly give the
most consistent results. The differences between the results increase for higher-order
modes, especially for short beams. The side wall deformation of the beam is included in
the high torsional intrinsic mode calculated by the solid finite element method. This effect
cannot be considered in a straightforward warping. Murin et al. [17] verified that all the
characteristic frequencies of the torsional warping free vibration of the rectangular hollow
cross-section beam were in good agreement with the experimental results by considering
STMDE.

Numerical solutions of inhomogeneous torsion in recent studies [ 18—22] have been
treated in other recent fields. Finally, Dikaros et al. [23] presented a universal formula
for the dynamic analysis of non-uniform warping of beams with any cross-section under
any unexpected load and general boundary conditions. The four independent warping
parameters are respectively multiplied by one shear warping function and two torsional
warping functions in each direction of the three-dimensional coordinate. The accuracy
is higher compared with the results of the solid finite element solution. This is because
the distortion effect of the cross-section is suppressed in the solid model. A common
point of the above-mentioned papers is that the influence of axial force on torsional
warping is ignored.

In the recent literature, there is relatively little information on solutions for
free and forced torsional vibration of hollow section beams containing non-uniform
torsional effects. Sapountzakis and Argyridi [24, 25] proposed a boundary element
method (BEM) for solving the non-uniform torsional vibration of an arbitrarily variable
cross-section bi-symmetric composite bar. On the basis of geometric nonlinearity,
three-dimensional dynamic analysis of the finite boundary beam element was carried
out under arbitrary distributed dynamic loads by considering the influence of rotational
inertia and warping inertia. Using the equations of the traditional thin plate theory,
Balch and Steele [26] established the eigenvalue problem of the effect of self-balancing
end loads on thin-walled rectangular section tubes or box girders. In addition to
the stress characteristic functions corresponding to the axial warping and lateral
deformation of the cross-section, the attenuation distance is of the order of magnitude
or shorter than the width of the cross-section. The closed-type solution of thin-walled
asymptotically effective in the state of slow attenuation warping or distortion is
obtained.

Bosewell and Li [27] considered the coupling relationship between torsional and
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distortion warping in the analysis of thin-walled girders. To study the deformation
process of thin-walled box beams, Wang [28] simultaneously optimized three
conventional methods by using energy variational calculus and static equilibrium
methods. Based on the displacement fields of warping, torsion, distortion, and shear
lag, Tan et al. [29, 30] established the nonlinear calculation theory of the buckling
capacity and free vibration of a straight thin-walled girder. On the basis of the
nonlinear motion model of higher-order theory, Saoula and Meftah [31] studied the
influence of distortion and shear deformation of TBB elements under axial force and
bending force on elastic lateral torsional buckling. Cambronero-Barrientos et al. [32]
proposed a beam-type element to address these objectives for thin-wall sections. The
unit has three nodes with five degrees of freedom each, instead of the six degrees of
freedom of a traditional 3D beam, incorporating both uniform and non-uniform effects
of shear hysteresis, torsion, and distortion in the normal stress distribution. Based
on the Symplectic method and high-order beam theory, Arici et al. [33] proposed
a practical analytical method that overcomes the difficulties of the finite element
numerical method. The shear hysteresis effect, distortion, and non-uniform torsion
of the curved box girder bridge were analyzed through the Hamiltonian structural
analysis method. To analyze the deformation of the cantilever box girder, Li et al. [34]
established a one-dimensional fine finite element model considering the non-uniform
distortion warping and the secondary distortion, in which the in-plane and out-of-plane
deformations of any point around the edge of the cross-section were unified into
the same form. Fan and She [35] discussed the transient response characteristics of
graphene platelet-reinforced metal foam (GPLRMF) beams with initial geometric
defects under pulse loads for the first time. Zhao et al. [36,37] analyzed the vibrations
of the laminated quadrilateral plane and the curved plate of the composite material
by using FEM, and combined the Jacobi polynomial with the piecewise strategy.
Meanwhile, based on the fast multi-pole boundary element integral equation and
the regional segmentation mapping as the control equation method of the coupled
boundaries, they proposed a coupled Ritz-SEA hybrid method for calculating the
constant load and random load of the vibration of the rectangular plate.

This paper studies the dynamic characteristics of a thin-walled box beam,
describes the numerical analysis method of the model, and realizes the free vibration
analysis by using BEM. In addition, this paper also studies the effect of distortion and
non-uniform torsion on moment of inertia terms. The accuracy of this model is verified
by reference solutions available in the literature. Then it outlines the characteristics
of the current model. Thin-walled box beam support is possible under any boundary
conditions, from rigidity to elasticity. The model is original both in analytical and
numerical methods.

Here, the main assumptions of the model are as follows:

a) The contour does not deform in its own plane;

b) The distribution of the surface shear strain in the contour direction of the shell
wall should follow the Saint-Venant torsion;

¢) The Kirchhoff-Love hypothesis is applied to the thin wall.
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2. Statement of the problem

2.1. The displacement field
Figure 1 is the global Cartesian coordinate system (x, y, z). Establish the Syz

coordinate system through the shear center of the cross-section. The local coordinate
system is represented by (s, n, x). In each wall, s runs through the centerline of entire
cross-section, and # is the coordinate of the local normal line. It is assumed that the
stress-strain relationship of TBB is the elastic-plastic strain. The TBB is subjected to
arbitrarily concentrated or distributed force n = n (x, ), a twisting moment m, = m; (x,

t) and a warping moment m,, = m,, (x, ¢) in the x-axis direction.

mw(x, 1)

my(x,1)

8,V

W,

P 7/

X, u

Figure 1. The detailed coordinates of TBB subjected to axial and torsional loading.

The local coordinate system of any point M(s,n,x) on the intermediate surface
can be represented by the displacements v(x,s,n,t), w(x,s,n,t) and u(x,s,n,t) along the y-,
z-,and x- axes. Under the action of the above-mentioned loads, the TBB displacement
field considering warping shear stress is set as below [29]:

i (w,m,5,t) = uo(,t) + 65 (n, 5) 0, (x, 1) (1a)
Vi(x,n, s,t) = —hi(s)Hx(:r,t) + né(s,n) x(z,t) (1b)
w'(w,n, 5, 1) = —s0,(z, 1) + ¢ (s)x(, 1) (1c)

Where, i = 1~4 is the number of walls of TBB. 6,(x,?) is the torsion angle; ¢L(n, s)
is the primary warping function relative to the shear center S; y(x,?) is the distortion
angle. According to the beam-frame method, a reasonable displacement field was
established by Argyridi and Sapountzakis [25] and Mokos and Sapountzakis [38]. The
functions /(s), $X'(s) and 1*(s, n) in Equation (1) can be expressed as:

hi(s) = E12'(s) + &Y (s) (22)

A’ (s)
Os

n'(s,n) = ¢X'(s) +n (2b)
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dZ'(s) i dY'(s) ,;

0 (s) = = =Y (s) = == 2'(s) (20)
; h

Z'(s) = &5 +&os (2d)
: b

Yi(s) = &g +&s (2¢)

¢Xi(s):<—L“de+ S 2 2 53> (1), withk = pen =13 (2f)

" 2 Leide L ’ 2 =24

_1\i+1

6=ty Cg)

=1 ()

Where, b is the width of the cross-section, and /4 is height of the cross-section. L
represents the entire length of TBB. #; represents the wall thickness, and each wall
thickness is much smaller than the other dimensions. Lg;4. represents the variable

lengths corresponding to each side of TBB cross-section.

2.2. Stain and stress

By adopting the strain-displacement relationship of 3-D elasticity with moderate

displacement, the strain components are shown as follows:

7'—@_1'_1 @2+@2+8ﬂ2~%+1 @Q—F@Q (3)
Fze = or 2 Oz Ox Ox T or 2 Oz ox a

ou Ov Oudu Ovdv 8w8£N8u ov

%

Vs = 55 T 0n T 205 " 0zds 0z ds " 9s | 0w (35)
Yan = on ' Oxr  Oxdn Oxrdn  Oxr on  On  Ox ¢

For moderate displacements, it can be assumed that some terms have be omitted [36].
To clarify the strain tensor, the longitudinal strain €, and shear strains v,, 7.,
exhibit moderate displacements and include linear strain. Substituting Equation (1)
into the well-known 3-D linear strain-displacement relationship, the non-disappearing
compatible strain results can be expressed as:

o =g 60 (2 RO + (O + (5, m) (W + (sm(s,m) — BN ()
. 9oL . , o,
b= (%~ 1) 6+ o (ab)

- 6 PZ ! - !/
Van = <¢5 + S) 05 +1n"x (4¢)
on
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On the basis of Hooke’s law, the form of stresses can be easily obtained:

Oxx E Exx
Tes | — G VYas )
Tan G Yan

Under the condition of linear elastic behavior, £ is the Young’s modulus constant
and G is shear modulus constant.

2.3. Evaluation of the primary warping function ¢

Based on the following boundary value problem, the primary warping function ¢%
can be solved independently [27,28]:

V3P =0in Q (62)

0%

on

Where, the Laplace operator is represented by V2 = 92 /0y? + 0%/02%. Qis a
two-dimensional multi-connected region in the y and z planes, and 9/9n represents the

=zny —yn,onl (6b)

directional derivative perpendicular to the boundary I. The Neumann type boundary
conditions is applicable to the current problem. The obtained warping function to be
solved has an integral constant. Therefore, the constant is obtained by introducing the

constraints as follow:

/Q 6P a0 =0 )

It is noted that the local equilibrium equation solves the torsion problem to the
greatest extent in the vertical direction, while any other constraint can be applied. The
average axial displacement could be interpreted by Equation (1a) as follow:

/udszzuo-A+9"/¢fdQ (8a)
Q Q
dQ
o = fQZ (8b)

In which, 4 represents the cross-sectional area of TBB.

2.4. Equations of global equilibrium

The stress values of TBB can be given naturally:

N= % [ owan 92)

i=1~4
P _ i s 1 7 s
M,; _121;4 /Q [Tx< o h(s)>+7-m< = +s>]dﬂ (9b)
Mo== 3 [ enelian 90)
i=1~q V2



Sound & Vibration 2025, 59(5), 2531.

My= ). / [Tos®X" + Tunn¥']dY (9d)
i=1~a 7
Where M/ represents the primary torsional moment caused by the primary
shear stress [11] (the warping shear stress is not considered in the formulation). M,
represents the warping moment (bi-moment) caused by the torsional curvature. My is
the distortion moment. It is worth noting that Equation (9) can also be expressed as:

N = EAugy(z) + %Elpeg(x) + %EIXXIQ(QE) + El, 0, (x)x (2) (10a)
MP =GI, -6 (10b)

M, = —EC, -0" (10c¢)

My =Gly-X' (10d)

Where, I; is the torsion constant, Ip is the torsion polar moment of inertia, Cs is
the warping constant, /; is the distortion constant, I, is the distortion polar moment
of inertia and I,,, is the torsion and distortion coupling constant in regard to the shear

center S. And its details are as follows:

I, = Z /Q(hi(s)z—i—SQ)dQ (11a)

i=1~4
) 8¢Pz a¢Pz
- ()2 2 i S . s
7 iﬂzﬂ/g(h (52 + 8 5 05— 050 (11b)
.= Y [ (ot (110)
i=1~4 7§
8¢Pi 8¢Pi
— X s s
o= [ (x5 0 S)a (11d)
Io= [ (2 + %) a0 (11¢)
Q
Iy = / (sm% + he)') dQ (11f)
Q

Significantly, the above stress resultants are due to the cross-section direction of
their deformation forms (including the rotation of the cross-section), as they are defined
according to Equation 10(b—d) and have been shown to be the same as the direction in
the linear case.

For establishing global equilibrium equations, the virtual work principle is adopted

to express it as:

5Wint + 5Wmass - 6Wezt (12)
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Where:
Wi = [ (7aa80a + Tasb o + )V (122)
OWinass = /Vp - (tou + Vév + wow)dV (12b)
OWegt :/F(tm ou +tsov + t, ow)dF (12¢)

Where, d(-) represents virtual quantities. p represents density. (+) represents
the differential with respect to time. V, F are the volume and cross-section of TBB,
respectively. t, ty, . are the components of the fractional vector with respect to the
surface of the box girder that has not deformed.

Substitute the strain components in Equation (4) and the displacement components
in Equations (1)—(12), and obtain the governing partial differential equations of TBB
through algebraic calculation:

ON

pAl — T = n(x,t) (13a)

.. ool 8Mt13 82Mw 3 / 2 1’ N mno_r " ’ ! !

(2.1) + omy,(x,t)
= my(x
t ) 8$
.. aMt)C 3 ’ 2 " ’ " " / "o 1N 13
pL X — o §EIXX(X )X —ELux —ELu x — Elyx 0, — Elyx 0, = my(x,1) (13¢)
The corresponding boundary conditions at both ends of TBB can be expressed as:
(N —-N)du=0 (14a)
! ]. / 3 /o /N _ _

(M) + MF + §Elpp (91> +ELub, + Elyx 0, — M — MW} 00, =0 (14b)

1 ’ Y /BN _—
[Ml?ﬁ + §EIXX(Xz)3 + ELux + Elyx 0, — MX} 00, =0 (14¢)

Where the geometric cross-sectional properties related to torsion and distortion

I, and I, are respectively expressed as:

2
Ly :/ (y* + 2%) dQ (15a)
Q

2
Ly = /Q (77;2 + ¢§Z2) dQ (15b)

In Equation (14), N,Mt,ﬂw,ﬂx are variations of the conserved axial force,
torsional moment, warping moment and distortion moment at the end of TBB over time,
respectively. The expressions of the external load relative to the first Piola-Kirchhoff
stress component can be easily derived from the Equation (13d). Significantly, the

distribution of secondary shear stress was ignored when deriving the TBB governing
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equation [25]. Regarding the initial boundary value problem, the relevant governing
partial differential equation of TBB can be obtained through Equation (10) as:

/ " ”

pAii — EAU' — ELY0, — ELX'x — Elut,X" — ElL0ux =n(z,t) (16a)

/N,

. N2 " 3 / " N 1 / ! "
pI0, + pCsl, — GL,O, — EC0IV — iEfpp(ex)zax — ELw 0, — ELyu 0, — EL,0,x — El,0,x

= my(a, ) + 2Me(@ D) e
- t\ 4Ly or
. 1" 3 !/ " ’ 1" " / / 1" " /
pLLX — Glgx — §E—7xx(X ¥*x —ELuyx —FELu x — ELy0,x — B0, x =my(z,1) (16¢)

Equation (16) are the coupled equilibrium equations of axial displacement, torsion

and distortion, where the nonlinear term is retained as the third-order (such as 9;( Y,

! ! "

0;)( LUX .l
Subjected to the initial conditions (x € (0, /)):

u(z,0) = () (17a)
iz, 0) = tig(x) (17b)
0. (x,0) = Oz0(x) (17¢)
O (2,0) = Oy0(x) (17d)
x(z,0) = Xo(z) (17¢)
X(,0) = Xo() (17f)

And the boundary conditions at both ends of TBB x =0, I:

a1 N 4+ asu = ag (18a)
B1My + Boby + B1M,, + Bob, = B3 + P (18b)
o1 My + pax = 3 (18¢)

In which, N, M,;, M,, and M, are axial force, torsional moment, warping and

distortion moments at both ends of TBB, respectively, given as:

/ 1 ! 1 / /
N = EAug + 53@,95 + 5 ELX 2+ BL.0,X (19a)
/ g ! 1 / ! "
My = G, — ECi0, + ElLu 0, + S Elyy(0 )+ EI,,0,x (19b)
M,=-EC,-0" (19¢)
/ / / 1 ! 1 !
My = Glax + ELux + 5ELy(x )? + Ely 0, x (19d)

10
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Where, o, 3;, Bj,gpj (=1, 2, 3) are time-varying functions corresponding to the
TBB boundary, respectively. The boundary conditions in this paper are the very general
boundary conditions of the discussed problem, including elastic supports. Obviously,
after appropriately specifying the function (for simply supported edges 82 = 1 = 1,
B1 = B3 = By = B3 = 0), all kinds of regular torsional boundary conditions can
be derived from Equation (15). At this point, the warping is completely limited at the
clamped edge (that is u = 0). In this way, the term 0’ -¢¥ in Equation (1a) must disappear.
That is to say, if the clamping edge is a warping boundary condition, then this factor is
mathematically satisfied. If 8’ = 0, then this is the exact expression. It can be known
from Equation (19) that the boundary condition terms of Equation (18) is nonlinear, and
there is no special difficulty in adding damping to Equation (13).

When calculating the unknown displacement components, the the initial boundary
value problem shown in Equations (16)—(18) can be solved. The constants Cs and /;
defined by Equation (11) indicate that after solving the boundary value problem in
Equation (4), if the primary warping function ¢ is found at any internal point in the
domain €, the above constants can be evaluated. As long as u(x,f), Ox(x.f), y(x,t) are
analyzed, the stress components and the displacement field are obtained by Equations
(3) and (1), respectively.

Such initial boundary value problems have strong coupling and nonlinearity. The
differential equation system can be significantly reduced by ignoring the axial inertia
term pA - i of Equation (13a), which is a frequently used assumption in the dynamic
girder formula. Omitting the term, the partial differential equations of the unknown
displacement component (torsion angle 6,(x,¢) and distortion angle y(x,f)) are obtained.
When the axial load distributed along the TBB direction disappears, the equation is
further simplified. In the following chapters, the simple support conditions and the
axial constant load along the TBB are described in detail. This paper incorporates the
problem of nonlinear and non-uniform torsional vibration into the numerical analysis

section for the first time to study its neglected influence.

2.5. Simplified initial-boundary value problems under axial boundary
conditions

The axial boundary condition (16a) at the axial immovable end can be expressed

as:

u(z,0) =0 (20a)

w(l,0) =0 (20b)

It is given according to the simplified Equation (16a) mentioned earlier.

" I / " II / " I €T ! " I €T " !
Uy = _Zpexem - ZX X — %‘%X - %azx ) Vo € (Oal) (21)

Subsequently, by integrating and utilizing Equation (17), that can be written as:

' g 1 Ing o N
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Where, N is the axial tensile load that varies with time due to geometrical

nonlinearity, that expressed as:

-~ 1EIL [! 1 EI, , EI Lo
N =Bl [ +/(x)2dl‘+px/(9xx)d$ (23)
2 1 J 2 1 L Jo

Under the condition of a constant axial load in TBB, Equation (21) holds, and the

axial boundary condition Equation (18a) is:
uo(x,0) =0 (24a)

N(l,t) = N(I,t) (24b)

Therefore, Equation (22) is established through the setting of N=N (1,t).
By substituting Equations (21) and (22) into Equations (16b) and (19b), the

simplified initial boundary value problem can be expressed as:

. LN\ . EILI,
pLb, — pCsb, — (GIt +- ) 0, + i b Y
3 2l 1ELIL, 1o,
— S E|IL, - 2](,)%, 20
EILI . ELL. .o
+2 A”Xe 0,X + —2PX(0)?x + EBEC,0LY
"o I 8m .T,t
— B0, x — EL, 0,x = my(x,t) + g(x)
. I.NY » 3 2\, 1ELI, .o » 2BEL.I,. . .
pL¥ — [ Gla+ 2= | X = SE Ly — 5| (X)X +5—2(0,)°x + —0,x ¥
A 2 A 2 A A (25b)
EI I 1 1 ! EI I / 1" 1 /
+ I XPg 0, APXG (x ) — EI,0,x — EI,0,x =my(x,t)

Analyzing the equilibrium of torsion and distortion, the vibration equilibrium
Equation (25) retain the fourth-order nonlinear terms of torsion and distortion, such
as 0.%'x", (6.)x", (¥)*0."... Considering these nonlinear terms is conducive to
accurately analyzing torsion and distortion warping deformations.

Comparing Equations (25) and (19) with the corresponding set presented by
Rozmarynowski and Szymczak [1] and Sapountzakis and Mokos [7], the corresponding

improvements have been made

* In Rozmarynowski and Szymczak’s research [1], the elastic support situation
does not exist in the torsional and warpage boundary conditions.

* In Sapountzakis and Mokos’s research [7], the nonlinear terms related to finite
torsional rotation do not exist in the distorted boundary conditions.

* Ignoring the axial inertia term does not have an impact on the torsional moment.

The impact of these terms will follow numerical research.



Sound & Vibration 2025, 59(5), 2531.

3. Integral numerical solution

3.1. The axial displacement u, the twist angle 0 and distortion angle y

On the basis of the aforementioned analysis, the displacement components u,,, 8
and y respectively have continuous second-order partial derivatives on ¢ and continuous
second-order and fourth-order partial derivatives on x, and satisfy the nonlinear initial
boundary value problem along the TBB in the coupled control Equation (16), the
nonlinear non-uniform torsional vibration problem of the TBB is alleviated.

Use hyperbolic differential equations to solve the simulation equation of Equations
(16)—(18). In the light of this method, let u(x,?), 8,(x,¢) and y(x,?) be the solutions of the
above problems. Let u;(x,t) = u(x,t), ux(x,t) = 6(x,t), uz(x,t) = y(x,t) take the derivative

of x twice and four times, respectively, then:

82’LL1
W =q1 (x,t) (263)
04UQ
aQU3
5 = g1 (260)

Equation (24) are quasi-static, which means that the time variable is taken as the
parameter. The results show as long as the virtual distributed load g;(x,t) (j = 1, 2, 3)
is established first, the solutions of Equations (16)—(18) can be obtained by solving
Equation (26) under the same boundary condition (18). These distributions can be
solved by the boundary element method, as shown below.

The solutions of Equation (26) expressed in integral form are:

(. 1) / e — [0 _ 4 - (27a)
ui(x,t) = uidé — |ui—— — —u
1\, . q1uq 15, o 1 -
l 3 % 92 2, % 3, * l
N L0%ug  duy 0%up  d7ui Ouy  d’uj
t) = d§ — - —= — - 27b
uz(, 1) /0 a2uzdé [uQ ox3  dr 0z? * dz? 0x  dad 2 0 (27b)
us(x,t) = /l usdé — u*% - %u . (27¢)
3\, —OQB:; 3(956 axSIZO
In which, u}, u3, u3 are the basic solutions expressed as:
* * 1
Uy = ug = 5’7’| (28a)
1 T3 r |2
- 5 e+ -l :
uz =15 ( + ] 3 ; (28b)

When r =z — £ of TBB is at the points of x, &, the particular singular solutions of

the equations are expressed as:

%y 0%l
0r2 a2

=d(z — &) (29a)
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4, *
o u3
oz

By using Equation (26), the integral representations of Equation (25) can be

obtained.
1 !
U1 :/ q (/12(7“) l) d§ — [</12(7“) + l> aaul —f—/ll(r)ul] (30a)
0 0
u —/1 Aa(r)de — |4 (r)@ +4 (r)% + 4o 22 4 Ay l (30b)
2= o 4244 A58 3\ 2 25, 1 2 .

1 1 1.\ Ous !
ug = /0 q3 </12(7“) + 2l> d§ — [(/12(7’) + 21) B +/11(7”)U3]0 (30c)
Where, 4(r) (j = (1, 2, 3, 4)) are the kernels, those are given in Appendix A. In
Equation (30), for a line integral it is » = x — £, (x, & points of TBB), and for the rest of
the item, it is r = x — &, (x inside the beam, ¢ at the ends of TBB 0, /).
Taking the differentiate of Equation (30) with respect to x gives an integral

representations of the derivatives of u; as:

ouy(z,t) [ duy 1
2
P o
Qus(2,) _ /1 y (T)dé—[/l LA B L <r>8““’y 3lo)
Oz = 0 9213 3 03 2 02 1 oz |,
Pus(x,t) [ o3 0%us)'
2= [[anoie- (o T2 03] o
9 t 1 Bur1’
qjgfg):/() q2/11(7“)d§— |:/11(7”)8::32:|0 (316)
4
% = q2(z, 1) (31f)
dus(z,t) [ dug "™
(‘9::;_/0 31 (r)dg — [/11(7")83:}93:0 (3lg)
2
%;23 = gs(a,1) (31h)

Applied to the integral representations (30) and (31) of TBB’s ends (0,/), combined
with the boundary conditions (18), g; is used to represent the unknown boundary
quantities u;(t), ui(E1), uzx(St) and w0 (Sf) (6 = 0).  This is numerically
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implemented as follows.
As shown in Figure 2, the interval (0,/) can be divided into L elements. It

is assumed that g;(x,t) changes in light of certain rules, such as constant, linear,
parabolic,etc.. It can be known from the research conducted by Sapountzakis and
Dikaros [9] that selection of the constant element hypothesis makes the numerical

implementation very simple and can obtain better results. Therefore, the constant

element is also selected in this paper.

nodol points

| : |

Figure 2. Interval discretization and node distribution of the TBB.

Using the above method, the following 15 nonlinear algebraic equations can be

obtained:
q,
i,
i,
0 Fl E12 EIZ q
aK DZZ DZ? Az
u?,
0 — F? EJS E36 E37 ESS l;
Bs + ‘33 DAS D4< D47 D4x i -
0 F, E59 Esm Esn '22“
(pS D(v‘) D(le D(vl 1 ;U
3
’ (32)

u3
ﬁl\'

i

ﬁz

by D DY -

Zu3

+ u

D! D DY -

uluZ

D, by ||

u3

Where, Dpxn(m,n = 1,2,3...) and DI, are 2 x 2 known matrices , usually
containing the values of the functions o, 3;, Bj, ¢;(j = 1,2) of Equation (18a), that is,
the time-dependent matrices. as, 33, 33, 3 are 2 X 1 known column matrices, usually
related to time, including the boundary values of the functions; Ep,x, is rectangular 2 x
2 known coefficient matrix generated by the values of the kernels 4;(r), and F, are 2

x L rectangular known matrices generating by the integral of the kernels on the axis of

TBB. In addition:

= {u;(0,t) w(l,)}T (i=1,2,3) (33a)
R oui(0,t)  ow(L,H)\" .
U, = { 5 pe } (i=1,2,3) (33b)

o [(02us(0,8)  DPun(l,) "
U2 xy = { 92 2 } (33C)

15
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. Bus(0,1)  Bus(l,t) )
u2,xmx_{ 82:153 ) 82"17(3 )} (33d)
Cous(0,6)12 [0us(,6)]2)
ﬁg:{ “or | | or } (33¢)
Fus (0,01 [ous(l,6)]2)
ﬁg:{ o | o } (331)
-~ 0u1(0,t) Oug(0,t) Ouo(0,t) Oui(0,t T
ous(0,)1°  [ous(t,0)1%) "
ﬁg_{[(%’ ] [8377 }} (33h)
PN Ou1(0,t) Ous(0,t) Jug(0,t) Ouy(0,t r .
~ Ouo(0,t) Ousz(0,t) dus(0,t) Ous(0,t T .

The above formulas are vectors containing two unknown time-varying boundary
values containing their respective boundary quantities and ¢= {¢} ¢5 . . . qf T(i=1,2,3)
are vectors containing the L unknown time-varying nodal values of the virtual loads.

By using Equation (16) to L match points, 2L semi-discrete nonlinear equations
of motion are expressed by Equations (32) and (33) as:

d; d;
M |do| + K< dy p + K" (H, H), Hy, dy, do, d3) = £ (34)
d; ds

Where le = {q1 uy U}, dzT = {q3 Uy Uz Uy 4y U gaa ), dg = {qz U3z U3, }
are generalized unknown vectors and H?, Hé are L x (L + 4) known matrices and is L
x (L + 8) known matrices, respectively. M is generalized mass matrix. K is stiffness
matrix. k" is a nonlinear generalized stiffness vector and f is force vector. Those have
been expressed in Appendix B.

Therefore, when ¢ = 0, Equation (17) yields the following 2L linear equations for
d;, do, d3:

H{d; =1, (35a)
H)d, = 0, (35b)
Hd; = X, (35c¢)

The aforementioned equations and Equation (32) for ¢ = 0 form a set of 2L + 12
nonlinear algebraic equations. The initial conditions d;(0), d»(0), d3(0) are established

to solve these equations. Similarly, when combined with Equation (17), for ¢ = 0, the

16
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following 2L linear equations about dl,dg,dg are obtained:

H{d;(0) = up(0) (36a)
HYd(0) = 6o (0) (36b)
H3ds(0) = X, (0) (36¢)

The aforementioned equations and the 12 equations that Equation (32) takes with
respect to time and is written at £ = 0 are composed of a set of 2L + 12 linear algebraic
equations from which the initial conditions dl(O),d2<0),d3(0) are set up. Note that,
general speaking, d;(0), d2(0), d3(0) must be used to analyze the system of equations.

The above initial conditions and Equations (32) and (34) constitute the initial value
problem of the differential algebraic equation (DAE), which could be calculated by
effective solver. When solving, a new variable can be introduced to reduce the order
of the system, enabling the Petzold-Gear method to differentiate Equation (32) with
respect to time. Thus, an equivalent system with the system index = 1 [9] can be

obtained.
3.1.1. Reduce the initial vibration boundary value

The simplified initial boundary value problem described in Equations (13)—(15)
can be similarly analyzed and solved in a similar way according to the above steps. In
addition, for free vibrations, the existence of a motion reversal point can be assumed,
so it can be defined as follows:

Omax = 0 (37a)
Omax = —w” - Omax (37b)
Xmax = 0 (37¢)
Xmax = —w” * Xmax (37d)

In which, the subscript max represents the points where the motion inversion
occurs and w? represents the sample size of the eigenvalue characterizing the nonlinear
strength. It can be seen that this is different from the natural frequency of TBB,
because Equation (25) obviously does not allow variables to be factorized. Similarly,
a single harmonic is brought into Equation (25) and considering that m,, m, and
m, along with 33, 33, @3 disappear separately, the nonlinear generalized eigenvalue

problem could be expressed as:
K} + KL — w?Mgldy = 0 (38a)

KL+ KYF — w’M,]d3 = 0 (38b)

Where Kgf L ,K;(\I L are nonlinear stiffness matrices and KeL ,K; .My,M, are
stiffness and mass matrices, in Appendix B.

Although the eigenvalue problem of Equation (38) shows the nonlinear behavior
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of TBB, the time-domain solution is not provided. This is because the modal shapes
and eigenvalues are related to the amplitudes of the initial conditions. It should be noted
here that the required frequency is different from the actual natural frequency. For the
axially immovable ends, N adopts the discretization and constant assumption of the
above-mentioned beams in each iteration, and the numerical integration of Equation

(23) can be used for calculation.
3.1.2. Reduce the initial vibration boundary value

It can be known from Equation (11) that for the calculation of the above constants,
it is assumed that at any internal point in the Q region of the TBB cross-section. the
primary warping function ¢ is known . Once ¢! is established, according to the
corresponding relationship given in Sapountzakis and Dikaros’s study [9], the field
integral is transformed along the boundary into a line integral, thereby calculating the
Cs and /; constants. In addition, when calculating the stress component, the BEM [7]
is used to calculate the values of ¢.”* at any internal point about the shear center S and
its derivatives about 7 and s, as shown in Sapountzakis et al. [6]. At last, the nonlinear
torsional vibrations problem is analyzed by using the BEM, and the domain integrals
of Equations (11) and (16) must be transformed into boundary integrals by using the

partial, the Green identity and the Gauss theorem, and the expressed as:

b3t1 + h3t2
i =———
t 10 (392)
h2l)3t1 + b2h3t2
5 3% 24 (39b)

4. Numerical examples

On the basis of the analytical and numerical procedures introduced in the
aforementioned sections, representative examples are analyzed to demonstrate the
effectiveness of considering nonlinearities and distortion, and where possible to verify
and apply the range. In addition, assuming that the TBB material is within the elastic
range, except for some extreme deformations, it is considered that the strain is very
small regardless of the magnitude of angle of twist 6,.

In all calculation examples, the geometric dimensions of TBB are shown in Figure
3. The material properties are £ = 2.1 x 108 kNm 2, G=8.1 x 107 kNm 2, p = 8.002
kNs’m™. The numerical results were obtained using 21 nodal points (longitudinal

discretization) and 400 boundary elements (cross-section discretization).

4.1. Example 1

In this example, the free vibrations of TBB under different boundary conditions
were analyzed and compared. In more detail, to obtain the dynamic characteristics at the
motion reversal points, the generalized eigenvalue problem of Equation (38) is solved
(i.e., the initial boundary value problem was simplified). Firstly, the component has a
simply supported torsional boundary condition. Considering all the nonlinear terms of
Equation (25), Table 1 presents the linear and five nonlinear cases with different initial

torsional midpoint angles 0,0(//2) amplitudes, the fundamental natural frequency

18
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of the TBB axial stationary end and the induced axial load N of simply supported
torsional boundary condition. Table 2 presents the basic natural frequencies of TBB
with simply supported torsional boundary conditions. The beam has different initial
torsional amplitude midpoint angles 0,0(//2) and different load values under linear
and five nonlinear cases (one end is a constant time-axial load N (1, t), the other end is
tensile, disappearance and compression), and the last load corresponds to the buckling

state after torsion, which proves the validity of the proposed formulation.

z tet=t=1,=0.01m <

| :
e Lo A

t g |

X N —

s‘ L=4m b=0.15m

h=02m

Figure 3. Thin-walled box beam: geometry and loading.

Table 1. Basic natural frequency (s ') and induced axial load N(kN) of TBB with simply
torsional boundary conditions and axially immovable ends.

Present study i i
ot NN
Considering nonlinear terms  Ignoring nonlinear terms 1karos zymez
o1 118.93 118.09 117.43 116.57
' 21.45 21.32 23.16 23.16
02 126.41 123.22 120.66 117.32
' 90.80 90.93 92.63 93.18
05 169.80 154.46 155.38 146.86
' 576.22 577.38 578.95 579.00
10 273.37 234.16 237.63 222.34
' 2312.42 2313.01 2315.81 2386.90
15 388.88 326.27 333.81 293.22
' 4851.69 4916.01 5126.53 5279.12
Table 2. Fundamental natural frequency of the thin-walled box beam with simple torsional
boundary conditions and constant axial load.
N(kN)
~2000 -1000 0 1000 2000
02 Sapountzakis Present Sapountzakis Present Sapountzakis Present Sapountzakis Present Sapountzakis Present
xo (YD (rad) and Dikaros [9] study and Dikaros [9] study and Dikaros [9] study and Dikaros [9] study and Dikaros [9] study
0.1 25239 257.33 23231 242.15 201.38 207.59 161.07 169.90 130.96 136.97
02 260.06 267.12 237.92 243.10 206.33 208.49 168.35 172.28 140.46 142.76
0.5 284.83 293.18 254.96 261.85 214.77 221.38 194.87 196.12 154.22 169.34
1.0 319.07 324.40 293.35 300.35 257.72 262.01 213.35 217.83 185.23 190.46
15 356.55 368.53 327.00 335.65 309.53 314.47 263.22 274.09 215.62 222.62

In Table 1, the results obtained from the Rozmarynowski and Szymczak [1]
that ignores the geometric cross-sectional constant and the the proposed method of
Sapountzakis and Dikaros [9] that ignores the distortion confirm the proposed formula
(the inconsistency of the values is due to the inaccuracy of the Vlasov’s thin-walled
beam theory adopted by Rozmarynowski and Szymczak [1]). In addition, the influence
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of the nonlinear terms related to the geometric cross-sectional constant is noticed,
especially in the case of large amplitude vibration. It is important to note that in Table
2, in the post-buckling case, the initial midpoint angle of the torsion amplitude cannot
be arbitrary because it must be greater than the midpoint angle corresponding to the
static (post-buckling) equilibrium state.

Note that in Tables 1 and 2 above, it is easy to verify that the geometrical
nonlinearity changes the modal shape of vibration, stiffening the structure and resulting
in higher natural frequencies, which is the main aspect of nonlinear torsional free
vibration analysis. Obviously, these effects are more pronounced with the increase
of the initial midpoint angle of twist amplitude.

Figures 4—7 show the time histories of torsional amplitude, axial displacement,
torsion moment and distortion moment of 5 initial torsional midpoint angles of different
initial torsional amplitude (0,0(1/2) = 0.1 rad, 0.2 rad, 0.5 rad, 1.0 rad, 1.5 rad)
under different initial torsional rotation, and analyzes the two cases. In other words,
the method proposed in this paper is used for linear analysis, ignoring the nonlinear
term of Equation (16b,c) and Equations (25a,b), (17b,c), and (18b,c) are nonlinear
simplified to the initial boundary value problem. For these cases, assume that the axial
load N is equal to 0. From these figures, it can be seen the influence of nonlinear
terms and distortion angles on motion components and stress components. In addition,
from Figure 4, the natural frequency of the angle of the torsion angle 6.(//2, ¢) is
calculated as the values w of this study in Table 1. Therefore, as mentioned earlier, the
solution to the eigenvalue problem of the equation can obtain a frequency-like value
Equation (38a,b), but it cannot be confused with the actual natural frequency of TBB.
Importantly, the apparent change in the torsional moment time-history pattern and the
small change in torsional angle amplitude (It is not clearly shown in Figure 4) are due
to the non-coincidence of the basic nonlinear mode shape and the linear mode shape..
In addition, it can be easily verified from Figure 5 that the linear result of the axial

displacement response amplitude is much larger than nonlinear result.

- -m- - Present Study linear-6x0(//2)=0.1rad
[—o— Present Study nonlinear-6x0(//2)=0.1rad
Present Study linear-6x(//2)=0.2rad
Present Study nonlinear-8x0(//2)=0.2rad
- -u- - Present Study linear-6x0(//2)=0.5rad
|—o— Present Study nonlinear-6+0(//2)=0.5rad
- -4~ - Present Study linear-6x0(//2)=1.0rad
[—~— Present Study nonlinear-6x0(//2)=1.0rad
|- -#- - Present Study linear-6x0(//2)=1.5rad
[—o— Present Study nonlinear-&xo(//2)=1.5rad

I

2.0 4 Angle of torsion fx at x=I/2

Figure 4. Time histories of the angle of torsion at the midpoint for the cases of different initial
torsional rotation.
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-0.040 -

- == - Prestent Study linear 6x0(//2)=0.1 rad
(—=— Prestent Study nonlinear 6xo(//2)=0.1 rad
- = - Prestent Study linear 6xo(/2)=0.2 rad
—— Prestent Study nonlinear fxo(//2)=0.2 rad|
|—— Prestent Study linear @vo(//2)=0.5 rad
[—=— Prestent Study nonlinear &xo(//2)=0.5 rad
(- == - Prestent Study linear fxo(/2)=1.0 rad
(—<— Prestent Study nonlinear 6xo(//2)=1.0 rad
- == - Prestent Study linear 6xo(/2)=1.5 rad

[—— Prestent Study nonlinear 6xo(//2)=1.5 rad]

Axial displacement um at x=1

Figure 5. Time histories of the axial displacement for the cases of different initial torsional

rotation.

120 4
100
80 |
60
40
20
0
289

-40 4

M (KNm)

-60 4

-80 4

-100

-120

- - Present Study linear-6 =0.1 rad
—o— Present Study nonlinear-6,=0.1 rad
[~ #- Present Study linear-6 =0.2 rad
—+#— Present Study nonlinear-6,=0.2 rad
— 4- Present Study linear-6 =0.5 rad
—<— Present Study linear-6,=0.5 rad
- A~ Present Study linear-6 =1.0 rad
—/— Present Study nonlinear-6,=1.0 rad
— ®— Present Study linear-6 =1.5 rad

—0— Present Study nonlinear-6, =1.5 rad

Twisting moment Mt at x=0

Figure 6. Time histories of the torsion moment for the cases of different initial torsional

rotation.

— m— Present Study linear-6_=0.1 rad
—0o— Present Study nonlinear-6_ =0.1 rad
- *- Present Study linear-6 =0.2 rad
—— Present Study nonlinear-# =0.2 rad
— <~ Present Study linear-6 ;=0.5 rad
—1— Present Study linear-8 ;=0.5 rad
— 4- Present Study linear-6 ;=1.0 rad
—4—Present Study nonlinear-6, =1.0 rad
— #- Present Study linear-6 ;=1.5 rad
—o— Present Study nonlinear-¢, =1.5 rad

Distortion moment My at x=0

Figure 7. Time histories of the distortion moment for the cases of different initial torsional

rotation.
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In Figures 6 and 7, the time history of the torque and distortion moments shows
that the linear and nonlinear values are so different. The main effective terms are in
Equation (19b,d): %EIpp(9')3, EL,60,x", %EIXX(X/)‘g, EI,.0,x . It is obviously

that the nonlinear terms %Elpp(e/ )3, El, 0.x" have an effect on the torsion moments,

1"

especially when the torsion angle 0,(//2, t) is greater than 0.5. Compared with the
torque, the value of distortion moment is much smaller. This means that although
the effect of distortion deformation on vibration of TBB is less than that of torsion

deformation, the effect on TBB can not be ignored.

4.2. Example 2

The second example studies the free vibrations of a simply supported TBB under
different initial conditions. In this paper, the completely simplified initial boundary
value problem given in the aforementioned section is solved, and the response of the
beam in the time domain is obtained. The linear fundamental mode shape considering
torsion angle is the initial torsional rotations ,o(x) and the initial torsional velocities
émo(x) is zero. The normalization of the mode shape is achieved by specifying the
amplitude of the torsion angle at the midpoint of TBB.

The time histories of the axial stress resultant N(0,?) at the left end of TBB and the
axial displacement u,,(/,f) at the right end of TBB are presented in four cases. Obviously,
the axial stress of the response over time could only be estimated through the complete
initial boundary value problem, and the difference between the extreme value and the
initial extreme value is significant. From this, it is pointed out that the inertia term has
a certain influence on the axial stress, and it can be proved from Figures 8—11 that its

influence on the kinematical component can be ignored.

Ref. [3]

—e—Ref. [9]
— — Present Study linear
—a— Present Study nonlinear

6: (rad)

Angle of torsion fx at x=1/2
—---0x(1/2)=1.0 rad N=2000 kN

Figure 8. Time histories of the angle of torsion at the midpoint of the thin-walled box beam,
for the case of initial torsional rotation ¢ (z) and initial axial displacements @, (x).
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80 Ref. [3]
1 ——Ref. [9] 1
60 - — — —Present linear
—a— Present nonlinear

Twisting moment Mr at x=0
-—--0x(l/2)=1.0 rad N=-2000 kN

-60 -

Figure 9. Time histories of the torsional moment for the case of initial torsional rotation 6,¢ =
0.2 rad.

—Ref. [3]

[=—a—Ref. [9]

= = Present Study linear
|4 Present Study nonlinear

-0,02 -4

0,04 o

tim (m)

=0.06 -

-0.08 o

-0.104

Axial displacement um at x={
e f(U2)=1.0 rad N=2000 kN

Figure 10. Time histories of axial displacement at the midpoint of the thin-walled box beam,
for the case of initial torsional rotation f,¢(x).

——Ref. [9]

-1750 - Prestent Study

-1800 —
-1850 —
-1900 —
-1950 —

-2000 —

NE&N)

-2050 4

-2100 +

-2150

-2200 +

-2250 —1—7—7—
0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040
t (set)

Figure 11. Time histories of axial stress resultant at the midpoint of the thin-walled box beam,
for the case of initial torsional rotation ¢ (x).

In addition, it can be seen that the frequency of the axial displacement response
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is almost twice that of the torsional rotation response. For the significant differences
between nonlinear models and linear models, it is found that they are mainly caused
by the coupling nonlinear terms of torsion, secondary torsion and distortion. The
differences between the nonlinear results in Sapountzakis and Dikaros [9] and those
in this paper is mainly caused by the distortion effect. The distortion and the secondary
torsion effect will affect the buckling and post-buckling of the TBB, which is of good
significance for the budget of the bearing capacity of the structure.

Furthermore, it can be known that the frequency of the axial displacement response
is approximately twice that of the torsional rotation response. Finally, Figure 9 shows
the time history of the bending moment M,(0.,¢) at the left end of TBB under the above
analysis, as well as the time-dependent effect of the axial inertia term on the above

stress results.

5. Conclusion

In this paper, a boundary element method for nonuniform torsional vibration of
TBB is established by considering the influence of distortion and geometric nonlinearty.

The main conclusions come out of this survey.

(a) The numerical techniques proposed in this study are highly suitable for the
computer-aided analysis of TBBs, which are supported by the most common
boundary conditions and subjected to the combined action of concentrated or
arbitrarily distributed axial and torsional loads that vary over time.

(b) The geometric nonlinear coupling has emerged among the torsion, distortion and
axial balance equations. In addition, the resulting nonlinear term changes the
modal shapes of the free vibration.

(c) Large torsional rotations add the torsional stiffness of TBB, ultimately causing a
higher natural frequencies. In addition, in the special case of axial boundary
conditions, the thin-walled box beam will also produce axial tensile force,
resulting in the previous effects.

(d) The nonlinear coupling term produced by distortion, torsion and nonuniform
torsion will affect the vibration of TBB, indicating that the distortion of TBB
can not be ignored.

(e) Inthe analyzed examples, the axial inertia term particularly affects the axial stress

resultants, while its effect on the kinematical components can be ignored.
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Appendix A. Kernels

A1 (r) = —%sgnp (A1)
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A5(r) = 511~ p) (A2)

1
A3(r) = =7ol(lp] - 2) (A3)
Aslr) =~ P32 + o~ 3lP) (A%)

Appendix B

Discretization of Equations(34) and (38) and application to the L collocation nodal points yields:

pA-H) 0
M=| 0  pI HI-pC-HI 0 (A5)
0 pl -H;
kFl E, E, ]
D, D,
F, E. E, E_, E
K= 35 36 37 38 (A6)
D45 D46 D47 D48
Fs Eso Esm Esn
L D, D, Dml_
Dy Dy DY
o (A7)
b D D
_ D p; D
—EA-10
K= 0 -GIL-H’+EC-10, -GI,-H’ (A8)
~GI,-H: ~GI,-H:
n
f=m, +m/ (A9)
m
x
k™), =-E[(H)),d,)(H})d)) (A10)
3

(knl)L+i = _EE[ [(le),dz]z

rp

{(Hz),d»—E1p<d]>[<<H;),.dz} (A1)

—E1,((H),d))(H)),d,)

Generalized nonlinear and linear stiffness matrices K., K/ and generalized mass matrix M, arising from the

eigenvalue problem.
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