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Article 

Traffic-based methodology to develop peak Heat Release Rate probability 
distributions for sizing road tunnels ventilation systems when using a 
probabilistic approach 

Sonia Fernandez1,*, Charles Fleischmann2, Daniel Nilsson2, Alberto Fraile3 
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* Corresponding author: Sonia Fernandez, sfernandezmartin@gmail.com

Abstract: Road tunnels are a crucial part of today’s transport infrastructures worldwide. 
Among the installed systems, the tunnel ventilation is key, as in the case of fire, it establishes 
and keeps appropriate conditions for self-evacuation and emergency services operations. 
Recent works propose using a probabilistic approach to assess road tunnels ventilation systems’ 
capacity for fire scenarios. Under this approach, key design variables are defined based on 
probability distributions. From these distributions, the analysis uses the different possible 
values of the variables, including lower and upper limits as well as mean and characteristic 
values. The results obtained with this proposed probabilistic approach allow not only designers, 
but also tunnel operators and administrations, to quantify the reliability of the capacity of the 
ventilation system, assess its probability of failure, and define safety levels. This paper 
illustrates a methodology to define the design fire as a probability distribution for sizing road 
tunnels ventilation systems when applying the above-mentioned probabilistic approach. The 
methodology uses traffic information (crucial in road tunnels) and correlates it to peak Heat 
Release Rate (HRR) values from published reports by PIARC to obtain the design fire variable 
in terms of peak HRR probability distributions. The methodology is applied to two case study 
tunnels with different characteristics. The obtained results for the two tunnels are then 
compared and analyzed to peak HRR values normally recommended and used when sizing 
road tunnels ventilation systems to understand the uncertainty and sensitivity of the results. 

Keywords: road tunnels; tunnel ventilation; stochastic analysis; probability distributions; 
design fire; traffic statistics 

1. Introduction: Overview of important previous research

Road tunnels are a crucial part of today’s transport infrastructures, contributing
to the transportation system both from the economic and practical point of view. 

To operate a road tunnel safely and efficiently, an integrated design of 
Mechanical, Electrical and Intelligent Transportation Systems (ME&I) is required. 
Among these ME&I systems, the tunnel ventilation system is key, as in case of fire it 
establishes and keeps appropriate conditions for self-evacuation and emergency 
services operations. 

Traditionally, a deterministic approach has been adopted when sizing road 
tunnels ventilation systems, using prescriptive requirements and design criteria from 
standards and industry guidance to obtain an acceptable design solution from a fire 
safety point of view. The result of this design approach is given as a single outcome 
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(for the most onerous design scenario considered) in terms of the capacity of the 
ventilation system to be installed. 

Recent works propose the use of a probabilistic approach when sizing road 
tunnels ventilation systems (refer to references [1–5]). Under this approach, key design 
variables are defined using probability distributions to quantify the reliability of the 
system, assess its failure probability, and define safety levels. One of these critical 
variables is the design fire expressed as peak Heat Release Rate (HRR). 

The outcome of the probabilistic approach documented in a recent published 
work from the corresponding author [4] for sizing road tunnel longitudinal ventilation 
systems provides an indicator of the residual risk associated with the capacity of the 
system expressed as a failure probability. This probabilistic approach uses a 1D 
steady-state model based on pressure loss calculations, supported by a Monte Carlo 
Simulation (MCS) method to perform a large number of simulations. For each of the 
simulations a deterministic calculation using the balance equation in Equation (1) is 
carried out for the different combinations of the design variables values, including 
those traditionally considered in a deterministic analysis (most onerous design 
scenario). 

∆퐻� ≥ ∆퐻� + ∆퐻� + ∆퐻� + ∆퐻�� + ∆퐻��� (1)

where: 
 ∆Hv: Jet fans thrust;
 ∆Hf: Pressure loss generated by air friction along the tunnel;
 ∆Hs: Pressure loss generated by the air drag along the tunnel because of shape

changes (turbulence zones);
 ∆Hp: Resistance generated by the stopped traffic;
 ∆Hch: Pressure loss generated by the hot smoke buoyancy along the tunnel

(upwards propagation of smoke);
 ∆Hatm: Natural draught (combined effects of wind and pressures).

The model used considers both the conservation of mass and the air as an ideal
gas, it also accounts for the fire effects through air density changes (inversely 
proportional to those in the absolute temperature), and provides the air temperature 
downstream of the fire as the result of the balance of the heat released from the fire 
and the absorbed heat by the tunnel walls. 

This probabilistic approach is an extension of the traditional deterministic one, as 
it considers and provides outcomes not only for the most onerous design scenario but 
also for all other possible combinations. It gives the result of the analysis as a failure 
probability function associated with the ventilation thrust, providing crucial 
information about the design criteria to assist administrations, tunnel operators, and 
designers. 

The defined failure function (Equation (2)) depends on the installed ventilation 
thrust and the pressure losses. It defines the unsafe zone (g(x) < 0) as all those 
situations where the ventilation thrust is not enough to prevent smoke back-layering 
upstream of the fire (critical velocity not achieved). And the safe zone (g(x) > 0) is 
those situations where the capacity of the ventilation system is greater than the losses, 
and therefore there would be no back-layering as the obtained air velocity would be 
equal to or greater than the critical velocity. 
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푔(푥) = ∆퐻� − (∆퐻� + ∆퐻� + ∆퐻� + ∆퐻�� + ∆퐻���) (2)

With this in mind, the failure probability is defined as the percentage of times 
that the pressure losses exceed the capacity of the installed ventilation system. 

Figure 1, extracted from reference [4] and obtained with the mentioned 
probabilistic approach, shows the results for different tunnel lengths in terms of the 
installed ventilation thrust for different failure probability curves. In the figure, results 
show how the estimated probability of failure, based on the same design requirements, 
is different for the different tunnel lengths. 

Figure 1. Failure probability curves for tunnel lengths. 
Reproduced from reference [4]. 

For more detail on this probabilistic approach for sizing road tunnel longitudinal 
ventilation systems (and its comparison with the traditional deterministic approach), 
please refer to reference [4]. 

2. Design variables for tunnel ventilation sizing: Design fire

The design variables to evaluate the terms shown in Equation (1) for the pressure
loss calculations in the 1D steady-state model to size a longitudinal ventilation system 
are: 
 Geometry variables: Length, grade, friction and singular losses coefficients, cross

section, number of lanes, hydraulic diameter.
 Fans: Installed thrust under ambient air conditions (with installation efficiencies),

location and jet fan outflow velocity (at full speed).
 Traffic variables: Density, volume, percentage of each type of vehicle,

aerodynamic coefficient of the stopped vehicles and their cross-sectional area (for
each type of vehicle).

 Atmospheric/ambient conditions: Air temperature, air density and specific heat
Cp.

 Fire scenario-related variables: Peak Heat Release Rate (HRR), critical velocity
and fire location.
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From these variables, the choice of the design fire is key, as it affects not only the 
design of the ventilation system but also the structural design and other systems 
designs, such as traffic management, fire detection, alarm, and suppression, as well as 
operations (incident response plans and evacuation strategies). 

When sizing ventilation systems, the design fire can be considered as a time-
dependent fire curve (refer to reference [6]) or as a single constant value defined as 
the peak HRR (refer to references [7–9]). And, generally, the selection of the fire HRR 
must be done accounting for the traffic fleet and whether the transport of Dangerous 
Goods is allowed or not. 

A summary of peak HRR values from different international standards and 
guidelines is captured in Table 1. 

Table 1. Peak HRR (MW) & vehicle type. International standards/recommendations. 

Vehicle type French Guid. [10] German Stand. [11] USA Stand. [7] UPTUN WP2 fire scenarios [12] PIARC [8] 

Car --- 5–10 5–10 5 5–10 

Several cars 8 5-10 10-20 10-20 --- 

Light duty vehicle 15 --- --- --- 15 

Bus, coach --- 20–30 20–30 30 20 

HGV (< 25 T), lorry 30 30–30 70–200 50–150 30–50 

HGV (25–50 T) 30 20–30 70–200 50–150 70–150 

Tanker 200 50–100 200–300 200 or higher 200–300 

3. Traffic-based peak HRR probability distribution development
methodology

Based on the probabilistic approach mentioned in Section 1, the work presented 
in this paper shows a methodology to define the design fire variable as a peak HRR 
probability distribution, based on traffic information, to be used in that approach. 

The analysis presented in the paper is applied to a case study for two different 
tunnels. It uses real traffic data from the two tunnels, including traffic volume (and its 
relationship with speed), the percentage of Heavy Goods Vehicles (HGV) and the 
allowance of Dangerous Goods (DG) traffic, which is correlated to peak HRR values 
collected from the literature [8] and fitted using the @Risk Distribution Fitting tool to 
four different probability distributions. 

It is worth noting that the work is focused only on defining design fires to assist 
in road tunnel ventilation systems sizing. Other tunnel features/systems’ designs (e.g., 
suppression or detection systems) where other parameters of the design fire (e.g., 
growth rate, species production, gas temperatures, etc.) would need to be considered 
separately are not within the scope of this paper. 

It is not the intent of this work to provide standardized design fire probability 
distributions, but rather to demonstrate the application of the proposed traffic-based 
methodology using the data compiled for the analysis in a case study for two different 
tunnels. 

When applying the probabilistic approach for sizing a tunnel ventilation system, 
the probability distribution of the design fire is one of the input design variables and 
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it helps to understand the uncertainty and sensitivity of the peak HRR values to be 
used in the analysis. Additionally, when applying a deterministic approach, this aid is 
also valid, as discussed in Section 4. 

For this case study, traffic data from two tunnels, including a total of 744 traffic 
data points per tunnel (vehicles/h and HGV percentage for each hour of each day of a 
whole month), was analyzed. 

Note that an extended amount of data, in terms of the number of tunnels and time 
(more than one month of traffic data), should be explored in future work in order to 
obtain standardized design fire probability distributions. 

3.1. Traffic data analysis 
Tunnel operators were approached to provide real traffic data from tunnels with 

different characteristics, including location (rural/urban), traffic direction 
(bidirectional/unidirectional), and Dangerous Goods presence (allowed/not allowed). 
Real traffic data obtained from two tunnels was analyzed. Although the source (and 
therefore the name of the tunnels) cannot be disclosed, Table 2 presents the main 
characteristics of the two tunnels (Tunnel A and Tunnel B). 

Table 2. General characteristics of analyzed tunnels. 

Tunnel A Tunnel B 

Length (km) 8.5 2.5 

Number of tubes Single Twin 

Number of lanes (per tube) 2 3 

Traffic type Bidirectional Unidirectional 

Dangerous Goods (DG) allowed Yes No 

For this study, traffic data from one month during the end of the winter season 
with no holiday periods was analyzed. The analyzed traffic data included hourly 
numbers of total vehicles, Passenger Cars (PC) and Heavy Good Vehicles (HGV). 
Figure 2 presents hourly total numbers of vehicles during the whole month. The 
graphs in Figure 2 show the difference in the number of vehicles driving through each 
of the tunnels, which aligns with the different locations of the tunnels (Tunnel A, 
mountain rural tunnel and Tunnel B, urban tunnel). 
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(a) (b) 
Figure 2. Number of vehicles per hour per day during a month, (a) Tunnel A; (b) Tunnel B. 

The proposed framework analyzes the traffic volume in terms of percentage 
instead of the traffic numbers, as these can be significantly different between tunnels 
(e.g., a maximum of 202 vehicles/h in Tunnel A and 3798 in Tunnel B). The 
percentage of traffic volume is calculated in relation to the maximum hourly total 
traffic value for each hourly total traffic value during the period of time analyzed (a 
total of 744 h, or data points included in the analysis). This standardization of the 
traffic volume in terms of percentage for the two tunnels analyzed is presented in 
Figure 3. These percentages of traffic volumes were the ones used during the peak 
HRR fitting step (as per Table 3). 

(a) (b) 
Figure 3. Standardized traffic volume per hour in %, (a) Tunnel A; (b) Tunnel B. 

The other traffic data analyzed was the percentage of HGV driving through the 
tunnel. As shown in Figure 4 for each of the tunnels. 

6
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(a) (b) 
Figure 4. Standardized % of HGV per hour, (a) Tunnel A; (b) Tunnel B. 

The graphs in Figure 4 show the difference between the tunnels, with the average 
percentage of HGVs in Tunnel A around 45% while in Tunnel B is around 6%. This 
difference in the percentage of HGV aligns with the fact that Tunnel A is a rural tunnel, 
part of a freight transport route, and Tunnel B is a city tunnel. 

3.2. Probability distribution fitting process 
Over the years, fire tests on different road vehicles burned under different 

conditions (calorimeter hood, inside a tunnel, or in a car park) have been carried out 
to estimate the peak HRR and the time to reach the peak. An overview of peak HRR 
values for vehicle fires in road tunnels (including PC, HGV, buses and Dangerous 
Goods vehicles) is captured in the literature (refer to references [6,9,12–14,15]). 

In this section, different probability distributions have been fitted to peak HRR 
values using the @Risk Distribution Fitting tool. @Risk is a commercial piece of 
software for risk analysis that uses the Microsoft Excel environment. It is a tool that 
provides features to help assess the fitting results (i.e., comparison, P-P and Q-Q plots) 
and includes delimiters on graphs to allow quick assessment of the probabilities 
associated with the values in the fitted distributions. The fact that the software is a 
commercial one, the data used for the fitting was in Excel, and @Risk Distribution 
Fitting automatically updates the distribution when the data is updated were the main 
reasons to select this fitting tool. 

The HRR values correlated to the traffic data that are captured in Table 3 have 
been based on the following: 
 Incident frequency/occurrence. The frequency/occurrence of a fire incident is not

variable. The probability distributions are meant to be used to size road tunnel
ventilation systems and therefore the fact of a fire is taken as the starting point.

 Peak HRR value. The peak HRR values used for fitting the probability
distributions are based on data captured in the literature and shown in Table 1
(e.g., car fires HRR between 5–10 MW). It is not part (nor the aim) of the study
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to analyze the conditions, physics or how the tunnel configuration 
influences/affects the HRR (fire size) when obtaining the peak values. 

 Percentage of traffic volume. The traffic volume in tunnels is not constant; it
varies along the day and with the day of the week (traffic volume is not the same
on weekends or holidays or working days, nor during peak or low hours). To help
understand the traffic profile, an average hourly percentage of total vehicles
during the weekdays and the weekend days was calculated for both tunnels, as
shown in Figure 5.

(a) (b) 
Figure 5. Average % of traffic volume per hour, (a) Tunnel A; (b) Tunnel B. 

Based on these profiles, the analysis divided the percentage of traffic volumes 
into five bands to cover the different traffic volumes (as per Table 3). For example, 
for Tunnel B’s weekday profile, traffic volumes less than 5% correspond to the early 
hours of the day (1:00–4:00), while traffic volume percentages between 80%–100% 
correspond to the morning and evening peaks (7:00–9:00 and 16:00–18:00, 
respectively). 
 Traffic speed in relation to traffic volume as shown in Figure 6. Based on the

fundamental relations of traffic flow, the flow is zero either because there are too
many and they cannot move or because there are no vehicles. On the other hand,
when the flow is maximum, the speed is between zero and free flow speed [16].

Figure 6. Generalized speed-flow curve. 
Reproduced from reference [16]. 
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Since high traffic volumes tend to reduce traffic speeds and with it the nature of 
the incidents tends to be less serious [17], the correlated peak HRR values for higher 
traffic volume percentages have been considered to be less than those with smaller 
traffic volumes. 
 Percentage of HGV. The analysis has divided the percentage of HGV in six bands

(as per Table 3). Since the HRR value for fires involving HGV is higher than for
those involving Passenger Cars, the peak HRR has been considered to be larger
for higher HGV percentages.

 Allowing or not allowing DG traffic. The assumed peak HRR value is greater
when the traffic of DG vehicles is allowed (as per Table 3). The maximum peak
HRR value considered when DG is allowed goes up to 300 MW, while when DG
is not allowed, it goes up to 200 MW.

 DG traffic through the tunnel. Based on information provided by the tunnel
operators of the tunnel allowing DG’s traffic analyzed for the case study, if the
traffic volume is high, then the traffic of DG vehicles is less likely to be allowed
during that time.

Table 3. Peak HRR based on the proposed traffic-based framework for the case 
study. 

Traffic Volume (%) HGV (%) 
HRR (MW) 

DG allowed DG not allowed 

< 5% 

< 5% 30 5 

5%–< 10% 30 20 

10%–< 25% 30 30 

25%–< 50% 50 50 

50%–< 70% 150 70 

70%–100% 200 150 

5%–< 15% 

< 5% 30 10 

5%–< 10% 50 15 

10%–< 25% 50 30 

25%–< 50% 70 50 

50%–< 70% 150 70 

70%–100% 300 200 

15%–< 50% 

< 5% 15 15 

5%–< 10% 30 30 

10%–< 25% 50 50 

25%–< 50% 70 70 

50%–< 70% 150 150 

70%–100% 300 200 
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Table 3. (Continued). 

Traffic Volume (%) HGV (%) 
HRR (MW) 

DG allowed DG not allowed 

50%–< 80% 

< 5% 20 20 

5%–< 10% 30 30 

10%–< 25% 70 70 

25%–< 50% 100 100 

50%–< 70% 150 150 

70%–100% 200 150 

80%–100% 

< 5% 30 30 

5%–< 10% 50 50 

10%–< 25% 70 70 

25%–< 50% 100 100 

50%–< 70% 150 150 

70%–100% 200 150 

Each of the traffic data points, which include traffic volume percentage, HGV 
percentage and criteria of allowance of DG traffic was correlated/assigned a peak HRR 
value. This correlation was based on the above considerations (as per Table 3) and 
generated a 744 peak HRR database for each tunnel of the study case (as shown in 
Figure 7). 

(a) (b) 
Figure 7. Correlated peak HRR values database for distribution fitting, (a) Tunnel A; (b) Tunnel B. 

To clarify the process followed and the peak HRR values in Table 3, a few points 
of the obtained database are presented and compared below: 
 For a percentage of traffic volume of 2%, with 0% of HGV and DG traffic

allowed, the peak HRR value correlated is 30 MW. Meanwhile for a percentage
of traffic volume of 41%, with 4% of HGV and DG traffic allowed, the peak HRR
value correlated is 15 MW. The difference in these cases is based on the traffic
volume percentage (2% vs. 41%) and its relationship with the traffic speed and
the likelihood of DG being allowed to drive through. It has been assumed that
with low traffic volume the traffic speed and the likelihood of DG passing
through will be higher.
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 For a percentage of traffic volume of 4.8%, with 4.9% of HGV and no DG traffic
allowed, the peak HRR value correlated is 5 MW. It has been assumed that even
if the traffic speed could be high with the low traffic volume and low percentage
of HGV it is likely that the possible incident would involve a passenger car.

 For a percentage of traffic volume of 41%, with 4% of HGV and DG traffic
allowed, the peak HRR value correlated is 15 MW. Meanwhile, for a percentage
of traffic volume of 25% (the same traffic volume band as for 41%) but with 59%
of HGV and DG traffic allowed, the peak HRR value correlated is 150 MW. The
difference in these cases is based on the percentage of HGV (4% vs. 59%) and
the HRR values for PCs and HGVs. It has been assumed that with a low
percentage of HGV it is more likely in the case of a fire occurrence to be related
to PCs and therefore the difference in HRR value.

 For a percentage of traffic volume of 65%, with 33% of HGV and DG traffic
allowed, the peak HRR value correlated is 100 MW. For a percentage of traffic
volume of 71%, with 33% of HGV and no DG traffic allowed, the peak HRR
value correlated is 100 MW. The HRR value assumed in these two cases is the
same, as both the traffic volume and HGV percentages are similar, and it has been
assumed that when the traffic volume is high, the traffic of DG vehicles would
be less likely to be allowed.
This database represented in Figure 7 was used with @Risk Distribution Fitting

tool to fit four probability distributions for each tunnel. The reason for assessing 
different types of distributions was to see the differences based on the type of 
distribution and which distribution would give a better fit of the data. The fitted 
distributions are Beta, Weibull, Gamma and Lognormal distributions. For the fitting 
process in @Risk, the fitting options used for all the distributions included fixing the 
lower bound at zero. For the Beta distribution, also a fixed upper bound at 500 MW 
was used. The rest of the fitting options were the ones by default in @Risk. 

To compare the fit from these four distributions, @Risk provides a goodness of 
fit measurement to see how the fitted distribution matches the data, and therefore the 
goodness of the fit. For continuous data, @RISK provides five methods for obtaining 
the goodness of the fit: The Bayesian Information Criteria (BIC), the Akaike 
Information Criteria (AIC), the Chi-Squared (Chi-Sq), the Anderson-Darling (AD) 
and the Kolmogorov-Smirnov (K-S). 

The A-D, K-S and Chi-Sq methods were developed as tests for fit validation but 
not as tools for deciding between different distributions (although they can be used for 
this purpose when the number of data values is very large). The AIC and BIC methods 
(“Information Criteria” methods) were developed for model selection and they 
consider, among other criteria, the number of free parameters of the fitted distribution. 
Both AIC and BIC methods are very similar and rely on Bayesian analysis, although 
the AIC method tends to penalize less the number of parameters than the BIC method. 
Based on this, in this paper the AIC method has been chosen for comparing each 
potential distribution, where a smaller AIC value indicates a better fit. 

Tunnel A peak HRR distribution fitting: 
A summary of the outcomes of the @RISK Distribution Fitting process is 

captured in Table 4 and shows the parameters defining each distribution, the mean, 
standard deviation, percentiles (5th and 95th) and the obtained AIC values. 
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Table 4. @Risk outcomes summary (Tunnel A). 

Mean Std. Dev. 5% Pert 95% Pert AIC Value Rank based on AIC 

Beta (1.62, 4.87, 0, 450) 112 71 18 247 8301 4 

Weibull (1.53, 122.79) 111 74 18 252 8296 3 

Gamma (2.24, 49.13) 110 73 22 252 8261 2 

Lognorm (110.68, 88.68) 111 89 27 275 8228 1 

Figure 8 shows the frequency data and fitted distributions (density and 
cumulative functions) for the peak HRR (MW) values related to the traffic for Tunnel 
A. 

(a) (b) 
Figure 8. Frequency data and fitted distributions (Tunnel A), (a) density function; (b) cumulative function. 

Tunnel B peak HRR distribution fitting: 
A summary of the outcomes of the @RISK Distribution Fitting process for 

Tunnel B is captured in Table 5 and shows the parameters defining each distribution, 
the mean, standard deviation, percentiles (5th and 95th), and the obtained AIC values. 

Table 5. @Risk outcomes summary (Tunnel B). 

Mean Std. Dev. 5% Pert 95% Pert AIC Value Rank based on AIC 

Beta (2.73, 12.67, 0, 150) 27 14 7 53 5947 3 

Weibull (1.84, 29.82) 26 15 6 54 5982 4 

Gamma (3.45, 7.62) 26 14 8 53 5905 2 

Lognorm (26.36, 15.73) 26 16 9 56 5873 1 

Figure 9 shows the frequency data and fitted distributions (density and 
cumulative functions) for the HRR (MW) values related to the traffic for Tunnel B. 
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(a) (b) 
Figure 9. Frequency data and fit distributions (Tunnel B), (a) density function; (b) cumulative function. 

4. Discussion

A comparison between the design fire probability distributions (obtained with the
proposed methodology) and representative peak HRR values normally used when 
sizing road tunnels ventilation systems applying a deterministic approach (see Table 
1), can be made to help understand the sensitivity of the values. 

This has been done with the results obtained for the case study presented in this 
manuscript. Table 6 compares the representative peak HRR values, and their 
corresponding probability based on the results obtained for the two tunnels assessed. 

Table 6. Probability distributions and representative peak HRR values comparison. 

Representative peak HRR value when sizing road tunnel 
ventilation systems design Tunnel A probability distributions Tunnel B probability distributions 

10 MW 0%–2% 7%–13% 

20 MW 2%–6% 37%–42% 

30 MW 7%–11% 63%–70% 

50 MW 20%–22% 92%–93% 

100 MW 50%–59% 99%–100% 

200 MW 87%–88% 100% 

Note that when sizing the ventilation system based on a deterministic approach, 
the probability distributions on their own don’t dictate the specific value to be used. 
When statistical information is available for a design parameter (like the one provided 
by the probability distributions), the designer selects the specific percentile to use in 
the design (percentile approach). Generally, when considering upper values, the 
recommended percentile varies from 80th (refer to reference [18]) to 95th (refer to 
references [10,18,19]). 

Assuming a 95th percentile approach and based on the obtained probability 
distributions (refer to Tables 4 and 5), for Tunnel A this would mean a design fire 
value of 247–275 MW (per PIARC’s recommendations in the middle range of the peak 
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HRR for petrol tanker fires) and for Tunnel B 53–56 MW (per PIARC’s 
recommendations, the upper bound of the peak HRR for HGV up to 25 T). 

This comparison shows how the obtained probability distributions would cover 
the different peak HRR values that are normally recommended and used when sizing 
road tunnels ventilation systems with a deterministic approach. 

Note that a comparison between the obtained distributions with other probability 
distributions used and/or proposed in/for other frameworks (e.g., risk 
assessments/models) where other properties or features are considered (e.g., time to 
reach peak HRR and frequency and consequences of the events) has not been done 
and is not within the scope of the study. The distributions obtained based on the 
proposed methodology are meant as an input for sizing tunnel ventilation systems 
following a probabilistic approach as the one presented in recent published works 
(refer to reference [4]). 

Defining the design fire in terms of a probability distribution and using a 
probabilistic approach to size the tunnel ventilation system assesses the capacity of the 
system based on the different design fire values covered by the distribution (i.e., lower 
and upper limits as well as mean and characteristic values), not only the most onerous 
one (as per a deterministic approach-based design). 

The outcome obtained from using a probabilistic approach gives an indicator of 
the residual risk associated with the capacity of the system expressed as a failure 
probability (refer to reference [4]). 

In other engineering fields, such as structural engineering, the use of a 
probabilistic approach is widely used, and it is an entire field of research in 
performance-based safety engineering. 

Note that it is not the aim of the work to provide standardized probability 
distributions, but rather, to demonstrate the application of the proposed traffic-based 
methodology using a limited amount of data. An extended amount of data, in terms of 
the number of tunnels and time (more than one month of traffic data), should be 
explored to obtain standardized design fire probability distributions. 

5. Conclusions

This paper illustrates, through a case study, a methodology to define design fires
(peak HRR) for sizing road tunnel ventilation systems in terms of probability 
distributions based on traffic data. 

Peak HRR data obtained from the literature has been correlated to real traffic data 
for two tunnels following assumptions based upon the percentage of total traffic 
volume, percentage of HGVs, traffic speed in relation to the traffic volume and 
whether DG traffic is allowed or not. Using the @Risk Distribution Fitting tool, four 
probability distributions have been fitted to characterize the design fire. 

The analysis shows how the probability distributions would cover the different 
peak HRR values that are normally recommended and used when sizing road tunnels 
ventilation systems with a deterministic approach, which helps to understand the 
uncertainty and sensitivity of the values. 

The results presented in this paper are based on a case study and are intended 
only for illustrating the proposed process to obtain design fire probability distributions 
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for sizing road tunnel ventilation systems based on traffic data. It is not the intent of 
the study to provide standardized probability distributions for general road tunnel 
assessments, nor propose the use of a specific design fire percentile value. 

It is worth noticing that the probability distributions on their own don’t dictate 
the design fire value to be used. As per Section 4, when sizing the ventilation system 
based on a deterministic approach, the designer can select a specific percentile to be 
used in the design (percentile approach). 

When using a probabilistic approach (as the one captured in reference [4]), the 
capacity of the system is based on the different design fire values covered by the 
distribution (i.e., lower and upper limits as well as mean and characteristic values), not 
only the most onerous one (as per the deterministic approach). The probabilistic 
approach is an extension of the traditional deterministic one, as it considers and 
provides outcomes not only for the most onerous design scenario but also for all other 
possible combinations. 

Although in both approaches the peak HRR values represent the same, in terms 
of sizing the ventilation system, the probabilistic one provides important information 
about the design criteria to assist administrations, designers, and tunnel operators. 

Based on the results obtained from recent published works [4], the information 
obtained with the probabilistic approach can compensate for unbalances derived from 
the application of the common deterministic practice (where for similar conditions and 
the same design criteria, different residual risk is allowed). This is important for 
national highway administrations and/or tunnel operators, since the fact of not having 
a comparative and consistent criterion (residual risk) for all the tunnels can imply an 
uneven and inefficient use of resources. 
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a vertical concentric annulus with radial and induced magnetic fields 

Muhammad Yusuf Muhammad1,*, Yusuf Ya’u Gambo2, Muhammad Auwal Lawan1 

1 Department of Mathematics, Aliko Dangote University of Science and Technology, Kano 713103, Nigria 
2 Department of Mathematics, North West University, Kano 713103, Nigeria 
* Corresponding author: Muhammad Yusuf Muhammad, muhammadyusufmuhammad@kustwudil.edu.ng

Abstract: This study investigates the impact of inverse-square heat absorption on steady, fully 
developed laminar MHD natural convection flow within an infinite vertical concentric annulus 
under the influence of applied radial and induced magnetic fields. The governing transport 
equations in the model were transformed into a non-dimensional form, allowing for the 
derivation of unified analytical solutions for the velocity, temperature, magnetic field, and 
induced current density distributions for both isothermal and iso-flux on the inner cylinder of 
concentric annuli. The influence of key physical parameters in the model is illustrated through 
a comprehensive analysis of graphs and tables. The findings reveal that increasing the heat 
absorption parameter intensifies thermal gradients near the inner cylinder, while stronger 
magnetic fields suppress fluid motion, reducing mass flux and enhancing flow resistance. Mass 
flux and induced current density decrease as Hartmann number and heat absorption parameter 
increase, demonstrating the combined influence of thermal and electromagnetic forces. The 
magnetic field distributions and associated current densities exhibit pronounced attenuation 
near the inner cylinder under a higher Hartmann number. These findings highlight the intricate 
interaction between thermal and electromagnetic forces, offering valuable insights for 
applications in nuclear reactors, MHD power generation, and advanced cooling technologies. 
This study contributes to refining MHD-driven thermal management approaches for Advanced 
engineering systems. 

Keywords: MHD; natural convection; heat generation; vertical concentric annulus; Hartmann 
number; inverse-square heat generation 

1. Introduction

The study of magnetohydrodynamic (MHD) natural convection in annular
geometries is crucial for engineering applications such as power generation, nuclear 
cooling systems, and metallurgical processes. When a conducting fluid is exposed to 
an externally applied uniform magnetic field, an induced magnetic field is generated 
due to fluid motion and interaction with the applied field. The interaction between 
these fields affects heat transfer and flow stability, making it essential to distinguish 
their separate and combined influences. 

There are numerous applications for studying natural convective flow along a 
vertical cylinder in fields like technology, agriculture, oceanography, and geothermal 
power generation. Applications in solar power collectors, magnetohydrodynamic 
power generator design, and oil thermal recovery have drawn attention to the study of 
transport phenomena with annular geometry. 

The analysis and design of heat exchangers often rely on annular geometries due 
to their extensive applications in geophysics and engineering fields. These applications 
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include magnetohydrodynamic (MHD) power generation, geothermal energy systems, 
treatment of nuclear fuel debris, and solidification of metals and alloys. Notably, 
natural convective flows along vertical cylinders have found uses in solar power 
collection, geothermal energy extraction, and oil recovery. The integration of heat 
sources or sinks within a concentric annulus enhances fluid flow efficiency and overall 
system performance Kumar and Singh [1]. 

Magnetohydrodynamics, which bridges fluid mechanics and electromagnetism, 
facilitates the control and propulsion of electrically conducting fluids via Lorentz 
forces generated from interactions between magnetic fields and electric currents. In 
the context of vertical concentric annuli, studying MHD-natural convection 
interactions is critical for optimizing cooling systems in nuclear reactors, enhancing 
safety and operational efficiency [2]. Additionally, understanding the effects of radial 
and induced magnetic fields has practical implications for geothermal energy systems 
Kefayati and Ahmadi [3] and industrial processes such as MHD propulsion and metal 
solidification [4,5]. 

Heat generation and absorption significantly impact natural convection flows by 
altering temperature distributions and flow patterns. These effects are vital in various 
applications, including nuclear reactor cores, semiconductor manufacturing, and 
combustion modeling. Employing an inverse-square heat absorption model provides 
a realistic framework for simulating heat transfer in such systems, addressing a gap in 
the literature where most studies have focused on constant or linear heat sources. 

The influence of radial magnetic fields on flow stability and heat transfer in annular 
geometries has been highlighted by several researchers Smith and Johnson [6], Brown 
et al. [7]. These studies reveal that magnetic fields induce additional fluid motion, 
thereby improving convective heat transfer rates. For instance, Gupta and Sharma [8] 
demonstrated that radial magnetic fields reduce boundary layer thickness, enhancing 
heat transfer efficiency near the cylinder walls. Conversely, ignoring the induced 
magnetic field underestimates velocity and current density in MHD flows, 
emphasizing its critical role [9–11]. 

Studying the combined effects of radial and induced magnetic fields on fluid flow 
is crucial for advancing technologies in fields like metallurgy, nuclear fusion, and 
space science, where control over electrically conducting fluids is important. These 
magnetic fields influence flow patterns, turbulence, and heat transfer, enabling precise 
regulation in applications such as cooling systems in nuclear reactors and metal casting 
processes. In astrophysics, they help explain plasma behavior in phenomena like solar 
flares and accretion disks. Moreover, understanding their interactions improves 
plasma confinement in fusion reactors, enhances the accuracy of computational 
models for MHD, and even finds biomedical applications in targeted drug delivery 
and diagnostic imaging. 

The concept of inverse-square heat absorption refers to a scenario where the rate 
of heat absorption decreases in proportion to the square of the distance from a heat 
source. This spatial variation in heat absorption significantly impacts the temperature 
distribution and fluid flow patterns within the system. 

Hasanuzzaman et al. [11] have explored the effects of heat absorption on MHD 
natural convection flows. This research has investigated the role of heat absorption or 
production on time-dependent free MHD convective transport over a vertical porous 
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plate with thermal radiation, highlighting the importance of heat absorption in 
modifying flow characteristics and thermal profiles. Mabood et al. [12] examined the 
impact of heat generation and absorption on thermally stratified MHD flow over an 
inclined stretching surface and found that heat absorption significantly alters the 
temperature distribution within the boundary layer, affecting the velocity and thermal 
profiles of the fluid. Additionally, the role of heat absorption in MHD flows with 
chemical reactions has been investigated where homogeneous-heterogeneous 
chemical reactions and heat absorption effects on a two-dimensional steady 
hydromagnetic Newtonian fluid. The results demonstrated that heat absorption 
significantly influences concentration profiles, which is essential for processes 
involving chemical species transport [13]. Moreover, the combined impact of heat 
generation/absorption and Joule heating on the MHD flow of Ag-H2O nanofluid into 
a porous stretching/shrinking sheet was studied. The research indicated that heat 
absorption plays a critical role in enhancing or diminishing heat transfer rates, 
depending on the flow configuration [14]. Another investigation focused on MHD 
natural convective flow of a polar fluid with Newtonian heat transfer in vertical 
concentric annuli. The study analyzed the effects of transverse magnetic fields and 
Newtonian heating on velocity distribution and flow stability, offering valuable data 
for applications involving polar fluids in annular geometries [15]. 

Key parameters such as the Hartmann number, annular gap, and heat absorption 
parameter have been extensively studied in MHD flows. Chamkha and Issa [16] 
showed that heat absorption decreases the Nusselt number, while [17] demonstrated 
that constant iso-flux heating alters the thermal energy distribution in vertical annuli. 
Despite this, the combined effects of inverse-square heat absorption, radial magnetic 
fields, and induced magnetic fields on MHD natural convection in vertical concentric 
annuli remain underexplored.  

The mathematical modeling and exact solutions for predicting flow behavior in 
these systems have gained increasing attention due to their relevance in industrial 
applications. Numerous studies have examined natural convection in vertical annuli 
under isothermal or iso-flux conditions. Kumar and Singh [1] analyzed the effects of 
heat sources, sinks, and induced magnetic fields on natural convection flows in vertical 
concentric annuli with radial magnetic fields using analytical methods. Similarly, 
Muhammad et al. [18] investigated heat absorption in natural convection along vertical 
coaxial cylinders under constant iso-flux conditions. Other notable works include El-
Shaarawi et al. [3], who studied laminar flow dynamics in open-ended annuli, and 
Joshi [19], who provided insights into free convection in isothermal vertical annuli. 
Furthermore, El-Shaarawi and Sarhan [20] presented an analytical solution for 
developing natural convection flow in open-ended vertical concentric annuli, 
considering four different thermal boundary conditions and providing a closed-form 
solution for each. The impact of an induced magnetic field on fully developed 
convection flow in an annular microchannel was examined by Jha and Aina [21]. 

The behavior of electrically conductive fluids has also attracted considerable 
interest due to its importance in battery design and power generation systems. Early 
works, such as Rossow [22], established foundational theories, while later studies, 
including Ramamoorthy [23] and Arora [24], expanded the understanding of MHD 
flows in coaxial cylinders under magnetic fields. Moalem [25] suggested that heat 
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generation could be inversely related to temperature. Several other studies have 
explored heat generation or absorption in vertical concentric cylinders [26–30]. 
Several practical physical phenomena, such as convection within the Earth’s mantle, 
heat dissipation following accidents, fire and combustion modeling, exothermic and 
endothermic chemical reactions in fluids, the development of metal waste from spent 
nuclear fuel, and various applications in nuclear energy, are strongly affected by the 
properties associated with heat absorption and generation. Jha [15] explored the 
impact of heat-generating or absorbing fluids on heat transfer and the resulting flow 
behavior to better understand this class of fluid dynamics. This is particularly 
important because the volumetric heat generation or absorption term can significantly 
influence heat transfer processes as temperatures increase. Investigations into fluid 
flow within open-ended vertical concentric annuli shed light on the intricate fluid 
mechanics crucial for applications in MHD propulsion [31]. Magnetohydrodynamics 
(MHD) integrates principles of classical electromagnetism with fluid dynamics, 
enabling the manipulation and propulsion of conducting fluids using Lorentz forces. 
These forces emerge from the interaction between electric currents and magnetic fields 
when an external magnetic field is applied. However, the motion of an electrically 
conducting fluid perpendicular to the magnetic field is significantly impeded due to 
the strong influence of these interactions [32–34]. 

The growing demand for efficient heat transfer management has spurred research 
into heat-generating and heat-absorbing fluids. While earlier models assumed constant 
heat generation rates [28,35], subsequent studies explored spatially dependent heat 
sources and sinks [4,22]. Recent research, such as that by Oni et al. [36], examines the 
effects of radially varying magnetic fields and heat sources in vertical annuli. Ferdousi 
and Alim [37] investigated the impact of magnetic fields on mixed convection within 
a rectangular enclosure featuring a trapezoidal heated obstacle and two semi-circular 
wall heaters. The study employs the finite element method to analyze fluid flow and 
temperature distribution, focusing on parameters such as Hartmann number, buoyancy 
ratio, and Richardson number. The findings indicate that the heat transfer rate along 
the right semi-circular wall heater surpasses that of the left heater as both Hartmann 
number and buoyancy ratio increase. Also, more related work to this study is [38–40]. 

This study aims to address these gaps by investigating the effects of inverse-
square heat absorption on MHD natural convection flow in a vertical concentric 
annulus. Special attention is given to the interplay between radial and induced 
magnetic fields. Analytical solutions to the governing equations provide insights into 
the influence of critical parameters, Hartmann number, heat absorption, and annular 
gap on temperature, velocity, and magnetic field distributions. The findings have 
practical applications in optimizing MHD systems for engineering purposes, such as 
nuclear reactors, geothermal systems, and electromagnetic propulsion. 

2. Mathematical formulation

The fundamental hydrodynamic equations, together with Maxwell’s
electromagnetic equations, describe the steady-state flow of electrically charged fluids 
[1,18]. In vector form, these equations are expressed as follows. 
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2.1. Continuity equation 

∇ ⋅ 퐕 = 0 (1)

2.2. Momentum equation 

휌(퐕 ⋅ ∇)퐕 = −훻푃 + 휇(∇�퐕) + (퐉 × 퐁) + 휌푔 (2)

2.3. Magnetic field equation 

(휼훁ퟐ퐇) + 훁 × (퐕 × 퐇) = ퟎ (3)

2.4. Energy equation 

(퐕 ⋅ ∇)푇 =
푘

휌퐶�
∇�푇 +

푄�

휌퐶�
(4)

2.5. Configuration of the study 

Figure 1. Geometry of the model [18]. 

The configuration of the study as illustrated in Figure 1, involves a fully 
developed natural convection flow of steady, viscous, incompressible electrically 
conducting fluid within a vertical concentric annulus of infinite length. The 푧′ axis is 
oriented along the axis of coaxial cylinders is measured in the vertically upward 
direction, while 푅′ represents the radial direction, measured outward from the axis of 

the cylinder. The applied magnetic field represented as 푎퐻�
�

푅′�  is directed radially

outward. The temperatures 푇�
� and 푇�

� denote the temperature at the outer surface of 
the inner cylinder and the ambient temperature, respectively. The radii of the inner and 
outer cylinders are denoted by a and b, respectively. The velocity components are 
푈��

� ,  푈�
�  and 푈��

�  in the direction 푅�, 휃  and 푧�  direction respectively. For fully 
developed flow,  푈��

� = 푈�
� = 0  with flow direction along the 푧� -axis. The flow 

depends solely on 푅�  due to the fully developed nature and infinite length of the 
cylinders. For the considered model, the velocity and magnetic field components are 

given as (0, 0푈′) and (푎퐻�
�

푅′� , 0 , 퐻��
� ) respectively [18]. 
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The study assumes an axisymmetric, parallel, and fully developed flow in the 
flow direction, with the fluid being Newtonian and incompressible. Additionally, the 
pressure remains constant along the flow direction. Utilizing the assumptions and 
applying ∇� and ∇ laplacian and gradient operators to the velocity and magnetic field, 
we obtained the following equations. 

훻�퐻 = �
1
푅′

푑
푑푅′ �푅′ 푑푈′�푅′�

푑푅′ �� (5)

훻�푉 = �
1
푅′

푑
푑푅′ �푅′ 푑퐻�′

′ �푅′�
푑푅′ �� (6)

Also, the term (푱 × 푩) and using Ampere’s law for a steady state (∇ × 퐵 = 휇�퐽) 
and the relation 퐵 = 휇�퐻 [18]we get: 

(퐽 × 퐵)� = [휇�(훻 × 퐻) × 퐻]� =
푎휇�퐻�

′

푅′
�

푑퐻�′
′

푑푅′
� (7)

Similarly, 

[(훻 × 푉) × 퐻]� =
푎퐻�

′

푅′
�

푑푈′

푑푅′
� (8)

The non-dimensional governing equations for the flow formation, based on 
Equations (5)–(8) and Equations (1)–(4) under the Boussinesq approximation, are as 
follows: 

휈 �
1
푅′

푑
푑푅′

�푅′ 푑푈′

푑푅′�� + 푔훽(푇 ′ − 푇�
′ ) +

푎휇�퐻�
′

휌푅′
푑퐻�′

′

푑푅′ = 0 (9)

휂 �
1
푅′

푑
푑푅′

�푅′
푑퐻�′

′

푑푅′ �� +
푎퐻�

′

푅′
푑푈′

푑푅′ = 0 (10)

푘
휌퐶�

�
1
푅′

푑
푑푅 �푅′ 푑푇 ′

푑푅′�� +
푄�

휌퐶�
= 0 (11)

The boundary conditions for Equations (9)–(11) are: 

�푈′ = 퐻�′
′ = 0; 푇 ′ = 푇�

′/
푑푇 ′

푑푅′ = −
푞
푘

푎푡푅′ = 푎

푈′ = 퐻�′
′ = 0; 푇 ′ = 푇�

′ 푎푡푅′ = 푏
 (12)

In these equations, the following symbols represent various physical quantities: 
Fluid velocity 푈′ , gravitational acceleration 푔, coefficient of volume expansion 훽, 
magnetic permeability 휇� , fluid density 휌 , magnetic diffusivity 휂 , thermal 
conductivity of the fluid k, specific heat capacity at constant pressure 퐶� , fluid 
temperature 푇 ′ , ambient temperature 푇�

′ , heat generation/absorption parameter 
respectively 푄� > 0 and 푄� < 0. 

Rendering Equations (9)–(12) to the following non-dimensional variables and 
parameters. 
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푢 = �′

��
, 푅 = �′

�
, 휃 = ��′���

′ �
���

′���
′ �

, 퐻 = ��′
′

������
′ ��

휆 = �
�

, 푄� = ��
∗��(�′���

′ )
�′�  (radially-

dependent heat generation/absorption function), 푆 = − ��
∗��

�
 (heat 

generation/absorption parameter), 푈� = ����(��
′���

′ )
�

 (characteristic velocity) and 

퐻푎 = 푎휇�퐻�
′ [휎/휌휈]

�
� (Hartmann number), we obtained the following dimensionless 

equaions: 

�
1
푅

푑
푑푅

�푅
푑푢
푑푅

�� + 휃 + 퐻푎� �
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푅

푑퐻
푑푅� = 0 (13)
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푑퐻
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�� + �
1
푅

푑푢
푑푅� = 0 (14)

�
1
푅

푑
푑푅

�푅
푑휃
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�� −
푆

푅� 휃 = 0 (15)

�푢 = 퐻 = 0; 휃 = 1/
푑휃
푑푅

= −1푎푡푅 = 1

푢 = 퐻 = 0; 휃 = 0푎푡푅 = 휆
(16)

3. Method

This study’s methodology is comparable to that described in [18]. By using non-
dimensional boundary conditions to solve the dimensionless governing linear 
simultaneous ordinary differential equations, the exact solutions for the velocity, 
induced magnetic field, induced current density, and temperature field are obtained, 
along with corresponding numerical values for skin friction, mass flux, induced 
current flux, and Nusselt number, which are also obtained for both isothermal and iso-
flux conditions. 

Analytical solution 
Solving Equations (13)–(16), the velocity, skin friction, mass flux, induced 

magnetic field, induced current density, induced current flux, temperature, and Nusselt 
number were determined analytically, subject to boundary conditions (16) as follows: 

푢(푅) = 퐸�푅�� + 퐸�푅��� + 퐸� −
퐸�

(2 + √푆)� − 퐻푎�
푅(��√�) −

퐸�

(2 − √푆)� − 퐻푎�
푅(��√�)

(17)

휏� =
푑푢
푑푅�

���
= 퐻푎(퐸� − 퐸�) −

퐸�(2 + √푆)
((2 + √푆)� − 퐻푎�)

−
퐸�(2 − √푆)

((2 − √푆)� − 퐻푎�) (18)

휏� = −
푑푢
푑푅�

���
= −퐻푎(퐸�휆���� − 퐸�휆�����) +

퐸�(2 + √푆)
((2 + √푆)� − 퐻푎�)

휆(��√�) +
퐸�(2 − √푆)

((2 − √푆)� − 퐻푎�)
휆(��√�) (19)

푄 = 2휋 � 푅
�

�
푢(푅)푑푅 = 2휋 �

퐸�

(퐻푎 + 2)
(휆���� − 1) +

퐸�

(2 − 퐻푎)
(휆���� − 1) +

퐸�

2
(휆� − 1) + 퐸� + 퐸�� (20)
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퐻(푅) = −
1

퐻푎
[퐸�푅�� − 퐸�푅���] +

퐸�

�2 + √푆��(2 + √푆)� − 퐻푎��
푅(��√�)

+
퐸�

�2 − √푆��(2 − √푆)� − 퐻푎��
푅(��√�) + 퐸� + 퐸� 푙푛( 푅) 

(21)

퐽� = −
푑퐻
푑푅

= 퐸�푅���� − 퐸�푅����� −
퐸�

푅
+ 퐸��푅��√� + 퐸��푅��√� (22)

퐽 = � 퐽�

�

�
푑푅 =

1
퐻푎

[퐸�(휆�� − 1) − 퐸�(1 − 휆���)] + 퐸�� + 퐸�� + 퐸�� (23)

휃(푅) =
푅√� − 휆�√�푅�√�

(1 − 휆�√�)  (24)

푁푢� = −
푑휃
푑푅�

���
= −√푆(퐸� − 퐸�) (25)

푁푢� = −
푑휃
푑푅�

���
= −√푆 �퐸�휆√��� − 퐸�휆�√���� (26)

The constants in the Equations (17)–(26) are given in Appendix A. 

4. Results

To investigate the fluid flow dynamics, the governing equations were solved
analytically, with the results visualized through MATLAB-generated plots. The study 
focused on three key parameters: Heat absorption strength, radii ratio, and Hartmann 
number. Each parameter was independently varied while the others remained constant 
to produce the plots shown in Figures 1–16. Comparison and numerical results 
corresponding to Equations (18)–(20), (23), (25), and (26) are detailed in Tables 1–6 
The Hartmann number was evaluated over a range consistent with prior studies, 
including those by [12,14,17]. The trends in velocity, induced magnetic field, induced 
current density, and temperature profiles, as depicted in Figures 1–16, demonstrate a 
clear dependency on the annular region, heat absorption parameter, and Hartmann 
number, aligning well with previously reported findings. 

Figures and tables 
Here we present a detailed analysis of the results obtained through graphical and 

tabular representations. The figures illustrate the influence of key parameters such as 
Hartmann number (퐻푎), heat absorption strength (푆), and the annular gap ratio (휆) 
on the temperature, velocity, magnetic field, and induced current density profiles. The 
tables provide a comprehensive summary of numerical values, highlighting trends and 
correlations among the studied variables. Together, these figures and tables offer a 
clear visualization of the physical phenomena and validate the theoretical findings of 
the study. 
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Table 1. Comparison between the study [36] and this study for isothermal. 

Oni, et al. [17] 푯풂 = ퟑ Current study 푯풂 = ퟑ 

S 흀 흉ퟏ 흉흀 푸 흉ퟏ 흉흀 푸 

0.5 1.6 0.1751 0.0648 0.0531 0.1751 0.0648 0.0531 

0.5 1.8 0.2177 0.0743 0.1189 0.2177 0.0743 0.1189 

0.5 2 0.2535 0.0806 0.2191 0.2535 0.0806 0.2191 

0.5 2.2 0.2837 0.0849 0.3577 0.2837 0.0849 0.3577 

1.5 1.6 0.1724 0.0631 0.0519 0.1724 0.0631 0.0519 

1.5 1.8 0.2127 0.0711 0.1145 0.2127 0.0711 0.1145 

1.5 2 0.2455 0.0758 0.2078 0.2455 0.0758 0.2078 

1.5 2.2 0.2723 0.0784 0.3340 0.2723 0.0784 0.3340 

3 1.6 0.1686 0.0606 0.0501 0.1686 0.0606 0.0501 

3 1.8 0.2056 0.0668 0.1085 0.2056 0.0668 0.1085 

3 2 0.2346 0.0695 0.1928 0.2346 0.0695 0.1928 

3 2.2 0.2573 0.0701 0.3033 0.2573 0.0701 0.3033 

Table 2. Comparison between the study [36] and this study for iso-flux. 

Oni, et al. [17] 푯풂 = ퟑ Current study 푯풂 = ퟑ 

S 흀 흉ퟏ 흉흀 푸 흉ퟏ 흉흀 푸 

0.5 1.6 0.0794 0.0294 0.0241 0.0794 0.0294 0.0241 

0.5 1.8 0.1211 0.0413 0.0661 0.1211 0.0413 0.0661 

0.5 2 0.1629 0.0518 0.1407 0.1629 0.0518 0.1407 

0.5 2.2 0.2031 0.0608 0.2561 0.2031 0.0608 0.2561 

1.5 1.6 0.0731 0.0268 0.022 0.0731 0.0268 0.0220 

1.5 1.8 0.1071 0.0358 0.0577 0.1071 0.0358 0.0577 

1.5 2 0.1384 0.0428 0.1172 0.1384 0.0428 0.1172 

1.5 2.2 0.1660 0.0478 0.2037 0.1660 0.0478 0.2037 

3 1.6 0.0654 0.0235 0.0194 0.0654 0.0235 0.0194 

3 1.8 0.0913 0.0297 0.0482 0.0913 0.0297 0.0482 

3 2 0.1129 0.0334 0.0928 0.1129 0.0334 0.0928 

3 2.2 0.1304 0.0355 0.1537 0.1304 0.0355 0.1537 
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Figure 1. Temperature profile for different values of (푆) at 휆 = 2. 

Figure 2. Temperature profile for 푆 = 0.0,1, 2 at 휆 = 2. 
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Table 3. Numerical values of isothermal and iso-flux for different values of 퐻푎 and λ. 

Isothermal 푺 → ퟎ Iso-flux 푺 → ퟎ 

Λ Ha 훕ퟏ 훕훌 퐐 훕ퟏ 훕훌 퐐 

0.5 0.2684 0.1005 0.1583 0.1578 0.0590 0.0930 

1.8 1 0.2632 0.0978 0.1542 0.1547 0.0575 0.0906 

1.5 0.2552 0.0936 0.1479 0.1500 0.0550 0.0869 

0.5 0.3365 0.1197 0.3205 0.2332 0.0829 0.2221 

2 1 0.3273 0.1153 0.3092 0.2268 0.0799 0.2143 

1.5 0.3134 0.1088 0.2922 0.2172 0.0754 0.2025 

0.5 0.6839 0.2002 2.9988 0.7511 0.2199 3.2932 

3 1 0.6359 0.1844 2.7548 0.6984 0.2025 3.0253 

1.5 0.5711 0.1632 2.4262 0.6272 0.1792 2.6644 

Table 4. Numerical values of dimensionless 휏�, 휏�, and 푄 for isothermal and iso-flux conditions for different values of 
퐻푎, 푆 and 휆. 

Isothermal Iso-flux 

Ha S 흀 흉ퟏ 흉흀 푸 흉ퟏ 흉흀 푸 

2 0.238715 0.084548 0.134700 0.126114 0.044667 0.071162 

3 1 1.8 0.215138 0.072668 0.11666 0.113658 0.038391 0.061632 

4 0.190662 0.060628 0.098248 0.100727 0.032030 0.051904 

2 0.285891 0.094799 0.257033 0.171535 0.056879 0.154220 

3 1 2 0.249374 0.078145 0.213257 0.149624 0.046887 0.127954 

4 0.214392 0.062646 0.172206 0.128635 0.037587 0.103324 

2 0.459881 0.119962 1.806018 0.367905 0.09597 1.444815 

3 1 3 0.353006 0.086147 1.281521 0.282405 0.068918 1.025217 

4 0.275470 0.062300 0.912339 0.220376 0.04984 0.729871 

2 0.233007 0.081053 0.129823 0.112227 0.039039 0.062529 

3 2 1.8 0.210207 0.069617 0.112429 0.101245 0.033531 0.054151 

4 0.186523 0.058033 0.094676 0.089838 0.027951 0.045600 

2 0.276517 0.089388 0.244159 0.147267 0.047606 0.130034 

3 2 2 0.241646 0.073595 0.202541 0.128695 0.039195 0.107869 

4 0.208200 0.058910 0.16352 0.110882 0.031374 0.087087 

2 0.425563 0.103698 1.589418 0.275157 0.067048 1.027671 

3 2 3 0.329597 0.074060 1.126108 0.213108 0.047885 0.728109 

4 0.259502 0.053265 0.800449 0.167786 0.03444 0.517547 
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Table 5. Numerical values of dimensionless induced current flux (퐽) for different 
퐻푎, 푆, and λ. 

Isothermal Iso-flux 

푺 훌 푯풂 푱 푱 

2 0.1091644 0.0576718 

1 1.8 3 0.0462127 0.0244142 

4 0.0235330 0.0124325 

2 0.1244444 0.0746667 

1 2 3 0.0512146 0.0307287 

4 0.0253968 0.0152381 

2 0.1800000 0.0144000 

1 3 3 0.0655856 0.0524685 

4 0.0297909 0.0238328 

2 0.1152914 0.0555296 

2 1.8 3 0.0476403 0.0229457 

4 0.0239789 0.0115494 

2 0.1305719 0.0695396 

2 2 3 0.0525273 0.0279748 

4 0.0257751 0.0137272 

2 0.1826348 0.1180864 

2 3 3 0.0656708 0.0424661 

4 0.0297198 0.0192160 

Table 6. Numerical Nusselt numbers for various values of 푆 and 휆. 

Isothermal Iso-flux 

푺 흀 푵풖ퟏ 푵풖흀 푵풖ퟏ 푵풖흀 

1 2 1.66667 0.66667 1.00000 0.40000 

2 2 1.87766 0.61758 1.00000 0.32891 

1 3 1.25000 0.25000 1.00000 0.20000 

2 3 1.54662 0.20871 1.00000 0.13495 
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Figure 3. Temperature profile for different values 휆 at 푆 = 2. 

Figure 4. Temperature profile for 휆 = 2.0, 2.5, 3 at 푆 = 1. 
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Figure 5. Temperature profile for 푆 = 2.0, 2.5, 3 at 휆 = 2. 

Figure 6. Velocity profile for different values of 푆 at 퐻푎 = 2 and 휆 = 2. 
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Figure 7. Velocity profile for different values of 휆 at 퐻푎 = 2 and 푆 = 2. 

Figure 8. Velocity profile for different values of 퐻푎 at 휆 = 2 and 푆 = 2. 
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Figure 9. Mass flux for different values 퐻푎 and 푆 at 휆 = 2. 

Figure 10. Mass flux for different values 퐻푎 and 푆 at 휆 = 2. 
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Figure 11. Skin friction (at inner cylinder) for different values of 퐻푎 and 푆 at 휆 = 2. 

Figure 12. Skin friction (at outer cylinder) for different values of 퐻푎 and 푆 at 휆 = 2. 
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Figure 13. Magnetic field for different values of Ha at S = 4 and λ = 2. 

Figure 14. Magnetic field for different values of Ha at S = 0.5 and λ = 2. 
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Figure 15. Induced current density for different values of Ha at S = 4 and λ = 2. 

Figure 16. Induced current density for different values of Ha at S = 0.5 and λ = 2. 

5. Discussion

The results presented in Tables 1–6 offer a comprehensive comparison and
numerical analysis of isothermal and iso-flux conditions for various parameters. 
Tables 1 and 2 provide comparative data between the studies of Oni et al. [17] and the 
current investigation, detailing the dimensionless parameters under isothermal and iso-
flux boundary conditions. The values show a consistent trend of increasing magnitudes 
with varying heat absorption parameter (푆) and constant Hartmann numbers (퐻푎), 
reflecting the influence of magnetic fields on heat absorption characteristics. Table 3 

1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
-0.03

-0.025

-0.02

-0.015

-0.01

-0.005

0

0.005

0.01

R

J 

Iso-thermal, Ha=2.0, S=4.0, =2.0,
Iso-flux, Ha=2.0, S=4.0, =2.0,
Iso-thermal, Ha=4.0, S=4.0, =2.0,
Iso-flux, Ha=4.0, S=4.0, =2.0,
Iso-thermal, Ha=6.0, S=4.0, =2.0,
Iso-flux, Ha=6.0, S=4.0, =2.0,

1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
-0.03

-0.025

-0.02

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

R

J 

Iso-thermal, Ha=2.0, S=0.5, =2.0,
Iso-flux, Ha=2.0, S=0.5, =2.0,
Iso-thermal, Ha=3.0, S=0.5, =2.0,
Iso-flux, Ha=3.0, S=0.5, =2.0,
Iso-thermal, Ha=4.0, S=0.5, =2.0,
Iso-flux, Ha=4.0, S=0.5, =2.0,

35



Mechanical Engineering Advances 2025, 3(2), 2534. 

further elaborates on the numerical results for both conditions, considering variations 
in the annular gap (휆) and (퐻푎), emphasizing the dependency of heat transfer rates 
on these physical parameters. Table 4 extends this analysis to dimensionless quantities 
such as skin friction at the inner cylinder (휏�), skin friction at the outer cylinder (휏�), 
and mass flux 푄  for different Hartmann numbers and heat absorption parameter, 
illustrating a declining trend with increasing (Ha) under both boundary conditions. 
Finally, Table 5 presents the induced current flux (퐽) values, showcasing the magnetic 
field’s effect on the electrical current distribution in the medium. Table 6 presents 
numerical Nusselt numbers (푁푢� and 푁푢�) under isothermal and iso-flux conditions 
for varying heat absorption parameters (S) and annulus radius ratios (λ). The results 
show that increasing S enhances heat transfer at the inner boundary (푁푢�) while 
reducing it at the outer boundary (푁푢�), indicating stronger internal heat generation 
effects. Increasing λ weakens heat transfer at both boundaries due to a reduced 
temperature gradient. Under iso-flux conditions, 푁푢� remains constant at 1.0, while 
푁푢� is consistently lower than in the isothermal case, suggesting greater stability in 
heat transfer behavior. These results highlight the complex interplay between 
conduction and convection in heat transfer systems, underscoring the importance of 
optimizing both 푆 and 휆 for maximizing heat transfer efficiency in systems governed 
by isothermal and isoflux conditions. 

Figure 1 depicts the temperature profile at 휆 = 2 for different values of 푆 for iso-
thermal and iso-flux boundary conditions and shows that for higher values of S (e.g., 
푆 = 1.5), the temperature profile is elevated, indicating stronger heat generation 
within the annulus. This effect is more pronounced under the isothermal condition 
compared to the iso-flux case, where temperature gradients appear more stable. The 
isothermal profiles exhibit a steeper decline near the outer boundary, suggesting 
enhanced heat loss at larger radii. In contrast, the iso-flux curves show a smoother 
transition, implying a more uniform heat transfer mechanism. Figure 2 illustrates the 
temperature distribution at 휆 = 2 for different values of 푆. Similar to Figure 1, this 
reinforces the effect of 푆 on temperature. Higher values of 푆 correspond to greater 
thermal diffusion from the inner to the outer cylinder, showing isothermal and iso-flux 
conditions showings distinct profiles. In Figures 3 and 4, the influence of the annular 
region at 푆 = 2 and 푆 = 1 for different values of 휆 is depicted. Increasing 휆 broadens 
the gap between the cylinders, leading to an extended thermal boundary layer and 
reduced temperature gradients near the wall. But for smaller heat generation strength, 
the temperature profiles are less steep, indicating a weaker influence of 휆 when 푆 is 
reduced. This Figure 5 consolidates the effect of 푆 on temperature for isothermal and 
iso-flux conditions. It emphasizes the significant role of heat generation strength in 
thermal behavior for higher 푆 values. Figure 6, depicts the influence of 푆 on velocity 
distributions. Velocity distribution decreases with increasing 푆 due to the combined 
damping effects of heat absorption and magnetic fields. Iso-flux conditions exhibit 
slightly lower velocities compared to isothermal. In this Figure 7, in this figure, the 
velocity profile for different values of 휆 . As 휆  increases, the velocity magnitude 
reduces, highlighting the influence of geometry on flow dynamics. Larger 휆 values 
introduce more resistance to fluid motion due to enhanced magnetic effects. Figure 8 
demonstrates the effect of 퐻푎 on the velocity profile. Velocity profile reduces with an 
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increase in 퐻푎, attributed to the Lorentz force acting as a resistive mechanism. This 
trend is consistent for both isothermal and iso-flux conditions. Figures 9 and 10 depict 
mass flux for values of 퐻푎 and 푆. 푄 decreases with increasing 퐻푎, demonstrating the 
suppressive effect of the magnetic field on fluid motion. Higher 푆  values further 
reduce 푄 , emphasizing the combined influence of magnetic and thermal forces. 
Isothermal conditions exhibit marginally higher flux values than iso-flux. Figures 11 
and 12 show the effects of skin friction at both inner and outer cylinders for varying 
퐻푎 and 푆. In both cases, skin friction decreases as Ha increases, indicating that a 
stronger magnetic field suppresses wall shear stress. Higher values of S further reduce 
skin friction, suggesting that buoyancy forces weaken the flow resistance at the 
cylinder walls. Additionally, isothermal heating (solid lines) consistently results in 
higher skin friction compared to isoflux heating (dashed lines), likely due to stronger 
thermal gradients influencing the flow. The inner cylinder (휏�) experiences greater 
skin friction than the outer cylinder (휏λ), which aligns with expectations given the 
annular flow structure. Figures 13 and 14 illustrate the variation of the magnetic field 
퐻(푅) for different values of the Hartmann number (퐻푎) under both isothermal and 
iso-flux boundary conditions at 휆 = 2, with Figure 14 corresponding to 푆 = 4 and 
Figure 15 to 푆 = 2. In both figures, the magnetic field exhibits a similar trend, with 
an initial increase followed by a decline before reaching a minimum and then rising 
again towards the outer boundary. The impact of Ha is evident, as increasing Ha leads 
to a reduction in the amplitude of 퐻(푅) , signifying stronger Lorentz forces that 
suppress the induced magnetic field. The isothermal condition generally results in 
higher peak values compared to the iso-flux condition. Comparing Figures 14 and 15, 
the effect of decreasing S from 4 to 0.5 is noticeable, as the amplitude of 퐻(푅) 
increases, particularly for lower Ha values, highlighting the role of the heat source 
parameter in influencing the magnetic field distribution. Figures 15 and 16 
demonstrate the influence of induced current density for different values of 퐻푎 at 푆 =
4 and 푆 = 0.5. 퐽� decreases with higher 퐻푎, especially near the boundaries. For lower 
푆  the induced current density is significantly reduced due to weaker thermal and 
magnetic interactions. Iso-flux conditions show slightly higher values than isothermal. 
All symbol used are given in Appendix B 

Physical significance of the study 
This study provides valuable insights into the dynamics of MHD natural 

convection flow within a vertical concentric annulus. The inclusion of inverse-square 
heat absorption is particularly significant, as it models practical scenarios where 
thermal energy dissipates with distance, akin to radiative heat transfer in astrophysical 
and industrial applications. The effects of radial and induced magnetic fields add 
another layer of complexity, reflecting realistic electromagnetic interactions in 
engineering systems like fusion reactors and MHD generators. The parameters 
explored, Hartmann number (퐻푎), heat absorption strength (푆), and radii ratio (휆) 
provide insights into how electromagnetic forces influence thermal and flow behavior 
in constrained geometries. Radial magnetic fields exert a Lorentz force that suppresses 
fluid velocity and reduces turbulence, particularly near the inner cylinder, leading to 
laminarization of flow patterns. Induced magnetic fields, generated by fluid motion in 
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a conducting medium, further modify thermal gradients and current density 
distributions, reducing heat transfer rates and mass flux as magnetic field strength 
increases. The combined influence of radial and induced magnetic fields results in 
enhanced flow resistance and suppressed convective heat transfer, which is critical in 
optimizing thermal management in systems like fusion reactors and MHD generators. 
Additionally, induced magnetic fields can generate magnetic pressure gradients that 
impact the overall pressure distribution, affecting flow separation points and boundary 
layer development in channels and annuli. These fields also interact with electric 
currents generated within the fluid, leading to complex behaviors such as magnetic 
braking and magnetically driven recirculation. Ultimately, radial and induced 
magnetic fields play a pivotal role in controlling fluid motion, reducing turbulence, 
and influencing heat transfer efficiency in MHD systems, with critical applications in 
nuclear reactor cooling, liquid metal flows in fusion reactors, and metallurgical 
processes. 

The findings aligned with established MHD principles, particularly the damping 
effect of magnetic fields on velocity profiles and the thermal boundary layer 
thickening observed under increased heat absorption. 

6. Conclusion

This research offers an analytical approach to understanding MHD natural
convection flow with radially varying temperature within a vertical concentric 
annulus, influenced by both radial and induced magnetic fields. We have investigated 
the effects of Hartmann number (Ha), annular region, and heat absorption parameter 
on free convective flow of an electrically conducting fluid by imposing a mixed type 
of thermal conditions on the surface of the inner cylinder in the presence of an applied 
uniform and induced amagnetic field. The key findings are summarized as follows: 
 The inverse-square heat absorption model significantly influences thermal

gradients, with higher absorption intensifying heat transfer effects near the inner
cylinder.

 Heat absorption strength 푆 significantly affects temperature profiles, with higher
푆  amplifying thermal gradients near the inner cylinder. The annular gap (휆)
further modifies the thermal boundary layer, emphasizing geometric dependence.

 The Lorentz force generated by magnetic fields suppresses fluid velocity as (퐻푎)
increases. Heat absorption (푆) also contributes to flow resistance, highlighting
the combined impact of thermal and electromagnetic forces.

 Mass flux (푄) decreases with 퐻푎 and 푆, reflecting restricted flow under stronger
magnetic and thermal forces. Skin friction near the inner cylinder decreases with
푆, indicating the shear stress effects of heat absorption.

 The magnetic field and induced current density diminish with increasing 퐻푎,
particularly under strong heat absorption conditions. This interaction emphasizes
the interconnected relationship between electrical and thermal dynamics.

 Magnetic fields significantly influence heat and mass transfer, with stronger
fields suppressing heat transfer rates and current flux.
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 The heat absorption parameter (푆), Hartmann number (퐻푎), and annular gap (휆)
impact thermal and electrical behavior, with implications for optimizing
magnetic field strength for thermal management in engineering systems.

 As the heat absorption parameter 푆 increases, the isothermal Nusselt numbers
푁푢�  and 푁푢�  decrease, indicating a reduction in thermal efficiency due to
enhanced heat absorption and for iso-flux 푁푢�  remains constant at −1.0,
signifying that the convective flux is predominantly governed by conduction
rather than convection under the given conditions.
Overall, this study provides novel insights into the effects of inverse-square heat

absorption on MHD flows in constrained geometries, bridging gaps in existing 
literature. By examining the range of parameters, the results pave the way for 
optimizing heat transfer in engineering applications involving MHD systems. 

7. Future research directions

 Investigating transient effects and time-dependent variations in heat absorption
for dynamic thermal systems.

 Extending the model to non-Newtonian fluids to explore complex industrial
applications.

 Incorporating turbulence modeling to examine flow instabilities under varying
magnetic field strengths.

 Exploring the impact of variable thermal conductivity on energy dissipation and
heat transfer efficiency.

 Extending the study to alternative annular geometries, such as elliptical or
rectangular cross-sections, to optimize heat transfer efficiency.
This research establishes a foundational framework for further studies in MHD

heat transfer optimization, enabling more precise control over energy dissipation in 
high-performance engineering systems. 
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Appendix B 

Nomenclature 

Table B1. Roman symbols. 

Symbol Description 

푎 Inner cylinder radius (m) 

푏 Outer cylinder radius (m) 

푔 Gravitational acceleration (m/s2) 

퐻�
� Applied magnetic field (A/m) 

퐻��
�  Magnetic field induced in the z’-direction (A/m) 

퐻 Dimensionless induced magnetic field in z-direction 

퐶� Specific heat at constant pressure (J/(kg·K)) 

퐽� Induced current density along h-direction (A/m2) 

퐻푎 Hartmann number (dimensionless) 

r’, θ’, z’ Cylindrical coordinates (m) 

푅 Dimensionless radial distance 

T’ Fluid Temperature (K) 

휃 Dimensionless fluid temperature 

푇�
� Temperature of the surroundings (K) 

푇�
� Temperature of the inner cylinder at the surface (K) 

푈 Dimensionless velocity of the fluid along the axial direction 

푈′ Fluid velocity along the axial direction (m/s) 

푈� Characteristic fluid velocity (m/s) 

푁푢� Nusselt number at the inner cylinder (dimensionless) 

푁푢� Outer cylinder Nusselt number (dimensionless) 

푄� Rate of heat generation per unit volume (W/m3) 

푆 Heat source/sink parameter (dimensionless) 

Table B2. Greek symbols. 

Symbol Description 

훽 Thermal expansion coefficient (K−1) 

푘 Fluid thermal conductivity (W/(m·K)) 

휇� Magnetic permeability (H/m) 

휈 Fluid kinematic viscosity (m2/s) 

휂 Magnetic diffusivity (m2/s) 

휌 Fluid Density (kg/m3) 

휆 Annular gap (dimensionless) 

휎 Fluid Conductivity (s/m) 

휏� Inner cylinder skin friction coefficient (dimensionless) 

휏� Outer cylinder skin friction coefficient (dimensionless) 
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Abstract: This study aims to design an automated production assistance device for small to 
medium-sized traditional CNC factories. The goal is to provide a cost-effective auxiliary 
production tool that integrates seamlessly into existing machining environments. The design 
encompasses mechanical, circuit, and software components. Mechanically, the device features 
a robotic arm equipped with a camera for object recognition and gripping, utilizing real-time 
image processing to enhance efficiency and stability. The circuit design employs embedded 
devices and microcontrollers to create a low-power, high-performance control system that 
manages motor drive, sensor data collection, and image recognition. On the software front, the 
system uses OpenCV and You Only Look Once (YOLO) for object detection and identification 
to tackle complex industrial scenarios. The design also considers economic feasibility, making 
it suitable for effective application in small and medium-sized enterprises. Through detailed 
theoretical analysis and multi-stage system simulations, the intelligent robot system has been 
thoroughly validated for overall stability and practicality. The final product is an intelligent 
self-propelled cart with capabilities, supporting efficient automated production and the 
intelligent upgrade of traditional manufacturing industries. Such a system is expected to 
significantly enhance production line efficiency in variable environments, reduce reliance on 
manual labor, and promote the intelligent transformation of traditional factories. 

Keywords: mechanical design; circuit design; software design; YOLO; image recognition 

1. Introduction

In the context of rapid industrial automation, continuous technological innovation
has driven the deep integration of robotics, autonomous vehicles, and artificial 
intelligence (AI). This integration is pivotal in enhancing manufacturing efficiency, 
flexibility, and productivity. Traditional factories heavily rely on manual operations 
and fixed processes, leading to inefficiencies, lack of flexibility, and low precision, 
especially in complex production environments prone to human error [1–4]. 

According to market research data, the global market size of the CNC industry is 
expected to be approximately USD 100.7 billion in 2024 and is projected to grow at a 
compound annual growth rate (CAGR) of 7.8% until 2029. This growth trend indicates 
that with the continuous upgrading of global manufacturing and the advancement of 
Industry 4.0, the demand for industrial automation will keep expanding. To meet the 
increasing market demand, the application of CNC machines will continue to rise, 
further driving the rapid development of smart manufacturing and automation 
technologies. 
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Despite the potential for CNC machining plants to adopt automation equipment, 
the high costs and maintenance expenses remain prohibitive. Consequently, small to 
medium-sized enterprises (SMEs) struggle to afford these investments, posing 
significant challenges to their technological upgrades and automation processes. 
Additionally, the complexity of existing equipment and the lack of tailored solutions 
for SMEs hinder their ability to improve efficiency and reduce labor dependency. 
Therefore, this study proposes a design methodology based on mechanical, circuit, and 
image recognition techniques to create cost-effective and easy-to-maintain equipment. 

Intelligent robots integrate multiple cutting-edge technologies, including robotic 
arms, autonomous vehicles, and image recognition systems, to complete complex 
tasks without human intervention. These systems utilize technological synergy to 
adapt to changing production requirements and execute tasks precisely. Moreover, 
these robots can collaborate with other automated equipment, moving the 
manufacturing environment closer to intelligent goals [5,6]. For example, robotic arms 
are designed to balance performance and safety, where human-friendly drive 
technology and high-precision calibration methods significantly enhance operational 
stability and accuracy [7,8]. For the needs of object detection and localization, deep 
learning provides advantages in real-time processing and small object recognition, 
offering strong support for intelligent robot applications [9–11]. 

This study proposes an intelligent robot system aimed at providing efficient, 
flexible, and sustainable solutions for small to medium-sized factories. The core 
design of this system is based on a six-degree-of-freedom robotic arm, paired with an 
autonomous vehicle for material transport, integrated with advanced image 
recognition technology for positioning and operations [12–14]. Such a design 
demonstrates superior adaptability in dynamic production environments, ensuring 
high operational accuracy and stability, thus achieving precise production control [15–
17]. 

This research will delve into the mechanical design, circuit design, and software 
development of the intelligent robot, showcasing its application value and future 
development prospects in industrial environments. Through this study, we aim to 
provide practical references and technical support for the advancement of intelligent 
industrial development [18–20]. 

2. Intelligent robot design

The design of the intelligent robot integrates robotic arms, self-propelled vehicles,
and image recognition technology to enhance the flexibility, efficiency, and 
intelligence of factory operations. The system can autonomously operate in complex 
environments and collaborate with other factory equipment to achieve a high level of 
integration between smart manufacturing and production lines. 

2.1. Mechanism design 
The system architecture of the intelligent robot is divided into three key 

components: a robotic arm, a mobile platform (self-propelled vehicle), and a visual 
recognition system. Each component plays a crucial role in the overall system, 
collaborating to achieve efficient and precise tasks. 
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2.1.1. The robotic arm design of the intelligent robot 
The design of the robotic arm features a lightweight structure, with the main 

frame made of aluminum alloy 6061-T6, which offers high load-bearing capacity and 
rigidity. As shown in Figure 1, the structural design not only enhances stability but 
also ensures flexible operation under high loads. To improve control accuracy and 
power output, the mechanism incorporates a harmonic reducer (Figure 2) and a time-
gauge pulley transmission system. The harmonic reducer, known for its high precision, 
small size, and high transmission efficiency, combines with the stable power 
transmission and seismic performance of the time-gauge pulley to ensure more 
accurate and stable overall mechanism operation. The design is based on a six-degree-
of-freedom mechanism, enabling the robotic arm to have a wide operating range and 
high flexibility, capable of performing various precision operations according to actual 
needs. The arm’s movement is driven by a precise servo motor, ensuring efficient and 
precise operation. 

Figure 1. Six-axis robotic arm design schematic diagram. 

Figure 2. Schematic diagram of harmonic reducer. 

The use of a harmonic reducer and timing belt transmission can obtain the 
following advantages at the same time: 
 Effectively reduces shock and absorbs vibration, improving reliability.
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 Power can be transmitted over a long distance, and at the same time, it can be
decelerated by relying on harmonic reducers.

 High degree of freedom in structural design.
 High-precision transmission capability.
2.1.2. Design of self-propelled vehicles for intelligent robots 

The design of the self-propelled vehicle mechanism in this study employs 
welding techniques to fabricate the structure, as shown in Figure 3. This approach 
aims to create a high-strength and integrated chassis. The application of welding 
technology ensures the chassis has superior structural integrity and durability. Even 
when the self-propelled vehicle carries various loads during operation, its structure 
remains stable, avoiding deformation or damage due to external forces or load changes. 
This chassis design not only enhances the rigidity and reliability of the overall 
mechanism but also effectively extends the service life of the self-propelled vehicle to 
meet the needs of diverse and complex environments. 

Figure 3. Self-propelled vehicle chassis structure diagram. 

2.2. Circuit design of intelligent robot 
In this study, multiple electronic components were utilized to form the overall 

system architecture, as shown in Figure 4. Given that image recognition applications 
are employed in both the robotic arm and the self-propelled vehicle mechanisms, two 
sets of Raspberry Pi are used to control the movement of the self-propelled vehicle 
and the robotic arm, respectively. These Raspberry Pi units can communicate with 
each other to achieve collaborative operation. 

In the self-propelled vehicle mechanism, an Arduino acts as an intermediary, 
receiving data from ultrasonic sensors, radars, electronic compasses, and GPS. This 
data is packaged and transmitted to the Raspberry Pi for analysis, which then issues 
action commands back to the Arduino to drive motor movements. Once the movement 
command is executed and the destination is reached, communication is established 
between the Raspberry Pi of the self-propelled vehicle and the Raspberry Pi of the 
robotic arm. The next task is subsequently completed by the Raspberry Pi controlling 
the robotic arm, which is also equipped with a camera to detect the position of the 
workpiece, enabling precise movements.  
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Figure 4. Overall system architecture of intelligent robots. 

2.3. Software design of intelligent robot 
The control system in this study primarily utilizes Raspberry Pi running Python 

as the core controller, responsible for coordinating the operations of the robotic arm 
and the self-propelled vehicle. The Raspberry Pi collects environmental data through 
sensors, conducts real-time path planning, and controls the motor to perform actions 
based on the path instructions. Additionally, it manages the servo motor to lift the 
robotic arm for picking up or placing down workpieces. 
2.3.1. Control design 

The entire system is illustrated in Figure 5, with a Raspberry Pi serving as the 
core controller, responsible for coordinating the operations of the robotic arm and the 
self-propelled vehicle. The Raspberry Pi collects environmental data through sensors, 
performs real-time calculations and path planning, and sends instructions to the servo 
motors and drive modules to execute operations. The workflow of the system is as 
follows: First, the self-propelled vehicle receives the destination information and 
begins navigation. After reaching the designated position, the robotic arm commences 
materials. Upon completing the task, both the self-propelled vehicle and the robotic 
arm return to their initial positions, ready to perform the next task. 

Figure 5. Intelligent robot control parts architecture diagram. 
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2.3.2. System operation process design 
The system operation process of this study is divided into two parts: the system 

operation of the self-propelled vehicle and the robotic arm, and the interoperability is 
achieved through serial communication, as shown in Figure 6, and the overall process 
is as follows: 
a) The operation process of the self-propelled vehicle:

 Receive Navigation Destination: The self-propelled vehicle receives the
navigation destination set by the user.

 Path planning: Sensors (such as ultrasonic sensors, radars, electronic
compasses, and GPS) are used to sense the environment, and the Raspberry
Pi executes Python to set the walking path.

 Perform the task: follow the planned path and receive sensor data to change
direction and adjust speed

 Arrive at the destination: Complete the task and notify the robot arm to
perform the task.

b) The operation process of the robotic arm:
 Task Receiving: Receive the task execution command sent by the Shumei

faction and start executing the task.
 Image inspection: The position of the workpiece is detected by the camera

to ensure that it can be accurately positioned.
 Grip and Place: Control the servo motor to operate the robotic arm to grip

or lower the workpiece, and continuously use the camera to compensate for
the position to achieve more accurate positioning in the process.

 Complete the task: When the task is over, a command is sent to notify the
self-propelled car Shumei faction to execute the next command.

c) Collaborative work:
 The self-propelled vehicle and the robotic arm are synchronized through

serial communication to ensure the continuity of navigation and tasks.
 After executing a work, return to the initial position and wait for the next

task order, which is distributed by the two Shumei factions.

Figure 6. Flow chart of the operation of the intelligent robot. 
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2.3.3. Image recognition process 
The image recognition system is a core function of the intelligent robot, primarily 

used to detect and identify the position and characteristics of workpieces. This ensures 
that the robotic arm can accurately perform operations. The system employs the 
YOLO (You Only Look Once) algorithm for real-time object detection and integrates 
OpenCV for image preprocessing and feature analysis. The entire image recognition 
process can be divided into the following stages, as illustrated in Figure 7: 

Figure 7. Image detection flow chart. 

a) Image Acquisition:
Use a camera to capture images of the environment and transfer the data to the

Raspberry Pi via USB or serial communication for processing. The camera is 
positioned in a carefully adjusted position to ensure that the field of view covers the 
area. 
b) Image pre-processing:

Image pre-processing via OpenCV, including:
 Grayscale processing: Reduce the complexity of image data and improve

processing efficiency.
 Denoising: Apply Gaussian blur or median filtering to reduce the impact of

environmental interference on identification.
 Edge Detection: Enhance object contours with Canny edge detection to

improve the accuracy of object detection.
c) Object detection: Input the preprocessed image data into the YOLO algorithm for

object detection, run the following steps:
 Load the pretrained model (YOLOv5).
 Extract feature points in the image and generate candidate boxes.
 The final detection frame is screened by non-maximal suppression (NMS)

to ensure that only the most relevant targets are labeled.
d) Coordinate Calculation and Positioning Compensation:
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Based on the correction parameters of the camera, the image coordinates are 
converted to world coordinates to ensure that the robotic arm can be accurately 
positioned according to the detection results. A multi-point calibration method is used 
to eliminate the effects of lens distortion. 
e) Command generation and run:

The Raspberry Pi generates control instructions based on the recognition results
and transmits them to the servo motor and robotic arm controller through serial 
communication. The robotic arm completes the clamping or placing operation of the 
target object according to the instructions. 
2.3.4. Object detection YOLO model training 

In order to enable the intelligent robot to accurately identify workpieces, the 
YOLO (You Only Look Once) object detection algorithm was used in this study, and 
the model was trained and adjusted for industrial scenarios, as shown in Figure 8, and 
the specific process is as follows: 
a) Data preparation

 Dataset collection: Collect high-resolution images covering the features of
the workpiece, including different viewing angles, lighting conditions and
background environment, to improve the generalization ability of the model.

 Data annotation: Use LabelImg to label images, including the position and
category of the workpiece’s rectangular box.

b) Model settings
 Select model version: This study chooses to use YOLOv5 as the core

algorithm of object detection to train the model, which has the advantages
of framework simplicity, which is easier to apply and develop, and the
model can choose YOLOv5-L, YOLOv5-M, YOLOv5-S, etc., and the
appropriate model size can be selected according to the development
equipment.

 Model configuration: training and test data, artifact category name, total
artifact category.

c) Model training
 Training Environment Settings: Use the Python environment to build the

YOLO training framework.
 Execute training: Set training parameters, including image size, batch size,

number of training rounds, etc., and execute commands to start training.
 Training Monitoring and Optimization: Monitor model loss, mAP, and other

metrics in real time.
d) Model validation and testing

 Validate the dataset: Validate model performance using a test dataset,
checking metrics including: mAP, Precision, Recall.

 Model Fine-tuning: Fine-tune the model based on the validation results,
including optimizing the anchor point size or adjusting the input resolution
to further improve detection accuracy.
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Figure 8. YOLOv5 model training. 

3. Results

This study designed an intelligent robot system, illustrated in Figure 9. The
system combines a self-propelled vehicle, a robotic arm, and advanced image 
recognition technology, aiming to assist traditional industries in transitioning towards 
industrial automation. The intelligent robot provides high mobility, allowing it to 
navigate various complex work environments, and it is equipped with a robotic arm 
capable of gripping items or performing other tasks, meeting diverse production line 
needs. 

Figure 9. Intelligent robot design drawing. 

Through rigorous theoretical analysis and experimental validation, the system 
demonstrated design reliability and practicality. Overall, the robot developed in this 
study is efficient and practical, capable of significantly improving productivity in 
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small to medium-sized traditional industries and offering new possibilities for the 
future of intelligent manufacturing. Moreover, the system uses a Raspberry Pi as the 
controller, which is cost-effective compared to solutions from large enterprises. The 
design prioritizes commonly available components, reducing maintenance costs and 
further enhancing economic efficiency. 

3.1. Expected performance of system functions 
The intelligent robot has completed a number of technologies, and the expected 

results are shown in Table 1. In the operation, the system relies on a six-axis robotic 
arm with a camera to carry out real-time detection of the position of the workpiece and 
operations such as gripping and placement. This process ensures the stability and 
accuracy of the clamping process, reduces the risk of damage to the workpiece during 
operation, and improves the finishing efficiency of the production line. At the same 
time, the self-propelled vehicle system combines GPS, Lidar, ultrasonic and other 
sensors to collect environmental information, achieve autonomous navigation and be 
able to respond flexibly to the environment. In addition, in order to ensure the stability, 
continuity and cost of the system, the system uses two groups of Raspberry Pi to 
control the self-propelled vehicle and the robotic arm respectively, and through 
communication to achieve collaborative operation, through real-time transmission of 
task information, can complete complex processes collaboratively or interactively, 
shorten the production cycle and improve work efficiency. 

Table 1. The expected effect of the intelligent robot. 

Functional categories Description of the function Key technologies What to expect 

operations Detection of position 
Complete gripping and placement 

Six-axis robotic arm 
camera Improve efficiency 

Autonomous navigation 
Dynamic obstacle 
avoidance 

Plan routes and avoid obstacles according to 
environmental routes GPS, Lidar, Ultrasonic Sensors 

Ensure transportation 
performance and safety in 
complex environments 

Intelligent collaboration 
Instant communication between the self-
propelled vehicle and the robotic arm ensures 
the continuity of operations 

Shumeipai embedded system and 
communication module 

Improve the operation of the 
system. 

The expected performance specifications of the intelligent robot in this study are 
shown in Table 2. In this study, the robotic arm has six degrees of freedom and the 
end of the arm is expected to lift a workpiece of about 5 kg, and the positioning 
accuracy is expected to reach ± 0.1 mm, and the camera can complete high-precision 
grasping work and other tasks, and in the conveying process, sensors are used to collect 
environmental data to navigate. The expected effect is that when the load reaches 45 
kg, the workpiece can still be transported stably. The system uses Raspberry Pi to 
collaborate with UART, Wireless and other communication technologies to complete 
the goal of collaboration. 
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Table 2. Expected performance specifications of intelligent. 

Project Specification 

Robotic arm degrees of freedom 6 DOF 

robotic arm maximum payload 5 kg 

precision ± 0.1 mm 

Navigation GPS, Lidar, Ultrasound 

vehicle weight 30 kg 

Carrying capacity 40 kg 

Image recognition technology YOLO (you Only Look Once) 

Control system Raspberry Pi 

Methods of Communication UART, Wireless 

Energy supply 24 V 34 Ah Battery  

Applicable environment Temperature range 0 ℃ to 50 ℃ 

3.2. Structural design analysis 
Figure 10 shows the stress analysis diagram of the load knot in the self-propelled 

vehicle used in this study. We used a square tube of ASTM A36 material, welded it 
and applied a 50~80 kg force on the surface to carry out the simulation analysis. The 
color distribution ranged from blue to red, indicating the limit value of the descent 
strength. 

The subsidence strength of ASTM A36 steel is about 250 Mpa. When the stress 
is greater than this value, the material may be permanently deformed or fail. According 
to the analysis diagram, the maximum stress is about 167 MPa, which is lower than 
the subsidence strength of ASTM A36 steel. This means that when a force of 45KG is 
applied, this structure is safe and has not yet reached the yield point of structural stress. 
To ensure safety, the maximum load should consider the factor of safety. If the safety 
factor is set at 1.5, the maximum allowable stress is as shown in Equation (1): 

휎��� = ���������� ��������
������

= ������
�.�

≈ 167푀푃푎 (1)

Figure 10. The static stress distribution diagram of 45 kg. 
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When a simulated force of 70 kg is applied, as shown in Figure 11, the maximum 
stress distribution value reaches approximately 183 MPa. This exceeds the allowable 
safety factor range and approaches the critical value of the material subsidence 
strength, indicating the potential for permanent deformation or failure under this load. 
To ensure the stability and reliability of the structure in long-term use, it is 
recommended that the load limit be set to less than 50 kg. 

Figure 11. The application of 70 kg static stress analysis diagram. 

When a force of about 80 kg is applied, as shown in Figure 12, the stress 
distribution has been clearly red area, which means that the force generated at this time 
has exceeded the limit that the material can bear, so it can be seen that the chassis 
structure of the self-propelled vehicle in this study can withstand the force of less than 
80 kg when it exceeds the safety factor range.  

Figure 12. The application of 80 kg static stress analysis diagram. 

3.3. Model training results 
This study initially utilized approximately 50 images of workpieces in diverse 

environments for training. Post-optimization, the performance indicators are shown in 
Table 3. Through evaluation with the test set, the model swiftly determined the 
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workpiece’s location in the environment. Furthermore, the YOLOv5 model was 
deployed on a Raspberry Pi. Given the option to select model files, we chose 
YOLOv5-s. The model achieved real-time operational performance in an embedded 
system. After multiple rounds of testing, this study developed a target detection system 
for workpieces. This system assists intelligent robots in accomplishing automated 
tasks, thereby enhancing the manufacturing and production capabilities of traditional 
factories. 

Table 3. Performance metrics for image recognition models. 

Index Number 

mAP 94% 

Precision 93% 

Recall 91% 

Inference frame 18 Fps 

4. Conclusion

This study addresses the automation needs of small and medium-sized traditional
manufacturing plants by proposing an intelligent robot tailored for industrial 
automation. The design integrates mechanical engineering, circuitry design, and 
software development. The robotic system consists of a six-degree-of-freedom robotic 
arm and a mobile platform to ensure high flexibility and stability. Additionally, the 
system incorporates cameras and YOLO (You Only Look Once) technology for 
accurate object recognition. The circuitry design, based on Raspberry Pi and Arduino 
control architecture, effectively integrates various sensors and communication 
modules, ensuring efficient collaborative operations. The software design leverages 
OpenCV and YOLO algorithms, enhancing image recognition accuracy and the ability 
to handle complex industrial scenarios. 

Although a prototype of the intelligent robot was not physically constructed, the 
theoretical design verified the system’s feasibility and potential benefits. The proposed 
system can shorten production cycles, improve operational precision, and adapt to 
diverse industrial environments. Future research should focus on actual prototype 
development and testing to further validate the system’s stability and performance. 
Additionally, optimizing computational efficiency and reliability can further enhance 
the system’s capability to handle complex industrial scenarios. 
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Abstract: This study focuses on optimizing the SG6043 airfoil for small wind turbines (SWTs) 
operating at low Reynolds numbers (Re = 100,000 to 600,000). Using XFOIL software, 71 
airfoils were analyzed, and the SG6043 airfoil demonstrated the highest lift-to-drag ratio 
(CL/CD). Three modified airfoils were designed by varying the thickness-to-camber ratio (t/c) 
between 0.5 and 1.5. The SG6043 modified 1 airfoil achieved a maximum CL/CD of 184.85 at 
Re = 600,000, outperforming other airfoils. These findings provide valuable insights for 
designing more efficient SWTs for low wind speed applications. At first, 71 airfoils, including 
some symmetrical National Advisory Committee for Aeronautics (NACA) 4-digit, NACA 5-
digit, Eppler series, Selig series, and other airfoils with higher aerodynamic performance at 
Reynolds numbers (Re) of 100,000 to 600,000 (the operation range for small wind turbines, 
SWTs), were chosen and analyzed in XFOIL software to determine their lift-to-drag ratio 
(CL/CD). The results showed that the SG6043 airfoil had the highest maximum CL/CD when 
compared to the other airfoils. To investigate and enhance the shape modification of the airfoil 
utilizing variations in thickness-to-camber ratio (t/c) and to determine the ideal t/c at Re of 
100,000 to 600,000, the SG6043 airfoil was used. Based on the findings, 0.5 to 1.5 was the 
optimum t/c at Re of 100,000 to 600,000 for the development of the SG6043 airfoil, which had 
the maximum CL/CD. Then, three airfoils with varying thicknesses and cambers were designed 
and analyzed at the mentioned Re, with the optimal t/c being between 0.5 and 1.5. The findings 
indicated that when the Re increased, the SG6043 modified airfoil’s aerodynamic efficiency 
enhanced. SG6043 modified 1 airfoil presented the greatest CL/CD of 184.85 at a Re of 600,000. 
For the SG6043 modified 2 airfoil, the maximum stall angle (AoAstall) of 13° was demonstrated 
for Re of 300,000 to 600,000. Maximum CL/CD values for SG6043 modified 1, SG6043 
modified 3, and SG6043 modified 2 were 184.85, 182.36, and 177.25, respectively. SG6043 
modified 2, SG6043 modified 1, and SG6043 modified 3 had peak lift coefficients (CL) of 
1.798, 1.79, and 1.788, respectively. SG6043 modified airfoils performed well in the drag 
bucket when initial lift increases were accompanied by either steady or decreasing drag. 

Keywords: modified airfoil; Reynolds numbers; aerodynamic; lift-to-drag; optimization; 
XFOIL software 

1. Introduction

Small wind turbines (SWTs) are increasingly used for decentralized power
generation, particularly in remote areas with low wind speeds. However, SWTs 
operate at low Reynolds numbers (Re), which poses challenges for aerodynamic 
efficiency. Most airfoil designs are optimized for large wind turbines operating at 
higher Re, making them unsuitable for SWTs. This study aims to optimize the SG6043 
airfoil for low Re applications by varying the thickness-to-camber ratio (t/c) to 
improve aerodynamic performance. The results provide a foundation for designing 
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more efficient SWTs for low wind speed conditions. A device that transforms wind 
power into electrical energy is a wind turbine (WT). Depending on the demands and 
purposes, WTs can be put in oceans and on beaches to generate power for residential 
homes [1]. SWTs operate at low Re due to their small size and position. Airfoils are 
crucial to the efficacy of WTs, and for greater efficiency, airfoils must be employed. 
It has also been demonstrated that SWTs function at Re below 500,000 and that lower 
wind speeds also function within this range. WT efficiency will decrease if low-
aerodynamic-efficiency airfoils are employed [2]. As well as, study results have 
demonstrated that airfoils made for giant wind turbines are inappropriate for SWTs. 
WTs must operate well to have high aerodynamic efficiency since it depends on the 
퐶�, drag coefficient (퐶�), 퐶� 퐶�⁄ , drag bucket, and 퐴표퐴����� [3]. A number of studies 
have been investigated recently to improve the effectiveness of VAWTs using a 
variety of airfoils and methods, as follows: 

Seifi et al. [4] used the XFOIL software to conduct studies on several NACA and 
Selig airfoil types at low Re. Their results demonstrated that the NACA0015 airfoil 
surpassed other airfoils regarding maximum 퐶� 퐶�⁄ . The NACA0015 airfoil’s shape, 
camber, and thickness were then modified, and a novel airfoil was developed and 
compared to the original airfoil. Their research showed that for the NACA0015 
modified airfoil at Re of 35780 and 53670, the maximum 퐶� 퐶�⁄  increased by 34.01% 
and 17.94%, respectively. Giguere et al. [5] proved that thinner airfoils were more 
efficient than thicker airfoils, and as the Re increased, the 퐶� 퐶�⁄  of airfoils increased. 

Using the Class Deformation Method (CST) and the Parametric Cross Section 
Parameterization Method (PARSEC), Akram et al. [6] were able to raise the 퐶� and 
퐶� 퐶�⁄  by 11.8% and 9.6%, respectively. Martel et al. [7] used a multi-objective Non-
Dominated Sorting Genetic Algorithm (SGA) to optimize the airfoil of a UAV in their 
research. Then, the optimization algorithm was combined with an updated CST 
parameterization to enhance aerodynamic efficiency by increasing 퐶� 퐶�⁄ . Their 
results showed an enhancement in aerodynamic efficiency of up to 65.3% in 퐶� 퐶�⁄  at 
an AoA of 8° compared to the base airfoil. 

Wu et al. [8] studied the standard aerodynamic shape optimization with the 
proposed POD-based CST airfoil-dependent process, and their findings showed that 
the developed parametric method was able to closely correspond to the initially high-
dimensional CST method’s capacity to include the potential airfoils with significantly 
fewer parameters, which was capable of resolving the conflict between the high-
dimensional design parameters and an increase in optimization challenges. 

The optimum airfoil for VAWTs at low tip speed ratios (TSR), when dynamic 
stall existed, was investigated by Tirandaz et al. [9]. To determine the overall design 
space, their study used an integrated evaluation of three shape-defining parameters, 
notably the airfoil’s greatest thickness and its location, in addition to the leading-edge 
radius. Their findings demonstrated an entirely related effect between the three shape-
defining parameters on the WT power and thrust coefficients. 

The Initial Dolphin Airfoil, the Smooth Transition Dolphin Airfoil, and the 
Deflected Dolphin Airfoil were three different novel airfoils that were developed by 
Huang et al. [10] after studying the motion behavior of dolphins. After that, CFD 
simulations were used to compare the aerodynamic efficiency of these three novel 
airfoils with the NACA0018 profile. Their findings demonstrated that, in comparison 
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to the NACA0018 profile, the aerodynamic capabilities of all three kinds of dolphin-
head-shaped airfoils were considerably dissimilar due to variations in the curvature 
and leading edge radius. Osei et al. [11] were able to enhance the maximum 퐶� 퐶�⁄  of 
the EYO7-8, EYO8-8, and EYO9-8 airfoils by 134, 131, and 127, respectively, by 
introducing three airfoils by altering the shape of the SG6043 airfoil with XFOIL 
software. Additionally, they revealed in the follow-up research that the aerodynamic 
efficiency of the airfoils under study improved as the Re rose [12]. 

Hu et al. [13] utilized the free-form deformation method to modify the airfoil 
shape using control points and sensitivity analysis to condense the size of the control 
variables. Since altering the geometry of the airfoil was able to offer both stability and 
the highest 퐶� 퐶�⁄ , it was similar to doing single-objective optimization while under a 
constraint. Their findings demonstrated that static stability height and 퐶� 퐶�⁄  were 
sensitive to abrupt changes around the leading edge, one-quarter chord point, and 
trailing edge. The deformed ideal airfoil with an S-shape camber line decreased the 
퐶� 퐶�⁄  to achieve sufficient static stability. 

Santos et al. [14] investigated the advantages of the Bézier-GAN as an airfoil 
parameterization approach for H-Darrieus turbines in an effort to eliminate these 
shortcomings. They employed sensitivity evaluation, metamodeling, and optimization 
techniques in addition to computational fluid dynamics (CFD) models. Their findings 
demonstrated that the Bézier-GAN integrated well with the framework under 
investigation and significantly reduced the study’s overall cost of computation. Shape 
optimization is a significant phase in aerodynamics, yet it is computationally costly to 
use CFD simulation programs in the optimization procedure by Achour et al. [15]. 

As well as, to enhance convergence, Lim et al. [16] investigated multi-objective 
aerodynamic optimization problems using a hybrid evolutionary-adaptive directional 
localization method. Their findings revealed that the adaptive directional search 
process significantly improves convergence for issues where the directional search 
was effective and minimizes computational spending for cases where the directional 
search did not produce competitive findings. 

Findings by Guo et al. [17] showed that an improved shuttle-shaped airfoil was 
able to further efficiently reduce the aerodynamic 퐶� and at the same time enhance the 
prototype blade’s performance in tests when compared to elliptical airfoils. The aim 
of Boudis et al.’s [18] optimization process was to enhance the WT output power, and 
the aim was to pick the S809 airfoil 퐶� 퐶�⁄  with three Re of 3 × 105, 4.8 × 105, and 106 
at AoAs between 0° to 20°. Their finding showed that (i) the 퐶� 퐶�⁄  of the optimized 
airfoils was noticeably enhanced compared to the original S809 airfoil; (ii) this 
enhancement was sensitive to the Re; and (iii) the 퐶� 퐶�⁄  was moreover enhanced for 
AoA values. 

Particle swarm optimization was used by Echavarria et al. [19] along with XFOIL 
software and the free and open-source CFD OpenFOAM to optimize the airfoil form 
as parameterized by the NACA 4-digit equations. Then an analysis and comparison of 
the XFOIL software and CFD simulation followed. In addition to having an effect on 
the best feasible aerodynamic effectiveness, their findings indicated a linear link 
between the desired 퐶� and the highest possible camber of the ideal airfoil. Rangriz et 
al. [20] used the enhanced geometric parameter method, which was a state-of-the-art 
airfoil design methodology, along with the non-dominated SGA for the optimization 
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of airfoils for WT utilization. Then, Pareto-optimal fronts and corresponding optimal 
airfoil profiles at various peak thickness ratios were acquired. Their results showed 
that the optimized airfoils were designed in a shape reminiscent of flapped airfoils, 
which indicated a multi-element airfoil design. 

Turbine blade optimization is crucial for several reasons, as it directly impacts 
the performance, efficiency, durability, and cost-effectiveness of turbines used in 
various industries, such as aerospace, power generation, and marine propulsion. Here 
are the key reasons why turbine blade optimization is important: 
1) Improved efficiency

Turbine blades are critical components in converting fluid or gas energy into
mechanical energy. Optimizing their shape, material, and design enhances 
aerodynamic efficiency, reducing energy losses and improving overall turbine 
performance. 

Better efficiency translates to higher power output for the same input energy, 
which is particularly important in power plants and aircraft engines. 
2) Reduced fuel consumption

In gas turbines (e.g., jet engines or power plants), optimized blades reduce fuel
consumption by improving combustion efficiency and minimizing energy losses. 

Lower fuel consumption reduces operational costs and environmental impact, 
making turbines more sustainable. 
3) Enhanced durability and reliability

Turbine blades operate under extreme conditions, including high temperatures,
pressures, and mechanical stresses. Optimization ensures they can withstand these 
conditions without failure. 

Improved durability reduces the risk of blade fatigue, cracking, or erosion, 
leading to longer operational lifespans and fewer maintenance requirements. 
4) Cost savings

Optimized blades reduce manufacturing and maintenance costs by minimizing
material waste and extending the lifespan of components. 

Efficient turbines also lower operational costs by reducing fuel consumption and 
downtime. 
5) Environmental impact

Optimized turbine blades contribute to lower emissions by improving
combustion efficiency and reducing fuel consumption. 

This is particularly important in industries like aviation and power generation, 
where reducing carbon footprints is a priority. 
6) Higher performance in extreme conditions

Turbine blades in jet engines or power plants must perform reliably at high
temperatures and rotational speeds. Optimization ensures they maintain performance 
under these conditions. 

Advanced cooling techniques and materials can be incorporated into optimized 
designs to handle extreme thermal stresses. 
7) Weight reduction

In aerospace applications, reducing the weight of turbine blades without
compromising strength or performance is critical. Lighter blades improve fuel 
efficiency and aircraft performance. 
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Optimization techniques, such as topology optimization, help achieve the ideal 
balance between weight and strength. 
8) Noise reduction

Optimized blade designs can reduce noise generated by turbines, which is
particularly important in aviation and wind turbines located near residential areas. 

Improved aerodynamics and blade shapes minimize turbulence and noise 
emissions. 
9) Adaptability to advanced technologies

Optimization allows for the integration of advanced materials (e.g., composites,
single-crystal alloys) and manufacturing techniques (e.g., additive manufacturing) to 
create blades with superior performance characteristics. 

It also enables the use of computational fluid dynamics (CFD) and finite element 
analysis (FEA) to simulate and refine designs before physical prototyping. 
10) Competitive advantage

Companies that invest in turbine blade optimization gain a competitive edge by
offering more efficient, reliable, and cost-effective products. 

In industries like aerospace and energy, even small improvements in turbine 
performance can lead to significant market advantages. 

In conclusion, turbine blade optimization is essential for maximizing efficiency, 
reducing costs, improving durability, and minimizing environmental impact. It enables 
turbines to operate more effectively under demanding conditions, making it a critical 
focus area for engineers and researchers in the field of turbomachinery. 

As already mentioned, SWTs work at low Re, and several investigations have 
been carried out in this Re. However, the appropriate t/c of airfoils in the Re range of 
100,000 to 600,000, where airfoils have higher aerodynamic efficiency, has not been 
researched and ignored. Hence, it was chosen to investigate present research. The 
objective of the current study is to use the airfoil’s t/c to improve the aerodynamic 
performance of the airfoil at Re between 100,000 and 600,000. At first, 71 symmetrical 
NACA 4-digit, NACA 4-digit, NACA 5-digit, Eppler series, Selig series, and other 
airfoils with greater aerodynamic performance at Re of 100,000 to 600,000 were 
studied for the current purpose using the XFOIL software. The next step was to 
develop three new airfoils with the ideal t/c. Finally, the modified airfoils in the Re 
above were evaluated in comparison to the SG6043 airfoil and the newly developed 
airfoils of the EYO-Series airfoils. 

In the present study, the aerodynamic efficiency characteristics of the SG6043 
modified (SG6043 modified 1, SG6043 modified 2, and SG6043 modified 3) airfoils 
were investigated at a scope of Re between 105 to 6 ×105, in order to identify their 
improved aerodynamic productivity features within the range of Re and to determine 
their aerodynamic efficiency features across the spectrum. The results of this study 
serve as a starting point for the creation of other low Re airfoils and illustrate important 
aerodynamic features of the SG6043 modified airfoils. The following section 
describes the procedures used to carry out this study. 

2. Methodology

2.1. Selection and investigation of airfoils 
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Seventy-one airfoils, including NACA 4-digit, NACA 5-digit, Eppler, and Selig 
series, were selected for analysis. These airfoils were chosen based on their 
performance at low Re, which is typical for SWTs. The SG6043 airfoil was identified 
as the most efficient and was selected for further optimization. A gradient-based form 
optimization approach is developed in the current study to enhance WT blades. The 
2D potential airflow solver with viscous effects, XFOIL software, was utilized with 
the blade element momentum (BEM) approach. The goal function of the gradient-
based optimization procedure was the power output of the WT, which was calculated 
by the BEM analysis. A number of researchers utilized XFOIL software to develop 
and design airfoils, and it was demonstrated that it was in good agreement with the 
experimental results [21–25]. 

Firstly, 71 commonly used airfoils that have been tested in recent studies were 
chosen and analyzed in XFOIL software to determine their 퐶� 퐶�⁄  at Re of 100,000 to 
600,000. A summary of the airfoil selection procedure is shown in Figure 1, followed 
by an analysis using the XFOIL software. The selected airfoils were from symmetrical 
NACA 4-digit (NACA0010, NACA0012, NACA0015, NACA0018, NACA0020, 
NACA0021, NACA0022, NACA0025, and NACA0030), NACA 4-digit (NACA2415, 
NACA2421, NACA3530, NACA4412, NACA4415, NACA4418, NACA5513, 
NACA6712, and NACA8412), NACA 5-digit (NACA23012, NACA23015, 
NACA23018, NACA23024, NACA24012, NACA24015, NACA24020, 
NACA63018, and NACA63415), Selig airfoils (S809, S814, S818, S821, S822, S823, 
S825, S828, S85, S1046, S1223, S2027, S4083, S5010, S6063, S7012, S8036, S8052, 
SA7035, SA7038, SD2030, SD6060, SD7003, SD7032, SD7037, SD7062, SD7080, 
SG6040, SG6041, SG6042, SG6043, SG6050, and SG6051), Eppler airfoils (E231, 
E374, E387, E423, and ESA40), and BW-3, FX63-137, FX74-Cl5-140, PSU94-097, 
RG15, and USNPS4. 

Figure 1. Abstract of XFOIL software for airfoils selection. 

2.2. Comparison of the CL/CD of airfoils at Rey of 100,000 to 600,000 
The aerodynamic performance of the selected airfoils was analyzed using XFOIL 

software, which is widely used for low Re airfoil analysis due to its accuracy and 
efficiency. The lift-to-drag ratio (퐶� 퐶�⁄ ) was calculated for each airfoil at Re ranging 
from 100,000 to 600,000. Figure 2 compares the maximum 퐶� 퐶�⁄  for some different 
airfoils at Re between 100,000 and 600,000. The symmetrical NACA 4-digit airfoils 
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are presented in Figure 2a. The greatest maximum 퐶� 퐶�⁄  for the NACA0015 airfoil 
at Re of 100,000 was 37.32, whereas the lowest maximum 퐶� 퐶�⁄  for the NACA0030 
airfoil was 12.89. For the airfoils NACA0018, NACA0012, NACA0020, NACA0021, 
NACA0010, NACA0022, and NACA0025, the maximum 퐶� 퐶�⁄  were, respectively, 
37.30, 36.6, 36.58, 36.21, 35.71, 35.69, and 32.86. At a Re of 200,000, the NACA0018 
and NACA0030 airfoils achieved the highest and lowest maximum 퐶� 퐶�⁄ , 
respectively, at 50.17 and 29.53. NACA0015, NACA0020, NACA0021, NACA0012, 
NACA0022, NACA0010, and NACA0025 airfoils all had maximum 퐶� 퐶�⁄ , 
respectively, of 49.62, 48.51, 47.63, 47.3, 46.15, 44.81, and 40.09. The highest and 
lowest maximum 퐶� 퐶�⁄  were measured at Re of 300,000, NACA0018, and 
NACA0030, respectively, and they were 57.21 and 32.05. The corresponding airfoils 
for the NACA0015, NACA0020, NACA0012, NACA0021, NACA0022, NACA0010, 
and NACA0025 were 56.83, 54.9, 53.56, 52.43, 50.8, 49.77, and 43. 

The highest and lowest maximum 퐶� 퐶�⁄  for NACA0015 and NACA0030 
airfoils were 62.56 and 35.02, respectively, at a Re of 400,000. The maximum 퐶� 퐶�⁄  
for the airfoils NACA0018, NACA0020, NACA0012, NACA0021, NACA0022, 
NACA0010, and NACA0025 were 61.87, 58.9, 57.82, 56.28, 54.67, 53.14, and 45.66, 
respectively. The highest and lowest 퐶� 퐶�⁄  for the NACA0015 and NACA0030 
airfoils were 66.44 and 37.21 at a Re of 500,000, respectively. The NACA0018, 
NACA0020, NACA0021, NACA0012, NACA0022, NACA0010, and NACA0025 
airfoils’ greatest and lowest maximum 퐶� 퐶�⁄  were measured at 66.44, 65.83, 61.89, 
61.31, 58.31, 56.39, and 50.16, respectively. 

Finally, at the Re of 600,000, the highest and lowest maximum 퐶� 퐶�⁄  for the 
NACA0015 and NACA0030 airfoils were 69.60 and 40.35, respectively. The 
NACA0018, NACA0020, NACA0012, NACA0021, NACA0022, NACA0010, and 
NACA0025 airfoils’ greatest and lowest maximum 퐶� 퐶�⁄  were determined at 68.60, 
66.70, 65, 63.70, 61.12, 59.8, and 53.3, respectively. Hence, for the NACA0015 airfoil, 
the greatest maximum 퐶� 퐶�⁄  was recorded at Re of 100,000, 400,000, 500,000, and 
600,000, and for the NACA0018 airfoil, the greatest maximum 퐶� 퐶�⁄  was recorded 
at Re of 200,000 and 300,000. Also, the NACA0030 airfoil achieved the lowest 
maximum 퐶� 퐶�⁄  in the range Re of 100,000 to 600,000. 

The 4-digit NACA airfoils are depicted in Figure 2b. The greatest maximum 
퐶� 퐶�⁄  for the NACA5513 airfoil at Re of 100,000 was 55.21, while the lowest 
maximum 퐶� 퐶�⁄  for the NACA3530 airfoil was 3.11. NACA4412, NACA6712, 
NACA4412, NACA2415, NACA8412, NACA2421, and NACA4418 airfoils, in that 
order, with maximum 퐶� 퐶�⁄  of 55.45, 52.81, 46.73, 46.55, 41.52, 36.93, and 35.77. 
At a Re of 200,000, the NACA5513 and NACA3530 airfoils recorded the highest and 
lowest maximum 퐶� 퐶�⁄ , with values of 85.85 and 36.50, respectively. The maximum 
퐶� 퐶�⁄  of the airfoils NACA6712, NACA8412, NACA4412, NACA4415, NACA4418, 
NACA2415, and NACA2421 were, respectively, 79.08, 78.53, 78, 71.9, 64.91, 64.82, 
and 57.48. 

The highest and lowest maximum 퐶� 퐶�⁄  were measured at Re of 300,000, 
NACA5513, and NACA3530, respectively, and they were 103.21 and 41.64. The 
maximum 퐶� 퐶�⁄  airfoils for the NACA8412, NACA4412, NACA4415, NACA6712, 
NACA4418, NACA2415, and NACA2421 were 95.8, 91.33, 85.74, 82.75, 78.37, 74.9, 
and 67.13. The greatest and lowest maximum 퐶� 퐶�⁄  for NACA5513 and NACA3530 
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airfoils were 115.69 and 43.28, respectively, at a Re of 400,000. The maximum 퐶� 퐶�⁄  
for the NACA8412, NACA4412, NACA6712, NACA4415, NACA4418, NACA2415, 
and NACA2421 airfoils were 106.71, 101.3, 98.53, 96.56, 86.78, 82.54, and 72.35, 
respectively. The greatest and lowest maximum 퐶� 퐶�⁄  for the NACA5513 and 
NACA3530 airfoils at Re of 500,000 were 124.59 and 44.92, respectively. The 
NACA8412, NACA4412, NACA4415, NACA6712, NACA4418, NACA2415, 
NACA2421, and NACA0025 airfoils’ maximum 퐶� 퐶�⁄  were measured at 116.07, 
109.23, 103.63, 102.78, 94.74, 88.89, and 77.37, respectively. 

In addition, at the Re of 600,000, the greatest and lowest maximum 퐶� 퐶�⁄  for the 
NACA5513 and NACA3530 airfoils were 131.57 and 46.8, respectively. The 
NACA6712, NACA8412, NACA4412, NACA4415, NACA4418, NACA2415, and 
NACA2421 airfoils had a maximum 퐶� 퐶�⁄  of 128.93, 122.71, 115.78, 109.56, 100.24, 
93.34, and 82.43, respectively. Thus, the NACA5513 airfoil’s greatest maximum 
퐶� 퐶�⁄  was recorded at Re of 100,000 to 600,000, whereas the NACA350030 airfoil 
had the lowest maximum 퐶� 퐶�⁄  at Re of 100,000 to 600,000. 

The NACA 5-digit airfoils are displayed in Figure 2c. The greatest maximum 
퐶� 퐶�⁄  for the NACA24012 airfoil at Re of 100,000 was 37.4, whereas the lowest 
maximum 퐶� 퐶�⁄  for the NACA23024 airfoil was 32.06. NACA63415, NACA63018, 
NACA24015, NACA23012, NACA23015, NACA23018, and NACA24020 airfoils 
had a maximum 퐶� 퐶�⁄  of 36.4, 36.32, 36.3, 35.85, 35.42, and 33.8. The highest and 
lowest maximum 퐶� 퐶�⁄  were achieved by the NACA24012 and NACA23024 airfoils 
at 56.9 and 43.13, respectively, at a Re of 200,000. 

NACA24015, NACA24020, NACA23012, NACA23015, NACA23018, 
NACA63018, and NACA63415 airfoils’ maximum 퐶� 퐶�⁄  were 53.5, 50.55, 50.09, 
49.18, 48.57, 45.41, and 45.22, respectively. The highest and lowest maximum 퐶� 퐶�⁄  
were measured at Re of 300,000, NACA24012, and NACA23024, respectively, at 
68.87 and 46. The maximum 퐶� 퐶�⁄  of the airfoils for the NACA24015, NACA23012, 
NACA24020, NACA23015, NACA23018, NACA63415, and NACA63018 were 
64.77, 61.35, 59.55, 58.39, 56.54, 49.94, and 49.85. The greatest and lowest maximum 
퐶� 퐶�⁄  for NACA24012 and NACA23024 airfoils were 77.27 and 48.13, respectively, 
at a Re of 400,000. The maximum 퐶� 퐶�⁄  for the NACA24015, NACA23012, 
NACA23015, NACA24020, NACA23018, NACA63415, and NACA63018 airfoils 
were 73.19, 69.89, 66.08, 65.96, 63.17, 52.55, and 52.38, respectively. 

The highest and lowest maximum 퐶� 퐶�⁄  for the NACA24012 and NACA23024 
airfoils were 84.06 and 49.95, respectively, at a Re of 500,000. The NACA24015, 
NACA23012, NACA23015, NACA24020, NACA23018, NACA63018, and 
NAC63415 airfoils’ maximum 퐶� 퐶�⁄  were measured at 80.31, 77.7, 72.47, 71.33, 
68.86, and 58.14, respectively. Finally, at a Re of 600,000, the greatest and lowest 
maximum 퐶� 퐶�⁄  for the NACA24012 and NACA23024 airfoils were 89.49 and 52.68, 
respectively. The NACA24015, NACA23012, NACA23015, NACA24020, 
NACA23018, NACA63415, and NACA63018 airfoils’ maximum 퐶� 퐶�⁄  were 
measured at 86.25, 83.4, 78.64, 74.95, 73.7, 63.38, and 63.29, respectively. Hence, the 
NACA24012 airfoil’s greatest maximum 퐶� 퐶�⁄  was recorded at Re of 100,000 to 
600,000, whereas the NACA23024 airfoil’s lowest maximum 퐶� 퐶�⁄  was reported at 
Re of 100,000 to 600,000. 
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Several of the Selig airfoils are shown in Figure 2d. The S825 airfoil had the 
greatest maximum 퐶� 퐶�⁄  of 48.84 at a Re of 100,000, while the S818 airfoil had the 
lowest maximum 퐶� 퐶�⁄  of 14.73. For the airfoils S822, S823, S835, S821, S814, S828, 
and S809, the maximum 퐶� 퐶�⁄  were 41.02, 40.73, 34.17, 33.85, 30.97, 29, and 22.12. 
At a Re of 200,000, the S825 and S809 airfoils achieved the highest and lowest 
maximum 퐶� 퐶�⁄ , respectively, at 70.12 and 44.41. S822, S823, S814, S835, S818, 
S821, and S828 airfoils had a maximum 퐶� 퐶�⁄  of 67.89, 62.38, 56.3, 54.35, 52.47, 
52.3, and 46.87, respectively. 

The highest and lowest maximum 퐶� 퐶�⁄  were measured at Re of 300,000, S825, 
and S828, respectively, and they were 81.7 and 48.36. The maximum values for the 
S822, S823, S814, S818, S835, S821, and S809 airfoils were 75.12, 73.8, 68.45, 67.69, 
66.03, 63.07, and 55.35. The maximum 퐶� 퐶�⁄  for the S825 and S828 airfoils was 
91.98 and 58.09, respectively, at a Re of 400,000. The maximum 퐶� 퐶�⁄  for the airfoils 
S822, S823, S814, S818, S835, S821, and S809 were 86.69, 82.11, 79.32, 75.72, 73.52, 
69.82, and 68.01, respectively. 

The maximum 퐶� 퐶�⁄  for the S825 and S809 airfoils was 96.79 and 73.09, 
respectively, at the Re of 500,000. The S822, S823, S818, S814, S835, S821, and S828 
airfoils’ greatest and lowest maximum 퐶� 퐶�⁄  were measured at 94.06, 87.96, 85.23, 
84.97, 79.06, 75.09, and 74.87, respectively. 

Finally, at a Re of 600,000, the S825 and S809 airfoils’ highest and lowest 
maximum 퐶� 퐶�⁄  were 104.9 and 74.9, respectively. The S822, S823, S818, S814, 
S835, S821, and S828 airfoils’ maximum 퐶� 퐶�⁄ , respectively, were 101.4, 93.4, 91.8, 
90.5, 81.9, 79.4, and 77.14. Therefore, the S825 airfoil’s greatest maximum 퐶� 퐶�⁄  
was measured at Re of 100,000 to 600,000, whereas the S809 airfoil’s lowest 
maximum 퐶� 퐶�⁄  was measured at Re of 100,000, 200,000, 500,000, and 600,000. 
Additionally, at Re of 300,000 and 400,000, the S828 airfoil had the lowest maximum 
퐶� 퐶�⁄ . 

Figure 2e shows a number of the Selig airfoils. The S1223 airfoil had the greatest 
maximum 퐶� 퐶�⁄  of 52.47 at a Re of 100,000, while the S1046 airfoil had the lowest 
maximum 퐶� 퐶�⁄  of 33.67. S4083, S7012, S8036, S8052, S5010, S6063, and S2027 
airfoils had maximum 퐶� 퐶�⁄  of 51.89, 51.1, 47.46, 47.33, 44.91, 42.58, and 42.54. At 
a Re of 200,000, the S4083 and S6063 airfoils recorded the maximum 퐶� 퐶�⁄  with 
values of 74.28 and 49.18, respectively. For the S1223, S8036, S7012, S2027, S8052, 
S5010, and S1046 airfoils, the maximum 퐶� 퐶�⁄  were 71.18, 69.75, 69.36, 65.36, 64.3, 
and 54.67, respectively. 

The highest and lowest maximum 퐶� 퐶�⁄  were measured at Re of 300,000, S4083, 
and S6063, respectively, and they were 86.55 and 49.78. The maximum 퐶� 퐶�⁄  of the 
airfoils for the S2027, S1223, S7012, S8036, S5010, S8052, and S1046 were equal to 
83.57, 82.66, 78.52, 77.87, 73.46, 72.97, and 64.78. The greatest and lowest maximum 
퐶� 퐶�⁄  for S4083 and S6063 airfoils were 95.96 and 51.5 at Re of 400,000, respectively. 
The maximum 퐶� 퐶�⁄  for the airfoils S2027, S1223, S7012, S8036, S5010, S8052, and 
S1046 were 93.7, 92.1, 84.38, 83.59, 79.71, 78.35, and 70.9, respectively. 

The greatest and lowest maximum 퐶� 퐶�⁄  for the S2027 and S6063 airfoils were 
102.43 and 55.5, respectively, at a Re of 500,000. S4083, S1223, S8036, S7012, S5010, 
S8052, and S1046 airfoils’ maximum 퐶� 퐶�⁄  were measured at 102.02, 98.3, 88.73, 
86.55, 84.5, 82.24, and 74.6, respectively. Finally, at the Re of 600,000, the maximum 
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퐶� 퐶�⁄  for the S2027 and S6063 airfoils were 107.8 and 59.88, respectively. The S2027, 
S1223, S8036, S7012, S5010, S8052, and S1046 airfoils’ greatest and lowest 
maximum 퐶� 퐶�⁄  were measured at 107.8, 102.6, 92.7, 89.1, 88.69, 84.03, and 77.63, 
respectively. 

Hence, the S1223 airfoil recorded the highest maximum 퐶� 퐶�⁄  at a Re of 100,000. 
Additionally, with a Re of 200,000 to 300,000, the S4083 airfoil had the highest 
maximum 퐶� 퐶�⁄ . The S2027 airfoil had the highest maximum 퐶� 퐶�⁄  at Re of 400,000 
to 600,000, whereas the S1046 airfoil achieved the lowest maximum 퐶� 퐶�⁄  at Re of 
100,000. Additionally, the S6063 airfoil had the lowest maximum 퐶� 퐶�⁄  at Re of 
200,000 to 600,000. 

A number of Selig airfoils are displayed in Figure 2f. The SD2030 airfoil had 
the highest maximum 퐶� 퐶�⁄  of 56.07 at Re of 100,000, whereas the SD7003 airfoil 
had the lowest maximum 퐶� 퐶�⁄  of 43.12. For the airfoils SA7038, SD7032, SD7037, 
SA7035, SD7080, SD6060, and SD7062, the maximum 퐶� 퐶�⁄  were 55.75, 55.33, 
54.56, 52.57, 52.03, 49.78, and 44.6, respectively. At a Re of 200,000, the SD7032 
and SD7003 airfoils obtained the highest and lowest maximum 퐶� 퐶�⁄ , respectively, 
at 78.21 and 57.87. 

For the SA7038, SD2030, SD7037, SA7035, SD7080, SD7062, and SD6060 
airfoils, the maximum 퐶� 퐶�⁄  were 77.06, 76.67, 74.78, 71.37, 70.19, 69.89, and 69.44, 
respectively. The highest and lowest maximum 퐶� 퐶�⁄  were measured at Re of 
300,000, SD7032, and SD7003, respectively, and they were 91.65 and 66.44. The 
respective values are 88.53, 88.17, 85.86, 84.04, 82.64, 81.24, and 80.20 for the 
SA7038, SD2030, SD7037, SD7062, SA7035, SD6060, and SD7080 airfoils. 

The greatest and lowest maximum 퐶� 퐶�⁄  for the SD7032 and SD7003 airfoils 
were 100.08 and 74.03 at a Re of 400,000, respectively. The maximum 퐶� 퐶�⁄  for the 
airfoils SD2030, SA7038, SD7037, SD7062, SA7035, SD6060, and SD7080 were 
97.39, 97.24, 94.68, 92.43, 90.27, 87.6, and 85.49, respectively. The highest and 
lowest maximum 퐶� 퐶�⁄  for the SD7032 and SD7003 airfoils were 107.39 and 78.49, 
respectively, at a Re of 500,000. The SD2030, SA7038, SD7062, SD7037, SA7035, 
SD6060, and SD7080 airfoils’ maximum 퐶� 퐶�⁄  were measured at 103.46, 103.17, 
101.47, 98.63, 95.46, 93.53, and 89.08, respectively. 

In the end, at the Re of 600,000, the highest and lowest maximum 퐶� 퐶�⁄  for the 
SD7032 and SD7003 airfoils were 112.87 and 82.36, respectively. The SD7062, 
SA7038, SD2030, SD7037, SA7035, SD6060, and SD7080 airfoils’ maximum 퐶� 퐶�⁄  
were measured at 107.93, 107.52, 106.66, 102.07, 100.37, 97.78, and 94.16, 
respectively. Thus, the SD2030’s highest maximum 퐶� 퐶�⁄  was recorded at Re of 
100,000, and the SD7032’s was recorded at Re of 200,000 to 600,000. Furthermore, 
at Re between 100,000 and 600,000, the SD7003 airfoil had the lowest maximum 
퐶� 퐶�⁄ . 

The SG6040, SG6041, SG6042, SG6043, SG6050, SG605, PSU94-097, and 
RG15 airfoils are depicted in Figure 2g. At Re of 100,000, the SG6043 airfoil had the 
highest maximum 퐶� 퐶�⁄ , measuring 65.68, and the SG6050 airfoil had the lowest 
maximum, measuring 48.19. For the airfoils PSU94-097, SG6051, SG6041, RG15, 
and SG6040, the maximum 퐶� 퐶�⁄  were 63.15, 59.3, 55.57, 53.4, 51.81, and 51.03, 
respectively. The highest and lowest maximum 퐶� 퐶�⁄  were obtained by the SG6043 
and SG15 airfoils at 97.21 and 68.9, respectively, at a Re of 200,000. 
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PSU94-097, SG6042, SG6051, SG6050, SG6040, and SG6041 airfoils’ the 
greatest and lowest maximum 퐶� 퐶�⁄  were 90.47, 89.01, 80.61, 73.89, 72.85, and 72.5, 
respectively. The maximum 퐶� 퐶�⁄  for the SG6043 and RG15 airfoils at Re of 300,000 
were 117.41 and 78.3, respectively. The maximum 퐶� 퐶�⁄  airfoils for the PSU94-097, 
SG6042, SG6051, SG6050, SG6040, and SG6041 were equal to 106.92, 105.09, 95.7, 
88.81, 83.82, and 82.61. The highest and lowest maximum 퐶� 퐶�⁄  for the SG6043 and 
RG15 airfoils were 132.89 and 84.88, respectively, at a Re of 400,000. The maximum 
퐶� 퐶�⁄  for the PSU94-097, SG6042, SG6051, SG6050, SG6040, and SG6041 airfoils 
was 119.08, 115.78, 104.48, 98.63, 92.17, and 88.34, respectively. 

The highest and lowest maximum 퐶� 퐶�⁄  for the SG6043 and RG15 airfoils were 
143.47 and 89.99, respectively, at a Re of 500,000. The PSU94-097, SG6042, SG6051, 
SG6050, SG6040, and SG6041 airfoils had the maximum 퐶� 퐶�⁄  of 126.1, 123.77, 
113.62, 106.16, 97.84, and 91.14, respectively. Finally, at a Re of 600,000, the highest 
and lowest maximum 퐶� 퐶�⁄  for the SG6043 and RG15 airfoils were 153.09 and 92.5, 
respectively. The PSU94-097, SG6042, SG6051, SG6050, SG6040, and SG6041 
airfoils had a maximum 퐶� 퐶�⁄  of 135.1, 131.19, 119.59, 111.67, 103.2, and 93.4, 
respectively. The SG6043 airfoil had the highest maximum 퐶� 퐶�⁄ , which was 
measured at Re of 100,000 to 600,000, while the SG6050 airfoil had the lowest 
maximum 퐶� 퐶�⁄ , measured at Re of 100,000, and the RG15 airfoil at Re of 200,000 
to 600,000. 

The E231, USNPS4, E387, BW-3, E374, ESA40, E423, FX63-137, and FX74-
Cl5-140 airfoils are depicted in Figure 2h. The BW-3 airfoil had the highest maximum 
퐶� 퐶�⁄  of 58.7 at a Re of 100,000, while the E423 airfoil had the lowest maximum 
퐶� 퐶�⁄  of 12.94. Respectively, the maximum 퐶� 퐶�⁄  for E387, USNPS4, FX63-137, 
E374, E231, FX74-Cl5-140, and ESA40 airfoils were 57.19, 54.93, 54.42, 53.02, 
52.77, 33.09, and 24.17. 

At a Re of 200,000, the FX63-137 and ESA40 airfoils obtained the highest and 
lowest maximum 퐶� 퐶�⁄ , respectively, at 90.29 and 37.04. E387, E231, USNPS4, 
E374, FX74-Cl5-140, BW-3, and E423 airfoils had maximum 퐶� 퐶�⁄  that were, 
respectively, 81.97, 76.84, 74, 73.31, 72.74, and 72.04 and 60.75. The highest and 
lowest maximum 퐶� 퐶�⁄  were measured at Re of 300,000 for the FX63-137 and ESA 
airfoils, respectively, at 107.31 and 50.36. The E387, FX74-Cl5-140, E423, E231, 
USNPS4, E374, and BW-3 airfoils were equal to 93.82, 93.33, 91.08, 88, 84.79, 84.47, 
and 75.4, respectively. 

At a Re of 400,000, the highest and lowest maximum 퐶� 퐶�⁄  for the FX63-137 
and ESA40 airfoils were 119.4 and 60.24, respectively. The maximum 퐶� 퐶�⁄  for the 
airfoils E423, FX74-Cl5-140, E387, E374, USNPS4, E231, and BW-3 were 109.46, 
108, 99.95, 94.17, 91.27, 91, and 78.03, respectively. The greatest and lowest 
maximum 퐶� 퐶�⁄  for the FX63-137 and EAS40 airfoils at Re of 500,000 were 129.64 
and 67.72, respectively. The E423, FX74-Cl5-140, E387, E374, USNP4, E231, and 
BW-3 airfoils’ maximum 퐶� 퐶�⁄  was measured at 122.94, 119.16, 106, 97.47, 95.38, 
94.05, and 84.31, respectively. 

Finally, at the Re of 600,000, the highest and lowest maximum 퐶� 퐶�⁄  for the 
FX63-137 and ESA40 airfoils were 135.28 and 73.3, respectively. The E423, FX74-
Cl5-140, E387, E374, USNPS4, E231, and BW-3 airfoils’ maximum 퐶� 퐶�⁄  were 
measured at 132.9, 129.12, 109.2, 103.1, 99.94, 94.5, and 87.6, respectively. The BW-
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3 airfoil’s highest maximum 퐶� 퐶�⁄  was measured at Re of 100,000, and the FX63-
137’s was between Re 200,000 to 600,000. Additionally, the E423 airfoil at Re of 
100,000 and the ESA40 airfoil at Re of 200,000 to 600,000 achieved the lowest 
maximum 퐶� 퐶�⁄ . 

(a) (b) (c) 

(d) (e) (f) 

(g) (h) 
Figure 2. Analyzing the maximum 퐶� 퐶�⁄  of selected airfoils at Reynolds numbers (Re) ranging from 100,000 to 
600,000. (a) Symmetrical NACA 4-digit airfoils; (b) other NACA 4-digit airfoils; (c) NACA 5-digit airfoils; (d) Selig 
airfoils (3-digit); (e) Selig airfoils (4-digit); (f) Selig airfoils (SA/SD series); (g) SG604x and related airfoils; (h) 
Eppler and other airfoils. 

As a consequence, the SG6043 airfoil revealed the highest maximum 퐶� 퐶�⁄  
when compared to the other 71 airfoils evaluated at Re from 100,000 to 600,000. To 
investigate and enhance the form modification of the airfoil utilizing variations in t/c 
and to determine the ideal t/c at Re of 10,000 to 600,000, the SG6043 airfoil was used. 
We can develop another airfoil by modifying the shape variations in the t/c using the 
XFOIL software. At each t/c configuration, research was carried out on the most 
suitable new airfoil for optimum 퐶� 퐶�⁄  at Re ranging from 105 to 6 × 105. Then, 
utilizing the zone of t/c with the more significant value 퐶� 퐶�⁄ , the geometrical 
parameters of the SG6043 modified airfoils were found. 

Aerodynamic efficiency metrics for the novelty-modified airfoils, including 퐶�, 
퐶� , 퐶� 퐶�⁄ , 퐴표퐴����� , and drag buckets, were determined and investigated with the 
baseline airfoil at a Re of 105 to 6 × 105 and for the AoA range from 0° to 20°. A 
summary of the procedure used for the novel airfoil under investigation in XFOIL 
software is shown in Figure 3a. 
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Turbine blades are critical components in converting fluid or gas energy into 
mechanical energy. Optimizing their shape, material, and design enhances 
aerodynamic efficiency, reducing energy losses and improving overall turbine 
performance. As well better efficiency translates to higher power output for the same 
input energy, which is particularly important in power plants and aircraft engines. The 
optimization process of XFOIL is shown in Figure 3b. The effectiveness standards 
for innovative airfoils were changed, and Section 3 presents the effective methods. 
simplified version of the XFOIL optimization flowchart is shown in Algorithm 1 as 
below: 

Algorithm 1 Airfoil optimization 
1:  Start 
2:  Define Airfoil Geometry 
3: - Input initial airfoil shape parameters.
4:  Set Flow Conditions 
5: - Specify Reynolds number, Mach number, and angle of attack.
6:  Run XFOIL Analysis 
7: - Compute lift, drag, and moment coefficients.
8:  Evaluate Performance 
9: - Check if the performance meets the desired criteria.
10:  Optimization Loop 
11: - If not optimized:
12: - Modify airfoil shape using optimization algorithm.
13: - Return to step 3.
14: - If optimized:
15: - Proceed to next step.
16:  Output Optimized Airfoil 
17: - Save the final airfoil geometry and performance data.
18:  End 

This is a high-level overview. The actual process can be more complex depending 
on the specific optimization algorithms and criteria used. 

(a) (b) 
Figure 3. (a) Abstract of XFOIL software process for profile experiment; (b) optimization process. 
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2.3. Theoretical framework 
The SG6043 airfoil was modified by varying the thickness-to-camber ratio (t/c) 

between 0.5 and 1.5. Three modified airfoils (SG6043 modified 1, 2, and 3) were 
designed and analyzed to determine their aerodynamic performance. Equations (1)–
(5) show the mathematical basis for investigating the aerodynamic characteristics of
the airfoil [25,26].

푅푒푦푛표푙푑푠푛푢푚푏푒푟 =
휌푈���푐
휇

=
푈���푐
휐

(1)

푈��� = �[푈(1 − 푎)]� + [푟휔]� (2)

퐿 = 퐶�
1
2
휌푈�푐푙 (3)

퐷 = 퐶�
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2
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퐿
퐷
=
(퐶�

1
2휌푈

�푐푙)

(퐶�
1
2휌푈

�푐푙)
=
퐶�
퐶�

(5)

Equation (1) defines a relationship between the speed of air, kinematic viscosity, 
airfoil chord length, and wind Re. The lift force (퐹�) and drag force (퐹�) of an airfoil 
can be calculated in Equations (3) and (4), respectively. 

Equation (3) illustrates the relationship between the 퐹� and the 퐶� by including 
the air speed, density, chord length, and span. In Equation (4), the 퐹� on the airfoil is 
correlated with the 퐶�, speed of the wind, density, chord, and span. The 퐶� 퐶�⁄  was 
provided by Equation (5). 

2.4. SG6043 airfoil modified optimization 
Based on initial design optimization findings, Figure 4a illustrates variations in 

reaching their highest 퐶� 퐶�⁄  with t/c for the SG6043 airfoil for Re from 105 to 6 × 105. 
Figure 4a shows that the peak 퐶� 퐶�⁄  had a dome-shaped relationship with the t/c for 
each Re, and that the efficiency of 퐶� 퐶�⁄  generally improved with rising Re. The 
maximum peak CL/CD occurred within the t/c range of 0.50 to 1.50 for each Re. 
Hence, the top 퐶� 퐶�⁄  was smaller outside of this t/c range. The t/c of the SG6043 
airfoil was determined using the t/c, which was considered when generating the airfoils 
in the current research. The t/c ranged from 0.50 to 1.50. 

SG6043 modified 1 airfoil was optimized to have a pick thickness of 7.05% at 
17.20% of the chord and a pick camber of 7.72% at 49.80% of the chord, SG6043 
modified 2 airfoils was optimized to have a pick thickness of 6.52% at 15.30% of the 
chord and a pick camber of 8.79% at 53.20% of the chord; and SG6043 modified 3 
airfoils was optimized to have a pick thickness of 4.91% at 15.70% of the chord and a 
pick camber of 8.88% at 52.50% of the chord, as was represented graphically in 
Figure 4b. Moreover, the SG6043 airfoil had a peak thickness of 10.02% at 32.10% 
of the chord and a peak camber of 5.50% at 49.70% of the chord. 
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Hence, the t/c range for these parameters was between 0.50 and 1.50. This zone 
saw the development of three airfoils with the designations SG6043 modified 1, 
SG6043 modified 2, and SG6043 modified 3. According to Figure 4b, the significant 
variation between the SG6043 airfoil and the novelty-modified SG6043 modified 
airfoils was in the geometrical features of the thickness and camber airfoils. In 
comparison to the SG6043 airfoil, the SG6043 modified airfoils had thinner and more 
cambered geometries. As previously mentioned, the efficiency parameters of the 
novelty-designed airfoils and the SG6043 airfoil were calculated at a Re of 105 to 6 × 
105. 

(a) (b) 
Figure 4. Airfoil geometry variation for SG6043 airfoil optimization, (a) peak 퐶� 퐶�⁄  at various thickness-to-camber 
ratios; (b) SG6043 and SG6043 modified airfoils. 

3. Results and discussions

3.1. Validation data 
As illustrated in Figure 5a,b, which compare the aerodynamic efficiency of the 

E387 airfoil as predicted by X-Foil at Re of 200,000 and 400,000 with the experiment 
and X-Foil data by Wei et al. [27] in order to confirm the correctness of the X-Foil 
software. The results from the experiment and X-Foil software are in strong agreement 
with one another, which can support the need for optimization. 

(a) (b) 
Figure 5. Variation of aerodynamic parameters predicted by the XFOIL software data and experimental findings [27]. 
(a) Re = 200,000, (b) Re = 400,000.

72



Mechanical Engineering Advances 2025, 3(2), 2486. 

3.2. Lift efficiency of SG6043, SG6043 modified 1, SG6043 modified 2, 
and SG6043 modified 3 airfoils 

For Re between 100,000 and 600,000, the lift efficiency graphs for the base and 
modified SG6043 modified 1, SG6043 modified 2, and SG6043 modified 3 airfoils 
were illustrated in Figures 6–9, respectively. The value of the 퐶� had increased for the 
SG6043 airfoil as the Re had risen from 105 to 6 × 105; the lowest value of the 퐶� in 
the Re of 105 was equal to 1.604, and the highest value of the 퐶� in the Re of 6 × 105 
was 1.769 (Figure 6). 

Figure 6. 퐶� graph for SG6043 airfoil. 

The SG6043 modified 1 airfoil had the greatest peak 퐶� of 1.79 at a Re of 105. 
The lowest peak 퐶� of 1.72 equaled a Re of 3 × 105. The findings demonstrated that 
when the Re increased, 퐶� generally increased better. SG6043 modified 1 had near lift 
efficiency for Re between 2 × 105 and 5 × 105. Moreover, the 퐶� at Re of 3 × 105, 4 × 
105, 5 × 105, and 6 × 105 equal to 1.72, 1.74, 1.75, and 1.772, respectively. This value 
had risen as Re from 3 × 105 to 6 × 105 had increased (Figure 7). 

Figure 7. 퐶� graph for SG6043 modified 1 airfoil. 

Figure 8 illustrates the lift efficiency graph for the SG6043 modified 2 airfoils at 
Re between 105 to 6 × 105. Similarly, as Re increased, 퐶�  efficiency generally 
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improved. For AoAs less than 12° at Re of 105 to 6 × 105, the 퐶� efficiency was close 
to each other. At Re of 6 × 105 and 2 × 105, the SG6043 modified 2 airfoil had peaks 
퐶� of 1.798 and 1.743, respectively, the most excellent and lowest values. Also, at a 
Re of 105, the greatest value of the 퐶� was equal to 1.748, which was more than a Re 
of 2 × 105 and less than a Re of 3 × 105 to 6 × 105. 

Figure 8. 퐶� graph for SG6043 modified 2 airfoil. 

The lift efficiency graph for SG6043 modified 3 airfoils with a Re of 105 to 6 × 
105 is indicated in Figure 9. The 퐶� efficiency was enhanced with an increment in Re, 
with relative efficiency for Re of 2 × 105, 3 × 105, 5 × 105, and 6 × 105. The SG6043 
modified 3 airfoil had the greatest and least peak 퐶� of 1.788 and 1.697, respectively, 
at Re of 105 and a Re of 4 × 105, respectively. In addition, the peak 퐶� in Re of 2 × 105, 
3 × 105, 5 × 105, and 6 × 105 equals 1.763, 1.781, 1.773, and 1.778. 

Figure 9. 퐶� graph for SG6043 modified 3 airfoil. 

Typically, the peak 퐶� of modified airfoils in all Re was greater than the peak 퐶� 
of the SG6043 airfoil, and the enhancement in lift efficiency for an increment in Re 
was related to an incremented air velocity relevant to a higher Re. 

Moreover, at each Re, the decrement in lift efficiency beyond the peak 퐶� was 
related to the airfoils encountering stall situations as a consequence of lift resistance 
from turbulence on the airfoil’s suction surfaces. At a Re of 3 × 105, there was almost 
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no discernible difference in lift efficiency between any airfoil. This near-efficiency 
attitude indicates that the lift efficiency of the airfoils was comparatively less 
susceptible to changes in Re from Re of 3 × 105 to 6 × 105. This effect was related to 
nonlinear aerodynamic properties frequently found in low Re airflow situations [28]. 

3.3. Stall efficiency of SG6043 modified 1, SG6043 modified 2, and 
SG6043 modified 3 airfoils 

The stall efficiency of SG6043 modified 1, SG6043 modified 2, and SG6043 
modified 3 airfoils at Re from 105 to 6 × 105 was investigated in Table 1. For the 
analysis, Re of 105 to 6 × 105, entire airfoils had 퐴표퐴����� between 9° to 13°. 

Table 1. Stall performances for SG6043 modified airfoils. 

Airfoils Stall Angle (°) 

Re = 105 Re = 2 × 105 Re = 3 × 105 Re = 4 × 105 Re = 5 × 105 Re = 6 × 105 

SG6043 modified 1 10 11 12 12 12 12 

SG6043 modified 2 12 12 13 13 13 13 

SG6043 modified 3 9 10.5 10 11 9 9 

SG6043 modified 1 airfoil had the lowest 퐴표퐴����� of 10° at Re of 105 and the 
greatest 퐴표퐴����� of 12° at Re of 3 × 105, 4 × 105, 5 × 105, and 6 × 105. Moreover, 
퐴표퐴����� of 11° was presented at a Re of 2 × 105. The SG6043 modified 2 airfoil had 
the least 퐴표퐴����� of 12° at Re of 105 and 2 × 105. Moreover, SG6043 modified 2 
airfoils had the most excellent 퐴표퐴����� of 13° at Re of 3 × 105, 4 × 105, 5 × 105, and 6 
× 105, respectively. 

The SG6043 modified 3 airfoil had the least 퐴표퐴����� of 9° at Re of 105, 5 × 105, 
and 6 × 105. Also, SG6043 modified 3 airfoils had the most significant 퐴표퐴����� of 11° 
at Re of 4 × 105. As well as, 퐴표퐴����� of 10.5° and 10° were presented at Re of 2 × 105 
and 3 × 105. The 퐴표퐴�����  demonstrates the crucial AoA beyond which the 퐶� 
efficiency starts to degrade due to resistance generated by turbulence on the airfoil’s 
suction area for every airfoil under each Re flow regime. 

The greatest 퐴표퐴����� of 13º and 12º for SG6043 modified 2 airfoil for nearly the 
entire Re demonstrated it was favorable for utilization over and across a comparatively 
wider AoA. 

Figures 7–9’s lift efficiency graphs showed that total airfoils often produced 
post-stall slow performance at Re of 200,000. The shape of the airfoils, which was 
developed for the most incredible 퐶� 퐶�⁄  efficiency and was required for continuous 
aerodynamic efficiency at an extensive range of AoA without a short loss of lift, causes 
this slow post-stall feature. It was known that abrupt lift loss causes WT rotor 
efficiency to degrade quickly [28]. 

3.4. The CL/CD efficiency of SG6043 and SG6043 modified airfoils 
The SG6043 modified 1 airfoil demonstrated the highest lift coefficient (퐶�) of 

1.79 at Re = 100,000, outperforming the original SG6043 airfoil. As Re increased, the 
퐶� for all modified airfoils improved, with the SG6043 modified 2 airfoil achieving a 
peak 퐶� of 1.798 at Re = 600,000 (Figure 6). This improvement in lift efficiency is 
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attributed to the optimized t/c ratio, which enhances airflow over the airfoil surface. 
The 퐶� 퐶�⁄  efficiency graphs of SG6043, SG6043 modified 1, SG6043 modified 2, 
and SG6043 modified 3 airfoils for Re of 105 to 6 × 105 were illustrated in Figures 
10–13, respectively. The 퐶� 퐶�⁄  efficiency typically increased with increasing Re for 
airfoils and had a dome-shaped relationship with AoA for the entire Re. Throughout 
the whole AoA, the 퐶� 퐶�⁄  efficiency was greatest at a Re of 6 × 105 and lowest at a Re 
of 105. According to Figure 10, at a Re of 6 × 105, the SG6043 airfoil’s greatest peak 
퐶� 퐶�⁄  was 152.88 at an AoA of 3°. The least peak 퐶� 퐶�⁄  at Re of 105 was 65.86 at an 
AoA of 7°. The highest 퐶� 퐶�⁄  for the SG6043 airfoil was 97.21, 117.25, 132.5, and 
143.33, respectively, for Re of 2 × 105, 3 × 105, 4 × 105, and 5 × 105, at AoA of 5°, 4°, 
4°, and 3°. 

Figure 10. The 퐶� 퐶�⁄  efficiency for SG6043 airfoil. 

From Figure 11, at a Re of 6 × 105, the highest peak 퐶� 퐶�⁄  for the SG6043 
modified 1 airfoil was 184.85 at AoA = 3°. At a Re of 105, the least peak 퐶� 퐶�⁄  was 
69.48 at AoA = 6°. At Re of 2 × 105, 3 × 105, 4 × 105, and 5 × 105, the greatest values 
퐶� 퐶�⁄  for SG6043 modified 1 airfoil were 108.47, 135.59, 154.3, and 172.43, 
respectively, at AoAs of 5°, 4°, 3°, and 3°. 

Figure 11. The 퐶� 퐶�⁄  efficiency for SG6043 modified 1 airfoil. 

From Figure 12, at a Re of 6 × 105, the greatest peak 퐶� 퐶�⁄  for the SG6043 
modified 1 airfoil was 177.25 at AoA = 3°. At a Re of 105, the least peak 퐶� 퐶�⁄  was 

76



Mechanical Engineering Advances 2025, 3(2), 2486. 

73.08 at AoA = 7°. At Re of 2 × 105, 3 × 105, 4 × 105, and 5 × 105, the highest values 
of 퐶� 퐶�⁄  for SG6043 modified 1 airfoil were 111.70, 138.67, 160.80, and 171.08, 
respectively, at AoAs of 5°, 4°, 4°, and 4°. 

Figure 12. The 퐶� 퐶�⁄  efficiency for SG6043 modified 2 airfoil. 

According to Figure 13, at a Re of 6 × 105, the SG6043 modified 3 airfoil’s 
greatest peak 퐶� 퐶�⁄  was 182.36 at an AoA of 2°. The least peak 퐶� 퐶�⁄  at a Re of 105 
was 71.34 at an AoA of 6°. The highest 퐶� 퐶�⁄  for the SG6043 modified 3 airfoil was 
116.98, 145.02, 157.34, and 170.15, respectively, for Re of 2 × 105, 3 × 105, 4 × 105, 
and 5 × 105, at AoAs of 4°, 3°, 3°, and 2°, respectively. 

Figure 13. The 퐶� 퐶�⁄  efficiency for SG6043 modified 3 airfoil. 

The greatest 퐶� 퐶�⁄  efficiency for each airfoil occurred at a Re of 6 × 105, which 
was related to a high energy flow and tried to produce a high lift. The maximum 퐶� 퐶�⁄  
efficiency for the SG6043 modified 1, SG6043 modified 2, and SG6043 modified 3 
airfoils at Re of 3 × 105, respectively, was 135.59, 138.67, and 145.02, compared with 
further airfoils like the E387, SG6043, Go471a, and EYO-Series airfoils studied in 
other research [9,15,16,21]. 

3.5. Drag bucket performances of SG6043 and SG6043 modified airfoils 
The SG6043 modified 2 airfoil exhibited the highest stall angle (AoAstall) of 13° 

at Re = 300,000 to 600,000, making it suitable for a wider range of operating 
conditions (Table 1). This is a significant improvement over the original SG6043 
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airfoil, which had a stall angle of 12° at the same Re range. The drag bucket efficiency 
for the SG6043, SG6043 modified 1, SG6043 modified 2, and SG6043 modified 3 
airfoils is shown in Figures 14 and 15, respectively. Typically, SG6043 and SG6043-
modified airfoils had an increment in drag bucket efficiency with an incrementing Re. 
According to Figure 14, for the SG6043 airfoil and at a Re of 105, the first rise in the 
lift was accompanied by a slight decrease in drag up to a 퐶� of around 1.6. After this 
limit, there was a small drop in lift and a significant increase in drag. With no 
commensurate change in drag, the initial increment in 퐶� up to around 1.20 happened 
steadily at a Re of 6 × 105. Above 퐶�  of 1.76, lift only was reduced while drag 
drastically increased. At Re of 2 × 105, 3 × 105, 4 × 105, and 5 × 105, there was a similar 
performance trend. 

Figure 14. Drag bucket for SG6043 airfoil. 

According to Figure 15, with the SG6043 modified 1 airfoil at a Re of 105, the 
primary rise in the lift was accompanied by a minor decrease in drag up to a 퐶� of 
around 1.78. After this amount, there was a slight drop in lift and a significant increase 
in drag. At a Re of 6 × 105, the 퐶� slowly increased at first, reaching a value of around 
1.38, without any commensurate variation in drag. With only a modest reduction in 
lift, drag significantly rose above the 퐶� of 1.772. The efficiency trends for Re of 2 × 
105, 3 × 105, 4 × 105, and 5 × 105 were comparable. 

Figure 15. Drag bucket for SG6043 modified 1. 
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Figure 16 shows that for the SG6043 modified 2 airfoil at a Re of 105, the primary 
rise in the lift was accompanied by a minor decrease in drag up to a 퐶� of around 1.74. 
After this amount, there was a slight drop in lift and a significant increase in drag. At 
a Re of 6 × 105, the 퐶� slowly increased at first, reaching a value of around 1.53, 
without any commensurate variation in drag. With only a modest reduction in lift, drag 
significantly rose above the 퐶� of 1.798. The efficiency trends for Re of 2 × 105, 3 × 
105, 4 × 105, and 5 × 105 were comparable. 

Figure 16. Drag bucket for SG6043 modified 2. 

Figure 17 illustrates that with the SG6043 modified 3 airfoil at a Re of 105, the 
primary rise in the lift was accompanied by a minor decrease in drag up to a 퐶� of 
around 1.787. After this amount, there was a slight drop in lift and a significant 
increase in drag. At a Re of 6 × 105, the 퐶� slowly increased at first, reaching a value 
of around 1.47, without any commensurate variation in drag. With only a modest 
reduction in lift, drag significantly increased above the 퐶� of 1.778. The efficiency 
trends for Re of 2 × 105, 3 × 105, 4 × 105, and 5 × 105 were comparable. 

Figure 17. Drag bucket for SG6043 modified 3. 

At the whole Re, every airfoil had its primary increment in 퐶� happening at either 
steady drag or decreasing drag up to around the region of peak 퐶�. This aerodynamic 
treatment resulted from how the airfoils were modified and developed for peak 퐶� 퐶�⁄  
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efficiency. The post-stall areas, where turbulence on the airfoil areas decreased lift 
generation and raised drag, include the area in the drag buckets beyond the peak 퐶� 
where the 퐶�  incremented rapidly. The capability of the airfoils to increment lift 
efficiency to around the part of peak 퐶� while stabilizing or decreasing the surface of 
drag was a typically favorable feature of great-efficiency airfoils. All modified airfoils 
showed improved drag bucket performance, with the SG6043 modified 1 airfoil 
demonstrating the most significant reduction in drag at higher lift coefficients (Figure 
14). This indicates that the modified airfoils are more efficient at maintaining lift while 
minimizing drag, which is critical for SWT performance. 

3.6. Pressure distribution (CP) of SG6043 modified airfoils 
Figures 18–21 were illustrated, respectively, the upper and bottom surfaces 퐶� 

of the SG6043 modified 1, SG6043 modified 2, and SG6043 modified 3 airfoils at Re 
of 3 × 105 for the AoA of 0°, the angle at peak 퐶� 퐶�⁄ , 퐴표퐴�����, and 20°. According to 
Figure 18, the modified airfoil had considerably bigger suction (negative pressures) 
on its upper area than on its bottom area at an AoA of 0°. Each airfoil’s pressure loading 
along its chord length was almost consistent from the leading edge to the trailing edge. 
Due to the consistent pressure loading, it was possible to determine that the lift 
generated by the airfoils at an AoA of 0° was distributed uniformly from the leading to 
the trailing edges. For entire modified airfoils, the stagnation points (point of peak 
pressure) at an AoA of 0° were recorded at the leading edge. 

Figure 18. 퐶� of entire modified airfoils at an angle of attack of 0°. 

According to Figure 19, a higher suction value on the upper area of all modified 
airfoils was localized towards the leading edge at the angle at peak 퐶� 퐶�⁄ . Moreover, 
the pressure loading was higher towards the modified airfoils leading edge than their 
trailing edge. The results demonstrated that the surface immediately adjacent to the 
leading edge was primarily responsible for the lift efficiency of the airfoils at the angle 
at peak 퐶� 퐶�⁄ . Leading edges were recorded as stagnation points for entire airfoils at 
angles at peak 퐶� 퐶�⁄ . 
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Figure 19. 퐶� of whole modified airfoils angle at peak 퐶� 퐶�⁄ . 

According to Figures 20 and 21 for modified airfoils, the pressure loading was 
noticeably higher at the leading edge at an 퐴표퐴����� and an AoA of 20°, respectively. 
That demonstrated that the area closely adjacent to the leading edge contributed 
significantly to the lift efficiency of the airfoils at an AoA of 20°. For all the modified 
airfoils at both AoA investigated in Figures 20 and 21, the stagnation point was about 
1% of the chord below the leading edge. 

Figure 20. 퐶� of entire modified airfoils at 퐴표퐴�����. 

81



Mechanical Engineering Advances 2025, 3(2), 2486. 

Figure 21. 퐶� of entire modified airfoils at an angle of attack of 20°. 

On the low-pressure sides or top areas of the airfoils, greater 퐹� was typically 
correlated with a comparably more significant suction value. Consequently, the high 
퐶� 퐶�⁄  efficiency findings at that AoA were confirmed by the relatively wide suction 
pressure in the 퐶� data for the modified airfoils at an AoA of 4°. 

4. Summary of performance analysis for modified airfoils

The 퐶� and 퐶� 퐶�⁄  summary for the SG6043 modified 1, SG6043 modified 2, and
SG6043 modified 3 airfoils were revealed in Figures 22 and 23, respectively. From 
Figure 22, the SG6043 modified 1 airfoil had the greatest peak 퐶� at the investigated 
Re of 105, while the SG6043 modified 2 airfoil had the lowest peak 퐶�. Plus, SG6043 
modified 3 had the greatest maximum 퐶� at Re of 2 × 105, and 3 × 105 while SG6043 
modified 1 had the lowest maximum 퐶�. 

Moreover, SG6043 modified 2 had the greatest peak 퐶� at Re of 4 × 105 to 6 × 
105, while SG6043 modified 1 had the lowest peak 퐶� . Moreover, the SG6043 
modified 2 airfoil had the greatest 퐴표퐴����� at whole Re. At a Re of 105 and 2 × 105, 
the SG6043 modified 2 airfoil had an 퐴표퐴����� of 12°. Moreover, at Re of 3 × 105 to 6 
× 105, SG6043 modified 2 airfoils had an 퐴표퐴����� of 13°. 

Figure 22. Lift and stall efficiency summary for modified airfoils. 
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According to Figure 23, the SG6043 modified 1 airfoil had the lowest values at 
a Re of 105 to 4 × 105, while the SG6043 modified 2 airfoil had the highest maximum 
퐶� 퐶�⁄  at a Re of 105 and 4 × 105. Moreover, the SG6043 modified 3 airfoil had the 
highest maximum 퐶� 퐶�⁄ at Re of 2 × 105 and 3 × 105. As well, the SG6043 modified 
1 airfoil had the highest maximum 퐶� 퐶�⁄  at Re of 5 × 105 and 6 × 105, while the 
SG6043 modified 3 and SG6043 modified 2 airfoils had the lowest values at Re of 5 
× 105 and 6 × 105. 

Figure 23. The 퐶� 퐶�⁄  efficiency summary for modified airfoils. 

The 퐶� 퐶�⁄  at Re of 105 to 6 × 105 was indicated in Figures 24–29 and was 
compared with the findings of other researchers [11,12,29,30] to determine the 
efficiency of the modified airfoils being compared to other airfoils designed by various 
studies for low Re and SWT usage. 

The 퐶� 퐶�⁄  efficiency of the SG6043 modified airfoils and their comparison with 
another low Re airfoil at Re of 105 were presented in Figure 24. The SG6043 modified 
airfoils were compared to the developed airfoils of the EYO-Series [12] at a Re of 105. 
The results revealed that the SG6043 modified airfoils had a higher peak 퐶� 퐶�⁄  than 
the EYO-Series airfoils. Moreover, the SG6043 modified 2 airfoil was more efficient 
than other airfoils. 

Figure 24. Comparison of SG6043 modified airfoils with EYO-Series airfoils [12] at 
Re of 105. 
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In Figure 25, at a Re of 2 × 105, the developed airfoils of the EYO-Series [12] 
were compared to the SG6043 modified airfoils, and the results demonstrated that the 
SG6043 modified airfoils had a greater peak 퐶� 퐶�⁄  than the EYO-Series airfoils and 
had a higher efficiency than other airfoils. Additionally, compared to other airfoils, the 
SG6043 modified 3 airfoil had a higher 퐶� 퐶�⁄ . 

Figure 25. Comparison of SG6043 modified airfoils with EYO-Series airfoils [12] at 
Re of 2 × 105. 

Also, at a Re of 3 × 105, the SG6043 modified airfoils outperformed the SG604x 
airfoil family, the EYO-Series airfoils [11,12], and others [9,22] in terms of peak 
퐶� 퐶�⁄  performance, according to the comparative result in Figure 26. Hence, the 
SG6043 modified 3 airfoils were more efficient than other airfoils. 

Figure 26. Comparison of SG6043 modified airfoils with EYO-Series [11,12], 
SG604x airfoil family, and other airfoils [9,22] at Re of 3 × 105. 

The developed EYO-series [12] airfoils were compared to the SG6043 modified 
airfoils in Figure 27 at a Re of 4 × 105. The results illustrated that the SG6043 modified 
airfoils had a higher peak 퐶� 퐶�⁄  than the EYO-Series airfoils and higher efficiency 
than other airfoils. Additionally, compared to other airfoils, the SG6043 modified 2 
airfoils were more efficient. 
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Figure 27. Comparison of SG6043modified airfoils with EYO-Series airfoils [12] at 
Re of 4 × 105. 

The developed EYO-Series [12] airfoils were compared to the SG6043 modified 
airfoils in Figure 28 at Re of 5 × 105. The results illustrated that the SG6043 modified 
airfoils had a higher peak 퐶� 퐶�⁄  than the EYO-Series airfoils and higher efficiency 
than other airfoils. In addition, compared to other airfoils, the SG6043 modified 3 
airfoil had a higher 퐶� 퐶�⁄  at a Re of 5 × 105. 

Figure 28. Comparison of SG6043 modified airfoils with EYO-Series airfoils [12] at 
Re of 5 × 105. 

Likewise, compared to other airfoils, the SG6043 modified 3 airfoil had a greater 
퐶� 퐶�⁄  at a Re of 6 × 105 (Figure 29). 

Figure 29. Comparison of SG6043 modified airfoils with SG6043 airfoil at Re of 6 
× 105. 
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5. Conclusions

This study optimized the SG6043 airfoil for low Reynolds number applications
by varying the thickness-to-camber ratio (t/c). The results showed that a t/c ratio 
between 0.5 and 1.5 significantly improved aerodynamic efficiency, with the SG6043 
modified 1 airfoil achieving a maximum 퐶� 퐶�⁄  of 184.85 at Re = 600,000. The 
modified airfoils also demonstrated improved stall angles and drag bucket 
performance, making them suitable for small wind turbines operating at low Re. 
Future work will include CFD computations, wind tunnel testing, and further 
optimization of airfoils for different Re ranges. The primary objective of the present 
research was to find the airfoil with the highest aerodynamic efficiency between 
100,000 and 600,000. For the purpose of such a study, 71 effective airfoils from the 
symmetrical NACA 4-digit, NACA 5-digit, Selig airfoils, Eppler airfoils, and other 
airfoils were selected for study. 

The results showed that the SG6043 airfoil had the greatest maximum 퐶� 퐶�⁄  
when compared to the other 71 airfoils evaluated at Re from 100,000 to 600,000. To 
investigate and enhance the form modification of the airfoil utilizing variations in t/c 
and to determine the ideal t/c at Re of 100,000 to 600,000, the SG6043 airfoil was 
used. The investigations occurred at Re between 105 and 6 × 105, within the usual 
range for SWT airfoils. According to the research results, efficiency generally 
improved as the Re increased. The study’s major conclusions were as follows. 

Based on the findings, 0.5 to 1.5 was the optimum t/c at Re of 100,000 to 600,000 
for the development of the SG6043 airfoil, which had the maximum 퐶� 퐶�⁄ . 

Then, using the XFOIL software, three airfoils were generated with the optimal 
t/c, and the results revealed that the greatest maximum 퐶� 퐶�⁄  values for SG6043 
modified 1, SG6043 modified 3, and SG6043 modified 2 were 184.85, 182.36, and 
177.25, respectively, at a Re of 6 × 105. 

SG6043 modified 2, SG6043 modified 1, and SG6043 modified 3 had peaks 퐶� 
of 1.798, 1.79, and 1.788, respectively. 

For SG6043 modified airfoils, the 퐴표퐴����� was from 9° to 13°. For the SG6043 
modified 2 airfoil, a maximum 퐴표퐴����� of 13° was demonstrated for Re of 3 × 105, 4 
× 105, 5 × 105, and 6 × 105. 

At Re between 3 × 105 and 6 × 105, the airfoils behaved admirably regarding lift 
efficiency, with no notable changes. 

According to the drag bucket analyses, S6043-modified airfoils enhanced lift 
efficiency to peak lift at either invariable or decreasing drag at all Re. 

When compared to the SG6043 airfoil, the maximum 퐶� 퐶�⁄  of the SG6043 
modified 1, SG6043 modified 2, and SG6043 modified 3 airfoils improved by 5.49%, 
10.96%, and 8.32%, respectively, at Re of 100,000. 

The maximum 퐶� 퐶�⁄  of the SG6043 modified 1, SG6043 modified 2, and 
SG6043 modified 3 airfoils enhanced in comparison to the SG6043 airfoil by 11.58%, 
12.97%, and 20.33%, respectively, at Re of 200,000. 

In comparison to the SG6043 airfoil, the maximum 퐶� 퐶�⁄  of the SG6043 
modified 1, SG6043 modified 2, and SG6043 modified 3 airfoils increased by 15.64%, 
18.26%, and 23.68%, respectively, at a Re of 300,000. 
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The maximum 퐶� 퐶�⁄  of the SG6043 modified 1, SG6043 modified 2, and 
SG6043 modified 3 airfoils enhanced in comparison to the SG6043 airfoil by 16.45%, 
21.35%, and 18.83%, respectively, at Re of 400,000. 

At a Re of 500,000, the maximum 퐶� 퐶�⁄  of the SG6043 modified 1, SG6043 
modified 2, and SG6043 modified 3 airfoils rose by 20.30%, 19.36%, and 18.71%, 
respectively, in comparison to the SG6043 airfoil. 

At a Re of 600,000, the maximum 퐶� 퐶�⁄  of the SG6043 modified 1, SG6043 
modified 2, and SG6043 modified 3 airfoils increased by 20.91%, 16.26%, and 
19.28%, respectively, compared to the SG6043 airfoil. 

At a Re of 100,000, in comparison to the EYO7-8, EYO8-8, and EYO9-8 airfoils, 
the SG6043 modified 1 airfoil was able to improve the maximum 퐶� 퐶�⁄  by 3.6%, 
7.20%, and 11.07%, respectively. 

The maximum 퐶� 퐶�⁄  of the SG6043 modified 2 airfoil was enhanced by 8.63%, 
12.76%, and 16.83% in comparison to the EYO7-8, EYO8-8, and EYO9-8 airfoils, at 
Re of 100,000. 

Compared to the EYO7-8, EYO8-8, and EYO9-8 airfoils, the maximum 퐶� 퐶�⁄  
of the SG6043 modified 3 airfoil was improved by 6.05%, 12.76%, and 10.07%, 
respectively, at Re of 100,000. 

The maximum 퐶� 퐶�⁄  of the SG6043 modified 1 airfoil was increased by 0.64%, 
3.59%, and 7.01%, respectively, at a Re of 200,000 when compared to the EYO7-8, 
EYO8-8, and EYO9-8 airfoils. 

Comparing the SG6043 modified 2 airfoil to the EYO7-8, EYO8-8, and EY9-8 
airfoils resulted in increases in the maximum 퐶� 퐶�⁄  of 3.64%, 6.67%, and 10.20%, 
respectively, at Re of 200,000. 

The maximum 퐶� 퐶�⁄  increased by 8.54%, 11.71%, and 15.41%, respectively, at 
Re of 200,000 when comparing the SG6043 modified 3 airfoil to the EYO7-8, EYO8-
8, and EY9-8 airfoils. 

When comparing the SG6043 modified 1 airfoil to the EYO7-8, EYO8-8, and 
EY9-8 airfoils at Re of 300,000, the maximum 퐶� 퐶�⁄  rose by 2.20, 3.33, and 6.52%, 
respectively. 

By comparing the SG6043 modified 2 airfoil to the EYO7-8, EYO8-8, and EY9-
8 airfoils at Re of 300,000, the maximum 퐶� 퐶�⁄  increased by 4.52%, 5.68%, and 
8.90%, respectively. 

Comparing the SG6043 modified 3 airfoil to the EYO7-8, EYO8-8, and EY9-8 
airfoils resulted in increases in the maximum 퐶� 퐶�⁄  of 9.30%, 10.52%, and 13.92%, 
respectively, at Re of 300,000. 

When comparing the EYO7-8, EYO8-8, and EY9-8 airfoils to the SG6043 
modified 1 airfoil, the maximum 퐶� 퐶�⁄  rose by 0.058%, 6.53%, and 7.54%, 
respectively, at a Re of 400,000. 

The maximum 퐶� 퐶�⁄  increased by 4.27%, 11.01%, and 12.79%, respectively, at 
Re of 400,000 when comparing the SG6043 modified 2 airfoil to the EYO7-8, EYO8-
8, and EY9-8 airfoils. 

At a Re of 400,000, when comparing the EYO7-8, EYO8-8, and EY9-8 airfoils 
to the SG6043 modified 3 airfoil, the maximum 퐶� 퐶�⁄  improved by 2.02%, 8.63%, 
and 9.66%, respectively. 
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The maximum 퐶� 퐶�⁄  was enhanced by 1.62%, 4.40%, and 7.70%, respectively, 
at Re of 500,000 when comparing the SG6043 modified 1 airfoil to the EYO7-8, 
EYO8-8, and EY9-8 airfoils. 

The maximum 퐶� 퐶�⁄  increased by 0.82%, 3.58%, and 6.85%, respectively, at Re 
of 500,000 when comparing the SG6043 modified 2 airfoil to the EYO7-8, EYO8-8, 
and EY9-8 airfoils. 

When comparing the SG6043 modified 3 airfoil to the EYO7-8, EYO8-8, and 
EY9-8 airfoils at Re of 500,000, the maximum 퐶� 퐶�⁄  improved by 0.27%, 3.02%, and 
6.27%, respectively. 

The results revealed that the newly developed EYO-Series airfoils had a lower 
maximum 퐶� 퐶�⁄  than the SG6043 modified 1, SG6043 modified 2, and SG6043 
modified 3 airfoils. Additionally, as compared to SG6043 and EYO-Series airfoils, 
they use fewer materials due to the optimal t/c, which lowers the cost of production 
and uses fewer natural resources. Hence, the SG6043 modified airfoils are appropriate 
for usage in SWT blades due to their aerodynamic performance results. 

Furthermore, the modified airfoils at high Re will be compared to the SG6043 
airfoil in the upcoming phase of the Solar Turbine Arta Energy (STAE) project. 
Moreover, a study into other airfoils using t/c at various Re will be carried out. As a 
sum up, for the construction of a three-bladed horizontal axis wind turbine, extensive 
CFD computations, PIV flow visualization, and wind tunnel testing will be carried out. 
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Nomenclature 

AoA The angle of attack (Deg) 

퐴표퐴�����  stall angle (Deg) 

c chord length (m) 

퐶� The lift coefficient (-) 

퐶� drag coefficient (-) 

D drag force (N) 

l Airfoil span (m) 

L lift force (N) 

L/D lift-to-drag (-) 

퐿 퐷⁄ ��� peak lift-to-drag (-) 

Re the Reynolds number (-) 

U Air velocity (m/s) 

X/C Relative chord position (-) 

88



Mechanical Engineering Advances 2025, 3(2), 2486. 

Greek letters 

휌 The density of the air (Kg/m3) 

휐 Kinematic viscosity (m2 s−1) 

휇 Dynamic viscosity (Kg m−1 s−1) 
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Abstract: This study investigates the nonlinear and classical problem of Von Kármán’s viscous 
swirling fluid flow caused by a single rotating disk. Despite over a century since this problem 
was first introduced, recent advancements enable more accurate calculations and practical 
results than previously possible. The core innovation of this paper lies in the application of the 
Hybrid Analytical and Numerical method (HAN method), which facilitates the derivation of a 
semi-analytical solution to complex nonlinear differential equations. The HAN method 
combines numerical and analytical approaches to solve nonlinear problems. Initially, the 
system of nonlinear differential equations is solved using an arbitrary numerical method. The 
numerical solution then aids in extracting the analytical solution, which can take forms such as 
polynomial solutions with constant and unknown coefficients. Since boundary conditions lack 
the capacity to generate a sufficient number of algebraic equations, the numerical solution 
provides the additional required equations. The flexibility of the HAN method stems from its 
ability to leverage various numerical methods, making it a robust approach for solving 
nonlinear differential equations. Using this methodology, the Von Kármán problem is 
analytically calculated with remarkable accuracy. Furthermore, this study provides highly 
precise calculations of several physical and practical outputs, including the thickness of the 
layer, the slope of flow lines at the wall in the peripheral direction, the peripheral component 
of wall shear stress, the moment on one side of the wetted disk, the dimensionless moment 
coefficient for both sides of the disk, Reynolds number as a function of the disk’s finite radius, 
volume flux, and mechanical power. This research contributes to two main perspectives: first, 
the mathematical aspect, which demonstrates the ability of the HAN method to solve various 
nonlinear problems; second, the practical-physical perspective, showcasing the enhanced 
accuracy and reliability of the obtained results in analyzing fluid flow mechanics. 
Keywords: Von Kármán swirling viscous flow; semi-analytical solution; the Hybrid Analytical 
and Numerical Method; the HAN-method 

1. Introduction

In fluid mechanics, rotating flows are a common phenomenon due to many
industrial, mechanical, and environmental applications such as rotary pumps, fans, 
turbines, boilers and chemical storage, cyclone separators, and rotating disks of 
nuclear reactors, and have attracted considerable attention [1]. The Von Kármán 
rotational viscous flow is a well-known classical problem in fluid mechanics, and Von 
Kármán [2], in this famous problem, investigated the viscous fluid flow resulting from 
the rotation of a disk in such a way that the fluid far from the disk is stationary  and 
introduced new variables called similarity transformations that allowed PDEs to be 
converted to ODEs, which later were called the Von Kármán similarity variables. More 
recent results were obtained by the Cochran [3] with a modification of the Von Kármán 
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problem.  Von Kármán’s answers contained errors that Cochran corrected. Bödewadt 
[4] was also the first to present a problem in which the disk is stationary and the fluid
flow is the result of fluid rotation from a distance away from the disk. Just like rotating
the coffee in the cup, the bottom of the cup is fixed, but by rotating the coffee, the fluid
rotation is transferred everywhere. This form of fluid flow was later called Bödewadt
flow, and Fettis [5] was one of the first to use Bödewadt flow. Rogers and Lance [6]
studied the case where the fluid rotates at infinity with different uniform velocities in
the same direction as the disc velocity, and the results of Von Kármán [2] and
Bödewadt [4] were obtained in special cases. Batchelor [7] studied the problem in
which the fluid is flowing due to the rotation of the disc with different uniform
velocities and also different velocities of the fluid at certain distances. Specific
distances mean both the infinite distance, which means the distance far from the disk,
and the specified distances or close to the disk. Batchelor [7]  studied the problem in
which the fluid flows with different uniform velocities at certain distances and the
rotation of the disk with different uniform velocities. Certain distances mean both
infinite distance, which means far from the disk, and certain distances or close to the
disk. Benton [8] extended Von Kármán’s rotating disc problem to a transient problem
and also solved Von Kármán’s steady-state problem for more accuracy. Zandbergen
and Dijkstra [9] presented a review paper of the studies [3,5,6,8], and also, in the
mentioned studies [3–8], Von Kármán similarity variables have been used to convert
the PDEs of the governing equations into ODEs. Tien and Tsuji [10] made theoretical
inferences using numerical methods for the temperature distribution and heat transfer
results due to the forced laminar motion on a non-isothermal rotating plate. Evans and
Greif [11] analyzed the flow between two parallel plates. One is porous, unheated, and
stationary, and the other is impermeable, heated, and rotating. The PDEs were reduced
into a set of nonlinear ODEs via similarity transformation, and then the ODEs were
solved numerically. By using the perturbation method, Sharma [12] investigated the
fluid flow that is constrained by two infinitely swirling plates for three cases: the first
case is when the plates have the same angular velocity, the second case is when the
plates have different angular velocities, and the third case is when one plate has angular
velocity and the other is at rest. Kumari et al. [13] investigated the asymmetric motion
produced by the flow of a conductive fluid in a rotating infinite plate. There is also a
magnetic field perpendicular to the plane. Similarity transformation is also considered
for reducing the governing equations into a set of ODEs and solved numerically by
the shooting method. Ozetkin and Brown [14] studied the viscometric motion of the
viscoelastic fluid that is between two swirling parallel disks. Deshpande and Ghosh
[15] studied the unsteady fluid flow that was caused by an infinite swirling disk
numerically. Choudhury and Das [16] investigated the fluid motion that is constrained
between two spinning disks, which has the elastic-viscous property. Shevchuk and
Buschmann [17] investigated the fluid that co-rotates with the spinning disk. The
governing equations were reduced into a set of ODEs by the similarity transformation,
and then the ODEs were solved numerically. The heat transfer problem studied by aus
der Wiesche [18] when the air flow passes from a swirling disk numerically. Hayat et
al. [19] studied the MHD swirling flow of a fluid in a porous medium where the fluid
model obeys the modified Darcy’s law. The Hall effect was also considered for this
model, and finally, ODEs were solved by the HAM. Yang and Liao [20] solved the
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classical problem of Von Kármán [2] analytically by the HAM and compared the 
analytical results with the previous numerical solutions. Attia [21] investigated non-
Newtonian, incompressible, and viscous fluid and considered the motion of this fluid 
on a stretchable swirling disk. The governing equations of the steady-state fluid flow 
were reduced into nonlinear ODEs, and they were solved numerically by the finite 
difference method. Bessaïh et al. [22] analyzed the stability of the swirling flow of 
liquid metal between two disks filled in a cylindrical chamber. One of the disks rotates 
at a certain temperature, while the other remains stationary at a different temperature. 
The governing equations were in PDE form and were solved numerically through 
FVM. Rahman and Postelnicu [23] investigated the thermal effects of the fluid flow 
caused by a rotating disk with a temperature different from the environment and then 
solved the equations numerically. Similar to Yang and Liao [20], Abdou [24] solved 
the classical problem of Von Kármán [2] analytically with the homotopy perturbation 
method. Turkyilmazoglu [25] investigated a boundary layer problem that is concerned 
with the motion of the fluid created by the rotation of a disk that disk injection or 
suction ability. Turkyilmazoglu [26] studied the fluid boundary layer that was caused 
by a swirling disk in a steady-state condition and solved by the analytical method of 
homotopy analysis. The results of the homotopy analysis technique compared with the 
numerical method of Runge-Kutta. Rashidi et al. [27] analyzed the second law of 
thermodynamics for nanofluid flow on a rotating disk. The vertical magnetic field is 
also presented in the problem. The governing equations were reduced to ODEs by 
converting to similarity, and then the ODEs were solved numerically. The study of 
Alam et al. [28] concerned the transient forced convective fluid flow that resulted from 
a swirling disk. The particles of fluid flow were assumed to be of micro size. The 
governing equations were transformed into the ODEs by the similarity transformation 
and solved numerically. Hayat et al. [29] analyzed the problem of ferrofluid flow 
bounded by two parallel planes, which are infinite planes but have different angular 
velocities. The governing equations were converted to ODEs by similarity 
transformation and converted to ODEs by the HAM. Doh et al. [30] studied micropolar 
fluid flow created by a rotating plate. A magnetic field perpendicular to that plane is 
also applied. The PDEs of the governing equations were converted into ODEs using 
similarity transformation and solved numerically. Das and Sahoo [31]  studied the 
Reiner-Rivlin fluid flow problem confined between two parallel rotating infinite disks. 
The governing equations were transformed into a set of ODEs by similarity 
transformation and then solved using the homotopy method. Kumar et al. [32] carried 
out a numerical investigation on the problem of rotating flow of a Rainer-Rivlin fluid, 
where the surface of a rotating disk satisfies the Navier velocity slip condition in the 
presence of a magnetic field. Temperature jump conditions because of incomplete 
liquid-solid energy matching are also considered. Visuvasam and Alotaibi [33] did 
analytical research on the problem related to the rotating Von Kármán flow of a viscous 
incompressible fluid due to a rotating disk electrode. The governing equations are 
based on four nonlinear coupled differential equations and were solved by homotopy 
analysis. Ali et al. [34] investigated the problem of non-transient and incompressible 
convective flow of Rainer-Rivlin nanofluid through a rotating disk with different slip 
conditions. The governing equation was reduced to five coupled nonlinear ODEs with 
the help of similarity variables and solved through the BVP4c numerical method. In a 
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recent study, a new semi-analytical method known as the Hybrid Analytical and 
Numerical Method (HAN method) was introduced for the first time by Jalili et al. [35]. 
This method was employed to solve the equations addressing the heat and mass 
transfer of a viscous, incompressible, laminar axisymmetric flow of a micropolar fluid 
in the presence of a magnetic field, constrained between two stretchable disks. To 
enhance the credibility and relevance of the HAN method, the article incorporates 
references to additional published studies [36–39] where this method has been 
effectively applied to solve governing equations similar to those addressed in the 
current study. In a recent study, the Hybrid Analytical and Numerical Method (HAN 
method), initially introduced by A. Ahmadi Azar, was applied as a semi-analytical 
technique to analyze the non-transient forced motion of a non-Newtonian MHD 
Reiner-Rivlin viscoelastic fluid confined between two plates [36]. The model included 
the presence of a magnetic field. The governing equations, initially in partial 
differential equation (PDE) form, were transformed into a set of ordinary differential 
equations (ODEs) using the Von Kármán similarity variables. The HAN method was 
then applied to solve the ODEs and their associated boundary conditions analytically. 
For validation, the results obtained from the HAN method were compared with those 
derived from the Homotopy Perturbation Method (HPM) and the numerical Runge-
Kutta technique. Additionally, new quantitative results were extracted from the HAN 
solutions. Another study explored the steady, laminar, incompressible, and two-
dimensional flow of a micropolar fluid between two disks [37]. In this analysis, the 
upper disk was assumed to be porous, while the lower one was non-porous. Body 
forces and body couples were disregarded, and the flow was considered fully 
developed. The governing equations were transformed into a set of ordinary 
differential equations (ODEs) using Von-Kármán’s similarity variables. Since these 
ODEs had not been previously solved analytically, the Modified Akbari-Ganji Method 
(Modified AGM) and the Hybrid Analytical and Numerical Method (HAN method) 
were employed to obtain semi-analytical solutions. A primary novelty of the study was 
the application of these methods to achieve such solutions, although much of the 
innovation lay in the physical insights derived from the analytical results. The impacts 
of various slip coefficients, Reynolds numbers, and micropolar parameters—such as 
vortex viscosity, spin gradient viscosity, and microinertia density—were examined on 
profiles of normal velocity, streamwise velocity, and microrotation. The validity of the 
solutions was demonstrated through comparison with previously published results, 
with both methods producing nearly identical findings in all cases, indirectly 
confirming the reliability of the results. In another study [38], the Hybrid Analytical 
and Numerical Method (HAN method) was employed to solve nonlinear coupled 
ordinary differential equations (ODEs), investigating the effects of structural changes 
such as variations in the stretching rate and the distance between two disks on key 
physical quantities. The study demonstrated that an increased stretching rate 
significantly raised the temperature and Nusselt number, while increasing the distance 
between the disks led to a substantial reduction in microrotation and wall couple stress. 
By redefining parameters such as the magnetic parameter, Eckert number, stretching 
Reynolds number, and micropolar parameters, the research focused on analyzing 
physical quantities impacted by these structural changes. The findings were validated 
through comparisons with prior studies, ensuring accuracy and reliability. In another 
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study [39], the HAN method was used to find an exact solution for the Von Kármán 
swirling viscous fluid flow caused by a rotating disk with uniform suction. Three cases 
were considered: swirling flow at infinity with directions opposite and similar to the 
angular velocity of the rotating disk, no swirling flow with suction on the disk’s surface, 
and both swirling flow and suction on the disk. The findings revealed that when the 
angular velocity of the fluid at infinity decreased relative to the angular velocity of the 
disk, the skin friction coefficient reached its maximum, while an increase in fluid 
angular velocity led to its reduction. For the second case, higher surface suction caused 
an increase in the skin friction coefficient, making it greater on porous disks than on 
non-porous ones. Additionally, under specific conditions where both swirling flow and 
suction were absent, the pressure distribution depended solely on the distance above 
the disk. These results demonstrated the effectiveness of the HAN method in solving 
complex fluid flow scenarios and analyzing skin friction and pressure distributions in 
varying conditions. However, the HAN method is not limited to studies related to 
swirling flow due to the one or two disks [40–49]. Xu and Liao [50] studied the 
unsteady motion of a conducting viscous fluid driven by a rapidly spinning infinite 
disk. They employed the HAM to derive analytical solutions, first converting the 
governing Navier-Stokes equations into a system of nonlinear PDEs through novel 
similarity transformations. Their approach yielded convergent series solutions that 
remained valid across all time scales (0 ≤ 휏 < ∞)  and throughout the entire flow 
domain (0 ≤ 휂 < ∞) . This represented a significant advancement, as such 
comprehensive analytical solutions hadn’t been achieved before. The work also 
quantified how magnetic field strength influenced the fluid’s velocity characteristics. 
Mehmood et al. [51] employed the HAM to obtain analytical solutions for unsteady 
Von Kármán swirling flow induced by a suddenly rotating infinite disk, presenting 
complete closed-form solutions valid across all time (0 ≤ 휏 ≤ ∞) and space (0 ≤ 휂 ≤
∞). Their results showed excellent agreement with Yang and Liao’s [20] steady-state 
solution (휏 → ∞) and revealed that flow velocity gradually increases over time until 
reaching steady-state conditions, while the hydrodynamic boundary layer thickness 
initially grows before stabilizing at a constant value. These analytical solutions serve 
as valuable benchmarks for numerical simulations in applications like helicopter rotor 
aerodynamics, rotating electrochemical systems, and turbine blade flow analysis. 
Sadiq [52] investigated unsteady viscous flow over a decelerating, rotating, stretchable 
disk. The study transformed the governing nonlinear partial differential equations into 
ordinary differential equations using similarity transformations, then solved them 
analytically using the HAM. The research demonstrated the convergence of HAM 
solutions and validated results through comparison with numerical solutions. Key 
findings included the effects of disk stretching and unsteadiness parameters on flow 
characteristics. The work provides analytical solutions for this complex rotating flow 
system with practical applications in rotating machinery and industrial processes 
involving stretchable surfaces. Finally, the analytical studies about the transient fluid 
flows due to one disk are developed by Bég et al. [53]. They investigated transient 
nanofluid flow around a time-dependent spinning sphere for coating applications, 
transforming the governing equations into a ninth-order nonlinear system using 
similarity variables. They solved this computationally challenging problem using the 
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HAM, verifying results with Adomian decomposition (ADM), and analyzed how 
acceleration, rotation, Brownian motion, thermophoresis, Lewis and Prandtl numbers 
affect shear stress, heat/mass transfer, and boundary layer behavior. The study 
demonstrated HAM’s effectiveness in handling this complex nanofluid system, 
providing accurate solutions with good convergence that advance understanding of 
rotating-body nanofluid dynamics for industrial applications. 

In this study, the classical problem of Von Kármán [2] that concerned the three-
dimensional steady, laminar, axially-symmetric viscous fluid flow caused by an 
infinite radius disk with uniform angular velocity about 푧-axis. The partial governing 
differential equations of the problem are in a cylindrical coordinate system, and they 
are reduced into a system of coupled nonlinear ODEs with the help of Von Kármán 
similarity variables. Despite all these years since the introduction of this problem, Von 
Kármán’s equations have not been approximated with great accuracy. Since the 
introduction of this problem in fluid mechanics, it has been solved many times by 
numerical methods [2,3]. But with the computers available to researchers today, these 
equations can be obtained with much greater accuracy than previously published 
numerical results. Also, various analytical solutions were presented [20,24], but the 
weak points of these analytical solutions are the large number of solution sentences. 
Therefore, according to these weaknesses of published analytical and numerical 
solutions, it is possible to compensate for the deficiencies of the past, and for this 
purpose, the HAN method is one of the most appropriate methods to achieve an 
accurate analytical solution. So, the innovation of this article is to show the application 
of the semi-analytical method of HAN in approximating the equations of a classic 
problem analytically with high accuracy. 

2. Methodology

This part of the article belongs to the derivation of dimensionless Von Kármán’s
equations from the governing equations of conservation of mass and momentum in 
three directions by using the similarity variable introduced by Von Kármán [2]. Figure 
1 shows a geometric schematic of the problem, which represents a three-dimensional 
flow and shows the rotational motion of the fluid resulting from the uniform swirling 
of a disk with infinite radius. 

Figure 1. Geometric schematic of the problem. 
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In this problem and according to Figure 1, the disk is rotating with a constant 
angular velocity of 훺, and due to the viscosity of the fluid and the lack of fluid slip on 
the surface, the fluid rotates with the disk and causes a rotational flow. According to 
the figure, it can be said that the highest rotational velocity is near the disk, and the 
rotational velocity causes the rotating fluid to be pushed out along the radius of the 
disk, which is denoted by 푟. The fluid pushed around the disk creates a vacuum, and 
the vacuum itself causes fluid suction along the disk’s axis of rotation. So, it can be 
said that the rotation of the disk is like a three-dimensional pump that sucks the fluid 
from above and pushes it along the radius of the disk. The steady governing partial 
differential equations of momentum and mass in the cylindrical coordinate system for 
the laminar, axially symmetric, viscous, and incompressible fluid flow are as follows: 

The equation of conservation of mass [20,24]: 
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The equation of conservation of momentum along 푟-axis [20,24]: 
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The equation of conservation of momentum along 휃-axis [20,24]: 
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The equation of conservation of momentum along 푧-axis [20,24]: 
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where 휌  is fluid density, 휈  is the kinematic viscosity, 푟 , 휃 , and 푧  are cylindrical 
coordinate components, 푝 is the pressure, 푉�, 푉�, and 푉� are the velocity components 
along the azimuthal, radial, and axial axes, respectively. The boundary conditions of 
Equations (1)–(4) are as follows [20,24]: 

푉� = 푟Ω, 푉� = 푉� = 0, 푝 = 푝�, when 푧 = 0 

푉� = 푉� = 0, when 푧 = +∞ 
(5)

where the 훺 is the constant angular velocity. With the help of the following similarity 
variables that were introduced by Von Kármán [2,20,24,54]: 

푉� = 푟훺퐹(휉) 

휉 = (훺/휈)�/�푧 

푉� = 푟훺퐺(휉) 

푉� = (휈훺)�/�퐻(휉) 

푝 = 푝� + 휌휈훺푃(휉) 

(6)

where 퐹(휉) is similarity radial velocity, 퐺(휉) is similarity azimuthal velocity, 퐻(휉) is 
the similarity axial velocity, 푃(휉) is the similarity pressure distribution perpendicular 
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to the wall, 휉 is the dimensionless wall distance, 푝� is pressure at surface of the disk, 
and 푝 is the pressure distribution function. Equations (1)–(4) can be transformed into 
the following ordinary differential equation system [20,24,54]: 
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The boundary conditions of Equation (5) are reduced to the following 
dimensionless form by using Von Kármán similarity transformation variables 
[20,24,54]: 

퐹(0) = 0, 퐺(0) = 1, 퐻(0) = 0, 

푃(0) = 0, 퐹(∞) = 0, 퐺(∞) = 0. 
(11) 

According to the Equations (7)–(10), the velocity fields of 퐹(휉), 퐻(휉), and 퐺(휉) 
are coupled with each other except for the 푃(휉)  and the pressure distribution 
perpendicular to the wall can be determined after solving Equations (7)–(9) with their 
corresponding boundary conditions of Equation (11). First the velocity field is 
determined from solving the Equations (7)–(10), and then the 푃(휉) is calculated. So, 
the pressure can be found as below [54]: 

푃(휉) = �
d

d휉
푃(휉)d휉 = � �

d�

d휉� 퐻(휉) − 퐻(휉)
d

d휉
퐻(휉)� d휉 =

d
d휉

퐻(휉) −
1
2

퐻(휉)� (12) 

In addition to obtaining the solution of the pressure distribution after solving 
Equations (7)–(9), it is possible to obtain the thickness of the layer, the slope of the 
streamlines at the wall to the circumferential direction, the peripheral component of 
the shear stress of the wall, the moment of one side of the wetted disk, the 
dimensionless coefficient for the moment on both sides of the wetted disk, the 
Reynolds number in terms of the finite radius of the disk, the volume flux, and the 
mechanical power [54]. 

By substituting a specific value of 휉 = 휉�% into Equation (13) when the fluid’s 
circumferential velocity of 푉�  is approximately 1% of the disk velocity, the layer 
thickness of 훿 can be calculated as below: 

훿 = 휉(휈/Ω)�/� (13)

The slope of the flow lines in the wall in the circumferential direction is denoted 
by 휑� and it is formulated as below: 

휑� = tan�� ��−
휕푉�/휕푧
휕푉�/휕푧

�
�

� = tan�� �−
퐹�(0)
퐺�(0)� (14)
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The parameters of 훿 and 휑� are related only to rotating disks with infinite radius. 
The results now apply to a circular disk of finite radius 푅. It is certainly allowed if the 
radius 푅 is large compared to the thickness 훿 of the disc carrier layer so that the edge 
effects are limited in the entire circular region. into a small ring-shaped area. The 
circumferential component of the wall shear stress is denoted by 휏�� and it is as below: 

휏�� = 휇(휕푉�/휕푧)� = 휌푟Ω(휈Ω)�/�퐺�(0) (15)

The moment of a disk wetted on one side is denoted by 푀 and it is as follows: 

푀 = � −2휋푟�휏��d푟
�

�
= −

휋
2

휌푅�(휈Ω�)
�
�퐺�(0) (16)

where 푟 is variable of radius and 푅 is the finite radius of the disk.  It is common to have 
the following dimensionless coefficient of 푐� for  the moment introduced for the disc 
wetted on both sides: 

푐� =
2푀

휌Ω�(푅�/2) (17)

The Reynolds number of 푅푒 is formulated as below: 

푅푒 =
푅�Ω

휈
(18)

Due to considering the laminarity for the flow, the Reynolds number Equation 
(18) is valid up to 3 × 10� [54]. The parameters of 휏��, 푀, 푐�, and 푅푒 that are already
mentioned in Equations (15)–(18) can be calculated only when the radius of the disk
is finite.

The volume flux that is sucked in the axial direction towards the plate and 
injected radially out by the centrifugal force from around a disk with a finite radius of 
푅, is calculated as follows [54]: 

푄 = 2휋푅 � 푉�d푧 = −퐻(∞)휋푅�(휈Ω)
�
�

�

�

(19) 

where ∞ is the maximum value of 휉 that is possible to calculate. Considering the 
proportionality of the pressure difference on the disc with 휌휈Ω, it can be said that at 
low viscosities, the pressure difference is very small, and the pressure depends only 
on the axial distance from the wall and therefore is independent of the radius 푅 [54]. 
Since the fluid flow through the rotating discs acts as a pump, the fluid flow also 
experiences an increase in mechanical power 푃� due to the increase in total pressure 
and is calculated as follows [54]: 

푃� = � �푝 +
휌
2 �푉�

� + 푉�
� + 푉�

��� 2휋푅푉�d푧
�

�

= 휋휌푅�Ω(휈 Ω⁄ )�/� ��(퐹(휉)� + 퐺(휉)�)퐹(휉)d휉
�

�

−
4

푅푒
� 퐹(휉)�d휉
�

�

� (20) 

Calculation of 푃� is possible only when exact solutions of Equations (7)–(9) are 
obtained. 
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3. Mathematical description

3.1. Description of the HAN method 
A new semi-analytical method called the HAN method [38,44,45,48] is capable 

of approximating many problems with unsolvable nonlinear equations. In this 
mathematical method for finding the analytical solution of an equation, the equation 
must first be solved numerically, and the numerical method in this method is not 
limited to a specific method, and this flexibility is one of the strengths of this method. 
Another strength of the HAN method is that it can be a power series with a much more 
limited number of sentences than other semi-analytical solutions. The explanation of 
this method is as follows: 

The general form of differential equations with order of 푚 will be as follows: 

훤 �푓(휉), 푓�(휉), 푓��(휉), … , 푓(�)(휉)� = 0 (21)

Equation (21) represents a nonlinear differential equation where 훤 is a function 
of 푓(휉) . The function 푓(휉)  and its derivatives with respect to 휉  are displayed as 
follows: 

�
푓(휉) = 푓�, 푓�(휉) = 푓�, … , 푓(���)(휉) = 푓��� when 휉 = 0

푓(휉) = 푓�� , 푓�(휉) = 푓�� , … , 푓(���)(휉) = 푓����  when 휉 = 퐿
 (22)

The following 푛-order polynomial with constant coefficients is considered as the 
solution of Equation (21): 

푓(휉) = � 푎�휉� = 푎� + 푎�휉�
�

���

+ 푎�휉� + ⋯ + 푎�휉� (23)

The solution of Equation (21) is Equation (23), which is an 푛th-order polynomial 
with n + 1 unknown coefficients. Solving a system of n + 1 unknowns and n + 1 
equations can determine unknown coefficients of Equation (23), or in other words, the 
solution of Equation (21) is calculated. We can achieve some of these equations with 
boundary conditions of the problem, which is shown in the following Equations (24) 
and (25): 

⎩
⎪
⎨

⎪
⎧

푓(0) = 푎� = 푓�,
푓�(0) = 푎� = 푓�,
푓��(0) = 푎� = 푓�,

 .  .  .
 .  .  .

 (24)

⎩
⎪⎪
⎨

⎪⎪
⎧ 푓(퐿) = 푎� + 푎�퐿 + 푎�퐿� + ⋯ + 푎�퐿� = 푓��

푓�(퐿) = 푎� + 2푎�퐿 + 3푎�퐿� + ⋯ + 푛푎�퐿��� = 푓��

푓��(퐿) = 2푎� + 6푎�퐿 + 12푎�퐿� + ⋯ + 푛(푛 − 1)푎�퐿��� = 푓��
 .  .  .
 .  .  .

(25)
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According to the numerical solution of Equation (21), the new approximated 
boundary conditions are as follows: 

The constructed equations from boundary conditions of the problem, as they can 
be seen in Equations (24) and (25), are limited because we assume the value of 푛 is 
higher than 푚 earlier in this methodology. All the explanations given about HAN from 
Equations (21)–(25) overlap with the AGM method, but from here on the difference 
between the HAN and AGM methods will be explained. To increase the number of 
constructed equations to n + 1 equations, more boundary equations are needed, and 
the numerical methods (no matter which numerical method) can approximate these 
additional boundary conditions for making the remaining needed equations. So, the 
new approximated boundary conditions are as follows: 

⎩
⎪⎪
⎨

⎪⎪
⎧푓(휉) = 훼�, 푓�(휉) = 훼�, … , 푓(���)(휉) = 훼��� 푎푡 휉 = 퐿�

푓(휉) = 훽�, 푓�(휉) = 훽�, … , 푓(���)(휉) = 훽��� 푎푡 휉 = 퐿�

푓(휉) = 훾�, 푓�(휉) = 훾�, … , 푓(���)(휉) = 훾��� 푎푡 휉 = 퐿�
 .  .  .
 .  .  .

푓(휉) = 휀�, 푓�(휉) = 휀�, … , 푓(���)(휉) = 휀��� 푎푡 휉 = 퐿�

(26)

The new approximated boundary conditions of Equation (26) from the numerical 
results can be used like Equations (24) and (25) for making new equations, and from 
Equation (26) it can be derived as many equations as are needed to create a system 
with n + 1 equations and n + 1 unknowns. For instance, from the following equations, 
Equations (27)–(30) shown new equations in addition to equations that were made 
through the boundary conditions of the problem: 

⎩
⎪⎪
⎨

⎪⎪
⎧ 푓(퐿�) = 푎� + 푎�(퐿�) + 푎�(퐿�)� + ⋯ + 푎�(퐿�)� = 훼�,          

푓�(퐿�) = 푎� + 2푎�(퐿�) + 3푎�(퐿�)� + ⋯ + 푛푎�(퐿�)��� = 훼�,          
푓��(퐿�) = 2푎� + 6푎�(퐿�) + 12푎�(퐿�)� + ⋯ + 푛(푛 − 1)푎�(퐿�)��� = 훼�,

 .           .           .
 .  .  .

�푓(���)(휉)�
����

= 훼���.
  

 (27)

⎩
⎪⎪
⎨

⎪⎪
⎧ 푓(퐿�) = 푎� + 푎�(퐿�) + 푎�(퐿�)� + ⋯ + 푎�(퐿�)� = 훽�, 

푓�(퐿�) = 푎� + 2푎�(퐿�) + 3푎�(퐿�)� + ⋯ + 푛푎�(퐿�)��� = 훽�, 
푓��(퐿�) = 2푎� + 6푎�(퐿�) + 12푎�(퐿�)� + ⋯ + 푛(푛 − 1)푎�(퐿�)��� = 훽�,

 .  .  .
 .  .  .

�푓(���)(휉)�
����

= 훽���.
  

(28)

⎩
⎪⎪
⎨

⎪⎪
⎧ 푓(퐿�) = 푎� + 푎�(퐿�) + 푎�(퐿�)� + ⋯ + 푎�(퐿�)� = 훾�, 

푓�(퐿�) = 푎� + 2푎�(퐿�) + 3푎�(퐿�)� + ⋯ + 푛푎�(퐿�)��� = 훾�, 
푓��(퐿�) = 2푎� + 6푎�(퐿�) + 12푎�(퐿�)� + ⋯ + 푛(푛 − 1)푎�(퐿�)��� = 훾�,

 .  .  .
 .  .  .

�푓(���)(휉)�
����

= 훾���.
  

(29)
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⎩
⎪⎪
⎨

⎪⎪
⎧ 푓(퐿�) = 푎� + 푎�(퐿�) + 푎�(퐿�)� + ⋯ + 푎�(퐿�)� = 휀�, 

푓�(퐿�) = 푎� + 2푎�(퐿�) + 3푎�(퐿�)� + ⋯ + 푛푎�(퐿�)��� = 휀�, 
푓��(퐿�) = 2푎� + 6푎�(퐿�) + 12푎�(퐿�)� + ⋯ + 푛(푛 − 1)푎�(퐿�)��� = 휀�,

 .  .  .
 .  .  .

�푓(���)(휉)�
����

= 휀���.
 

(30)

By solving the system of n + 1 equations with n + 1 unknowns that we already 
constructed, the constant coefficients of the polynomial solution of Equation (23) can 
be determined, and then these obtained values can be used as a semi-analytical solution 
for Equation (21). As mentioned earlier in this section of the article, it should be 
considered that only a limited part of the AGM method overlaps with the HAN method, 
and these two methods are completely different. 

3.2. Application of the HAN-method 
This section is about showing the application of the HAN method in finding the 

analytical solution of the Von Kármán equations. The governing equations of Von 
Kármán and their corresponding boundary conditions of Equations (7)–(11) were 
mentioned in Sec. (2) of the current paper. So, according to explanations given in Sec. 
(3.1), it is assumed that the following series are the solutions of Equations (7)–(9): 

퐹(휉) = � 푎�휉�
��

���

, 퐺(휉) = � 푏�휉�
��

���

, 퐻(휉) = � 푐�휉�
��

���

. (31)

There are 33 unknown coefficients in Equation (31), and there have to be 33 
equations in order to determine these series solutions of Equations (7)–(9). According 
to Equation (11), some limited number of equations can be made by the boundary 
conditions of the problem as below: 

퐹(휉)|��� = � 푎�휉�
�

���

�
���

= 푎� = 0 (32) 

퐺(휉)|��� = � 푏�휉�
�

���

�
���

= 푏� = 1 (33) 

퐻(휉)|��� = � 푐�휉�
�

���

�
���

= 푐� = 0 (34) 

퐹(휉)|���� = � 푎�휉�
�

���

�
����

= 0 (35) 

퐺(휉)|���� = � 푏�휉�
�

���

�
����

= 0 (36) 
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where the Equations (32)–(36) are 5 equations, but due to the semi-infinity of the 
boundary conditions of the problem, it is not possible to determine what 휉 is at infinity. 
Then, among Equations (32)–(36), only Equations (32)–(34) are applicable. So, it is 
obvious that 3 equations are not enough because 30 more equations are needed to find 
all the unknown coefficients. The remaining equations must be made by the new 
boundary conditions, and it is possible when they are approximated by a numerical 
method of RK4. So, by solving Equations (7)–(9) with boundary conditions of 
Equations (11) numerically, the following approximated boundary conditions can be 
calculated, and they are demonstrated in the following Table 1: 

Table 1. The numerical results 퐹(휉), 퐺(휉), 퐻(휉), and 푃(휉) from RK4 method. 

The Runge-Kutta solutions 

휉 퐹(휉) 퐹�(휉) 퐺(휉) 퐺�(휉) 퐻(휉) 

0 0 0.5101887308 1 −0.6158937994 0 

1 0.1801057123 −0.0157626785 0.4766431672 −0.3911422046 −0.2654256959 

2 0.1187359055 −0.0739557439 0.2033285370 −0.1771959836 −0.5729889369 

3 0.0579431177 −0.0455178756 0.0844172286 −0.0746402952 −0.7447389737 

4 0.0254429777 −0.0216794352 0.0347439986 −0.0309804734 −0.8241490046 

5 0.0106359117 −0.0094759338 0.0141547055 −0.0128296650 −0.8582098557 

6 0.0042708523 −0.0040080425 0.0056284748 −0.0053135787 −0.8722151508 

7 0.0015961207 −0.0016735748 0.0020965052 −0.0022017798 −0.8776977020 

8 0.0004820674 −0.0006953943 0.0006326466 −0.0009128045 −0.8796148863 

9 0.0000195560 −0.0002884880 0.0000256624 −0.0003785633 −0.8800495476 

9.069895 0 −0.0002712777 0 −0.8800509002 

The remaining 30 equations can be made from the approximated boundary 
conditions of Table 1 just like how Equations (32)–(36) are created from Equation 
(11). Considering that writing these 30 new equations makes the paper longer and they 
are like Equations  (32)–(36), writing them is omitted. Having 3 equations that were 
made from the boundary conditions of the problem and 30 other equations that were 
obtained from the approximated boundary conditions of Table 1 made a mathematical 
system of 33 equations and 33 unknowns, and by solving it, all the unknown 
coefficients of Equation (31) are determined. So, the analytical solutions of Equations 
(7)–(10) are as follows:   

퐹(휉) = −6.07431182 × 10��휉�� + 3.90124387 × 10��휉�

− 0.00001118416228휉� + 0.000188446481휉�

− 0.00206538565휉� + 0.01535505061휉^5
− 0.0779872538휉^4 + 0.2632321130휉^3
− 0.5413702437휉^2 + 0.5227637854휉, 

(37)
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퐺(휉) = −1.77745633 × 10��휉�� + 9.75590571 × 10��휉�

− 0.00001118416228휉� + 0.000188446481휉�

− 0.00206538565휉� + 0.01535505061휉�

− 0.0779872538휉� + 0.2632321130휉� − 0.5413702437휉�

+ 0.5227637854휉,

(38)

퐻(휉) = −1.97842177 × 10��휉�� + 1.150613857 × 10��휉�

− 0.0000296999488휉� + 0.000448000973휉�

− 0.00436837101휉� + 0.0286496680휉� − 0.1263248188휉�

+ 0.3550648993휉� − 0.5210507216휉� + 0.0021842162휉.

(39)

where Equation (37) represents the similarity radial velocity, Equation (38) represents 
the similarity azimuthal velocity field, and Equation (39) represents the similarity axial 
velocity field. According to Equation (12) in Sec. (2), the pressure field of 푃(휉) can 
be determined from the analytical solution of the axial velocity field of Equation (39). 
So, the pressure fields of 푃(휉) is as follows: 

푃(휉) = −1.042101443푥 + 1.065192313푥� − 0.5041611878푥�

+ 0.0067258742푥� + 0.1590725166푥� − 0.1257837496푥�

+ 0.05955338116푥� − 0.02041823728푥�

+ 0.005403517588푥� − 0.001136782528푥��

− 1.957076350 × 10���푥�� + 2.276399504 × 10���푥��

− 1.249546377 × 10���푥�� + 4.303652142 × 10���푥��

− 1.042944410 × 10��푥�� + 1.889872545 × 10��푥��

− 2.655567739 × 10��푥�� + 2.960303904 × 10��푥��

− 0.00002654710360푥�� + 0.0001928910016푥��

+ 0.0021842162,

(40)

where Equations (37)–(40) are valid when 0 ≤ 휉 ≤ 9 and Reynolds numbers are up 
to 3 × 10�. The graphical representation of Equations (37)–(40) is shown in Figures 
2 and 3 as below: 

Figure 2. The graphical representation of 퐹(휉), 퐺(휉), −퐻(휉), and −푃(휉) from the 
HAN method when they were compared with the RK4 solution. 
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Figure 3. The graphical representation of 퐹�(휉) and −퐺�(휉) from the HAN method 
when they were compared with the RK4 solution. 

Considering the results of the analytical solutions of Equations (37)–(40) were 
made with the help of Equation (11) and the approximated boundary conditions of 
Table 1, it should be proved that they are the solutions of Equations (7)–(10). So, by 
substituting 퐹(휉), 퐺(휉), and 퐻(휉) in Equations (7)–(9), the following functions 퐸푞�, 
퐸푞�, and 퐸푞� are concluded as below: 

퐸푞�(휉) ≔ 2퐹(휉) +
푑

푑휉
퐻(휉)

= −0.00001201279985휉� + 0.0001392933716휉�

− 0.000994764489휉� + 0.00449987516휉�

− 0.017545789 휉� − 0.0127261676휉� + 0.0211649508휉�

+ 0.003426128휉 + 0.0021842162,

(41)

퐸푞�(휉) ≔ 퐹(휉)� +
푑

푑휉
퐹(휉)퐻(휉) − 퐺(휉)� −

푑�

푑휉� 퐹(휉)

= −0.307402949휉 + 0.4107046877휉� − 0.2321553404휉�

− 0.00843845310휉� + 0.1086421640휉�

− 0.09009491674휉� + 0.04492264842휉�

− 0.01617323018휉� + 0.004491785456휉�

− 0.0009928055786휉�� − 2.790378364 × 10���휉��

+ 3.114367344 × 10���휉�� − 1.636267524 × 10���휉��

+ 5.381185038 × 10���휉�� − 1.242466579 × 10��휉��

+ 2.141012685 × 10��휉�� − 2.856808912 × 10��휉��

+ 3.021499866 × 10��휉�� − 0.00002570345111휉��

+ 0.0001772650607휉�� + 0.082740487,

(42)
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퐸푞�(휉) ≔ 2퐹(휉)퐺(휉) + 퐻(휉)
푑

푑휉
퐺(휉) −

푑�

푑휉� 퐺(휉)

= 0.4839414608휉 − 0.7624858733휉� + 0.6759490582휉�

− 0.3973164381휉� + 0.1695434802휉� − 0.05457796061휉�

+ 0.01297296166휉� − 0.001964958929휉�

+ 0.000027790893휉� + 0.000086658628휉��

+ 2.159364798 × 10���휉�� − 2.220410560 × 10���휉��

+ 1.065302664 × 10���휉�� − 3.164126757 × 10���휉��

+ 6.505497573 × 10���휉�� − 9.79783102 × 10��휉��

+ 1.113614153 × 10��휉�� − 9.66164830 × 10��휉��

+ 6.34572864 × 10��휉�� − 0.0000301523536휉��

− 0.1199093502.

(43)

By plotting the functions 퐸푞�(휉), 퐸푞�(휉), and 퐸푞�(휉) in the following figure, 
when 0 ≤ 휉 ≤ 9 , the local error value of the obtained analytical solutions can be 
calculated as follows: 

Figure 4. The graphical representation of 퐸푞1(휉), 퐸푞2(휉), and 퐸푞3(휉), when the 
HAN solutions were substituted in the governing equations. 

As the error rate of the HAN solution can be seen in Figure 4, the maximum 
positive error of the semi-analytical solutions of Equations (7)–(9) is equal to 
0.082740487, and the maximum negative error is equal to −0.1199093502. 

4. Validation

Considering that the Von Kármán equations are not solved for the first time, it is
necessary to compare them with previously published solutions. In Figures 5–10, the 
analytical results of HAN are compared with the numerical results of Von Kármán [2] 
and Cochran [3] as follows: 
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Figure 5. The graphical representation of 퐹(휉) from the HAN method when they 
were compared with Von Kármán and Cochran results. 

Figure 6. The graphical representation of 퐺(휉) from the HAN method when they 
were compared with Von Kármán and Cochran results. 

Figure 7. The graphical representation of −퐻(휉) from the HAN method when they 
were compared with Von Kármán and Cochran results. 
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Figure 8. The graphical representation of 퐹′(휉) from the HAN method when they 
were compared with Von Kármán and Cochran results. 

Figure 9. The graphical representation of −퐺 ′(휉) from the HAN method when they 
were compared with Von Kármán and Cochran results. 

Figure 10. The graphical representation of −푃(휉) from the HAN method when they 
were compared with Von Kármán and Cochran results. 
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The reason for the superiority of HAN solutions over previous numerical 
solutions can be seen in Figures 5–10. According to Figures 2 and 3, the analytical 
solutions (37–39) are very close to the Runge-Kutta numerical solution because the 
analytical solutions of HAN are constructed from the numerical solution. The validity 
of the results obtained from the numerical methods and especially the Runge-Kutta 
method in this research can be expressed in this way: The analytical solution of HAN 
can be placed in the differential equations, and its accuracy can be seen in Figure 4. 
According to Figure 4, the accuracy of solving the rotating Von Kármán fluid problem 
exceeds the minimum engineering value, which means that these solutions can be used 
for other applications that have an accuracy beyond engineering problems. 

5. Results and discussion

According to the second part of the article, which is related to the research
methodology, it is possible to obtain many practical outputs from the analytical 
solutions of Equations (7)–(9) by using the HAN method. Despite this classic Von 
Kármán problem about the rotation of a disk, which is one of the basic problems in 
fluid mechanics and boundary layer theory, it has solutions that are not very acceptable 
in the diagnosis and results of the previous solutions. Considering that the obtained 
analytical solutions have sufficient accuracy, these solutions can be used to obtain 
more accurate physical results. Considering that the Equations (37)–(39) are the 
analytical solution of the system of differential Equations (7) and (8), in addition to 
Table 2, the thickness of the layer of 훿, the slope of the streamlines at the wall to the 
circumferential direction of 휑0, the peripheral component of the shear stress of the 
wall 휏��, the moment of one side of the wetted disk 푀, the dimensionless coefficient 
for the moment on both sides of the wetted disk 푐�, the volume flux of 푄, and the 
mechanical power of 푃� can be calculated. Table 2 is as follows: 

Table 2. The analytical results 퐹(휉), 퐺(휉), 퐻(휉), and 푃(휉) from HAN-method. 

The HAN solutions 

휉 퐹(휉) 퐹�(휉) 퐺(휉) 퐺�(휉) 퐻(휉) 

0 0 0.5227637854 1 −0.6354239499 0 

1 0.1801057122 −0.0166133362 0.4766431674 −0.3894695277 −0.2654256961 

2 0.118735904 −0.0738347626 0.2033285374 −0.1775066595 −0.5729889366 

3 0.057943116 −0.0455456786 0.0844172287 −0.0745436673 −0.7447389684 

4 0.025442973 −0.0216700926 0.034744002 −0.0310263911 −0.8241490012 

5 0.010635897 −0.0094802696 0.014154687 −0.0127978089 −0.8582098690 

6 0.004270832 −0.0040054766 0.005628444 −0.0053453487 −0.8722151328 

7 0.001596018 −0.0016753136 0.002096310 −0.0021575985 −0.8776977466 

8 0.000481883 −0.0006952106 0.000632846 −0.0009940183 −0.8796148504 

9 0.000019629 −0.0002928376 0.000025802 −0.0003436079 −0.8800500042 

The thickness of the boundary layer that was formed on the infinite radius disk 
ends when the circumferential velocity of the fluid reaches 1% of the disk’s velocity. 
Since the circumferential velocity of fluid is 푉�  and is proportional with 퐹(휉) , a 
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specific value of 휉 = 휉�% must be found when 퐹(휉) = 0.01. So, the value of 휉�% can 
be determined by interpolating in Table 1, and according to Equation (13), the 
thickness of the boundary layer of 훿, that was formed on the disk can be calculated as 
below: 

훿 = 휉�%(휈/Ω)�/� = 5.099904243(휈/Ω)�/� (44)

According to Schlichting and Gersten [54], the value of 휉�% was calculated as 
5.5 before, but Equation (44) was stated more accurately. According to Equation (14), 
the slope of the flow lines in the wall in the circumferential direction can be calculated 
as below: 

휑� = 푡푎푛�� �−
퐹�(0)
퐺�(0)� = 푡푎푛�� �−

0.5227637854
−0.6354239499

� ≈ 39.444° (45)

where 휑0 was calculated 39.6° before [54], but Equation (45) gives a more accurate 
result. So, in Figure 1, the value of 휑0 is 39.444°. According to Equation (15), the 
circumferential component of the wall shear stress can be calculated as follows: 

휏�� = 휌푟Ω(휈Ω)�/�퐺�(0) = −0.6354239499휌푟Ω(휈Ω)
�
� (46)

The moment of a disk wetted on one side, according to Equation (16), can be 
determined as follows: 

푀 = −
휋
2

휌푅�(휈Ω�)
�
�퐺�(0) = 0.9981216066휌푅�(휈Ω�)

�
� (47)

The moment for disc wetting on both sides, according to Equation (17), can be 
found as below: 

푐� =
2푀

휌Ω�(푅�/2) = 1.996243213
푅�(휈Ω�)

�
�

Ω�(푅�/2)
(48)

The value of 퐺 ′(0) was calculated as −0.61592 before [54], but Equations (46)–
(48) give more accurate results. According to Equation (19), the volume flux can be
calculated as below:

푄 = −퐻(∞)휋푅�(휈Ω)
�
� = 0.8800500042휋푅�(휈Ω)

�
� (49)

where 퐻(∞)  was equals to 0.88446 according to Schlichting and Gersten [54], but 
Equation (49) calculates the volume flux more accurately. According to Equation (20), 
the mechanical power of 푃� calculated as follows: 

푃� = 휋휌푅�훺(휈 훺⁄ )�/� ��(퐹(휉)� + 퐺(휉)�)퐹(휉)푑휉
�

�

−
4

푅푒
� 퐹(휉)�푑휉
�

�

� (50)

With considering 휉 = 9 instead of ∞ and by substituting Equations (37) and (38) 
in Equation (50), the mechanical power can be determined as follows: 

푃� = �0.08823081036 −
0.2166429892

푅푒
� 휋휌푅�Ω(휈 Ω⁄ )�/� (51)
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Considering large Reynolds numbers, Equation (51) reduces to the following 
form: 

푃� = (0.08823081036)휋휌푅�Ω(휈 Ω⁄ )�/� (52)

where Equation (52) is approximately like the previous calculations and states the 
accuracy of Equations (37)–(39). 

6. Conclusion

6.1. Summary of mathematical achievements 
This study introduced the Hybrid Analytical and Numerical (HAN) method as a 

novel approach for solving nonlinear fluid flow problems, emphasizing its accuracy 
and flexibility. The method’s analytical solutions were derived from numerical results 
obtained using the Runge-Kutta method, as depicted in Figures 2 and 3. The numerical 
solution, shown as a blue dashed line, served as the foundation for constructing the 
analytical solution, illustrated by the solid red line in the same figures. Importantly, 
Figure 4 does not represent numerical errors but rather demonstrates the correctness 
of the semi-analytical solution derived through the HAN method, based on the 
substitution of Equations (37)–(39) into the original differential equations such as 
Equations (7)–(9). Comparisons with [2,3] validate the higher accuracy of the HAN 
method. The claim that the HAN method offers improved accuracy is further 
substantiated by Figures 5–10. While the method theoretically allows for an unlimited 
number of polynomial coefficients, practical considerations impose constraints. 
Increasing the number of terms in the polynomial solution can lead to significant errors 
rather than improving the results. In this study, 11 terms were selected as the optimal 
number to ensure accuracy, as outlined in Equation (31). This choice is supported by 
the high-quality results presented in the study, which demonstrate significant 
improvements over previous research. Increasing the number of terms beyond this 
limit would reduce the range of functions such as Equations (41)–(43) and diminish 
the solution’s reliability, as reflected in Figure 4. The comparison between Tables 1 
and 2 underscores the validity of the HAN method. Table 1 presents the numerical 
solution of Equations (7)–(9) derived via the Runge-Kutta method with the help of 
Maple mathematical software, renowned for its precision in solving nonlinear coupled 
differential equations. Table 2 represents the analytical solution obtained using the 
HAN method, constructed from the numerical data in Table 1. The consistency 
between the two tables reaffirms the reliability and robustness of the HAN method’s 
semi-analytical solutions, confirming their validity in addressing complex problems. 
The analysis of Figure 4, along with comparisons to the numerical solutions and prior 
research, highlights the advantages of the HAN method in capturing intricate details 
of nonlinear fluid flow phenomena. While some regions, such as those close to the 
disk surface or the edge of the boundary layer, exhibit noticeable discrepancies, these 
do not undermine the overall accuracy and reliability of the method. Instead, they 
showcase the method’s potential for refining and extending analytical solutions for 
nonlinear problems. In conclusion, the HAN method offers a robust framework for 
solving nonlinear differential equations, combining the strengths of numerical and 
analytical approaches. Its effectiveness is demonstrated through comparisons with 
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prior studies, as well as the high accuracy of its results in addressing classical fluid 
flow problems. This research contributes significantly to both the theoretical and 
practical aspects of fluid mechanics, paving the way for further exploration and 
applications of hybrid methodologies in solving complex problems. 

6.2. Summary of physical achievements 
In this section, a summary of the achievements and novelty of this article is 

presented. The equations of this article were solved by the HAN mathematical method, 
not because they had not been solved yet, but because after all these years after the 
introduction of this problem, much more powerful calculation tools have been 
provided than before. At the same time, the equations of this article are simple, but 
they are very fundamental and practical, and any solution that is more accurate than 
the previous solutions can give more reliable results. The practicality of this classic 
problem is that the physics of this problem is like a three-dimensional pump, and, for 
example, if our solutions are accurate enough, they can be used even beyond 
engineering problems, such as medical problems. But another reason for writing the 
article is to show the application of the HAN method in non-linear problems, and even 
though the analytical solutions obtained from HAN are proven to be accurate, it is still 
possible to get much more accurate solutions from this method. Therefore, to finish 
the article, all the achievements of the article can be concluded as follows: 
 The Hybrid Analytical and Numerical method (HAN method) is a powerful and

flexible mathematical tool for solving nonlinear problems semi-analytically.
 The solutions of the Von Kármán equations for the rotation of a disk were

approximated more accurately than before.
 Despite the application of the current solutions to a wide range of problems due

to sufficient accuracy, it is still possible to obtain much more accurate solutions.
 The thickness of the boundary layer can be calculated more accurately with the

help of the HAN method.
 If the slope of the flow lines in the wall in the circumferential direction is

considered 39.444° instead of 39.6°, the results will be more accurate.
 More accurate results will be achieved by using current calculated parameters

such as the circumferential component of the wall shear stress, the moment of a
disk wetted on one side, and the moment for a disc wetted on both sides.

 The volume flux that is calculated in this study is more accurate than the previous
ones.

 Unlike previous studies, the calculations of the mechanical power in this paper
belong to different Reynolds numbers, and just for a special case when the
Reynolds number is large, the calculations of the mechanical power are
approximately the same as the previous ones.
While this study validates the accuracy of the HAN method through comparisons

with [2,3], it is acknowledged that these references are somewhat dated. The selection 
of these comparisons aligns with the study’s focus on solving the classical Von Kármán 
equations, ensuring consistency with the original formulation of the problem. Many 
recent studies utilize modified or extended versions of the Von Kármán equations, but 
the aim here has been to revisit the classical equations and improve the accuracy of 
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their solutions using the HAN method. As illustrated in Figures 5–10, the solutions 
derived in this study successfully demonstrate the precision of the HAN method. These 
comparisons with prior approximation methods highlight the validity and robustness 
of the presented approach in addressing this classical problem. By refining and 
extending existing results, this research underscores the novelty and significance of 
applying the HAN method to classical equations. Future studies could broaden the 
scope of comparisons to include newer approximation methods, particularly for 
modified versions of the equations, to further validate and enhance the persuasiveness 
of the HAN method’s applications. 
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Abstract: Due to the growing demands for a better environment, great efforts are currently 
being made in the world to create and improve electric and hybrid vehicles. Heat-loaded 
equipment of electric transport requires efficient cooling systems. A loop thermosyphon made 
of aluminum, having two flat multi-channel evaporators and one condenser for cooling 
electronic components, is developed and tested with acetone as the working fluid. The 
procedure and results of an experimental study of the characteristics of a thermosyphon are 
described. The evaporators are supplied with a heat load of varying power; the absorbed heat 
is dissipated by the condenser. The working fluid is acetone. The influence of thermal load and 
volume of working fluid on the thermal resistance of a thermosyphon and its components was 
determined and investigated. The lowest evaporator thermal resistance is 0.15 K/W for the heat 
load range 30–60 W. The thermosyphon operates stably in a wide range of thermal loads and 
quickly responds to their changes.  

Keywords: electric and hybrid vehicles; thermosyphon; double evaporator loop 
thermosyphon; passive thermal regulation; multi-channel evaporators; green technologies in 
transport 

1. Introduction

Reducing the consumption of hydrocarbon fuels and improving the
environmental situation are urgent tasks. Vehicle emissions are a very serious 
problem. Internal combustion engines (ICE) emit carbon dioxide CO2, carbon 
monoxide CO, nitrogen oxides NOx and other harmful substances into the atmosphere. 
While industry, the electricity grid and other polluters have cut fossil CO2 over the 
past 30 years, fossil CO2 from transport continues to increase. For example, in the UK 
alone, the number of cars has increased to 40.7 million units in 2023, while their 
weight has doubled and they require twice as much fuel since 1980 [1]. According to 
a study [2], global aviation accounts for approximately 2.1% of anthropogenic CO2 
emissions. If no effective measures are taken, then by 2050 CO2 emissions from air 
transport will reach 23% of all transport emissions and 5% (15% in the worst-case 
scenario) of total greenhouse gas emissions. In this regard, great importance is 
attached to the creation and improvement of hybrid and electric technologies in 
transport [3,4].  

According to some estimates, replacing internal combustion engine vehicles with 
electric vehicles could reduce greenhouse gas emissions by 20% and by 40% when 
generating electricity from renewable sources [5,6]. The importance of the above-
mentioned problems and the prospects of the chosen strategy are evidenced by the fact 
that work on the creation of electric and hybrid power plants is actively carried out not 
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only in the automobile industry but also in the aircraft industry, where the 
requirements for reliability, safety, and efficiency (including weight) are extremely 
strict. In aviation, one of the promising solutions to this global problem is electric 
aircraft. Replacing aircraft with internal combustion engines with electric ones will 
ensure a significant reduction in greenhouse gas emissions [7–9]. 

Modern means of transport (electric cars, electric aircraft, hybrid vehicles, etc.) 
are characterized by designs that operate under conditions of intense, often extreme, 
thermal effects. Electric and hybrid vehicles require efficient cooling due to the 
presence of a significant number of heat-generating components, including the 
powertrain, navigation electronics, battery, headlights, etc. (Figures 1 and 2).  

Figure 1. Heat-loaded elements of an electric vehicle. 

Figure 2. Main subsystems and components of the thermal control system in a 
general-purpose hybrid electric propulsion aircraft [10].  
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For thermal regulation of heat-generating objects of electric transport, various 
systems can be used: air, liquid, with the use of phase-changing materials, 
thermoelectric, immersion in boiling liquid. The air free-convection system is simple, 
relatively cheap, and electrically safe, but due to the low heat capacity and thermal 
conductivity of air, it is effective when intensive blowing of radiators is possible. 
Liquid cooling is more effective but requires a coolant reservoir and an energy-
consuming pumping system. Phase-changing materials maintain a constant 
temperature of the object, are not energy-consuming, allow for the possibility of 
leakage of molten material, and are limited by the available amount of latent heat. 
energy-consuming pumping system. Thermoelectric coolers based on the Peltier effect 
are capable of precisely controlling the temperature of an object, are reliable, silent, 
compact, lightweight, and easy to operate, but are less efficient than other systems.  

The problem of removing excess heat from heat-generating electronic equipment 
can be successfully solved using heat pipes and thermosyphons—highly heat-
conducting two-phase heat conductors with an evaporation-condensation cycle, in 
which heat is transferred by transferring the latent heat of evaporation. These devices 
are autonomous and silent, and their operation does not require energy consumption, 
which is very important for wireless electric transport. They can absorb heat from the 
object being cooled, transfer it outside the volume filled with equipment, and then 
transfer it to the cooling liquid or air. Heat pipes and thermosyphons are easy to 
operate, have no mechanical moving parts, do not require energy consumption or 
maintenance, and can provide heat exchange between the surface of the cooled object 
and the external environment with virtually no heat loss. They can be used to ensure 
efficient heat removal from a heat-loaded component.  

Figure 3. Thermal control system based on a loop thermosiphon with heat removal 
to the fuselage and dissipation into the surrounding air [11]. 

In aircraft with electric traction, the choice of passive thermal control systems is 
more relevant than in aircraft with internal combustion engines, due to the need to save 
electricity by eliminating coolant pumping systems and blower fans. No less important 
is the absence of a traditional fuel system in an electric aircraft, since fuel is the main, 
and sometimes the only, heat sink for heat-loaded equipment. Heat receivers in aircraft 
with an electric drive are the aircraft structure or the surrounding air. Figure 3 shows 
a loop thermosyphon-based thermal control system, flight tested on an Embraer 
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aircraft [11]. The thermosyphon condensers are connected to the same evaporator by 
independent vapor and liquid lines. One part of the heat from the cooled object is 
transferred to the fuselage; the other is used for air conditioning, which must be heated 
to a comfortable temperature. 

The A.V. Luikov Heat and Mass Transfer Institute of the National Academy of 
Sciences of Belarus developed heat pipes and thermosyphons for various purposes 
[12–14], including for cooling objects that are sources of powerful heat generation 
[12]. One of the latest developments is a loop thermosyphon made of aluminum, 
having two flat multi-channel evaporators and one condenser for cooling electronic 
components, developed and tested with acetone as the working fluid. In loop 
thermosyphons, the vapor and liquid flows are separated from each other. The coolant, 
as in a conventional thermosyphon, flows down from the condenser to evaporators 
under the action of gravity, but the absence of friction between the vapor and the liquid 
allows increasing the heat transfer capacity of this heat conductor. Therefore, they can 
be successfully used in cooling systems of electric transport power electronics. The 
use of aluminum as a structural material provides a significant gain in weight, which 
is extremely important for transport, especially aviation. A two-phase loop 
thermosyphon (TPLT) is a type of passive heat transfer device that has the ability to 
efficiently transfer heat over a long distance without any external power supply.  

2. Materials and methods

2.1. Thermosyphon design 
To solve the problem of increasing the efficiency of heat exchange equipment, a 

prototype of a loop thermosyphon was designed and manufactured, the general 
appearance of which is shown in Figure 4. The evaporator is made flat for the 
convenience of placing chips or other cooled elements on it. All parts of the 
thermosyphon are made of aluminum.  

(a) (b) 
Figure 4. Investigated double evaporator loop thermosyphon, photograph (a) and 
schematic diagram (b): 1) evaporator 1; 2) evaporator 2; 3) vapor collector; 4) liquid 
collector; 5) vapor tube; 6) filling connection; 7) condenser; 8) liquid tube. 
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Table 1. Specifications of the thermosyphon (dimensions in mm). 

Specifications Size 

Evaporator 

Number of evaporators 2 

Number of mini-channels in one evaporator 8 

Dimensions of one mini-channel (length × width × height)  7 × 3 × 110 

Hydraulic diameter  4.2  

Condenser 

Type  Tube in tube 

External dimensions (length × external diameter) 200 × 24 

Wall thickness  2 

Vapor and liquid collectors 

Length × width × height 160 × 9 × 9 

Vapor tube: din × L  8 × 400 

Liquid tube: din × L  4 × 200 

The peculiarity of the thermosyphon is the availability of two equal vertically 
oriented multi-channel evaporators 1 and 2, which are connected to the condenser 
through vapor 3 and liquid 4 collectors. The evaporators are heat receivers, each of 
them can have heat sources of different power (for example, chips). The heat absorbed 
during evaporation is transferred with the mass of vapor through the vapor outlet tube 
5 to the condenser 7, which is cooled by a flow-through liquid heat exchanger. The 
condensate flows down to the evaporators through liquid transport tube 8. The liquid 
tube connects the condenser to the evaporator through the liquid collector, continues 
inside the liquid collector along its entire length, and evenly supplies the evaporators 
with working fluid. The thermosyphon condenser is equipped with a flow-through 
liquid heat exchanger, but heat can also be removed from the condenser of devices of 
this type by air convection. In this case, it is advisable to make the condenser in the 
form of a radiator with a developed finned heat exchange surface. All components of 
the thermosiphon are made of aluminum. The geometric characteristics of the 
thermosyphon are presented in Table 1.  

The mini-channels in each evaporator are separated by 1 mm thick walls. The 
walls of the mini-channels act as internal ribs, increasing the heat exchange surface 
area and the evaporation rate of the working fluid. Multi-channel flat evaporator is 
made of extruded aluminum profile ALS-7PK70_011.1 (Figure 5). Wall thickness is 
2 mm. The inner and outer walls of the evaporator have a smooth surface. 

Figure 5. Cross-section of the evaporator panel. 
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The evaporator is made flat for the convenience of mounting the cooled elements 
on its surface. Tight fit of the objects of thermal regulation to the evaporator allows 
minimizing the contact thermal resistance. Since wetting a large area of a vertically 
located surface is difficult, the internal volume of the evaporator is divided into parallel 
channels, which improves the conditions for supplying the evaporation centers with 
liquid. The presence of curvilinear meniscuses formed on the walls of the channels 
ensures the occurrence of capillary pressure necessary for the spread of the liquid 
phase along the height of the channel. The division of the internal space of the 
evaporator into channels also helps to organize the flow and laminarize the flow of the 
resulting vapor, which is discharged through the vapor collector and the vapor tube 
into the condenser. The contribution of capillary pressure, caused by the presence of a 
curvilinear meniscus, to the organization of wetting of the heat exchange surface is of 
significant importance, since the evaporator channels have a smooth surface. 

Figure 6. Changes in the two-phase flow modes in vertical mini-channels of the 
evaporator (dch = 4 mm) with an increase in the heat load [15]: 1) formation of mini-
bubbles on the heat exchange surface; 2) merging of mini-bubbles into large clusters; 
3) separation of a liquid flow into vapor plugs and liquid cuffs; 4) turbulent vapor-
liquid flow; 5) stratification of a two-phase flow and formation of a thin liquid film on
the wall with an accompanying increase in the vapor content in the flow; 6) flow of
wet vapor.

Two-phase heat exchange during the movement of vapor-liquid mixtures through 
small-section channels has been considered in a number of works. Karayiannis and 
Mahmoud [13] conducted a study of the flow of boiling liquid in rectangular 
microchannels using high-speed video filming, which made it possible to examine the 
dependence of flow regimes on the magnitude of the heat flux supplied to the system 
and the relationship of the regimes with the intensity of heat transfer. In mini-channels 
of the heat-loaded thermosyphon evaporator, as a result of the phase transition, vapor 
bubbles are generated, which, with an increase in the heat flow supplied to the 
evaporator, grow, merge into clusters, and affect the nature of the two-phase flow. 
Each flow regime, from the generation of mini-bubbles on the channel wall to the flow 
of wet vapor, is characterized by different vapor content (Figure 6) [15]. 

The driving forces that ensure the circulation of the working fluid along the 
circuit of the thermosyphon are the gravitational pressure ∆Pg and the pressure ∆Pvg, 
arising as a result of the vapor generation in the annular channel of the evaporator. The 
operability of the thermosyphon is maintained under the condition that the 
combination of these driving forces exceeds or is equal to the pressure losses in the 
circuit: 
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∆Pg+∆Pvg ≥ ∆Pl +∆Pv +∆Pe +∆Pc a = 1 (1)

where ∆Pl, ∆Pv—pressure losses in liquid and vapor tubes; ∆Pe, ∆Pc—pressure drop 
due to vapor generation or condensation at the liquid–vapor interface.  

The internal diameter of the liquid tube is smaller than the internal diameter of 
the vapor tube (ratio 1:2) in order to avoid reverse vapor flow and blocking of the 
liquid tube.  

To remove air from the thermosyphon circuit and fill it with working fluid, the 
device design has a filling nipple. To ensure the ability to change the filling level for 
research purposes, the ability to repeatedly depressurize, perform a refilling procedure, 
and subsequently seal the thermosyphon is provided.  

2.2. Experimental equipment and experimental procedure 
Heat transfer properties of the thermosyphon were determined on an 

experimental stand, the diagram of which is shown in Figure 7. The heat flow to the 
evaporator was supplied by means of an electric heater, which was powered by a 
stabilized direct current source HY10010E with a voltage setting accuracy of 1 V and 
a current of 0.1 A. T-type thermocouples (copper-constantan) were installed at the 
points of measuring the temperature of the thermosyphon components. (Figure 8). 
Thermocouple signals were recorded and analyzed by an Agilent 34980A 
multifunction switching and measurement unit connected to a computer. The 
evaporator, condenser, vapor and liquid tubes were reliably insulated to prevent heat 
leakage. The thermosyphon condenser is a “tube in tube” type heat exchanger and is 
cooled by running water coming from the LOIP FT-316-40 thermostat with a 
temperature maintenance accuracy of ± 0.1 ℃. The temperature of the cooling water 
during the experiments was 20 ℃.  

Figure 7. Schematic diagram of the experimental setup for studying the 
thermosyphon: 1) thermosyphon, 2) DC source, 3) Agilent, 4) computer, 5) signals 
from thermocouples installed on the thermosyphon, 6) thermostat.  
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Figure 8. Arrangement of the thermocouples (×) on the evaporator panels with two 
heaters, condenser, vapor and liquid collectors, vapor, and liquid tubes. 

Acetone, a substance of organic origin, which is a volatile liquid (dimethyl 
ketone, chemical formula—C3H6O), was used as the working fluid, the filling ratio in 
different experiments ranged from 15% to 63% of the evaporator volume. Acetone 
easily mixes with water and is characterized by low toxicity. The main properties of 
acetone are given in Table 2 [16]. 

Table 2. Basic physical properties of acetone [16]. 

Tmelt, ℃ qmelt, kJ/kg Tboil, ℃ r, kJ/kg at Tboil Tcr, ℃ Pcr, bar cr, kg/m3 

–93.2 96 56.1 524 235.0 47.6 273 

The temperature distribution in the thermosyphon is determined. The thermal 
resistances of the evaporator (Re), the condenser (Rc), and the entire thermosyphon 
(RTS) at different heat powers and temperatures of the cooling medium are calculated 
using Equations (2)–(4):  
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where 푇�� , 푇�� , and 푇��  are average values of the evaporator, vapor, and condenser 
temperatures, Q is the heat load. 

The heat load was determined by the supplied electric power I  U. Heat leakage 
in the wires and thermal conductivity through the thermal insulation were taken into 
account. Heat losses to the environment due to radiant heat exchange were estimated 
using Equation (5):  

푄 = 휀휎퐴(푇�� − 푇��) (5)
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Here  = 0.77 is the coefficient of surface radiation;  = 5.67×10−8 W m−2 K−4 is 
the Stefan-Boltzmann constant; A is the area of the radiating surface, m2; T1 is the 
average temperature of the outer surface of the thermal insulation of the 
thermosyphon; T2 is the ambient temperature (room temperature). 

2.3. Experiments 
2.3.1. Heat loaded evaporator 1 

Figure 9 illustrates the change in the temperature field in different zones of the 
loop thermosyphon during the experiment at a filling rate of 33% with the working 
fluid (acetone). Only evaporator 1 (Q = 40 W) is heat loaded; evaporator 2 at this stage 
acts as an auxiliary condenser and facilitates the rapid start of the thermosyphon. 
During the transition period of time 1, non-stationary heating of thermosyphon 1 
occurs. The vapor is not directed into the steam tube until the saturation temperature 
in the steam collector reaches 60 ℃.  

Figure 9. Temperature distribution graph during the experiment at an acetone filling 
rate of 33%, heat power of 40 W: 1) non-stationary process, 2) steady-state process.  

After heat is supplied to evaporator 1 in the initial stage of the process (stage 1), 
the vapor tube heats up weakly. This indicates that this line is not filled with vapor 
and, therefore, the condenser is passive. It starts working after evaporator 2 is heated 
by the vapor condensing in its channels, which came from evaporator 1, to the 
saturation temperature. The steady-state operating mode of the thermosyphon is 
established (stage 2). A sign of completion of the transition period of the 
thermosyphon operation and the beginning of the stationary period is a cessation of 
growth and then stabilization of the temperature of the liquid phase flowing out of the 
condenser (Figure 8). 

The transition from a non-stationary operating mode to a stationary one is shown 
in Figure 10. The small contour (dashed line) corresponds to the transient mode of 
operation of the thermosyphon (start-up mode, panel 2 acts as a condenser), the large 
contour (solid line) corresponds to the stationary mode of operation. 
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Figure 10. Two modes of operation of a thermosyphon with two evaporators: 1) 
evaporator 1; 2) evaporator 2; 3) condenser. The small circuit corresponds to the 
transient mode; the large circuit corresponds to the steady-state mode.  

A Graph of temperature values of the thermosyphon components in steady-state 
mode (heat load supplied to panel 1) is shown in Figure 11.  

Figure 11. Temperatures of the thermosyphon components in steady-state mode. 

The average value of the heat transfer coefficient in the evaporator over the phase 
transition surface is calculated using the Newton-Richmann equation:  

ℎ =
푄

퐴(푇�� − 푇��)
=

푞
훥푇 (6)

Heat transfer coefficients of the evaporator 1 surface at a heat load of 40 W for 
different rates of filling the thermosyphon with working liquid (as a percentage in 
relation to the internal volume of the evaporator), is shown in Figure 12. 
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Figure 12. Effect of the degree of filling ratio with acetone on the heat transfer 
intensity in the evaporator, Q = 40 W.  

It is evident from the graph in Figure 12 that when the thermosyphon transfers a 
heat load of 40 W, significant changes in the heat transfer coefficient occur at a filling 
level of the evaporator with acetone up to 33%. Further increase in the rate of filling 
the thermosyphon with working fluid does not lead to a change in the heat transfer 
coefficient. Therefore, for this heat load, the optimal filling is 33%.  

Important characteristics of closed two-phase thermosyphons are the total 
thermal resistance of the device and the thermal resistances of individual components. 
The graphs of the dependence of thermal resistances of the evaporator, condenser, and 
the entire thermosyphon (Re, Rc, and RTS), calculated using Equations (1)–(3), are 
shown in Figure 13.  

Figure 13. Dependence of thermal resistances of the evaporator (Re), condenser (Rc), 
and total thermal resistance (RTS) on the thermal load Q.  

2.3.2. Evaporators 1 and 2 are heat loaded 
A loop thermosyphon with two evaporators has the ability to receive heat from 

two heat sources of equal or different thermal power. To determine the behavior of the 
thermosiphon when a load is applied to both evaporators, the main evaporator (1) was 
started with a heat flow of 40 W, after reaching the steady state, a heater with a power 
of 20 W was connected to the additional evaporator (2). Temperature distribution data 
are shown in Figure 14. The curves in the figure indicate three stages of the process. 
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First, the thermosyphon is started with a heat load of 40 W on evaporator 1 (stage 1). 
At stage 2, the thermosyphon with the heat-loaded evaporator 1 reaches a steady-state 
operating mode. The third stage corresponds to the inclusion of the previously inactive 
evaporator 2 into operation with a heat load of 20 W and the thermosyphon reaching 
a steady-state mode with two heat-loaded evaporators.  

Figure 14. Temperatures of thermosyphon components with sequential switching on 
of evaporator 1 (40 W) and evaporator 2 (20 W).  

When the heat load was applied to evaporator 2, the temperature of the main 
evaporator 1 remained virtually unchanged. A slight increase in the vapor temperature 
was observed with a noticeable cooling of the liquid phase, which is explained by the 
increased heat exchange in the condenser. Figure 15 shows the temperature values on 
the thermosyphon body in steady-state mode with a load of 40 W on evaporator 1 and 
20 W on evaporator 2. The layout of the temperature sensors on the thermosyphon is 
shown in Figure 8.  

Figure 15. Temperature field along the thermosyphon in steady state with both 
thermosyphon evaporators active.  

3. Discussion

Electric and hybrid transport allows for the reduction of the consumption of
hydrocarbon fuels and improves the ecology of the planet, which is the reason for its 
increasing prevalence. The design of both cars and aircraft with electric power plants 
includes components that generate a large amount of heat during operation. This heat-
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loaded equipment requires efficient and energy-saving thermal control systems. 
Cooling systems based on heat pipes and thermosyphons, possessing the above-
mentioned qualities, have proven themselves well and require further development in 
connection with the growing energy intensity of electric and hybrid vehicles. A new 
loop thermosyphon with two evaporators and one condenser for cooling electronic 
components is developed and tested with acetone as the working fluid.  

The results of the experimental study of the thermosyphon with two parallel 
panels showed that its operation is related to the difference in heating power between 
the two panels. The hydraulic resistance of the high-load panel is higher than the low-
load panel. When there is a significant difference in the loads of the two evaporators, 
the high-load evaporator experiences overheating due to the insufficient fluid flow, 
while the low-load evaporator incurs some flow wastage. The tested thermosyphon is 
characterized by dynamic entry into the operating mode. Considering the importance 
of weight characteristics for equipment used in transport, the advantage of the 
thermosyphon is also its lightness, due to the choice of aluminum as a construction 
material.  

4. Conclusions

Among the various means of temperature control of heat-loaded equipment of
electric and hybrid vehicles, systems on heat pipes and thermosyphons stand out due 
to a number of advantages, including efficiency, simplicity, no need for energy 
consumption for their operation, and automatic start-up. To solve problems of 
optimizing the temperature conditions of operation of electronic systems, including 
on-board equipment of electric and hybrid transport, an aluminum loop thermosyphon 
was created and tested. Based on the results of the study, the following conclusions 
can be drawn:  
1) As the transferred heat flow increases, the thermal resistance of the thermosyphon

decreases, since the circulation of the working fluid along the circuit accelerates
and heat exchange processes intensify. The stability of heat transfer by the
thermosyphon is maintained even with non-stationary and asymmetrical heat
load supplies to the evaporators.

2) An additional evaporator (2) helps to start the thermosyphon with the filling ratio
30%, acting as an auxiliary condenser during the transition mode.

3) Thermosyphons of this type can be used to create heat exchangers for passive
thermal control systems for electronics, space equipment, avionics, traction
drives for electric transport, etc.
Experience with aluminum shows that there are difficulties in creating effective

porous structures with the required porosity, permeability and capillary potential for 
evaporators, since the method of their production by sintering powder particles is not 
applicable in this case. Modification of heat exchange surfaces can be carried out by 
structuring, coating with aluminum dioxide particles and other methods.  
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Abstract: A necessary condition for the most effective application of the mathematical 
control theory results to the modern automatic devices dynamics сonsideration is the 
presence of an adequate nonlinear mathematical model obtained by strict general methods. 
Methods for reducing the dimensions of dynamic models of systems with geometric 
constraints by analytical mechanics methods for non-free systems are considered due to the 
transition to equations in redundant coordinates free of constraint multipliers. A detailed 
algorithm for this procedure and its justification is given. Using the theory of critical cases, a 
complete solution is given to the stabilizing problem of a given configuration of systems with 
geometric constraints. 

Keywords: mathematical dynamics model; geometric constraints; stabilization 

1. Introduction

The trouble-free operation of modern automatic technical devices is determined
by the reliability of their control systems. The mathematical control theory with 
incomplete state information [1] has developed methods for increasing this reliability 
by not only reducing the control vector dimension (the number of actuators) [2,3], 
but also by reducing the volume of current measurement information (the number of 
measuring sensors) that ensure the formation and implementation of the necessary 
control actions in real time.  

A necessary condition for the these results effective application is the adequate 
nonlinear mathematical model of the dynamics device under study, obtained by strict 
abstract-theoretical methods. Despite intensive research, the methods development 
for the strict nonlinear controlled dynamics modeling of modern automatic devices 
requires further development. All of the above fully applies to such a widespread and 
rapidly developing class of automatic systems as manipulators with parallel 
kinematics [4]. 

At the initial stage, completely incorrect attempts were made to describe the 
such systems dynamics using classical Lagrange equations of the second kind. The 
such equations use is based on the generalized coordinate introduction, i.e. 
independent parameters in the smallest number, uniquely determining the system 
state. This procedure is not feasible in the presence of relationships describing 
geometric connections. 

Later, traditionally, studies began on modeling the dynamics of manipulators 
with parallel kinematics using the Lagrange equations with constraint multipliers. 
The need for a general solution to the inverse kinematics problem that arises with 
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this approach makes it impossible to obtain an analytical form of a nonlinear model. 
Since in the absence of such a model, the effective application for the mathematical 
control theory results is impossible, published studies are limited to considering 
specific technical devices. 

2. Methods

Until now, to construct mathematical models of these devices as systems with
geometric constraints, a method [5–9] has been used that is far from being the most 
effective, based on the use of equations with constraint multipliers [10–14]. As is 
known, such an approach increases the dimensionality of the model: the variables of 
the model are, in addition to all coordinates, all (including dependent) velocities, and 
additionally constraint multipliers. Attempts are being made to simplify the study 
(reduce the dimensionality of the model) of specific devices by excluding constraint 
multipliers using an extremely labor-intensive method associated with double 
differentiation with respect to time of the geometric constraint equations and 
substitution into the obtained acceleration ratios of all coordinates expressed from 
equations with constraint multipliers. 

The algorithm of such a study method was proposed and substantiated by 
Lyapunov [15] in 1885: the unique nontrivial solvability of the obtained ratios as 
linear inhomogeneous algebraic equations with respect to constraint multipliers was 
proven. The dimensionality of the mathematical model is reduced by this method by 
excluding the constraint multipliers from consideration. The applicability of this 
cumbersome method is obvious only to the study of the specific device dynamics; it 
cannot have general theoretical significance. 

But even with the use of modern software for processing symbolic information, 
it is not possible to obtain the dynamics mathematical model for a specific technical 
device in analytical form due to the already noted extreme labor intensity by the 
practical implementation of the Lyapunov algorithm. Consideration using this 
method, in particular, of the Delta robot dynamics was limited [6,8,9] only to the 
device behavior computer simulation with an arbitrarily specified vector of control 
actions. 

Analytical mechanics of non-free systems with geometric constraints (which 
include manipulators with parallel kinematics) has effective general theoretical 
methods for reducing the dimensions of mathematical models [10,11,13,14] of their 
dynamics by excluding from consideration not only the constraint multipliers, but 
also the velocities of coordinates dependent on the constraints [12]. 

However, as the analysis of publications shows, despite the numerous articles [16–
19], these results have not yet found application in technical practice. In stabilizing 
problems for the given configuration manipulators with parallel kinematics, a further 
reduction of the mathematical model dimension for determining the stabilizing 
controls can be achieved by applying the theory of critical cases of nonlinear 
stability theory [20–22]. But for a justified conclusion, due to this theory, not only a 
strict selection of the first approximation is necessary, but also a complete analysis of 
the nonlinear terms of the equations of perturbed motion in analytical form. In such 
situations, no computer modeling can solve the problem. A complete nonlinear 
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model obtained by strict abstract-theoretical methods with the necessary reduction of 
the equations to a special form using the replacement [23] is required. The use of 
general methods makes it possible to further reduce the control problems dimensions 
by moving, in particular, to Routh variables [24,25]. 

3. Traditional method for modeling the non-free systems dynamics

Let us consider the algorithm for compiling Lagrange equations with constraint
multipliers for a system with coordinates 푞�, … , 푞��� and geometrical constraints, 

퐹(푞) = 0; 퐹�(푞) = �퐹�(푞), … , 퐹�(푞)� (1)

det �����(�),…,��(�)�
�(����,…,����) � ≠ 0; (2)

with kinetic energy of the most general form (here and below, summation is 
performed over repeating indices) 

푇(푞, 푞̇) = 1
2� 푎��(푞)푞�̇푞�̇ + 푎�(푞)푞̇� + 푇�;  푖, 푘 = 1, 푛 + 푚�����������; (3)

Due to the presence of relations (1), the following conditions are imposed on 
the variations of the coordinates: 

푏��(푞)훿푞� = 0; 푏�� =
휕퐹�

휕푞�
 ;  휎 = 1, 푚������;  푖 = 1, 푛 + 푚�����������; (4)

imposed on the variations of coordinates due to the presence of constraints (1) on 
which the forces 푄�, related to the coordinates (potential and non-potential) act.  

The equations of motion with constraint multipliers 

푑
푑푡

휕푇
휕푞̇�

−
휕푇
휕푞�

= 푄� + 휆�푏��;  휎 = 1, 푚������;  푖 = 1, 푛 + 푚�����������; (5)

can be obtained [10–14] from the d’Alembert-Lagrange principle. The variables of 
the model are 

푞�,  푞̇�,  휆�푖 = 1, 푛 + 푚;  휎 = 1, 푚; 

In general, to obtain a complete nonlinear dynamics mathematical model of a 
system with geometric constraints, m nonlinear algebraic geometric constraints in 
Equation (1) should be added to n + m second-order differential Equation (5). The 
model includes all coordinates and all velocities (including those dependent on 
constraints). To determine the Lagrange multipliers, it is necessary to take into 
account relations (1) for determining the constraint multipliers. When passing to the 
normal form, we obtain 2(n + m) first-order differential equations and m algebraic 
constraint equations. The variables of such a high-dimensional model are all n + m 
coordinates, all n + m velocities and m constraint multipliers. The total dimension of 
the model is 2(n + m) + m = 2n + 3m. 

This approach leads to an unjustified increase in the dimensions of the models, 
which greatly exceeds the number of degrees of freedom of the system. Therefore, 
for controlled systems with geometric constraints, there is still practically no 
analytical form of mathematical dynamics models, including the actuator models. 
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The situation persists [5–9], despite the fact that in the analytical mechanics of non-
free systems, methods have been developed [12,16–19] for reducing the dimensions 
of models by switching to equations in redundant coordinates by excluding 
dependent velocities from consideration using differentiated equations of geometric 
constraints and the expression for the Lagrange multipliers found in the general case. 
Remark 1. It should be noted that attempts have been made to model the system’s 
dynamics with geometric constraints using Lagrange equations of the second kind. 
In particular, such an approach was used to study the dynamics of the well-known 
Ball and Beam (Figure 1). 

Figure 1. Scheme of the “Ball and Beam” stand. 

In this system, the electric drive, due to the inclination of the chute OA, can roll 
the ball C to any predetermined position on the chute and stabilize this equilibrium. 
The chute is connected on one side at point O to a fixed supporting post, and on the 
other to a movable lever AB. The motion of the lever is controlled by a DC motor. A 
nonlinear geometric relationship is imposed on the system: the distance between 
points A(xA, xB) and B(xB, yB) is constant: 

�퐿(푐표푠훼 − 1) + 푑(1 − 푐표푠휃)�� + (퐿푠푖푛훼 + 푙 − 푑푠푖푛휃)� = 푙�; (6)

(L = OA − length of the trough, l = AB − length of the lever, d − radius of the 
output drive wheel).  

Starting with [26], in all studies of the dynamics of the Ball and Beam stand 
with a geometric constraint [26–31], when constructing a mathematical model, 
immediately, starting with [26] and up to now [30,31], they completely unjustifiably 

move from a nonlinear Equation (6) to a linear dependence 훼 ≈ �
�

휃 and exclude the 

dependent coordinate from consideration. Despite the fact that the incorrectness of 
such an approach has already been discussed in detail earlier [16–18], such a model 
is still used [30,31], and even referring to the article [17] (compare with [32]). 
Therefore, the author considered it appropriate to once again present in detail an 
alternative algorithm for obtaining, using strict methods of analytical mechanics, 
non-free systems of complete nonlinear models, the dimensions of which are 
significantly smaller than those traditionally used. 

4. Method of excluding constraint multipliers in dynamics models
for specific systems with geometric constraints.

The labor intensity by the dynamics research of specific technical devices with 
geometric constraints is determined by the dimensionality of the model used. Most 
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often, information on constraint reactions is not required in technical practice. 
Therefore, it is possible to simplify the study by defining an explicit form of 
constraint multipliers to exclude them from consideration.  

The general procedure for this operation was developed by Lyapunov [15]. 
With this modeling method, the dynamics of a specific system, it is necessary to 
consistently perform extremely labor-intensive and cumbersome operations: 

1) Express all accelerations 푞�̈  from the equations of motion with constraint
multipliers (6). 

2) Obtain a system of linear algebraic relations with respect to accelerations by
differentiating the expressions of geometric constraints twice with respect to time. 

3) By substituting the expressions for accelerations from the motion equations
into these relations, obtain a linear inhomogeneous algebraic equations system with 
respect to the constraint multipliers 휆�. 

4) Express the constraint multipliers from these equations as 휆�((푞, 푞̇).
5) Substitute the expressions 휆�((푞, 푞̇)  into Equation (6) to obtain a

mathematical model of the system dynamics without constraint multipliers. 
Despite the extreme labor intensity of this method of obtaining a model, 

proposed back in the 19th century, it is this method that is still used in the study of 
the Delta robot [5]. The complexity of the resulting mathematical model (only the 
mechanical component of the robot without taking transient processes into account 
for the actuators is considered) leads to the possibility of considering only a 
computer simulation.  

It should be noted that (using modern information technologies) the method [15] 
was used [5] without references. It is obvious that it is fundamentally impossible to 
obtain an explicit analytical form of a nonlinear mathematical model of the device 
under study dynamics in this way. In our opinion, that leads to the fact that in 
modern dynamics studies for robotic devices with parallel kinematics, the 
mechanical robot component behavior analysis from the analytical mechanics 
standpoint is not at all carried out, and immediately a transition to computer 
modeling is carried out. 

Moreover, a completely unfounded conclusion about the model adequacy 
constructed using modern information technologies with selected specific numerical 
values of the device parameters is made on the basis of the model’s behavior 
proximity (obtained as a numerical experiment result) to the real object dynamics. 
Analysis of the particular solution behavior for a nonlinear differential equations 
system, especially one obtained using one or another approximate calculation 
method, in principle cannot serve as the basis for any conclusions about the nature of 
this system's general solution. 

5. Some general methods for reducing the dimension of the
mathematical model in modeling the non-free systems dynamics

General methods for such an exclusion, associated with a single or double 
differentiation with respect to time of the equation of geometric constraints (1) 
Lurye [10], Suslov [11] developed. 
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Separating in Equation (4) the variations of independent and dependent 
coordinates we obtain 

푏��(푞)훿푞� + 푏��(푞)훿푞� = 0;  휇 = 푛 − 푚 + 1, 푛 + 푚����������������������;  휎 = 1, 푚������;  휌 = 1, 푛�����; (7)

According to Equation (2) we can express from Equation (7) the dependent 
variations. 

훿푞� = 퐵��(푞)훿푞�;  �퐵��(푞)� = − � �(��,…,��)
�(����,…,����)

�
��

��(��,…,��)
�(��,…,��)

� ; (8)

The conditions imposed by the constraints Equation (1) on the variations take 
the form 

훿푞� − 퐵��(푞)훿푞� = 0 (9)

Using Equation (9) we can separate Equation (5) for dependent and independent 
coordinates. 

�
��

��
��̇�

− ��
���

= 푄� − 퐵��휆�;  �
��

��
��̇�

− ��
���

= 푄� + 휆�;  휎 = 1, 푚������;  휌 = 1, 푛;������  (10)

Expressing the multipliers from the second Equation (10) 

휆� = �
��

��
��̇�

− ��
���

− 푄�; 휎 = 푛 + 1, 푛 + 푚; (11)

After substituting Equation (11) for the first equation of system Equation (10), 
we obtain 

푑
푑푡

휕푇
휕푞̇�

−
휕푇
휕푞�

= 푄� − 퐵�� �
푑
푑푡

휕푇
휕푞̇�

−
휕푇

휕푞�
− 푄�� ; 

From the equations of the constraints (1), differentiated once with respect to 
time, it is possible to express the dependent velocities. 

푞̇� = 퐵�(푞)푞̇�;  휎 = 1, 푚; 푗 = 1, 푛; (12)

In our opinion, a much more effective way to reduce the dimensionality of the 
model is the alternative method of Shulgin [12] of transition to decreases in 
redundant coordinates by excluding from consideration the multipliers and 
dependent velocities.  

Denoting the result of eliminating dependent velocities using Equation (12) 
from the kinetic energy Equation (3) through 푇∗(푞�, … , 푞���, 푞̇�, … , 푞̇�), and from 
the acting forces through 푄�

∗. 

푇∗ = 1
2� 푎��

∗ (푞)푞�̇푞�̇ + 푎�
∗ (푞)푞̇� + 푇�;  휌, 훾 = 1, 푛�����; (13)

푎��
∗ (푞) = 푎�� + 푎��퐵��퐵�� + 푎��퐵�� + 푎��퐵��퐵�� ;  푎�

∗ (푞) = 푎� + 푎�퐵��. 

Comparing the corresponding derivatives 푇∗(푞�, … , 푞���, 푞̇�, … , 푞̇�)  and 
푇(푞�, … , 푞���, 푞̇�, … , 푞̇���)  and taking into account the integrability of the 
constraints (12), we will have as a result, in the general case, a nonlinear 
mathematical model of the system dynamics is obtained in the form of M.F. 
Shulgin’s equations free of multipliers [12] in redundant coordinates (cf. the 
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equations of Voronets [33–35] into account the integrability of the kinematic 
constraints (12): 

푑
푑푡

휕푇∗

휕푞̇�
−

휕푇∗

휕푞�
= 푄�

∗ + 퐵��(푞) �
휕푇∗

휕푞�
+ 푄�

∗ � ; 푞̇� = 퐵��(푞)푞̇�; (14)

 휎 = 푛 + 1, 푛 + 푚;  휌 = 1, 푛; 

It should be noted that, unlike the approach of Lyapunov [15], this is a general 
theoretical method. In the general case, the dimension of the mathematical model of 
the dynamics of systems with geometric constraints in the form (14) is reduced in 
comparison with Equation (5) by a double number of constraints (1). In addition to 
the multipliers, the model does not contain the velocity coordinates that depend on 
the presence constraints (1). Moreover, it should be especially noted that the 
application of this modeling method to the study of the dynamics of specific 
technical devices generally eliminates the need to solve the inverse kinematics 
problem (cf. [5]). The strict nonlinear model is obtained in analytical form and 
includes in normal form only 2n + m differential equations of the first order, i.e., it is 
reduced by 2m in comparison with the dimension 2n + 3m of model (1), (5). 

Let us once again present a step-by-step algorithm for obtaining a generally 
nonlinear mathematical model (14) of the dynamics of a system with geometric 
constraints (1): 

1) Differentiate the equations of geometric relationships (1) once with respect to
time. 

2) Express the velocities of dependent coordinates (12) from this linear
algebraic system. 

3) After substituting (12) into the acting forces, kinetic energy (3) is obtained as
kinetic energy (13) with the dependent velocities excluded. 

4) Obtain a mathematical model (14) of the dynamics of systems in redundant
coordinates. 

It is extremely important to note that, for the practical application of this 
mathematical modeling method for the systems dynamics with geometric constraints, 
mathematical training in the amount of standard engineering education is quite 
sufficient. No additional competencies in the field of analytical mechanics of non-
free systems are required. 

The obtained general analytical form of the mathematical model of nonlinear 
dynamics allows, in the general case, to present the mathematical dynamics model 
for any system with geometric constraints (under the action of arbitrary potential and 
non-potential forces that do not violate the conditions for the existence and 
uniqueness of the differential equations solutions) in the form of the Shulgin 
Equation (14) in explicit scalar form [16,17,36] without resolving the inverse 
problem of kinematics (cf. [5,7,8,37,38]): 

푎��
∗ 푞̈� +

휕푎��
∗

휕푞�
푞̇�푞̇� +

휕푎��
∗

휕푞�
퐵��푞̇�푞̇� −

1
2

휕푎��
∗

휕푞�
푞̇�푞̇� −

1
2

휕푎��
∗

휕푞�
퐵��푞̇�푞̇� + �

휕푎�
∗

휕푞�
−

휕푎�
∗

휕푞�
+ 퐵��

휕푎�
∗

휕푞�
− 퐵��

휕푎�
∗

휕푞�
� 푞̇�

+
휕푊
휕푞�

+ 퐵��
휕푊
휕푞�

= 푄�
∗ + 퐵��푄�

∗ ; 푞̇� = 퐵��(푞)푞̇�; 
(15)
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휇, 휎 = 푛 + 1, 푛 + 푚;  푙, 푗, 푟 = 1, 푛; 

here 푊(푞) = 훱(푞) − 푇�(푞)  is the changed (reduced) potential energy, 훱(푞) -
potential energy, and 푄�

∗, 푄�
∗  now denotes the non-potential forces corresponding to 

the coordinates 푞� ,  푞� when they are introduced in excess. 
One of the most important problems in technical practice of the technical 

objects control is ensuring stable implementation of the object specified behavior. 
The analytical form of the obtained mathematical model created the possibility for 
the Krasovskii’s method using by determining the stabilizing control that solves this 
problem. The developed complex application of analytical mechanics strict methods 
for non-free systems [10–14] and nonlinear stability theory [20–22] to real modern 
technical devices due to the reduction of the model dimension allows including the 
actuators dynamics in the consideration. In particular, in detailed studies of the Ball 
and Beam stand, additional voltage on the armature winding of the actuator drive 
commutator motor was considered as a stabilizing control. The control coefficients 
were determined [16–19] from the linear-quadratic stabilization problem solution by 
the Krasovskii method [39]. To conclude about the asymptotic (despite the presence 
of the zero root of the characteristic equation) stability [20–24] in the complete 
nonlinear system closed by the found control, a proof of the general theorem [16,17] 
was required. 

The results obtained in the complete study of the Ball and Beam stand dynamics 
created [16–18,34] the basis for the development of such a general modeling method 
for the controlled dynamics of non-free mechanical systems with geometrical 
constraints in general [19], which turned out to be an effective tool for the nonlinear 
dynamics modeling of manipulators with parallel kinematics [36]. The rigorous 
nonlinear mathematical models obtained with its use made it possible to apply 
general methods of nonlinear stability theory [20–24] for a complete solution, in 
particular, in stabilization problems of given parallel manipulator configurations. 

6. Application of the developed mathematical model to the general
stabilization problem for non-free systems

Let the system admit an equilibrium position. 

푞� = 푞��,  푞� = 푞��  (16)

Equilibrium equations can be obtained in the general case from the Equation 
(15). 

��
���

+ 퐵��
��
���

= 푄�(�̇��) + �퐵��푄��
(�̇��) (17)

When 푇�(푞) = 0 and there are no non-potential forces, we obtain 

��
���

+ 퐵��
��

���
= 0. 

Remark 2. It follows that the equilibrium position when using redundant 
coordinates may not be a stationary point of potential energy. However, if the 
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potential energy can be expressed through independent generalized coordinates 
훱(푞�, … , 푞�), then for it, in the absence of non-potential positional forces, all  

��
���

= 0, 푖 = 1, 푛. 

Remark 3. From the equilibrium Equation (17) it follows that potential and non-
potential positional forces may contain constant non-zero terms 

���
���

�
�

≠ 0, ���
���

�
�

≠ 0, 푄�(푞�) ≠ 0, 푄�(푞�) ≠ 0: (18)

In order to formulate the equations of disturbed motion necessary for solving 
the stabilization problem, we introduce disturbances. 

푞�� = 푞�� + 푥�,푞� = 푞�� + 푦�. 

To solve the stabilization problem, equations of perturbed motion should be 
drawn up. Let us introduce disturbances, compose equations of perturbed motion and 
select the first approximation in them. Let us formulate the equations of the 
perturbed motion and select the first approximation in them.  

Here, for ease of understanding the taking-into-account problem of the required 
order in the constraint equations with a strict selection of the first approximation, the 
equations are written without taking into account non-potential forces (among which 
there may be control ones):  

푎��
∗ (0)푥̈� + ��

휕푎�
∗

휕푞�
�

�
− �

휕푎�
∗

휕푞�
�

�
+ 퐵��(0) �

휕푎�
∗

휕푞�
�

�
− �

휕푎�
∗

휕푞�
�

�
퐵��(0)� 푥̇�

+ ��
휕�푊

휕푞�휕푞�
�

�
+ 퐵��(0) �

휕�푊
휕푞�휕푞�

�
�

+ �
휕푊
휕푞�

�
�

�
휕퐵��

휕푞�
�

�
� 푥�

+ ��
휕�푊

휕푞�휕푞�
�

�
+ 퐵��(0) �

휕�푊
휕푞�휕푞�

�
�

+ �
휕퐵��

휕푞�
�

�
�

휕푊
휕푞�

�
�

� 푦� = 푋�
(�)(푥̇, 푥, 푦);

(19)

here (⋯ )� means the value of the expression in brackets in equilibrium (16), and the 
number in the brackets in the upper index is the order of the lowest terms in the 
corresponding expression expansion.  

Let us add to these equations the equations of differential constraints with the 
selected first approximation 

푦̇� = 퐵��(0)푥̇� + 퐵��
(�)(푥, 푦)푥̇� (20)

퐵��
(�)(푥, 푦) = 퐵���푞�� + 푥, 푞�� + 푦� − 퐵���푞��, 푞���; 퐵���푞��, 푞��� = 퐵��(0).

If a linear replacement is carried out in system (18), (19) [23] 

푧� = 푦� − 퐵��(0)푥� (21)

then the constraint equations will take the form 

푧̇� = 퐵��
(�)(푥, 푧 + 퐵(0)푥)푥̇�; (22)
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After replacement (21), there are no linear terms on the right in Equation (22). 
Obviously, the variables 푧�  correspond to the zero roots of the characteristic 
equation of the system. 

푎��
∗ (0)푥̈� + ��

휕푎�
∗

휕푞�
�

�
− �

휕푎�
∗

휕푞�
�

�
+ 퐵��(0) �

휕푎�
∗

휕푞�
�

�
− �

휕푎�
∗

휕푞�
�

�
퐵��(0)� 푥̇�

+ ��
휕�푊

휕푞�휕푞�
�

�
+ 퐵��(0) �

휕�푊
휕푞�휕푞�

�
�

+ �
휕푊
휕푞�

�
�

�
휕퐵��

휕푞�
�

�
� 푥�

+ ��
휕�푊

휕푞�휕푞�
�

�
+ 퐵��(0) �

휕�푊
휕푞�휕푞�

�
�

+ �
휕퐵��

휕푞�
�

�
�

휕푊
휕푞�

�
�

� �푧� + 퐵��(0)푥��

= 푋�
(�)(푥̇, 푥, 푧 + 퐵(0)푥)

(23)

푧̇� = 퐵��
(�)(푥, 푧 + 퐵(0)푥)푥̇�.

The system of Equation (23) represents a mathematical model of the dynamics 
of an arbitrary system with geometric constraints with a strictly selected first 
approximation. It should be noted that in the equations of the first approximation, in 
the general case, due to conditions (18), there may be terms  

�����

���
�

�
, �����

���
�

�
, 

determined by the coefficients of quadratic terms in the geometric constraint 
expansion in the neighborhood equilibrium (16), since the matrix 

�퐵��(푞)� = − � �(��,…,��)
�(����,…,����)

�
��

��(��,…,��)
�(��,…,��)

�, 

through the first-order terms in this expansion. The need to take into account 
quadratic terms in the constraint equations expansion when studying the stability of 
systems with geometric constraints was pointed out by Rouse [13]. 

Now let us assume that in addition to potential forces with energy П(q), non-
potential positional forces and forces depending on velocities act on the system. 
Having singled out the first approximation in the motion equations for such systems 
and using the vector-matrix form of recording, we will have 

푄� = 푓��푞̇� + 푓��푞̇� + 푝��푞� + 푖푞� + ⋯. 

After eliminating dependent velocities and replacing (21) for dependent 
coordinates, we obtain the characteristic equation of the first approximation system 
in the general case by the action of potential and non-potential forces. 

휆� 푑푒푡[ 퐴휆� + (퐺 + 퐷)휆 + 퐶� + 퐶�퐵 + 퐵′퐶� + 퐵′퐶�퐵 + 퐶� + 푃] = 0 (24)

D = �푓�� + 푓��퐵�� + 푓��푏�� + 푓��푏��퐵���;  퐺 = {푔��(0)}; 

P = �푝�� + 푝��퐵�� + 퐵��푝�� + 퐵��푝��퐵���; 

A = ‖푎∗(0)‖;  퐺 = ‖푔��(0)‖; 퐶� = �� ���
������

�
�

� ; 퐶� = �� ���
������

�
�

�: 
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퐶� = ��
휕�푊

휕푞�휕푞�
�

�
� ; 퐶� = ��

휕푊
휕푞�

�
�

�
휕퐵��

휕푞�
�

�
+ �

휕푊
휕푞�

�
�

�
휕퐵��

휕푞�
�

�
퐵��(0)� ; 

B = �퐵��(0)�; 푔��(0) = �����
∗

���
�

�
− ����

∗

���
�

�
+ 퐵��(0) ����

∗

���
�

�
− ����

∗

���
�

�
퐵��(0)�. 

Let us note once again that in the equations of the perturbed motion after the 
replacement (21), in the general case, linear terms appear with the matrix 퐶�, which 
depends on the linear terms of the expansion of the coefficients of the kinematic 

constraints �����

���
�

�
, �����

���
�

�
. Hence, the conclusion follows: in the general case, to 

obtain a linear approximation of the equations of perturbed motion, one cannot limit 
oneself to considering only the linear term of the expansion of the kinematic 
constraint Equation (1) (cf. [26–28,30–32]). 

Obviously, the characteristic equation (24) in the general case always, under the 
action of any forces, including control forces, has m zero roots. Consequently, the 
stability of the equilibrium states of systems with geometric connections is possible 
only in critical cases [20–22]. Using Kamenkov’s [22] theorem, the following is 
proved: 

Theorem [16,17]: If the real parts of all other, except m zero, roots of the 
characteristic equation are negative, then the equilibrium position [16] is 
asymptotically stable. 
Remark 4. The developed method basis is the reduction principle results of the 
nonlinear variables stability theory, when in addition to roots with zero real parts, 
there necessarily exist roots with negative real parts. The rigorous results of the 
general reduction principle are formulated after two variable changes. The first of 
them, linear, should reduce the equations to the so-called special form. With the 
indicated arrangement of roots, this change always exists. The second nonlinear 
change existence over all noncritical variables is a difficult problem to solve, since 
these functions are defined as the series in the variable powers, which convergence 
conditions in the theorem in the general case cannot be formally verified. 

However, in the mechanical systems special case with differential constraints, 
due to the nonlinear equations structure, it turned out to be possible to carry out the 
change only over the part of noncritical variables. And for such systems, the 
nonlinear change solves the problem of stability (non-asymptotic) in a special case. 
When passing from geometric constraints in the form of finite equations (1) to the 
differential constraints in the form (12), taking into account the structure of the 
arising perturbed motion equations, in contrast to the general case, it is the 
asymptotic stability of the unperturbed motion that is proven. 

Therefore, to solve the problem of stabilizing equilibrium (16) it is necessary to 
ensure the negativity of the real roots of the equation. 

푑푒푡[ 퐴휆� + (퐺 + 퐷)휆 + 퐶� + 퐶�퐵 + 퐵′퐶� + 퐵′퐶�퐵 + 퐶� + 푃] = 0 (25)

The location of the roots of Equation (25) is determined by the linear subsystem. 
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푎��
∗ (0)푥̈� + ��

휕푎�
∗

휕푞�
�

�
− �

휕푎�
∗

휕푞�
�

�
+ 퐵��(0) �

휕푎�
∗

휕푞�
�

�
− �

휕푎�
∗

휕푞�
�

�
퐵��(0)� 푥̇�

+ ��
휕�푊

휕푞�휕푞�
�

�
+ 퐵��(0) �

휕�푊
휕푞�휕푞�

�
�

+ �
휕푊
휕푞�

�
�

�
휕퐵��

휕푞�
�

�
� 푥�

+ ��
휕�푊

휕푞�휕푞�
�

�
+ 퐵��(0) �

휕�푊
휕푞�휕푞�

�
�

+ �
휕퐵��

휕푞�
�

�
�

휕푊
휕푞�

�
�

� 퐵��(0)푥� = 0 

(26)

The dimension of this subsystem in normal form is 2n, i.e., it is further reduced 
by the number of constraints. Thus, using the analytical mechanics of non-free 
systems, strict methods, and nonlinear stability theory, a mathematical model is 
obtained for the general stabilizing problem of given configurations for systems with 
geometric constraints (in particular, manipulators with parallel kinematics), which 
dimension is equal to the number of freedom degrees of the system. 

The mathematical model (26) includes any possible (not violating the theorem’s 
conditions about the existence and uniqueness of solutions for the corresponding 
differential equations) potential and non-potential forces. Among these forces, there 
may also be control mechanical actions (forces and moments) that ensure the 
specified behavior of the system. 

The achieved significant reduction in the model dimensionality and the methods 
rigor used to obtain it make it possible to include in the controlled dynamics model 
for a controlled subsystem a mathematical actuators model that creates these control 
actions. By virtue of the proven theorem on asymptotic stability (taking into account 
the nonlinear terms) for the model (26) in additional equations modeling the 
dynamics of actuators, it is sufficient to limit ourselves to only linear terms: with 
respect to these variables, under the controllability condition, it is always possible to 
achieve asymptotic stability by the first approximation. 

To simplify the further presentation, in accordance with the different nature of 
the dependence of kinetic and potential energies, geometric constraints and non-
potential forces, we introduce vectors. 

푞 = �
푞�
⋮

푞���

� ; 푟 = �
푞�
⋮

푞�

� ; 푠 = �
푞���

⋮
푞���

� ; 퐹(푞) = �
퐹�
⋮

퐹�

� ; 푄(푞, 푞̇) = �
푄�
⋮

푄���

� 

푄�(푞, 푞̇) = �
푄�
⋮

푄�

� ; 푄�(푞, 푞̇) = �
푄���

⋮
푄���

�, 

and we will move on to the vector form of the dynamics model 

�
��

��∗

��̇
− ��∗

��
= 푄�

∗ − 퐵�(푞) ���∗

��
− 푄�

∗� ; 푠̇ = 퐵(푞)푟̇;  (27)

Equilibrium position (16) in vector form 

푟 = 푟�; 푠 = 푠�: (28)

Let us introduce disturbances and write down the equations of the disturbed 
motion with the selected first approximation. 

r = 푟� + 푥; 푟̇ = 푥�; 푠 = 푠� + 푦: 
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푥̇ = 푥�; 

푥̇� = 푎푥 + 푏푥� + ℎ푦 + 푋�
(�)(푥, 푥�, 푦); (29)

푦̇ = 퐵(푥, 푦)푥�. 

The matrices in system (29) are expressed in a known [16–19,32,36] manner 
through the parameters of the system. 

After replacement (21) in vector form 

푧 = 푦 − 퐵(0)푥; (30)

the system (29) will go into 

푥̇ = 푥�. 

푥̇� = (푎 + ℎ퐵(0))푥 + 푏푥� + ℎ푧 + 푋�
(�)(푥, 푥�, 푧 + 퐵(0)푥); (31)

푧̇ = 퐵(�)(푥, 푧 + 퐵(0)푥)푥�. 

The characteristic equation of this system is 

According to the Theorem [16,17] asymptotic stability sufficient condition for the 
zero solution in the complete nonlinear system (29), the real parts of the roots 
equation must be negative. 

�
퐸�휆 퐸�휆

−푎 − ℎ퐵(0) 퐸�휆 − 푏� = 0 (33)

If this condition is not met, a stabilization problem arises: it is necessary to 
introduce control that ensures the desired location of the characteristic equation roots 
for the closed system. If we do not consider the actuators dynamics, to determine the 
stabilizing mechanical action we obtain the following model for linear system of 
dimension 2n. 

푥̇ = 푥�; 

푥̇� = �푎 + ℎ퐵(0)�푥 + 푏푥� + 푉푢; (34)

Here the matrix V models the way the control u is applied. To formulate 
sufficient conditions for the solvability of the stabilization problem, we will reduce 
system (34) to the standard form of mathematical control theory. 

휂̇ = 푃휂 + 푄푢; 휂� = (푥�, 푥�
�);  푃 = �

0 퐸�
푎 + ℎ퐵(0) 푏 � ;  푄 = � 0

푉;� (35)

When the controllability condition for the system is met Equation (35) 

푟푎푛푘[푄 푃푄 푃� 푄 ⋯ 푃���� 푄] = 2푛;  (36)

control 

�
퐸�휆 −퐸� 0

−푎 − ℎ퐵(0) 퐸�휆 − 푏 0
0 0 퐸�휆

� = 0: (32)
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푢 = 퐾�푥 + 퐾�푥�; (37)

can be determined by solving the linear-quadratic problem for system Equation (35) 
using Krasovskii’s method [39]. The minimum dimension r of the control vector 
sufficient to satisfy condition Equation (36) is determined [2] by the number of the 
non-trivial invariant polynomials matrix P. 

The simplification study due to the model dimension reduction creates the 
possibility for including the actuators dynamics in the consideration. For example, if 
the implementation of mechanical control actions is ensured by electric drives with 
collector motors with independent excitation, a linear approximation of transient 
processes in the motors anchor windings should be added to the model [40]. 

퐼�
���

��
+ 푅�푖� + 푘�(�)푥̇�(�) = 푒�;  휌 = 1, 푟����; (38)

The meaning of the designations in Equation (38): 퐼� is the inductance of the 
armature winding, 푅�is its ohmic resistance, 푘�(�) is the coefficient of back-EMF, 
and 푒� is voltage on the armature winding, additional to the voltage 푒��, that ensures 
the flow 푖��  of current in the armature winding, creating a moment that realizes 
equilibrium (28). The most detailed presentation of the complete solution to the 
stabilization problems by moments created by DC electric drives with collector 
motors is given in [16–18,36]. 

7. Result

The abstract theoretical results on analytical mechanics of non-free systems
obtained in the Soviet Union and Russia apparently remain unknown to specialists in 
technical practice. Despite the fact that the main works have been translated and the 
author has published numerous publications on their application, they remain 
unclaimed. This article once again describes in detail how effective the application 
of analytical mechanics methods of non-free systems is to modeling the behavior of 
manipulators with parallel kinematics. 

The abstract theoretical results of the application of the non-free systems 
analytical mechanics to modeling the behavior of manipulators with parallel 
kinematics as systems with geometric constraints in the general case frees one from 
considering the inverse problem of kinematics. 

Due to the exclusion of constraint multipliers and velocities of coordinates 
dependent on constraints from consideration, the dimensionality of the model, 
compared to traditional models in the form of equations with constraint multipliers 
(expressions of which in the coordinates and velocities functions form require 
additional definition), is reduced by the number of constraints. The developed 
transition to constraint multipliers-free equations in redundant coordinates allows, in 
contrast to all known results, in the general case to include the dynamics of actuators 
in consideration. 
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8. Discussion

Numerous articles on modeling the dynamics of systems with geometric
constraints develop a method whose mandatory stage is the consideration of the 
inverse kinematics problem. It is obvious that it is impossible to obtain a general 
solution to the inverse kinematics problem in an analytical form. Therefore, all 
publications model the dynamics of only a specific device. Moreover, the inverse 
problem is solved using software environments for processing symbolic information.  

Our approach is based on the transition to equations in redundant coordinates 
free of constraint multipliers. Such a procedure not only reduces the model 
dimensionality by excluding dependent velocities from consideration, but, most 
importantly, does not require solving the inverse kinematics problem in principle. 
Equations (14) and (15) generally represent the analytical form for a complete 
nonlinear dynamics model of an arbitrary system with geometric constraints (1). 

The explicit analytical form of the model (cf. the simulation methods [41–46] 
created the possibility for a complete solution to the general problem of stabilizing a 
given configuration of a non-free system with constraints (1) by applying the 
mathematical control theory results with the involvement of the critical cases theory. 
The proposed method’s effectiveness is demonstrated by a complete solution to the 
stabilization problem at the specified grip position of the Delta robot. Unfortunately, 
our highly effective, strictly substantiated approach is not only not used by technical 
practitioners, but is not reflected in any way even in such review articles as [41,46] 
with a list of references of many dozens of articles. 

The analytical model form creates the possibility not only for the rigorous 
selection of the first approximation in the perturbed motion equations, but also for 
conducting an analysis of the nonlinear term structure from the point of the critical 
cases theory view. On this basis, in the general stabilizing problem, a given 
manipulator configuration, the control problem dimension is additionally reduced by 
the number of dependent coordinates. At the same time, it is strictly proven that the 
control that solves the problem of stabilization to asymptotic stability for the 
unperturbed configuration in the complete nonlinear system is a linear function of 
only independent velocities and perturbations of the corresponding coordinates. 

In the presence of cyclic coordinates, it is possible to further simplify the study 
by switching to Routh variables. The reduction in the dimensionality of the problem 
for determining the stabilizing control is achieved by excluding uncontrolled 
impulses from consideration [24,25]. 

9. Conclusion

The developed simplification of the mathematical model makes it possible to
include a description of the dynamics of the actuators. If we take an electric drive with 
collector motors with independent excitation, mechanical moments proportional to the 
currents in the anchor windings of the motors should be added to the model [16–18,36]. 
In this case, additional voltages on the anchor windings of the drive motors should 
be considered as stabilizing controls. 

This approach has shown high efficiency in solving current stabilization 
problems for complex modern automatic devices with parallel kinematics. A full 
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description of its application is presented in detail in several studies. The very first 
object with one geometric constraint was the stand Ball and Beam [16–18,32]. 

The solution algorithm developed there was then applied to the complete 
solution of the stabilization problem for the given position of the Delta robot gripper. 
This device was considered as a system with three geometric constraints [36] 
(without the need to consider the inverse problem of kinematics, cf. [5–9,37,38]). 
The rigor of the applied abstract-theoretical methods created not only the possibility 
of taking into account the dynamics of actuators in the nonlinear model, but also the 
possibility of obtaining a complete solution to the stabilization problem with the 
determination of the stabilizing control coefficients controlled by the method of 
Krasovskii [39]. 

Conflict of interest: The author declares no conflict of interest. 
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Abstract: This study investigates the viscous, incompressible, laminar, time-independent 
micropolar MHD fluid flow between two stretching disks under radiant heat flux, with 
applications in industrial systems like turbines and nuclear reactors. Using suitable similarity 
transformations, the nonlinear constitutive equations are reduced to coupled ODEs and solved 
through two novel semi-analytical approaches: the Hybrid Analytical-Numerical method 
(HAN method), which constructs analytical solutions from numerical data, and the modified 
Akbari-Ganji Method (modified AGM) that operates independently of numerical solutions. 
Results demonstrate that stretching Reynolds number, magnetic parameter, and three 
micropolar parameters significantly affect all five dimensionless quantities (axial/radial 
velocity, microrotation, temperature, and concentration), while Eckert number variations cause 
a 16.5% maximum temperature increase when doubled from 1 to 2. A 429% temperature surge 
occurs as the Prandtl number rises from 3 to 22, whereas the Schmidt number (0.1–1.5) only 
modifies the concentration profile shape without changing extrema. The radiation parameter 
(0–8) alters temperature distribution between disks without affecting maxima/minima. Three 
validation methods confirm solution accuracy: graphical verification, comparison with existing 
analytical results, and cross-method consistency between HAN and modified AGM outputs. 
The study’s innovative dual-method approach coupled with 3D contour visualizations provides 
unprecedented semi-analytical solutions for this classical problem, offering both theoretical 
advancement and practical industrial insights. 

Keywords: MHD flow; semi-analytical methods; stretchable disks; modified AGM; HAN-
method 

1. Introduction

Integrating heat and mass transfer with fluid flow analysis is essential in many
engineering and scientific processes, prompting extensive research into stretching disk 
models. Magnetohydrodynamics (MHD) is a practical fluid model for understanding 
the flow of electrically conductive fluids in magnetic fields [1]. It is fundamental in 
physics, particularly in studying low-frequency, large-scale magnetic behavior in 
plasma and liquid metals, with applications in geophysics, astrophysics, and 
engineering. Non-Newtonian fluids, such as micropolar fluids that include two 
velocity variables not found in the Navier-Stokes equations, are also widely researched 
for their industrial applications [2]. While mathematical models can describe natural 
phenomena, their nonlinear equations lack exact analytical solutions, necessitating 
numerical and semi-analytical methods for approximate solutions. This study is 
significant mathematically as it introduces two new methods for the semi-analytical 
solution of nonlinear ODEs, demonstrating their application. Eringen’s micropolar 
fluid theory, proposed and later refined in the 1960s, has been extensively studied [3–
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6]. Turkyilmazoglu investigated the time-independent, incompressible, and viscous 
fluid flow due to the rotation of a permeable disk with uniform suction/injection 
capability [7–9]. Other researchers, including Sahoo, Srivastava, and Iqbal, have 
examined the fluid dynamics and heat transfer in non-Newtonian and MHD fluids in 
various configurations, often using similarity transformations to convert the 
constitutive equations into ordinary differential equations (ODEs) for numerical or 
analytical solutions [10–18]. This body of work highlights the complicated nature of 
fluid dynamics and the ongoing efforts to develop robust mathematical models for 
practical applications. Tabassum and Mustafa [19] explored the flow of non-
Newtonian Reiner-Rivlin fluid caused by the rotation of an impermeable swirling disk. 
They simplified the governing PDEs and analyzed them numerically. Yao and Lian 
[20] studied the Von Kármán rotational flow problem arising from the rotation of an
infinitely large disc, converting the constitutive equations into a set of ODEs using
similarity transformations. Sahoo and Shevchuk [21] examined the flow and heat
transfer in a rotating non-Newtonian Reiner-Rivlin fluid caused by a constantly
stretching disk. Yao and Lian [22] also investigated Von Kármán rotational viscous
flow due to disk rotation in a porous medium, solving the equations using the HAM
method after converting them to ODEs and validating their results against similar
studies. Zangooee et al. [23] focused on heat and mass transfer in nanofluid MHD flow
due to the stretching and rotation of two disks, using AGM to solve the simplified
equations. Das and Sarkar [24] analyzed non-Newtonian Reiner-Rivlin fluid flow
between two swirling stretchable circular sheets and solved the equations analytically
after converting them to ODEs. Naqvi et al. [25] investigated time-independent,
incompressible nanofluid flow due to the rotation of an impermeable disk at a constant
angular velocity. Usman et al. [26] studied heat transfer and fluid dynamics of a wavy
surface plate with temperature variations, rotating in a uniform flow. Various similar
analytical studies have been conducted [27–37]. Khan [38] examined a two-
dimensional MHD problem through a porous channel, simplifying the governing
PDEs with similarity variables and solving them analytically. Ahmad et al. [39]
investigated polymer fluid effects on a stretchable disk in a magnetic field using the
FENEP model. Khan et al. [40] studied non-Newtonian micropolar fluid flow,
simplifying the equations with dimensionless variables and analyzing them
numerically. Khan [41] examined linear viscoelastic fluid flow on a
shrinking/stretching plane, simplifying the PDEs with dimensionless variables and
analyzing them using HPM. Anusha et al. [42] analyzed heat and mass transfer in a
time-independent, slow, viscoelastic 2D flow caused by a porous widening/shrinking
slip, simplifying the PDEs and analyzing them analytically. Ghadikolaei et al. [43]
studied 3D nanofluid flow through a swirling channel with thermal radiation,
simplifying the PDEs and solving them numerically. Ghasemi et al. [44] examined
non-Newtonian MHD third-grade blood flow in porous arteries, simplifying the
equations and analyzing them using both analytical and numerical methods. Fakour et
al. [45] investigated non-turbulent micropolar fluid flow in a 2D permeable channel,
converting the equations into ODEs using similarity transformations and solving them
analytically and numerically. Rashad et al. [46] studied the magnetohydrodynamic
(MHD) flow and heat transfer of a Casson-Carreau hybrid nanofluid (Al2O3-Cu/water)
in a Darcy-Forchheimer porous medium under thermal radiation, magnetic field, heat

149



Mechanical Engineering Advances 2025, 3(2), 2838. 

sink/source, and slip conditions. Using non-similar transformations, they converted 
the governing equations into a solvable form and obtained numerical solutions. Their 
results showed that thermal radiation and blowing/suction parameters enhanced heat 
transfer, while the skin friction coefficient responded similarly to radiation but 
oppositely to suction/injection effects. In another study, Rashad et al. [47] investigated 
the flow of a Jeffrey hybrid nanofluid over a moving porous surface under the 
influence of a magnetic field, heat sink/source, yield stress, and chemical reaction. 
Using similarity transformations, they converted the governing partial differential 
equations into nonlinear ordinary differential equations, which were then solved 
numerically using the RKF45 method with shooting technique. Their analysis focused 
on key physical parameters affecting heat flux, temperature distribution, flow velocity, 
and surface friction. The results demonstrated that increased permeability, yield stress, 
heat generation, and magnetic field strength enhanced temperature distribution while 
reducing heat transfer efficiency. Conversely, chemical reaction and heat source 
parameters improved mass transport. This study provides valuable insights for thermal 
engineering applications. Abdelhafez et al. [48] investigated the enhancement of 
convective heat transfer in industrial applications using magnetohydrodynamic 
Maxwell nanofluid flow through a porous medium over a convectively heated 
stretching cylinder. The study incorporated higher-order chemical reactions and 
employed the optimal homotopy analysis method to solve the governing ordinary 
differential equations. Through graphical analysis, the authors examined the effects of 
key parameters on velocity, temperature, and concentration profiles. Their results 
demonstrated that heat transfer rates improved with increasing Biot number and 
chemical reaction order, while higher values of reaction parameter, magnetic field 
strength, permeability, and Eckert number reduced heat transfer efficiency. Mass 
transfer increased with Joule heating, chemical reaction rate, and Biot number but 
decreased with stronger magnetic fields, greater permeability, and higher-order 
chemical reactions. The findings were validated against previous studies and provide 
valuable insights for applications involving fluid transport in cylindrical tanks, 
particularly in water, oil, and gas systems. Turkyilmazoglu [49] conducted a two-fold 
study to (1) compare the behavior of a stretching jet under quadratic air resistance with 
classical frictionless jet formation, and (2) validate similarity flows for stretching thin 
bodies under boundary layer approximations. The research extended 
electrohydrodynamic jet theory—typically applied to electrospinning and jet 
printing—by incorporating air resistance effects in both the cone and final regimes 
before substrate deposition. Analysis of the nonlinear governing equations revealed 
that near the nozzle, viscous and electrical forces rapidly thin the jet, with air resistance 
enhancing this effect and improving alignment with experimental observations. The 
jet exhibited exponential thinning, accelerated by inversely quadratic liquid particle 
speeds, confirming similarity flow over exponentially stretching sheets. In the final 
regime, frictionless jets decayed algebraically, while air resistance caused exponential 
decay to a limiting speed—yielding square-root-dependent similarity flow for free jets 
and Sakiadis-type flow for resisted cases. The study uniquely integrated electrostatic 
forces (Coulombic effects) with quadratic drag, supported by experimental glycerol 
jet data. Numerical simulations further validated the asymptotic jet behavior under 
combined electrostatic pull and electric currents from bulk/surface charge transport, 
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offering insights beyond conventional jet hydrodynamics. In another study, 
Turkyilmazoglu [50] investigated unsteady heat and fluid flow phenomena over 
stretching/shrinking surfaces through rigorous mathematical modeling. The study 
developed two distinct approaches: (1) a conventional model yielding trivial steady-
state solutions, and (2) a novel formulation that successfully captured physically 
meaningful steady-state solutions documented in existing literature. Key contributions 
include deriving new similarity solutions for temperature fields in the conventional 
model and establishing that uniform wall temperature conditions optimize heat 
transfer rates. While the proposed model permits similarity solutions for specific cases, 
they noted that general conditions may require non-similar solution approaches. The 
analysis provides valuable insights for stagnation-point flows and non-Newtonian 
viscoelastic fluids, while identifying important directions for future research in this 
domain. Enamul and Ontela [51] investigated heat transfer and entropy generation in 
a hybrid nanofluid flow between rotating porous disks, focusing on applications like 
cooling systems and energy storage. They analyzed a TiO₂/CoFe₂O₄-engine oil 
nanofluid, incorporating Hall currents, viscous dissipation, and convective effects. 
Using similarity transformations and homotopy analysis, they solved the governing 
equations and found that temperature profiles improved with higher Brinkman 
numbers and Biot numbers, while skin friction decreased with increased TiO₂ 
concentration, porosity, and magnetic fields. Their results demonstrated enhanced heat 
transfer rates with larger nanoparticle shape factors and magnetic parameters, 
providing valuable insights for optimizing thermal management in MHD systems and 
nanofluid-cooled devices. Hussain et al. [52] developed a novel numerical model to 
analyze heat, mass, and microorganism transfer in nanofluid flow over a rotating 
stretched disk. They combined bioconvection of motile microorganisms with thermal 
transport equations to enhance system efficiency in cooling applications. The 
researchers incorporated internal heat generation and nanoparticle diffusion effects 
into modified momentum equations and solved them using shooting method with 
Runge-Kutta technique. Their analysis revealed that increasing unsteadiness ( 푆 ) 
accelerated thermal energy dissipation, while bioconvection significantly altered 
velocity and temperature profiles by thinning microorganism layers. The study 
demonstrated how these mechanisms could optimize thermal management in 
aerospace systems experiencing extreme frictional heating. Key achievements 
included establishing the first bioconvection-nanofluid model for rotating disks and 
quantifying microorganism-enhanced heat transfer efficiency for practical engineering 
applications. Lone et al. [53] investigated MHD Casson hybrid nanofluid flow 
between two rotating stretchable circular plates with variable porous spacing, 
employing the Cattaneo-Christov heat flux model to analyze thermal performance. 
They computationally solved the governing equations using the bvp4c method, 
examining magnetic field, thermal radiation, and non-uniform heat source/sink effects. 
Their results showed that axial velocity decreased near the lower disk (0 ≤  휉 <  0.4) 
but increased near the upper disk (0.4 <  휉 ≤  1.0) with higher magnetic factors, 
while radial velocity exhibited interval-specific variations. They demonstrated that 
increased porous spacing enhanced axial/tangential velocities and that thermal 
distribution improved with radial/magnetic factors and Biot number but declined with 
thermal relaxation time. The study provided validated insights for optimizing heat 
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transfer in rotating plate systems through comparative analysis. Mandal et al. [54] 
examined entropy generation in MHD hybrid nanofluid (Ag-MgO) flow over a 
permeable rotating disk with variable fluid properties, incorporating time-dependent 
stretching, velocity/temperature slip effects, and nonlinear thermal radiation. They 
transformed the governing equations using similarity variables and solved them 
numerically via shooting technique with 4th-order Runge-Kutta-Fehlberg method. 
The team discovered that disk rotation accelerated fluid motion while magnetic fields, 
thermal radiation, and temperature-dependent viscosity significantly influenced heat 
transfer rates, skin friction, and entropy production (quantified by Bejan number). 
Their analysis revealed optimal parameter combinations for minimizing entropy 
generation and enhancing system efficiency. Key achievements included: (1) 
developing a comprehensive model for entropy-optimized nanofluid flows, (2) 
quantifying rotational and magnetic effects on thermal performance, and (3) providing 
design insights for energy-efficient thermal systems in sustainable engineering 
applications. Naveed Khan et al. [55] studied the boundary layer flow of a hybrid Ag-
MgO/water nanofluid containing gyrotactic microorganisms over a rotating porous 
disk, incorporating double diffusion theory, Joule heating, and chemical reactions. 
They modeled multiple slip boundary conditions and transformed the governing 
equations into nonlinear ODEs using similarity transformations, which were solved 
numerically via the BVP4C MATLAB solver. Their results demonstrated that 
increasing nanoparticle volume fraction enhanced both velocity and temperature 
fields, while higher porosity parameters and inertia coefficients reduced velocity 
distribution. The team validated their findings through comparative analysis with 
previous studies. Key achievements included: (1) developing a comprehensive bio-
nanofluid model with slip effects, (2) quantifying how nanoparticle concentration and 
porous media interactively affect flow dynamics, and (3) providing optimized 
parameters for microbial-enhanced thermal systems in rotating machinery 
applications. Rauf et al. [56] investigated the steady-state flow of a viscous fluid over 
a variable-thickness rotating disk with stretching effects, incorporating a horizontal 
magnetic field to regulate flow dynamics and thermal energy in high-temperature 
applications. They analyzed thermal radiation and melting heat transfer, employing 
similarity transformations to convert governing equations into dimensionless form, 
which were solved numerically using the RKF-45 method. Their results demonstrated 
that melting reduced fluid resistance near the surface, increasing flow velocity while 
decreasing temperature gradients due to latent heat absorption. The study revealed that 
the horizontal magnetic field stabilized radial flow at angles (훼₁) between 0-30°, and 
the dimensionless radius enhanced thermal transport from the disk surface. Key 
achievements included: (1) developing a magnetohydrodynamic model for variable-
thickness rotating surfaces, (2) quantifying how melting and magnetic fields 
synergistically affect flow/thermal profiles, and (3) providing design insights for 
thermal management in turbines and phase-change material systems. Senbagaraja and 
De [57] analyzed the three-dimensional electro-osmotic flow of EMHD tangent 
hyperbolic nanofluid over a stretching rotating porous disk, incorporating thermal 
radiation, variable thermal conductivity, chemical reactions, and Stefan blowing 
effects. They transformed the governing partial differential equations into ordinary 
differential equations using similarity variables and solved them numerically via fifth-

152



Mechanical Engineering Advances 2025, 3(2), 2838. 

order Runge-Kutta-Fehlberg with shooting method. Through response surface 
methodology, they identified an optimal heat transfer rate of 6.46 for high 
magnetic/thermal radiation parameters with low electric field, while sensitivity 
analysis showed thermal radiation had 91.44% relative sensitivity at medium levels. 
Their study uniquely addressed previously unexplored assumptions with advanced 
boundary conditions. Key achievements included: (1) developing the first 
comprehensive EMHD nanofluid model with Stefan blowing, (2) optimizing heat 
transfer parameters through statistical analysis, and (3) demonstrating applications in 
biomedical, industrial, and microfluidic systems like drug delivery and electronics 
cooling. Sultana et al. [58] investigated the magnetohydrodynamic (MHD) forced 
convective flow of copper-, alumina-, and titania-based nanofluids induced by 
eccentric rotations of an unsteady stretching porous disk and surrounding fluid. They 
considered incompressible, viscous, electrically conductive fluid with Joule heating 
and viscous dissipation effects. The team obtained exact solutions for velocity fields 
and numerical solutions for temperature profiles using the Crank-Nicolson method. 
Their analysis revealed that increasing nanoparticle volume fraction reduced velocity 
while thickening the boundary layer, and higher unsteady parameters enhanced 
velocity but weakened temperature profiles. Key achievements included: (1) 
developing exact/numerical solutions for eccentric rotating nanofluid systems, (2) 
quantifying how porosity (푆), magnetic (푀²), and unsteady parameters (퐶) govern 
flow-thermal behavior, and (3) demonstrating suction's cooling effect for thermal 
management in rotating machinery applications. Turkyilmazoglu and Pop [59] 
examined the flow and heat transfer characteristics of a Bingham viscoplastic fluid 
subjected to combined axial rotation and radial stretching of a circular disk. They 
extended existing Bingham fluid models using von Kármán similarity transformations, 
solving the resulting nonlinear ODE system to analyze momentum and thermal fields. 
The study identified three key dimensionless parameters (swirling number, Bingham 
number, modified Reynolds number) governing the flow, revealing that radial 
stretching required significantly higher yield stresses than rotation alone to exhibit 
non-Newtonian effects. At high Bingham numbers, they observed a two-layer 
structure with an unyielded plug region and yielded shear layer near the wall. Key 
achievements included: (1) developing the first comprehensive model for Bingham 
fluids under combined stretching-rotation, (2) quantifying how wall movement 
enhances non-Newtonian behavior, and (3) characterizing the von Kármán pump 
mechanism in viscoplastic flows with practical implications for industrial processing 
systems. Usman et al. [60] investigated the flow and heat transfer characteristics of a 
ternary hybrid nanofluid (THNF) containing Cu, Al₂O₃, and MWCNTs over a rotating 
stretching disk under magnetic field effects. They transformed the governing equations 
into nonlinear ODEs and solved them numerically using MAPLE 2022, analyzing 
dimensionless velocity, temperature, concentration profiles, and performance metrics. 
Their results demonstrated that THNFs outperformed single and binary nanofluids, 
achieving a 10–15% enhancement in Nusselt number and an 8–12% reduction in skin 
friction under moderate magnetic fields. The study revealed that transitioning from 
pseudoplastic to dilatant behavior decreased tangential/radial velocities and surface 
temperature. Key achievements included: (1) developing the first THNF model for 
rotating stretching disks, (2) quantifying synergistic nanoparticle effects on thermal 
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performance, and (3) proving THNF superiority for applications like electronics 
cooling and lubrication systems. Zada et al. [61] explored entropy generation and heat 
transfer in an unsteady flow of variable magnetic hybrid nanofluid (SWCNT/MWCNT 
in water-ethylene glycol) between parallel rotating disks. They developed innovative 
hybrid nanofluid models and employed the Buongiorno two-phase approach to 
analyze Brownian motion and thermophoresis effects. The team solved the governing 
equations using both Homotopy Analysis Method (HAM) and bvp4c numerical 
techniques, achieving novel results never before compared with other methods. Their 
analysis revealed how disk rotation and nanoparticle characteristics influenced 
temperature/concentration distributions in the heat transfer system. Key achievements 
included: (1) creating the first comprehensive model for magnetic hybrid nanofluids 
in rotating disk systems, (2) quantifying entropy generation mechanisms in 
SWCNT/MWCNT suspensions, and (3) establishing benchmark data for thermal 
optimization in glycol-based nanofluid applications. Ahmadi Azar [62] conducted a 
rigorous investigation of Von Kármán's viscous swirling flow problem generated by a 
rotating disk, employing an innovative Hybrid Analytical and Numerical method 
(HAN method) methodology. The research addressed this classical nonlinear problem 
through a novel semi-analytical approach that synergistically combines numerical 
computation with analytical formulation. The HAN method demonstrated exceptional 
capability in solving complex nonlinear differential equations by utilizing numerical 
solutions to determine unknown coefficients in analytical polynomial expressions, 
thereby overcoming the limitations of traditional boundary condition constraints. The 
study achieved breakthrough precision in quantifying critical hydrodynamic 
parameters, including boundary layer characteristics, wall shear stress distributions, 
torque requirements, and mechanical power consumption. Key scientific contributions 
encompass: (1) development of a robust computational-analytical framework for 
nonlinear fluid dynamics problems, (2) establishment of new benchmark solutions for 
rotating disk flows with unprecedented accuracy, and (3) demonstration of advanced 
mathematical techniques to extract novel physical insights from fundamental fluid 
mechanics systems. This work significantly advances both theoretical and applied 
aspects of rotating flow analysis while providing a transformative methodology for 
complex nonlinear problems in continuum mechanics.  

Due to the inherent complexity of natural phenomena, which frequently lack 
exact analytical solutions because of nonlinearities, numerical and semi-analytical 
approaches play a pivotal role. The Hybrid Analytical and Numerical Method (HAN 
method), bridges analytical and numerical techniques by deriving analytical 
expressions from numerical solutions, offering greater flexibility than traditional semi-
analytical methods. This approach was first applied to model heat and mass transfer 
in a viscous, incompressible, laminar axisymmetric flow of a micropolar fluid 
subjected to a magnetic field between two stretchable disks. To further validate the 
HAN method’s reliability, the article cites subsequent studies [63–66] where it has 
been successfully utilized to solve analogous governing equations. In a recent 
application [63], the HAN method was employed as a semi-analytical tool to examine 
the steady forced motion of a non-Newtonian MHD Reiner-Rivlin viscoelastic fluid 
confined between two plates under a magnetic field. The governing partial differential 
equations (PDEs) were converted into ordinary differential equations (ODEs) via Von 
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Kármán similarity transformations, which the HAN method then solved analytically 
alongside their boundary conditions. The results were cross-verified against solutions 
from the Homotopy Perturbation Method (HPM) and the numerical Runge-Kutta 
approach, with additional quantitative insights derived from the HAN solutions. 
Another investigation [64] explored the steady, laminar, incompressible, two-
dimensional flow of a micropolar fluid between two disks—one porous and the other 
non-porous—neglecting body forces and couples. Using Von-Kármán similarity 
variables, the governing PDEs were reduced to ODEs, which were then solved semi-
analytically via the Modified Akbari-Ganji Method (Modified AGM) and the HAN 
method, marking a novel application of these techniques. The study analyzed the 
influence of slip coefficients, Reynolds numbers, and micropolar parameters (e.g., 
vortex viscosity, spin gradient viscosity, and microinertia density) on velocity and 
microrotation profiles. The solutions were validated against existing literature, with 
both methods yielding nearly identical results, reinforcing their accuracy. Further 
research [65] applied the HAN method to nonlinear coupled ODEs to assess how 
structural variations—such as stretching rate and disk spacing—affected key physical 
parameters. Findings indicated that higher stretching rates increased temperature and 
Nusselt number, while greater disk separation reduced microrotation and wall couple 
stress. By redefining parameters like the magnetic field strength, Eckert number, 
stretching Reynolds number, and micropolar coefficients, the study quantified their 
impact, with results corroborated by prior research. In another study [66], the HAN 
method provided exact solutions for Von Kármán swirling flow induced by a rotating 
disk with uniform suction. Three scenarios were examined: opposing and aligned 
swirling flow at infinity, suction without swirling, and combined swirling and suction. 
Key observations included a peak skin friction coefficient when the fluid’s angular 
velocity at infinity decreased relative to the disk’s rotation, while increased fluid 
rotation reduced it. Higher suction enhanced the skin friction coefficient, particularly 
on porous disks, and in the absence of both swirling and suction, pressure distribution 
depended solely on axial distance. These results underscored the HAN method’s 
efficacy in resolving intricate fluid dynamics problems. Beyond swirling flow analyses 
[67–72], the HAN method’s applicability extends to a broader range of fluid 
mechanics challenges, demonstrating its versatility and robustness. The modified 
Akbari-Ganji method (AGM) is also valuable for solving nonlinear differential 
equations. Using these two methods, it is possible to obtain analytical solutions for 
nonlinear problems where exact solutions are challenging. Approximate analytical 
solutions of nonlinear differential equations can be effective. Numerous studies [73–
78] have employed various methods to solve differential equations, examine parameter
effects on dimensionless variables, and present results through graphs and 3D
contours.

This article investigates heat and mass transfer in a viscous, incompressible, 
axially symmetric, and time-independent micropolar fluid confined between two 
stretchable disks, assuming a negligible magnetic Reynolds number and no 
polarization voltage. By employing similarity transformations, the governing partial 
differential equations (PDEs) are converted into a set of nonlinear ordinary differential 
equations (ODEs). Two innovative semi-analytical methods, the Hybrid Analytical 
and Numerical (HAN) method and the modified Akbari-Ganji method (modified 
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AGM), are utilized to solve these equations. The HAN method is a flexible approach 
that integrates numerical solutions to construct analytical methods, making it highly 
adaptable as it is not limited to specific numerical techniques, while the modified 
AGM operates independently of numerical solutions, proving useful when numerical 
solutions are unavailable or when validating the HAN method. Both methods, first 
introduced by A. Ahmadi Azar, have demonstrated significant success in addressing 
nonlinear differential equations, adding innovation and novelty to this study. 
Moreover, similarity solutions, where PDEs are transformed into ODEs using 
similarity variables such as von Karman transformations, simplify the complexity of 
three-dimensional and time-independent fluid flow and heat transfer equations, 
making them easier to solve. The study addresses key questions that motivated this 
research, such as (1) how to achieve analytical solutions using numerical solutions 
without semi-analytical methods (answered by the HAN method explained in Sections 
3.1 and 3.2); (2) how to construct analytical solutions independent of numerical 
solutions (addressed by the modified AGM discussed in Sections 3.3 and 3.4); (3) how 
to simplify complicated three-dimensional equations governing fluid flow and heat 
transfer (accomplished using von Karman similarity variables detailed in Section 2); 
and (4) whether the methods are applicable to specific parameter ranges or limited to 
particular cases (confirmed through diagrams shown in Section 3.5 and elaborated on 
in Section 4). These aspects, combined with the study’s exploration of key parameters 
such as radiation, magnetic field, Eckert number, Reynolds number, Schmidt number, 
and Prandtl number on micro-rotation profiles, velocity, concentration, and 
temperature profiles, highlight the significance of this research and its differentiation 
from other similarity solution studies. 

2. Governing equations

This article investigates the nonlinear problem of heat and mass transfer of a
viscous, time-independent, non-compressible, and axisymmetric micropolar fluid flow 
among stretchy disks. As demonstrated in Figure 1, the disks are placed in 푧 = 푙 and 
푧 = −푙  ( 푙  is a positive real number: 푙 ∈ ℝ� = [0, +∞) ) in a circular cylindrical 
coordinate system (푟, 휃, 푧) , where 0 ≤ 푟 < ∞ , 0 ≤ 푟 ≤ 2휋 , −∞ ≤ 푧 < +∞ . The 
model examines an electrically conductive micropolar fluid, with a crosswise 
magnetic field applied at a right angle to the boundaries. The governing equations 
(GEs) in this work are represented using the cylindrical coordinate system. The 
magnetic Reynolds number was considered to be insignificant, according to 
McChesney [79]. Consequently, it was demonstrated that the difference between the 
imposed and induced magnetic fields is negligible. Furthermore, the fact that no 
polarization voltage is applied should be taken into account. The following vectorial 
forms of the continuity, momentum, and microrotation are as follows [4]: 
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Figure 1. Geometry of the problem. 

Continuity equation: 

훁(퐕) = ퟎ . (1)

Momentum equation: 

(휇 + 휅)∇�퐕 + 휅훁 × 퐍 − 훁푝 + 퐉 × 퐁 = 휌퐕 .̇  (2)

Microrotation equation: 

(훼� + 훼� + 훼�)훁(훁퐍) − 훼�(훁 × 훁 × 퐍) + 휅훁 × 퐕 − 2휅퐍 = 휌푗퐍̇ . (3)

The fluid velocity vector is denoted by 퐕, the fluid dynamic viscosity is denoted 
by 휇, the fluid microrotation is denoted by 퐍, the fluid vortex viscosity is denoted by 
휅, the fluid pressure distribution is denoted by 푝, the fluid density is denoted by 휌, the 
density vector of the fluid is denoted by 퐉, the micro inertia per unit mass is denoted 
by 푗, the sum of induced and imposed magnetic field is denoted by 퐁, and the gyro-
viscosity coefficients are denoted by 훼�, 훼�, and 훼�, respectively. In Equations (1)–
(3), 훁 is the gradient operator, 훁 × is the curl operator and  ̇ = d d푡⁄  is the operator of 
the total derivative with respect to the time 푡. 

According to the studies of Agarwal [1] and Jalili et al. [2], the equations of 
density, energy, and concentration are represented in vector form and for a general 
state as follows: 

Density equation: 

퐉 = 휎��(퐕 × 퐁) . (4)

Energy equation: 

휌푐�
D푇
D푡

= 푘∇�푇 + 푞�� + 휇훷 . (5)

Concentration equation: 

D퐶
D푡

= 퐷�∇�(퐶) + 푚̇��� . (6)

The electrical conductivity of the fluid is denoted by 휎��, the viscous dissipation 
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function is denoted by 훷, the fluid temperature distribution is denoted by 푇, the fluid 
specific heat capacity at constant pressure is denoted by 푐� , the fluid thermal 
conductivity is denoted by 푘, the radiant heat flux is denoted by 푞��, the concentration 
of the fluid is denoted by 퐶, the diffusion coefficient of the fluid is denoted by 퐷�, the 
operator of the total derivative with respect to the time is denoted by D D푡⁄ ∶= d d푡⁄  
and 푚̇���  is related to reactive flows. In addition, Agarwal [1] and Jalili et al. [2] 
considered the relationship between 훼�, 훼�, 훼�, 휇, and 휅 parameters in Equation (7) 
as follows:  

2휇 + 휅 ≥ 0,    휅 ≥ 0,   3훼� + 훼� + 훼� ≥ 0,    훼� ≥ |훼�| . (7)

According to Agarwal [1] and Jalili et al. [2], the velocity and microrotation 
vector fields in the component’s forms are assumed in Equation (8) as follows: 

퐕 = 푢퐞�� + 푤퐞��,    퐍 = 푁�퐞�� , (8)

where the components 푢, 푤 and 푁� are functions of the variables 푟, 푧 of the circular 
cylindrical coordinate system (푟, 휃, 푧) and 퐞��, 퐞��, 퐞�� are respectively the unit vectors 
along the 푟, 휃, 푧 axes.  

According to Devi and Devi [80], the radioactive heat flux 푞��  is show in 
Equation (5) like this: 

푞�� = −
4휎
3푘�

휕(푇�)
휕푧

 , (9)

where the constant of Stefan-Boltzmann is denoted by 휎 , and also the average 
absorption coefficient is denoted by 푘�. The following are the boundary conditions 
associated with the physical principles underlying the problem as described in 
Equations (1)–(6) [1,2]: 

�푢 = 푟푆,   푤 = 0,    푁� = 0,   푇 = 푇�,   퐶 = 퐶�,   when 푧 = −푙,
푢 = 푟푆,   푤 = 0,    푁� = 0,   푇 = 푇�,   퐶 = 퐶�,   when 푧 = 푙 .    (10)

The parameter related to the stretching of the two disks is denoted by 푆, the 
temperature of the lower disk is shown by 푇� and the temperature of the top disk is 
denoted by 푇�. The concentration of the lower disk is denoted via 퐶� and the top disk 
is denoted by the 퐶�. The Equations (1)–(6) will be reduced into a simpler form by the 
following dimensionless variable [1,2]: 

푢 = −
푟푆
2

푓�(휉),    푤 = 푆푙푓(휉),    푁� = −
푟푆
2푙� 푔(휉),

휃(휉) =
푇 − 푇�

푇� − 푇�
,    휙(휉) =

퐶 − 퐶�

퐶� − 퐶�
,    휉 =

푧
푙

.
(11)

where 휃(휉) is the dimensionless temperature of the fluid, 휙(휉) is the dimensionless 
concentration of the fluid, 푓(휉) is the dimensionless axial velocity of the fluid, 푓′(휉) 
is the dimensionless radial velocity of the fluid, 푔(휉)  is the dimensionless 
microrotation distribution of the fluid. By applying the dimensionless variables given 
in Equation (11), the partial differential equations listed in Equations (1)–(6) can be 
transformed into the following system of nonlinear ordinary differential equations 
[1,2]: 
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퐹 ≔ (1 + 휆�)푓(�) − 휆�푔�� − 푅�푓푓��� − 푅�푀�
�푓�� = 0 , (12)

퐺 ≔ 휆�푔�� + 휆�(푓�� − 2푔) + 푅�휆� �
1
2

푓�g − 푓푔�� = 0 , (13)

훩 ≔ �1 +
4
3

푁�� 휃�� +
1
4

푃�퐸�(푓��)� − 푅�푃�푓휃� = 0 , (14)

훷 ≔ 휙�� + 푅�푆�푓ϕ� = 0 . (15)

The dimensionless stretching Reynolds number is denoted by 푅� = 휌푆푙�/휇, the 
dimensionless parameter of magnetic field is denoted by 푀� ∶= (휎��퐵��

� /휌푆)�/�, the 
dimensionless parameter of vortex viscosity is denoted by 휆� = 휅/휇 , the 
dimensionless parameter of micro-inertial density is denoted by 휆� = 푗/푙� , the 
dimensionless parameter of spin gradient viscosity is denoted by 휆� = 훼�/휇푙�, the 
dimensionless Prandtl number is denoted by 푃� = 휇푐�/푘, the dimensionless parameter 
of radiation is denoted by 푁� = 4휎푇�

�/푘�푘 , the dimensionless Eckert number is 
denoted by 퐸� = 푟�푆�/(푇� − 푇�)푐�, the dimensionless Schmidt number is denoted by 
푆푐 = 휈/퐷�, and the strength of the magnetic field is denoted by 퐵��.  

The dimensionless variables presented in Equation (11) also modify the boundary 
conditions described in Equation (10), transforming them into the simpler form shown 
below [1,2]: 

�
푓(−1) = 0,    푓�(−1) = −2,   푔(−1) = 0,   휃(−1) = 1,   휙(−1) = 1,
푓(1) = 0,    푓�(1) = −2,   푔(1) = 0,   휃(1) = 0,   휙(1) = 0 .         (16)

In conclusion, once Equations (12)–(15) are resolved together with the boundary 
conditions given in Equation (16), the Nusselt number which is denoted by 푁�, the 
skin friction coefficient which is denoted by 퐶� , and wall couple stress which is 
denoted by 퐶� can be determined for both the top and bottom disks in the following 
manner [1,2]: 

퐶� = −
(1 + 휆�)푓��(±1)

2푅�
,  퐶� =

휆�

2푅�
g�(±1),   푁� = −휃�(±1) . (17)

In Equation (17), the local Reynolds number is denoted by 푅� = 휌푆푙푟/휇, the 
stretching parameter of the disks is denoted by 푆, the distance from the 푟-axis is 
denoted by 푙, the dynamic viscosity of the fluid is denoted by 휇, and 푟 is an arbitrary 
value for the radius of the disk.  

3. Methodology

3.1. Description of the HAN method 
The Hybrid Analytical and Numerical method (HAN method), first introduced 

by A. Ahmadi Azar, is an innovative semi-analytical technique specifically designed 
to address complicated systems of nonlinear differential equations. This method 
uniquely combines numerical and analytical approaches, making it highly versatile 
and flexible. The process begins with obtaining a precise numerical solution, which 
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serves as the foundation for constructing an analytical framework. Unlike traditional 
methods, the HAN method is not limited to specific numerical techniques; it requires 
only an accurate numerical solution, allowing for broader applicability across diverse 
problems. This adaptability is one of its greatest strengths, as it enables the effective 
handling of highly nonlinear equations. By integrating numerical data into the 
development of an analytical solution, the HAN method bridges the gap between 
purely numerical and purely analytical approaches, offering a powerful tool for 
solving challenging mathematical problems in engineering, physics, and other applied 
sciences. Since its introduction, the HAN method has been successfully employed in 
numerous studies, demonstrating its capability to solve a wide range of nonlinear 
ordinary differential equations and solidifying its value in advancing research across 
various fields. Another strength of this method is that a power series with a much 
smaller number of terms than other semi-analytical solutions can be considered as an 
approximate analytical solution for the given nonlinear differential equation. To 
describe the HAN method, let us consider a non-linear differential equation of order 
푚 (= 2, 3, …) as follows: 

Γ �푢(휉), 푢�(휉), 푢��(휉), … , 푢(�)(휉)� = 0, (18)

where 0 ≤ 휉 ≤ 푏  is an independent real variable, 푢(휉) a real-valued continuous 
function of the variable 휉 , Γ  a known function of the variables 휉 , 푢(휉) , and its 
derivatives of 푢(휉) with respect to 휉, i.e., 푢(�)(휉) = d�푢 d휉� (푖 = 1, ⋯ , 푚) ⁄ and 푏 ∈
ℝ� = (0, +∞) a given positive real number. Suppose that 2푚 boundary conditions 
(BCs) of the Equation (18) at the boundary points {휉 = 0, 휉 = 푏} on the interval [0, 푏] 
are as follows: 

�
 푢(휉) = Φ��,     푢�(휉) = Φ�� ,   … ,   푢(���)(휉) = Φ(���)�,   when 휉 = 0 ,  
푢(휉) = Φ�� ,     푢�(휉) = Φ�� ,   … ,   푢(���)(휉) = Φ(���)� ,   when 휉 = 푏 . 

(19)

where Φ�� , ⋯ , Φ(���)� ,  Φ�� , ⋯ ,  Φ(���)�  are known real numbers:  Φ�� ∈ ℝ =
(−∞, +∞), 푖 = 0,1, ⋯ , 푚 − 1; 푗 = 0, 푏. In fact, the Equation (18) with 2푚 boundary 
conditions in Equation (19) is a boundary value problem (BVP). The existence and 
uniqueness of the solutions to this problem is an important theorem in the theory of 
differential equations. This theorem, known as “Picard’s existence theorem is due to 
C-É. Picard (1856–1941). Let us suppose that the BVP, Equation (18), with its BCs
in Equation (19), has a solution, and this is unique. This section aims to see how to
solve analytically the 푚-order nonlinear Equation (18) with its BCs in Equation (19)
by the HAN method. For this purpose, let’s consider an approximate solution for the
Equation (18) as a polynomial of degree 푛 (= 0, 1, ⋯) in terms of the variable 휉:

푢(휉) = 푃�(휉) ∶= � 푎�휉�
�

���

 , (20)

where 푛 + 1 coefficients 푎�, 푎�, …, 푎� in the polynomial solution in Equation (20) 
are unknown real numbers: 푎� ∈ ℝ = (−∞, +∞), 푖 = 0, 1, ⋯ , 푛 . To find these 
unknowns, one needs 푛 + 1 algebraic equations, such that these equations form a 
system of 푛 + 1  equations for 푛 + 1  unknowns. By solving this set of algebraic 
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equations simultaneously, one can find the unknowns  푎� , 푎� , ⋯ , 푎� . Now, by 
substituting the power series of Equation (20) into the BCs of Equation (19) at the 
boundary points {휉 = 0, 휉 = 푏} , yield the following algebraic equations for the 
unknowns 푎�, 푎�, ⋯, 푎�: 

푢(0) = 푎� ∶= Φ��,  
푢�(0) = 푎� ∶= Φ��, 

⁞ 
푢(���)(0) = 푎��� ∶= Φ(���)�, 

푢(푏) = � 푎�푏�
�

���

∶= Φ�� , 

푢�(푏) = � 푖푎�푏���
�

���

∶= Φ�� , 

⁞       

푢(���)(푏) = � 푖(푖 − 1)(푖 − 2) ⋯ �푖 − (푚 − 2)�푎�푏��(���)
�

�����

∶= Φ(���)� ,

(21)

where 

Φ�� ∶= 푢(�)(푗) =
휕푢�

휕휉� (휉 = 푗),     푖 = 0,1, ⋯ , 푚 − 1; 푗 = 0, 푏 , (22)

are 2푚 real numbers: Φ�� ∈ ℝ = (−∞, +∞). 
By using a numerical solution method (it is not limited to a specific method and 

can be any numerical method) for the Equation (18), it is possible to find 2푚 real 
numbers of Φ��s that appeared in the system of algebraic equations in Equation (21). 
By determining these numbers, Equation (21) will be a system of algebraic equations 
for the unknowns  푎� , 푎� , ..., 푎� . in this way, 2푚  number of 2푛 + 1  algebraic 
equations needed to find the coefficients  푎�, 푎�, ..., 푎� are provided. If we choose the 
number of terms in polynomial 푃�(휉) sufficiently large, then this polynomial will be 
the solution of Equation (18) with high accuracy. So, for the polynomial solution of 
Equation (20) to be the solution of Equation (18) with high accuracy, we choose 푛 as 
a large natural number. Then, 푛 + 1 is a large number, and consequently 푛 + 1 > 2푚. 
This inequality shows that the number of the constructed algebraic equations from the 
BCs, 2푚, is less than the number of unknowns. Then, one needs 푛 + 1 − 2푚 ∶= 푘 
algebraic equations. By adding these equations to Equation (21), therefore, one has a 
system of 푛 + 1  equations for 푛 + 1  unknowns. In constructing 푛 + 1 −
2푚 algebraic equations, we need the numerical solution of the Equation (18). Suppose 
that we have somehow reached the numerical solution. Using this numerical solution, 
the required algebraic equations can be made. For this purpose, we choose the distinct 
points  휉� , 휉� , ⋯ , 휉�  on the interval [0, 푏], such that 0 < 휉� < 휉� < ⋯ < 휉� < 푏 . 
Using the numerical solution of Equation (18), the function 푢(휉) and its derivatives 
from the first order to the (푚 − 1)-order to the variable 휉 at each point 휉�, 휉�, ⋯ , 휉� 
can be determined. We note that the derivative of the 푙-th order (푙 = 1, 2, ⋯ , 푚 − 1) 
of the polynomial solution of Equation (20) to the variable 휉 can be expressed by the 
following formula: 
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푢(�)(휉) = � 푖(푖 − 1) ⋯ �푖 − (푙 − 1)�푎�휉��� ,      푙 = 1,2, ⋯ , 푚 − 1.
�

���

 (23)

By substituting 휉�, 휉�, ⋯ , 휉� in Equation (23), one has the following algebraic 
equations: 

휉�:  푢(�)(휉�) = � 푎�휉�
� ∶= Φ��,

�

���

휉�:   푢(�)(휉�) = � 푖(푖 − 1) ⋯ �푖 − (푙 − 1)�푎�휉�
��� ∶= Φ��,   푙 = 1,2, ⋯

�

���
⁞ 

휉�:  푢(�)(휉�) = � 푎�휉�
� ∶= Φ�� ,

�

���

휉�:  (휉�) = � 푖(푖 − 1) ⋯ �푖 − (푙 − 1)�푎�휉�
��� ∶= Φ�� ,    푙 = 1,2, ⋯ , 푚

�

���

(24)

These equations are called the approximate boundary conditions for the Equation 
(18). Then, by using the numerical solution of the given ODE and by choosing the real 
numbers 휉�, 휉�, ⋯ , 휉�  on the interval [0, 푏], the real numbers Φ�� , 푙 = 0,1, ⋯ , 푚 −
1;  푘 = 1, ⋯, (푛 + 1) 푚⁄ − 2, can be provided. For example, to have four numbers 휉�, 
휉�, 휉�,  휉� on the interval [0, 푏], and for a second-order ODE, Γ�푢(휉), 푢�(휉), 푢��(휉)� =
0, according to the equation between numbers 푛, 푚, 푘, i.e., 푛 = 푚(푘 + 2) − 1, we 
have 푛 = 11. In this case, 푘 = 4, 푚 = 2, and 푛 = 11, the finite power series solution 
to the ODE, Γ�푢(휉), 푢�(휉), 푢��(휉)� = 0 is a polynomial of degree 푛 = 11 in terms of 
the variable 휉 as follows: 

푢(휉) = 푃��(휉) ∶= � 푎�휉�
��

���

= 푎� + 푎�휉 + ⋯ + 푎��휉��. (25)

To find the unknowns 푎�, 푎�, ⋯, 푎��, according to the Equations (21) and (23), 
we have the following system of twelve algebraic equations with twelve unknowns as 
BCs: 

휉�: 푢(�)(휉�) = � 푎�휉�
� = 푎� ∶= Φ��,

��

���

휉�: 푢(�)(휉�) = � 푖푎�휉�
��� = 푎� ∶= Φ��,

��

���

휉�: 푢(�)(휉�) = � 푎�휉�
� = 푎� + 푎�휉�

� + 푎�휉�
� + ⋯ + 푎��휉�

�� ∶= Φ��,
��

���

휉�: 푢(�)(휉�) = � 푖푎�휉�
��� = 푎� + 2푎�휉� + 3푎�휉�

� + ⋯ + 11푎��휉�
�� ∶= Φ,�� ,

��

���
⁞

(26)
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휉�: 푢(�)(휉�) = � 푎�휉�
� = 푎� + 푎�휉�

� + 푎�휉�
� + ⋯ + 푎��휉�

��∶=Φ��,
��

���

휉�: 푢(�)(휉�) = � 푖푎�휉�
��� = 푎� + 2푎�휉� + 3푎�휉�

� + ⋯ + 11푎��휉�
��∶=Φ��.

��

���

(26)

where 휉� = 0 and 휉� = 푏. By using a numerical solution method, one can determine 
the twelve numbers Φ�� , 푖 = 0,1;푗 = 0,1, ⋯, 5. By substituting these determined 
numbers into the above system of equations (26) and then by solving this system, the 
unknowns 푎�, 푎�, ⋯, 푎�� can be obtained simultaneously. In the final stage, putting 
 푎� , 푎� , ⋯ , 푎�� in the polynomial Equation (25), the solution of the ODE , 
Γ�푢(휉), 푢�(휉), 푢��(휉)� = 0, can be found. This solution is a polynomial of degree 푛 =
11 in terms of the variable 0 ≤ 휉 ≤ 푏 with the known coefficients. The HAN-method 
is a technique for solving a nonlinear differential equation with a numerical solution. 
By solving a system of equations with 푛 + 1 unknowns and 푛 + 1 Equation (21) that 
were made earlier, the coefficients of Equation (20) are determined, and then this 
obtained polynomial can be considered as the semi-analytical solutions of Equation 
(18). As mentioned earlier in this section, it should be considered that only a limited 
part of the Akbari-Ganji-method overlaps with the HAN -method and these two 
methods are completely different. The former version of the Akbari-Ganji-method is 
fully described in the study of Pattnaik et al. [81] while modified version of this 
method is described by many studies [64,68,70,72]. 

3.2. Application of the HAN-method 
To apply the HAN -method for the Equations (12)–(15), first, the following 

polynomials with unknown constant coefficients should be assumed as the semi-
analytical solutions: 

푓(휉) = � 푎�휉� = 푎� + 푎�휉�
��

���

+ 푎�휉� + ⋯ + 푎��휉�� , (27)

푔(휉) = � 푏�휉� = 푏� + 푏�휉�
��

���

+ 푏�휉� + ⋯ + 푏��휉�� , (28)

휃(휉) = � 푐�휉� = 푐� + 푐�휉�
��

���

+ 푐�휉� + ⋯ + 푐��휉�� , (29)

 휙(휉) = � 푑�휉� = 푑� + 푑�휉�
��

���

+ 푑�휉� + ⋯ + 푑��휉�� . (30)

In a special case, when in the Equations (12)–(15), the value of parameters 푀� =
1,  푆� = 0.5,  푅� = 20,  퐸� = 0.2,  푁� = 1,  푃� = 0.7,  휆� = 0.3,  휆� = 0.2,  휆� = 2, and 
by applying the HAN-method, the analytical solutions of the Equations (12)–(15) are 
obtained. Based on Equations (27)–(30), there are 46 unknowns. So, we need 46 linear 
algebraic equations in terms of the unknowns of 푎�s, 푏�s, 푐�s, and 푑�s, to obtain these 
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unknowns. The BCs in Equation (16) makes only ten equations as follows: 

⎩
⎪
⎨

⎪
⎧푓(휉) = 0, 

d푓(휉)
d휉

= −2,   푔(휉) = 0,   휃(휉) = 1,   휙(휉) = 1,   when  휉 = −1,

푓(휉) = 0, 
d푓(휉)

d휉
= −2,   푔(휉) = 0,   휃(휉) = 0,   휙(휉) = 0,   when  휉 = 1,   

(31)

and the remaining 36 equations should be made through numerical solutions. The 
results of the numerical solution of the Equations (12)–(15), with the values of 
parameters 푀� = 1,  푆� = 0.5,  푅� = 20,  퐸� = 0.2,  푁� = 1,  푃� = 0.7,  휆� = 0.3,  휆� =
0.2, 휆� = 2 are shown in Table 1: 

Table 1. Results of numerical solution in Maple software. 

흓(흃) 휽(흃) 품(흃) 풇(흃) 흃 

1 1 0 0 −1 

0.967184480779807 0.864417323523375 0.817889422276519 −0.246005124491156 −0.8 

0.914803387876689 0.747139598839239 0.699224476135717 −0.287412078985710 −0.6 

0.823375085853292 0.659933009990955 0.436491652089539 −0.228582538070867 −0.4 

0.680935972701367 0.592730707383331 0.203695046637467 −0.123414668423391 −0.2 

0.499999999998872 0.534632113764447 0 0 0 

0.319064027300319 0.476515794697461 −0.203695046644449 0.123414668424025 0.2 

0.176624914147266 0.408964493290973 −0.436491652086817 0.228582538071048 0.4 

0.0851966121235713 0.319284654492353 −0.699224476135717 0.287412078985752 0.6 

0.0328155192202959 0.189129334005668 −0.817889422276190 0.246005124491164 0.8 

0 0 0 0 1 

It is possible to look at the numerical solution results given in Table 1 as 
approximate boundary conditions and create new equations from them. Considering 
that 36 equations need to be constructed, the approximate boundary conditions have 
been used to construct 36 equations in Table 1.  

Considering the ten equations that were created by the boundary conditions of 
the problem and the 36 equations that were created by the approximate boundary 
conditions, a system of equations with 46 equations and 46 unknowns can be made, 
and by solving this system of equations, all the unknown coefficients of the Equations 
(12)–(15) are known. Table 2 shows all the calculated coefficients. 

Table 2. The semi-analytical solutions 푎�s, 푏�s and 푐�s, 푑�s of the polynomial solutions of Equations (27)–(30) by 
using Maple software. 

풅풊 풄풊 풃풊 풂풊 풊 
0.5000000000 0.5346321138 0 0 0 

−0.9423864576 −0.2832663661 −0.9932581054 0.6308526290 1 

7.486085590 × 10−11 0.00001313734819 −1.535799231 × 10−10 1.314855659 × 10−11 2 

0.9819150125 −0.1789459199 −0.6268107312 −0.3361243916 3 

−7.351507187 × 10−10 −0.005556420643 1.932409400 × 10−9 −1.542107247 × 10−10 4 

−1.008168042 −0.07035631327 −0.1486907388 −0.2056198917 5 
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Table 2. (Continued). 

풅풊 풄풊 풃풊 풂풊 풊 
2.522186822 × 10−9 −0.006849781331 −7.275123879 × 10−9 6.358924750 × 10−10 6 

0.6813602413 −0.009636316660 1.443336356 −0.08199370720 7 

−3.427124023 × 10−9 −0.02330796936 1.032999352 × 10−8 −1.172739046 × 10−9 8 

−0.2127207541 0.04220491593 0.3254232194 −0.02891848919 9 

1.566355064 × 10−9 0.001068920224 −4.833699114 × 10−9 9.889007828 × 10−10 10 

- - - 0.02180385067 11 

- - - −3.109920437 × 10−10 12 

Therefore, the semi-analytical solutions of the Equations (12)–(15) are the 
following polynomials with known coefficients (given in Table 2): 

푓(휉) = −3.109920437 × 10���휉�� + 0.02180385067휉�� + 9.889007828 × 10���휉��

−0.02891848919휉� − 1.172739046 × 10��휉� − 0.08199370720휉� 
+6.358924750 × 10���휉� − 0.2056198917휉� − 1.542107247 × 10���휉�

−0.3361243916휉� + 1.314855659 × 10���휉� + 0.6308526290휉, 

(32)

푔(휉) = −4.833699114 × 10��휉�� + 0.3254232194휉� + 1.032999352 × 10��휉�

+1.443336356휉� − 7.275123879 × 10��휉� − 0.1486907388휉�

+1.932409400 × 10��휉� − 0.6268107312휉� − 1.535799231 × 10���휉�

−0.9932581054휉,

(33)

휃(휉) = 0.001068920224휉�� + 0.04220491593휉� − 0.02330796936휉�

  −0.009636316660휉� − 0.006849781331휉� − 0.07035631327휉�

 −0.005556420643휉� − 0.1789459199휉� + 0.00001313734819휉�

−0.2832663661휉 + 0.5346321138,        

 (34)

휙(휉) = 1.566355064 × 10��휉�� − 0.2127207541휉� − 3.427124023 × 10��휉�

+0.6813602413휉� + 2.522186822 × 10��휉� − 1.008168042휉�

  −7.351507187 × 10���휉� + 0.9819150125휉� + 7.486085590 × 10���휉�

−0.9423864576휉 + 0.5000000000,        

(35)

According to the known coefficients in Table 2 and by substituting the semi-
analytical solutions Equations (32)–(35) in the Equations (12)–(15), the following 
functions are obtained: 

퐹(휉) = −0.72111048휉 − 510.5054373휉� + 9.208327727 × 10��휉�� 
+50.68002728휉�� + 7.246234031 × 10��휉� + 23.6729104휉�

−6.846259567 × 10��휉� − 188.6953981휉� − 2.553303752 × 10���휉��

+3.132740726 × 10��휉�� − 9.413076502휉�� − 1.065495063 × 10��휉��

+18.84036847휉�� + 34.47699268휉�� − 1.134311440 × 10��휉��

+60.28961826휉�� − 1.101479475 × 10��,

(36)
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퐺(휉) = −3.955372750 × 10��� + 0.064479380휉 + 7.387427951휉� 
+1.150987074 × 10��휉�� + 8.269281386휉�� − 2.739344998 × 10��휉��

+1.734175481 × 10��휉� − 26.72537277휉� − 2.176380812 × 10��휉�

+4.451253930 × 10��휉� − 1.987728644휉� − 5.154374818 × 10��휉�

+13.54304810휉� − 2.405187146 × 10���휉�� + 3.111526954 × 10��휉��

−0.0993367099휉�� − 8.681084360 × 10��휉�� − 0.0194282808휉��

−9.40604969 × 10��휉�� + 0.997925442휉�� + 2.10391033 × 10��휉��

+3.251304946휉��,

(37)

훩(휉) = −0.003452233휉 + 0.00006130762489 − 5.415773831휉�

 −0.4398051432휉�� + 1.058580205휉�� − 0.7311598925휉��

  −1.709032870휉� + 4.160236008휉� + 2.899239036휉�

  −0.01345753001휉� + 0.125044258휉� + 0.2974912040휉�

  −1.179098979휉� + 4.653959590 × 10���휉��        
  −0.003262919118휉�� − 0.1159489481휉�� + 0.2625816501휉��

+0.1743739899휉�� − 0.4002439803휉�� + 0.5161009724휉��

−0.6195609969휉�� + 1.037467902휉��,

(38)

훷(휉) = −0.053579667휉 + 1.497217118 × 10��� − 19.88694744휉� 
+7.869389009 × 10��휉�� − 0.2961980010휉�� + 1.166591089 × 10��휉��

−9.807304522 × 10��휉� + 26.43191200휉� − 3.87471243 × 10��휉�

−8.001195487 × 10��휉� + 1.58753993휉� + 5.845206685 × 10��휉�

−11.14677643휉� − 4.871239625 × 10���휉�� + 9.369158776 × 10��휉��

−0.4174318401휉�� − 4.427283003 × 10��휉�� + 1.593580042휉��

+8.367944055 × 10��휉�� − 0.9086121950휉�� − 1.418626638 × 10��휉��

+2.125878689휉��.

(39)

According to Figure 2, by plotting the functions 퐹 , 퐺 , 훩 , and 훷 , that is,
Equations (36)–(39), it is possible to validate the accuracy of the analytical results 
solved by the HAN-method:  

Figure 2. The accuracy of the results by the HAN-method. 
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3.3. Description of the modified Akbari-Ganji-method 
The Akbari-Ganji-method was developed for the analytical solution of nonlinear 

differential equations. This semi-analytical method has been approximated the 
governing equations in many problems for which no exact analytical solutions exist. 
So far, many studies, used this method to solve non-linear and unsolvable mechanical 
engineering problems. However, due to the need for more accurate solutions, in this 
study, the Akbari-Ganji method is modified. To explain the main idea of this method, 
let us consider the general form of the differential equation of order-푚 as follows: 

훯:  Γ�푢, 푢�, 푢��, … , 푢(�)� = 0;     푢 ∶= 푢(휉). (40)

with the following BCs: 

�
푢(휉) = Φ��,    푢�(휉) = Φ��, ⋯,   푢(���)(휉) = Φ(���)�,    when  휉 = 0,
푢(휉) = Φ�� ,    푢�(휉) = Φ�� , ⋯ ,   푢(���)(휉) = Φ(���)� ,    when  휉 = 푏.

(41)

In Equation (41), {휉 = 0, 휉 = 푏} are boundary points. To solve Equation (40), the 
solution can be considered as a polynomial with degree 푛 and constant and unknown 
coefficients: 

푢(휉) = � 푎�휉� = 푎� + 푎�휉�
�

���

+ 푎�휉� + ⋯ + 푎�휉� . (42)

In Equation (42), the degree of the polynomial solution is assumed to be greater 
than the order of the differential equation in Equation (40). There is an 푛 + 1 constant 
and unknown coefficient the Equation (42). To determine these coefficients, 푛 + 1 
equations must be made. The boundary conditions of the problem, i.e., Equation (41), 
can make some of these equations as follows: 

푢(0) = 푎� ∶= Φ��,  
푢�(0) = 푎� ∶= Φ��, 

⁞ 
푢(���)(0) = 푎��� ∶= Φ(���)�, 

푢(푏) = � 푎�푏�
�

���

∶= Φ�� , 

푢�(푏) = � 푖푎�푏���
�

���

∶= Φ�� , 

⁞ 

푢(���)(푏) = � 푖(푖 − 1) ⋯ �푖 − (푚 − 2)�푎�푏��(���)
�

�����

∶= Φ(���)�

(43)

where 

Φ�� ∶= 푢(�)(푗) =
휕푢�

휕휉� (휉 = 푗),    푖 = 0,1, ⋯ , 푚 − 1;  푗 = 0, 푏 (44)

there are 2푚  real numbers: Φ�� ∈ ℝ = (−∞, +∞) . Equations made from the 
boundary conditions of the problem, as seen in Equation (43) are limited due to the 
assumption that 푛 > 푚 . But to build a system of 푛 + 1  unknowns and 푛 + 1 
equations, more equations are needed. Therefore, the remaining equations can be 
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created by replacing the approximate solution Equation (42) in Equation (40) as 
follows:  

훯:

⎩
⎪
⎨

⎪
⎧ Γ �푢(0), 푢�(0), 푢��(0), … , 푢(���)(0)� = 0,         

Γ �푢(푏 2⁄ ), 푢�(푏 2⁄ ), 푢��(푏/2), … , 푢(���)(푏/2)� = 0,

Γ �푢(푏), 푢�(푏), 푢��(푏), … , 푢(���)(푏)� = 0,         

 (45)

훯�:

⎩
⎪
⎨

⎪
⎧Γ �푢�(�), 푢��(0), 푢���(0), … , 푢(���)(0)� = 0,         

Γ �푢�(푏 2⁄ ), 푢��(푏 2⁄ ), 푢���(푏 2⁄ ), … , 푢(���)(푏 2⁄ )� = 0,

Γ �푢�(푏), 푢��(푏), 푢���(푏), … , 푢(���)(푏)� = 0,         

 (46)

훯��:

⎩
⎪
⎨

⎪
⎧Γ �푢��(�), 푢���(0), 푢����(0), … , 푢(���)(0)� = 0, 

Γ �푢��(푏 2⁄ ), 푢���(푏 2⁄ ), 푢����(푏 2⁄ ), … , 푢(���)(푏 2⁄ )� = 0,

Γ �푢��(푏), 푢���(푏), 푢����(푏), … , 푢(���)(푏)� = 0. 

 (47)

Therefore, extracting as many equations as needed from Equations (45)–(47) is 
possible to make a system of algebraic equations containing 푛 + 1 unknowns and 푛 +
1  equations. In another step, by solving this system of algebraic equations, the 
coefficients 푎�, 푎�, …, 푎� are obtained. By substituting these known coefficients in 
the polynomial Equation (42), the desired solution of ODE Equation (40) is obtained.  

3.4. Application of the modified Akbari-Ganji-method 
In this section, the modified Akbari-Ganji-method is explained to solve the 

equations governing the physics of the problem analytically. First, the following 
polynomials are approximate solutions for the system of ODEs of Equations (12)–
(15), when the values of the parameters 푀� = 1, 푆� = 0.5,  푅� = 20, 퐸� = 0.2, 푁� =
1, 푃� = 0.7, 휆� = 0.3, 휆� = 0.2,  휆� = 2, are considered as follows: 

푓(휉) = � 푎�휉� = 푎� + 푎�휉�
��

���

+ 푎�휉� + ⋯ + 푎��휉��, (48)

푔(휉) = � 푏�휉� = 푏� + 푏�휉�
��

���

+ 푏�휉� + ⋯ + 푏��휉��, (49)

휃(휉) = � 푐�휉� = 푐� + 푐�휉�
��

���

+ 푐�휉� + ⋯ + 푐��휉��, (50)

휙(휉) = � 푑�휉� = 푑� + 푑�휉�
��

���

+ 푑�휉� + ⋯ + 푑��휉��. (51)

According to the Equations (48)–(51), there are 50 unknown coefficients in the 
solutions, and to determine these coefficients, 50  equations must be made. The 
boundary conditions of the problem can only provide 10 of these equations as follows: 
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⎩
⎪
⎨

⎪
⎧푓(휉) = 0, 

d푓(휉)
d휉

= −2,    푔(휉) = 0,   휃(휉) = 1,   휙(휉) = 1,   when  휉 = −1,

푓(휉) = 0, 
d푓(휉)

d휉
= −2,    푔(휉) = 0,    휃(휉) = 0,   휙(휉) = 0,   when 휉 = 1.   

 (52)

Due to the higher degree of polynomials in Equations (48)–(51) compared to the 
order of differential Equations (12)–(15), the number of constructed equations was not 
enough, and 40 other equations must be made. The numbers −1, −0.5, 0, 0.5, and 1 
form the boundary points set of the problem in the modified Akbari-Ganji-method 
which is as follows: 

Boundary Points = B. P = {−1, −0.5, 0, 0.5, 1}. (53)

In the Mirgolbabaee et al. [82] study, the boundary points were only assumed to 
be −1 and 1 because, in the Akbari-Ganji-method, numbers −0.5 and 0.5 were not 
assumed. Using boundary points Equation (53) shows the difference between the 
modified Akbari-Ganji-method in this study. The B.P. Equation (53) can be used in 
making the other 40 equations as follows. 

퐹�푓(B. P), 푔(B. P)� → 퐹�푓(B. P), 푔(B. P)� = 0, 퐹��푓(B. P), 푔(B. P)� = 0, (54)

퐺�푓(B. P), 푔(B. P)� → 퐺�푓(B. P), 푔(B. P)� = 0, 퐺��푓(B. P), 푔(B. P)� = 0, (55)

훩�푓(B. P), 휃(B. P)� → 훩�푓(B. C), 휃(B. P)� = 0, 훩��푓(B. C), 휃(B. P)� = 0, (56)

훷�푓(B. P), 휙(B. P)� → 훷�푓(B. P), 휙(B. P)� = 0, 훷��푓(B. P), 휙(B. P)� = 0. (57)

By using Equations (54)–(57), the remaining 40 equations can be made. In this 
way, an algebraic equation system including 50  equations and 50  unknowns is 
provided. By solving this system of algebraic equations by EES software, the unknown 
coefficients of polynomial Equations (48)–(51) are known. The results of these 
calculations are listed in Table 3. 

Table 3. Coefficients of calculated semi-analytical solutions of 푓(휉), 푔(휉), 휃(휉), 
and 휙(휉) by using EES software. 

풅풊 풄풊 풃풊 풂풊 풊 
0.5 0.538 −1.503 × 10−09 1.305 × 10−09 0 

−0.9512 −0.2839 −1.004 0.6333 1 

6.206 × 10−09 −1.111 × 10−09 4.080 × 10−09 −2.633 × 10−09 2 

1.004 −0.1798 −0.6784 −0.3388 3 

−1.094 × 10−08 −0.0176 1.393 × 10−08 2.744 × 10−10 4 

−1.084 −0.06483 0.4447 −0.2071 5 

1.179 × 10−08 0.03249 −3.530 × 10−08 3.158 × 10−09 6 

0.8653 −0.03616 −0.7459 −0.07114 7 

−6.729 × 10−09 −0.07994 2.523 × 10−08 −3.434 × 10−09 8 

−0.4226 0.08456 3.427 −0.05654 9 
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Table 3. (Continued). 

풅풊 풄풊 풃풊 풂풊 풊 
1.577 × 10−09 0.0271 −6.430 × 10−09 1.630 × 10−09 10 

0.08855 −0.01995 −1.444 0.04948 11 

- - - −3.006 × 10−10 12 

- - - −0.009136 13 

Therefore, Equations (48)–(51) with known coefficients in Table 3 are as 
follows: 

 푓(휉) = −0.0091358675903062휉�� − 3.0059935486316 × 10���휉��

+0.049479419881825휉�� + 1.62959137088580 × 10��휉��

−0.056541511493550휉� − 3.43395702881180 × 10��휉�

−0.071135119727114휉� + 3.1584256271901 × 10��휉�

−0.20708488641248휉� + 2.7441666680975 × 10���휉�

−0.33884071588679휉� − 2.6326450840098 × 10��휉�

+0.63325868122841휉 + 1.3047692846982 × 10��,

(58)

푔(휉) = −1.4439370475119휉�� − 6.4300521802920 × 10��휉��

+3.42742904550680휉� + 2.5225974250684 × 10��휉�

−0.74586721719866휉� − 3.5298912095728 × 10��휉�

+0.44470574614560휉� + 1.3925998374323 × 10��휉�

−0.67840126764621휉� + 4.0797621819671 × 10��휉�

−1.0039292592957휉 − 1.5027699008770 × 10��,

(59)

휃(휉) = −0.019949979396849휉�� + 0.027102934710942휉��

+0.084557599513564휉� − 0.079940426193195휉�

−0.036155780661524휉� + 0.032489139997977휉�

−0.064827401988362휉� − 0.017604748375972휉�

−0.17975976695144휉� − 1.1111337095063 × 10��휉�

−0.28386467051539휉 + 0.53795310097138,

(60)

휙(휉) = 0.088550403451787휉�� + 1.5765518305027 × 10��휉��

 −0.42261174751715휉� − 6.7286923236797 × 10��휉�

+0.86531978712817휉� + 1.1793085932528 × 10��휉�

 −1.0839867098965휉� − 1.0940578922658 × 10��휉�

+1.0039674300140휉� + 6.2057382125988 × 10��휉�

+0.95123916318038휉 + 0.49999999809390.

(61)

By substituting the parameters 푀� = 1,  푆� = 0.5,  푅� = 20,  퐸� = 0.2,  푁� = 1,  
푃� = 0.7, 휆� = 0.3, 휆� = 0.2, 휆� = 2and also the semi-analytical solutions Equations 
(58)–(61) in the system of ODEs Equations (12)–(15), the following functions are 
obtained: 

170



Mechanical Engineering Advances 2025, 3(2), 2838. 

 퐹(휉) = 1.05 × 10��휉 + 1.617978297 × 10�� − 2.864487108휉�� 
 −1.667514441 × 10��휉�� + 24.46426562휉�� + 1.412485108 × 10��휉��

−71.40969308휉�� − 4.665128944 × 10��휉�� + 58.56010126휉��    
+7.166823992 × 10��휉�� − 14.95208524휉�� − 6.205967542 × 10��휉��

+407.7001385휉�� + 1.023646025 × 10��휉�� + 51.12723700휉��

+968.8314803휉� − 0.00003564085615휉� − 1156.866646휉�

+0.00001283945909휉�� − 0.00002209310958휉� − 293.9639348휉�

+0.00004302281442휉� + 3.144794801 × 10��휉� + 29.3736218휉�,

 (62)

퐺(휉) = −1 × 10��휉 + 1.264656650 × 10�� − 0.2374491182휉�� 
 −9.50334838 × 10��휉�� + 1.884919064휉�� + 7.594561356 × 10��휉�� 
 −4.510551062휉�� − 2.489325876 × 10��휉�� + 0.603871120휉�� 

+4.008168260 × 10��휉�� − 5.093711742휉�� − 2.899888176 × 10��휉��

+72.91571319휉�� − 1.200514615 × 10��휉�� − 0.964474048휉��

+83.69721252휉� − 8.268409477 × 10��휉� − 128.0173769휉�

+5.666696327 × 10��휉�� − 3.284691732 × 10��휉� − 22.35297628휉�

+7.405153775 × 10��휉� + 3.857635990 × 10��휉� + 2.074823229휉�,

 (63)

훩(휉) = −1 × 10��� − 0.02806809701휉�� + 0.1057565962휉��

+0.2493513560휉�� − 0.8125290153휉�� − 0.7332496408휉��

+2.125434747휉�� + 0.5177206891휉�� − 1.633310018휉��

+0.07688241553휉�� + 0.2069212252휉�� + 4.268845670휉��

−0.9537387143휉�� + 0.9939434047휉�� + 13.06567882휉�

+13.52749523휉� − 14.76949872휉� − 4.223471658휉��

+3.487965768휉� − 4.050784611휉� − 11.48225565휉�

−0.3482685168휉� + 0.409178712휉�,

(64)

훷(휉) = −0.08898832371휉�� − 4.368318235 × 10��휉�� + 0.8294397323휉��

+4.002490312 × 10��휉�� − 2.986078961휉�� − 1.556512418 × 10��휉��

+4.949909265휉�� + 3.346062434 × 10��휉�� − 5.693260463휉��

−4.799888970 × 10��휉�� + 8.194318358휉�� + 4.318955214 × 10��휉��

+4.908856700휉�� + 20.73435521휉� − 4.531249286 × 10��휉�

  −25.25068823휉� − 8.33815240 × 10���휉�� − 1.180119054 × 10��휉�

  −25.25068823휉� − 8.33815240 × 10���휉�� − 1.180119054 × 10��휉�

 −6.21444740휉� + 3.938015065 × 10��휉� + 1.16509320 × 10��휉�

+0.61658411휉�.

 (65)

According to Figure 3, by plotting the functions 퐹 , 퐺 , 훩 , and 훷 , that is,
Equations (62)–(65), it is possible to validate the accuracy of the analytical results 
solved by the modified AGM:  
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Figure 3. The accuracy of the results by the modified-AGM. 

3.5. Validation process 
In the validation process, the analytical results were obtained from two applied 

methods in a special case for Equations (12)–(15) when the values of the parameters 
푀� = 1,  푆� = 0.5,  푅� = 20,  퐸� = 0.2,  푁� = 1,  푃� = 0.7,  휆� = 0.3,  휆� = 0.2, and  
휆� = 2 have been compared with the results of Agarwal [1]. The comparison of results 
is shown in tables and graphs. The calculated profiles for axial, radial, microrotation, 
concentration, and temperature are illustrated in Figures 4–8 and Tables 4–9. The 
tables and graphs used for validation confirm that the results of this study are accurate 
when compared to previous research. 

Table 4. Comparison of calculated radial velocity when 푀� = 1, 푆� = 0.5,  푅� =
20, 퐸� = 0.2, 푁� = 1, 푃� = 0.7,  휆� = 0.3, 휆� = 0.2, 휆� = 2. 

흃 
풇�(흃) 

HAN-method Runge-Kutta Modified-AGM Reference [1] 

−1 −2.000000000 −2 −2 −2 

−0.8 −0.6039874290 −0.604021502099537 −0.6070542988 −0.605730414 

−0.6 0.1048968662 0.104900556292338 0.1043729063 0.0909617336 

−0.4 0.4406972324 0.440698332661268 0.4417902710 0.4301777711 

−0.2 0.5888353680 0.588833666382915 0.5909080012 0.5949989703 

0 0.6308526290 0.630854360417168 0.6332586812 0.6292000000 

0.2 0.5888353680 0.588833666383954 0.5909079992 0.5949989703 

0.4 0.4406972324 0.440698332660745 0.4417902673 0.4301777711 

0.6 0.1048968663 0.104900556292016 0.1043729020 0.0909617336 

0.8 −0.6039874290 −0.604021502099592 −0.6070543008 −0.605730414 

1 −2 −2 −2 −2 
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Table 5. Comparison of calculated axial velocity when 푀� = 1, 푆� = 0.5, 푅� = 20,  
퐸� = 0.2, 푁� = 1, 푃� = 0.7, 휆� = 0.3,  휆� = 0.2, 휆� = 2. 

흃 
풇(흃) 

HAN-method Runge-Kutta Modified-AGM Reference [1] 

−1 0 0 0 0 

−0.8 −0.2460051244 −0.246005124491156 −0.2465039339 −0.243911560 

−0.6 −0.2874120790 −0.287412078985710 −0.2882691344 −0.284291985 

−0.4 −0.2285825381 −0.228582538070867 −0.2293677608 −0.225792660 

−0.2 −0.1234146684 −0.123414668423392 −0.1238738036 −0.124231180 

0 0 0 0 0 

0.2 0.1234146684 0.123414668424025 0.1238738060 0.124231180 

0.4 0.2285825381 0.228582538071048 0.2293677625 0.225792660 

0.6 0.2874120790 0.287412078985752 0.2882691353 0.284291985 

0.8 0.2460051245 0.246005124491164 0.2465039341 0.243911560 

1 0 0 0 0 

Table 6. Comparison of calculated micro-rotation profile when 푀� = 1,  푆� = 0.5, 
푅� = 20, 퐸� = 0.2, 푁� = 1, 푃� = 0.7,  휆� = 0.3, 휆� = 0.2, 휆� = 2. 

흃 
품(흃) 

HAN-method Runge-Kutta Modified-AGM Reference [1] 

−1 0 0 0 0 

−0.8 0.8178894223 0.817889422276519 0.8251948795 0.9384253169 

−0.6 0.6992244761 0.699224476135717 0.7058893926 0.7958729497 

−0.4 0.4364916521 0.436491652089539 0.4408197093 0.5517536048 

−0.2 0.2036950467 0.203695046637467 0.2060785766 0.2011123512 

0 0 0 0 0 

0.2 −0.2036950467 −0.203695046644449 −0.2060785792 −0.2011123512 

0.4 −0.4364916521 −0.436491652086817 −0.4408197105 −0.5517536048 

0.6 −0.6992244760 −0.699224476135717 −0.7058893915 −0.7958729497 

0.8 −0.8178894222 −0.817889422276190 −0.8251948775 −0.9384253169 

1 0 0 0 0 

Table 7. Comparison of calculated temperature profile when 푀� = 1, 푆� = 0.5, 
푅� = 20, 퐸� = 0.2, 푁� = 1, 푃� = 0.7,  휆� = 0.3, 휆� = 0.2, 휆� = 2. 

흃 
휽(흃) 

HAN-method Runge-Kutta Modified-AGM Reference [1] 

−1 1 1 1 1 

−0.8 0.8644173236 0.864417323523375 0.8670757642 0.8445318720 

−0.6 0.7471395989 0.747139598839239 0.7504287808 0.7380952670 

−0.4 0.6599330100 0.659933009990955 0.6633381810 0.6906250417 

−0.2 0.5927307074 0.592730707383331 0.5961589877 0.6677569106 
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Table 7. (Continued). 

흃 
(흃) 

HAN-method Runge-Kutta Modified-AGM Reference [1] 

0 0.5346321138 0.534632113764447 0.5379531010 0.6479362174 

0.2 0.4765157947 0.476515794697461 0.4796946339 0.6294637420 

0.4 0.4089644934 0.408964493290973 0.4118337130 0.6089844773 

0.6 0.3192846545 0.319284654492353 0.3215882740 0.5529253049 

0.8 0.1891293340 0.189129334005668 0.1904390477 0.3833875003 

1 0 0 0 0 

Table 8. Comparison of calculated concentration profile when 푀� = 1, 푆� = 0.5, 
푅� = 20, 퐸� = 0.2, 푁� = 1, 푃� = 0.7,  휆� = 0.3, 휆� = 0.2, 휆� = 2. 

흃 
흓(흃) 

HAN-method Runge-Kutta Modified-AGM Reference [1] 

−1 1 1 1 1 

−0.8 0.9671844807 0.967184480779807 0.9698056259 0.7950729327 

−0.6 0.9148033879 0.914803387876689 0.9178916174 0.6630816895 

−0.4 0.8233750858 0.823375085853292 0.8260311037 0.5869060115 

−0.2 0.6809359727 0.680935972701367 0.6825521057 0.5367816909 

0 0.5000000000 0.499999999998872 0.4999999981 0.4985400090 

0.2 0.3190640273 0.319064027300319 0.3174478910 0.4613553214 

0.4 0.1766249142 0.176624914147266 0.1739688940 0.4136371083 

0.6 0.0851966121 0.085196612123571 0.0821083813 0.3382232049 

0.8 0.0328155193 0.032815519220295 0.0301943736 0.2019506869 

1 0 0 0 0 

Table 9. Comparison of Nusselt number (푁�), wall couple stress (퐶�), and skin 
friction coefficient (퐶�) calculated for upper and lower disks when 푀� = 1,  푆� =
0.5, 푅� = 20, 퐸� = 0.2, 푁� = 1,  푃� = 0.7, 휆� = 0.3, 휆� = 0.2, 휆� = 2 with different 
methods. 

HAN-method Runge-Kutta Modified-AGM 

푁�(+1) 1.098568314 1.09672856185007 1.102781042 

푁�(−1) 0.6204230168 0.630651895876009 0.6148246058 

퐶�(+1) 1.412252920 1.335598593 1.339031852 

퐶�(−1) 1.412252922 1.335598593 1.339031858 

퐶�(+1) 13.88488130 13.89622017 13.82379755 

퐶�(−1) −13.88488130 −13.89622017 −13.82379756 
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Figure 4. Comparison of calculated radial velocity when 푀� = 1, 푆� = 0.5, 푅� =
20, 퐸� = 0.2, 푁� = 1, 푃� = 0.7,  휆� = 0.3, 휆� = 0.2, 휆� = 2. 

Figure 5. Comparison of calculated axial velocity when 푀� = 1, 푆� = 0.5, 푅� =
20, 퐸� = 0.2, 푁� = 1, 푃� = 0.7,  휆� = 0.3, 휆� = 0.2, 휆� = 2. 
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Figure 6. Comparison of calculated micro-rotation profile when 푀� = 1, 푆� = 0.5, 
푅� = 20, 퐸� = 0.2, 푁� = 1, 푃� = 0.7,  휆� = 0.3, 휆� = 0.2, 휆� = 2. 

Figure 7. Comparison of calculated temperature profile when 푀� = 1, 푆� = 0.5, 
푅� = 20, 퐸� = 0.2, 푁� = 1, 푃� = 0.7,  휆� = 0.3, 휆� = 0.2, 휆� = 2. 
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Figure 8. Comparison of calculated concentration profile when 푀� = 1,  푆� = 0.5, 
푅� = 20, 퐸� = 0.2, 푁� = 1, 푃� = 0.7,  휆� = 0.3, 휆� = 0.2, 휆� = 2. 

4. Results and discussions

After proving the correctness of the results of the two methods used in this
research compared to the previous studies, the effect of changes in the physical 
parameters of Equations (12)–(15) is expressed on the axial, radial, concentration, 
temperature, and microrotation profiles. The effect of changing each of the parameters 
has been done separately. So, the effects of changes in parameters such as micropolar 
parameters, stretching Reynolds number, magnetic parameter, radiation parameter, 
Prandtl number, Eckert number, and Schmidt number on axial, radial, microrotation, 
temperature, and concentration profiles have been investigated, respectively.  

Now, the results of examining the axial, radial, microrotation, temperature, and 
concentration contours for Equations (12)–(15) when the micropolar parameters 휆�, 
휆�, and 휆� are changed according to Table 10: 

Table 10. Micropolar parameters in different cases. 

흀ퟑ 흀ퟐ 흀ퟏ Case number 

0 0 0 1 

0.3 0.2 2 2 
0.5 0.4 4 3 
0.7 0.6 6 4 
0.9 0.8 8 5 
1.1 1.0 10 6 
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When the micropolar parameters were changed, other parameters were also 
constant and were equal to the values of 푀� = 1, 푆� = 0.5, 푅� = 20, 퐸� = 0.2, 푁� =
1 and  푃� = 0.7. According to Table 10, the micropolar parameters were investigated 
in 6 different cases. The changes in these parameters affected all five quantities of 
axial velocity, radial velocity, microrotation, temperature, and concentration, as well 
as the 2D and 3D contours obtained from these changes, which are also shown in 
Figures 9–18. According to Figures 9 and 10, the axial velocity’s maximum positive 
and negative values occur in case 6  and are equal to 0.367154015354 and 
−0.367154015355, respectively. The maximum positive axial velocity occurs when 
the value of 휉 is equal to 0.591836734687163912, and the maximum negative value 
of the axial velocity occurs when the value of 휉 is equal to −0.591836734773761197. 
According to Figures 9 and 10, the lowest value of the axial velocity is zero in all the 
cases in Table 10 and exactly at three points of the upper disc (휉 = 1) lower disc (휉 =
−1) and occurs between two disks (휉 = 0). According to Figures 11 and 12, the 
maximum positive value of the radial velocity occurs in case 6 and has a value of 
0.911191371136 and occurs in a place where the value of 휉  is equal to 
−0.0204081632659887449. The maximum negative value of the radial velocity occurs 
on both disks and in all cases and has the value of −2. The minimum value of radial 
velocity calculated in all 6 cases is zero. Still, it happens in different places, which 
means that the place of minimum radial velocity is different in each case. According 
to Table 10, the minimum radial velocity in the first case occurs at 휉 =
±0.714783795486643614, in the second case, at 휉 = ±0.640084929206338415, 
in the third case, at 휉 = ±0.615927887799965768 , in the fourth case, at 휉 =
±0.603995651475552564, in the fifth case, at 휉 = ±0.597038661803401371, 
and in the sixth case, at 휉 = ± 0.592472823036015117. According to Figures 13 
and 14, the maximum positive and negative values of microrotation occur in case 6 
and are equal to 1.0699638786 and −1.0699638786, respectively. The maximum 
positive value of microrotation occurs when the value of 휉  is equal to 
−0.71428571430603871, and the maximum negative value of microrotation occurs 
when the value of 휉 is equal to 0.714285713365754971. According to Figures 13 and 
14, the lowest amount of microrotation is zero in all the cases in Table 10 and exactly 
occurs at three locations of the upper disk (휉 = 1), the lower disk (휉 = −1) and 
between two disks (휉 = 0). According to Figures 15–18, the maximum temperature 
and concentration equal 1. In all the cases in Table 10, they occur when the value of 
휉 is equal to −1, and the minimum temperature and concentration are equal to −1, and 
they occur in all the cases in Table 10 when the value of 휉 is equal to 1. 
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Figure 9. Two-dimensional contour of axial velocity in different cases of micropolar 
parameters. 

Figure 10. Three-dimensional contour of axial velocity in different cases of 
micropolar parameters. 
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Figure 11. Two-dimensional contour of radial velocity in different cases of 
micropolar parameters. 

Figure 12. Three-dimensional contour of radial velocity in different cases of 
micropolar parameters. 
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Figure 13. Two-dimensional contour of microrotation in different cases of 
micropolar parameters. 

Figure 14. Three-dimensional contour of microrotation in different cases of 
micropolar parameters. 
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Figure 15. Two-dimensional contour of temperature in different cases of micropolar 
parameters. 

Figure 16. Three-dimensional contour of temperature in different cases of 
micropolar parameters. 
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Figure 17. Two-dimensional contour of concentration in different cases of 
micropolar parameters. 

Figure 18. Three-dimensional contour of concentration in different cases of 
micropolar parameters. 

Now, the results of the investigation of axial, radial, microrotation, temperature, 
and concentration contours for Equations (12)–(15), when the stretching Reynolds 
number was changed are discussed. When the stretching Reynolds number parameter 
was changed, the other parameters were constant and equal to the values of 푀� = 1, 
푆� = 0.5 ,  퐸� = 0.2 ,  푁� = 1 ,  푃� = 0.7 ,  휆� = 0.3 ,  휆� = 0.2 ,  휆� = 2 . The stretching 
Reynolds number parameter was investigated in 6 different cases. Changes in this 
parameter affected all five quantities of axial velocity, radial velocity, microrotation, 
temperature, and concentration, and the two-dimensional and three-dimensional 
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contours resulting from these changes are also shown in Figures 19–28. According to 
Figures 19 and 20, the maximum positive and negative values of the axial velocity 
occurred when the value of the stretching Reynolds number was zero, 
0.408437042705, and −0.408437042704, respectively. The maximum positive axial 
velocity occurs when the value of 휉  is equal to 0.551020408126658312, and the 
maximum negative value of axial velocity occurs when the value of 휉  is equal to 
−0.551020408397712713. According to Figures 19 and 20, the lowest value of the 
axial velocity is zero for each value of the stretching Reynolds number and happens 
exactly at the three points of the upper disc (휉 = 1), the lower disc (휉 = −1), and 
between the two discs (휉 = 0) . According to Figures 21 and 22, the maximum 
positive value of the radial velocity occurs when the stretching Reynolds number is 
zero and has a value of 1.08743936914 and occurs at a point where the value of 휉 is 
equal to −0.00502512566279166364. The maximum negative value of the radial 
velocity occurs on both disks and for each stretching Reynolds number, with a value 
of −2. The minimum calculated value of the radial velocity in every six stretching 
Reynolds numbers is assumed to be zero. Still, it happens in different places, which 
means that the location of the minimum radial velocity is different in every stretching 
Reynolds number. When the stretching Reynolds number is zero, the minimum radial 
velocity occurs at 휉 = ±0.567681247229664065. When the stretching Reynolds 
number is assumed to be 10, the minimum radial velocity occurs at 휉 =
±0.608076355132214585. When the stretching Reynolds number is assumed to be 
20, the minimum radial velocity occurs at 휉 = ±0.640511670826334534. When the 
stretching Reynolds number is assumed to be 30, the minimum radial velocity occurs 
at 휉 = ±0.665380422273169736 . When the stretching Reynolds number is 
assumed to be 50, the minimum radial velocity occurs at 휉 =
±0.703310792645532423. According to Figures 23 and 24, the maximum positive 
and negative values of microrotation in the case that the stretching Reynolds number 
is assumed to be zero and are equal to 1.18125112872 and −1.18125112871, 
respectively. The maximum positive value of microrotation occurs when the value of 
휉  is equal to −0.628140703544759815, and the maximum negative value of 
microrotation occurs when the value of 휉  is equal to 0.62814070251133014. 
According to Figures 23 and 24, the minimum amount of microrotation is zero for all 
assumed stretching Reynolds numbers. It is exactly at three points of the upper disk 
(휉 = 1), the lower disk (휉 = −1), and between the two disks (휉 = 0) that is happens. 
According to Figures 25–28, the maximum temperature and concentration are equal 
to 1. All assumed stretching Reynolds numbers occur when the value of 휉 is equal to 
−1. The minimum temperature and concentration are equal to −1, and for all the 
assumed stretching, Reynolds numbers occur when the value of 휉 is equal to 1. 
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Figure 19. Two-dimensional contour of axial velocity at different values of the 
stretching Reynolds number. 

Figure 20. Three-dimensional contour of axial velocity at different values of the 
stretching Reynolds number. 
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Figure 21. Two-dimensional contour of radial velocity at different values of the 
stretching Reynolds number. 

Figure 22. Three-dimensional contour of radial velocity at different values of the 
stretching Reynolds number. 
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Figure 23. Two-dimensional contour of microrotation at different values of the 
stretching Reynolds number. 

Figure 24. Three-dimensional contour of microrotation at different values of the 
stretching Reynolds number. 
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Figure 25. Two-dimensional contour of temperature at different values of the 
stretching Reynolds number. 

Figure 26. Three-dimensional contour of temperature at different values of the 
stretching Reynolds number. 
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Figure 27. Two-dimensional contour of concentration at different values of the 
stretching Reynolds number. 

Figure 28. Three-dimensional contour of concentration at different values of 
stretching Reynolds number. 

Now, the results of the investigation of axial, radial, microrotation, temperature, 
and concentration contours for Equations (12)–(15) when the magnetic parameter was 
changed are discussed. When the magnetic parameter was changed, the other 
parameters were constant and equal to the values of 푆� = 0.5,  푅� = 20,  퐸� = 0.3, 
푁� = 1 ,  푃� = 2 ,  휆� = 0.3 ,  휆� = 0.2 , and 휆� = 2 . The magnetic parameter was 
investigated in 6 different cases, and the changes of this parameter affected all five 
quantities of axial velocity, radial velocity, microrotation, temperature, and 
concentration, and two-dimensional and three-dimensional contours resulting from 
these changes are also shown in Figures 29–38. According to Figures 29 and 30, the 
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maximum positive and negative values of the axial velocity occurred when the value 
of the magnetic parameter was zero and were equal to 0.340651700237 and 
−0.340651700186, respectively. The maximum positive axial velocity occurs when 
the value of 휉 is equal to 0.608040200808000031, and the maximum negative value 
of the axial velocity occurs when the value of 휉 is equal to −0.608040201544712167. 
According to Figures 29 and 30, the lowest value of the axial velocity is zero for each 
value of the magnetic parameter and exactly happens at the three points of the upper 
disc (휉 = 1), the lower disc (휉 = −1), and between the two discs (휉 = 0). According 
to Figures 31 and 32, the maximum positive value of the radial velocity occurs when 
the magnetic parameter is zero and has a value of 0.813292009152 and occurs in a 
place where the value of 휉 is equal to −0.00502512698202659848. The maximum 
negative value of the radial velocity occurs on both disks and for each magnetic 
parameter and has a value of −2.  The minimum value of radial velocity calculated in 
all six magnetic parameters is assumed to be zero, but it happens in different places; 
that is, the location of minimum radial velocity is different in each magnetic parameter. 
According to Figures 31 and 32, in the case where the value of the magnetic parameter 
is zero, the minimum radial velocity occurs at 휉 = ±0.607429531034752723 . 
When the magnetic parameter is assumed to equal 0.5, the minimum radial velocity 
occurs at 휉 = ±0.616804860051527681. When the magnetic parameter is assumed 
to equal 1, the minimum radial velocity occurs at 휉 = ±0.640511670824125412. 
When the magnetic parameter is assumed to be equal to 1.5, the minimum radial 
velocity occurs at 휉 = ±0.669338517525361443. In the case where the value of the 
magnetic parameter is assumed to equal 2, the minimum radial velocity occurs at 휉 =
±0.698644720773267114. When the magnetic parameter is assumed to equal 2.5, 
the minimum radial velocity occurs at 휉 = ±0.724515125952562067. According to 
Figures 33 and 34, the maximum positive and negative values of microrotation in the 
case where the magnetic parameter is assumed to be zero are 0.920228094121 and 
−0.920228094294, respectively. The maximum positive value of microrotation occurs 
when 휉 = −0.72864321608434357 , and the maximum negative value of 
microrotation occurs when 휉 =  0.728643208751884042. According to Figures 33 
and 34, the minimum amount of microrotation is zero for all the assumed magnetic 
parameters. It is exactly at three points of the upper disk (휉 = 1) and the lower disk 
(휉 = −1) and occurs between two disks (휉 = 0). According to Figures 35–38, the 
maximum temperature and concentration equal 1. For all assumed magnetic 
parameters, they occur when 휉 = −1 is. The minimum temperature and concentration 
are equal to −1, and all the assumed magnetic parameters occur when 휉 = 1. 
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Figure 29. Two-dimensional contour of axial velocity in different values of the 
magnetic parameter. 

Figure 30. Three-dimensional contour of axial velocity in different values of the 
magnetic parameter. 
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Figure 31. Two-dimensional contour of radial velocity in different values of the 
magnetic parameter. 

Figure 32. Three-dimensional contour of radial velocity in different values of the 
magnetic parameter. 
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Figure 33. Two-dimensional contour of microrotation at different values of the 
magnetic parameter. 

Figure 34. Three-dimensional contour of microrotation at different values of the 
magnetic parameter. 
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Figure 35. Two-dimensional contour of temperature at different values of the 
magnetic parameter. 

Figure 36. Three-dimensional contour of temperature in different values of the 
magnetic parameter. 
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Figure 37. Two-dimensional contour of concentration in different values of the 
magnetic parameter. 

Figure 38. Three-dimensional contour of concentration in different values of the 
magnetic parameter. 

Now, the results of the investigation of axial, radial, microrotation, temperature, 
and concentration contours for Equations (12)–(15) when the radiation parameter was 
changed are discussed. When the radiation parameter was changed, the other 
parameters were constant and equal to the values of 푀� = 1, 푆� = 0.5, 푅� = 3,  퐸� =
0.3, 푃� = 0.7, 휆� = 0.3, 휆� = 0.2, 휆� = 2. The radiation parameter was investigated 
in 6 different modes. The changes in this parameter only had a significant effect on 
temperature quantity. They had almost no effect on the four quantities of axial speed, 
radial velocity, microrotation, and concentration, and the resulting 2D and 3D 
temperature contours were shown in two Figures 39 and 40.  The changes in the 
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radiation parameter did not affect the quantity of the axial velocity, and the maximum 
positive and negative values of the axial velocity occurred for all the radiation 
parameters and are equal to 0.383953826907 and −0.383953826907, respectively. The 
maximum positive axial velocity occurs when the value of 휉  is equal to 
0.577889446943717244, and the maximum negative value of the axial velocity occurs 
when the value of 휉 is equal to −0.577889448510863213.  The lowest value of the 
axial velocity is zero for all radiation parameters. It occurs exactly at three points of 
the upper disk (휉 = 1), the lower disk (휉 = −1), and between the two disks (휉 = 0). 
The radiation parameter changes did not affect the radial velocity quantity; the 
maximum positive and negative values of the radial velocity occurred for all the 
radiation parameters and are equal to 0.986765233308 and −2, respectively.  The 
maximum positive radial velocity occurs when the value of 휉  is equal to 
−0.00502512575911638962, and the maximum negative value of the radial velocity 
occurs when the value of 휉 is equal to ±1. The lowest value of the radial velocity is 
zero for all radiation parameters and occurs when the value of 휉  is equal to 
±0.580466299484895809. The changes in radiation parameters did not affect the 
amount of microrotation, and the maximum positive and negative values of 
microrotation occurred for all radiation parameters and are equal to 1.11011447812 
and −1.11011447812, respectively. The maximum positive microrotation occurs when 
the value of 휉 is equal to −0.648241207908432315, and the maximum negative value 
of microrotation occurs when the value of 휉 is equal to 0.648241203627465956. The 
lowest amount of microrotation is zero for all radiation parameters and occurs exactly 
at three points of the upper disk (휉 = 1), the lower disk (휉 = −1), and between the 
two disks (휉 = 0). The changes in the radiation parameter did not affect the amount 
of concentration. The maximum concentration is equal to 1, and all the assumed 
radiation parameters occur when the value of ξ is equal to −1. The minimum 
concentration is equal to zero. It happens for all the assumed radiation parameters 
when the value of 휉 equals 1. According to Figures 39 and 40, changes in the radiation 
parameter only significantly affect the quantity of temperature, and for all radiation 
parameters, the maximum temperature is equal to 1. It is assumed for all radiation 
parameters that when the value of ξ is equal to −1, it happens, and the minimum 
temperature is equal to zero. It happens for all assumed radiation parameters when the 
value of 휉 is equal to 1.  

196



Mechanical Engineering Advances 2025, 3(2), 2838. 

Figure 39. Two-dimensional contour of temperature in different values of radiation 
parameter. 

Figure 40. Three-dimensional contour of temperature in different values of radiation 
parameter. 

Now, the results of the investigation of axial, radial, microrotation, temperature, 
and concentration contours for Equations (12)–(15) when the Prandtl number  was 
changed are discussed. When the Prandtl number changed, other parameters were 
constant and equal to the values of 푀� = 1,  푆� = 0.5,  푅� = 3,  퐸� = 0.2,  푁� = 2, 
휆� = 0.3, 휆� = 0.2, 휆� = 2. The Prandtl number was investigated in 6 different cases, 
and the changes of this parameter had a significant effect only on the quantity of 
temperature and the four quantities of axial velocity, radial velocity, microrotation, 
and concentration. It was almost unaffected, and the 2D and 3D contours obtained 
from these changes are also shown in Figures 41 and 42. The changes in the radiation 
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parameter did not affect the quantity of the axial velocity. The maximum positive and 
negative values of the axial velocity occurred for all assumed Prandtl numbers, which 
were 0.383953826907 and −0.383953826907, respectively. The maximum positive 
axial velocity occurs when the value of 휉 is equal to 0.577889446943606555, and the 
maximum negative value of the axial velocity occurs when the value of 휉 is equal to 
−0.577889448511109238. The lowest value of the axial velocity is calculated for all 
the Prandtl numbers assumed to be zero and occurs exactly at the three points of the 
upper disk (휉 = 1), the lower disk (휉 = −1), and between the two disks (휉 = 0). 
Changes in the Prandtl number did not affect the quantity of the radial velocity, and 
the maximum positive and negative values of the radial velocity for all assumed 
Prandtl numbers are equal to 0.986765233307 and −2, respectively. The maximum 
positive radial velocity occurs when the value of 휉  is equal to 
−0.00502512575474362705, and the maximum negative values of the radial velocity 
occurs when the value of 휉 is equal to ±1. The lowest value of the radial velocity, for 
all assumed Prandtl numbers, is zero and occurs when the value of 휉  is equal to 
±0.580466299484894921. Changes in the Prandtl number did not affect the quantity 
of microrotation, and the maximum positive and negative value of microrotation for 
all assumed Prandtl numbers are equal to 1.11011447812 and −1.11011447812, 
respectively. The maximum positive microrotation occurs when the value of 휉 is equal 
to −0.648241207908067829, and the maximum negative value of microrotation 
occurs when the value of 휉 is equal to 0.648241203628162621. The minimum amount 
of microrotation, for all the assumed Prandtl numbers, is zero and occurs exactly at 
three points: the upper disk (휉 = 1), the lower disk (휉 = −1), and between the two 
disks (휉 = 0) . Changes in the Prandtl number did not affect the amount of 
concentration, and for all the Prandtl numbers, the maximum concentration was 
assumed to be 1. It occurred when the value of 휉  was −1, and the minimum 
concentration was equal to zero, and for all the Prandtl numbers, it was assumed that 
happens when the value of 휉 is equal to 1. According to Figures 41 and 42, changes 
in the Prandtl number have a significant effect only on the quantity of temperature, 
and when the assumed Prandtl number is equal to 22, the maximum temperature is 
equal to 5.29149373452, and it happened where the value of 휉  is equal to 
−0.206030151411750184. The minimum value of temperature for all assumed Prandtl 
numbers occurred when the value of 휉 was equal to 1 and was equal to zero. 
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Figure 41. Two-dimensional contour of temperature at different values of the 
Prandtl number. 

Figure 42. Three-dimensional contour of temperature at different values of the 
Prandtl number. 

Now, the results of the investigation of axial, radial, microrotation, temperature, 
and concentration contours for Equations (12)–(15) when the Eckert number  was 
changed are discussed. When the Eckert number changed, other parameters were 
constant and were equal to the values of 푀� = 1,  푆� = 0.5,  푅� = 3,  푁� = 1,  푃� =
0.7, 휆� = 0.3, 휆� = 0.2, 휆� = 2. The Eckert number was investigated in 6 different 
cases, and the changes in this parameter had a significant effect on the quantity of 
temperature and the four quantities of axial velocity, radial velocity, microrotation, 
and concentration. It was almost unaffected, and the 2D and 3D contours obtained 
from these changes are also shown in Figures 43 and 44. The changes in Eckert 
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number did not affect the quantity of axial velocity. The maximum positive and 
negative axial velocity values occurred for all assumed Eckert numbers, equal to 
0.383953826907 and −0.383953826907, respectively. The maximum positive axial 
velocity occurs when the value of 휉  is equal to 0.577889446942673635, and the 
maximum negative value of the axial velocity occurs when the value of 휉 is equal to 
−0.577889448511718862. The lowest value of the axial velocity is calculated for all 
Eckert numbers assumed to be zero, and exactly at the three points of the upper disk 
(휉 = 1), the lower disk (휉 = −1) and between the two disks (휉 = 0) occurs. The 
changes in Eckert number did not affect the quantity of radial velocity, and the 
maximum positive and negative value of radial velocity for all assumed Eckert 
numbers are equal to 0.986765233307 and −2, respectively. The maximum positive 
radial velocity occurs when the value of 휉 is equal to −0.00502512575474362705, and 
the maximum negative value of the radial velocity occurs when the value of 휉 is equal 
to ±1. The lowest value of the radial velocity, for all assumed Eckert numbers, is zero 
and occurs when the value of 휉 is equal to ±0.580466299484894921. Changes in the 
Eckert number did not affect the amount of microrotation, and the maximum positive 
and negative values of the microrotation for all assumed Eckert numbers are equal to 
1.11011447812 and −1.11011447812, respectively. The maximum positive 
microrotation occurs when the value of 휉 is equal to −0.648241207908067829, and 
the maximum negative value of microrotation occurs when the value of 휉 is equal to 
0.648241203628162621. The minimum amount of microrotation, for all assumed 
Eckert numbers, is zero and occurs exactly at three points: the upper disk (휉 = 1), the 
lower disk (휉 = −1), and between two disks (휉 = 0). Changes in the Eckert number 
did not affect the amount of concentration, and the maximum concentration is equal 
to 1. All the assumed Eckert numbers occur when the value of 휉 is equal to −1 and the 
minimum concentration is equal to zero, and for all the assumed Eckert numbers, they 
happen when the value of 휉 is equal to 1. According to Figures 43 and 44, changes in 
the Eckert number have a significant effect only on the quantity of temperature, and 
when the assumed Eckert number is equal to 2, the maximum temperature is equal to 
1.20155355593, and it happened where the value of 휉  is equal to 
−0.648241313576453315. The minimum temperature value for all assumed Eckert 
numbers occurred when the value of 휉 was equal to 1 and was equal to zero.  
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Figure 43. Two-dimensional contour of temperature at different values of the Eckert 
number. 

Figure 44. Three-dimensional contour of temperature at different values of the 
Eckert number. 

Now, the results of the investigation of axial, radial, microrotation, temperature, 
and concentration contours for Equations (12)–(15) when the Schmidt number  was 
changed are discussed. When the Schmidt number changed, the other parameters were 
constant and equal to the values of 푀� = 1,  푅� = 20, 퐸� = 0.2, 푁� = 2, 푃� = 3, 휆� =
0.3, 휆� = 0.2, 휆� = 2. The Schmidt number was investigated in 6 different cases, and 
the changes in this parameter had a significant effect on the quantity of concentration 
and the four quantities of axial velocity, radial velocity, microrotation, and 
temperature. It was almost unaffected, and the 2D and 3D contours obtained from 
these changes are also shown in Figures 45 and 46. Changes in the Schmidt number 
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did not have much effect on the quantity of the axial velocity, and the maximum 
positive and negative value of the axial velocity occurred for all assumed Schmidt 
numbers and are equal to 0.289645614908 and −0.289645614907, respectively. The 
maximum positive axial velocity occurs when the value of 휉  is equal to 
0.63819095373231749, and the maximum negative values of axial velocity occurs 
when the value of 휉 is equal to −0.638190955068300037. The lowest value of the axial 
velocity is calculated for all Schmidt numbers assumed to be zero and occurs exactly 
at the three points of the upper disk (휉 = 1), the lower disk (휉 = −1), and between 
the two disks (휉 = 0). Changes in the Schmidt number did not affect the quantity of 
the radial velocity, and the maximum positive and negative values for all assumed 
Schmidt numbers are equal to 0.630827168825 and −2, respectively. The maximum 
positive radial velocity occurs when the value of 휉  is equal to 
−0.00502512563586887499, and the maximum negative value of the radial velocity 
occurs when the value of 휉 is equal to ±1. The lowest value of the radial velocity, for 
all assumed Schmidt numbers, is zero and occurs when the value of 휉 is equal to 
±0.640511670822128121. Changes in the Schmidt number did not affect the amount 
of microrotation, and the maximum positive and negative values of microrotation for 
all assumed Schmidt numbers are equal to 0.82620738577 and −0.826207385766, 
respectively. The maximum positive microrotation occurs when the value of 휉 is equal 
to −0.748743718610704767, and the maximum negative value of microrotation 
occurs when the value of 휉 is equal to 0.748743718014597603. The minimum amount 
of microrotation, for all assumed Schmidt numbers, is zero and occurs exactly at three 
points: the upper disk (휉 = 1), the lower disk (휉 = −1), and between the two disks 
(휉 = 0). Changes in the Schmidt number did not affect the quantity of temperature, 
and the maximum temperature is equal to 1 for all assumed Schmidt numbers. They 
occur when the value of 휉 equals −1, and the minimum temperature is zero for all 
assumed Schmidt numbers. It happens when the value of 휉 is equal to 1. According to 
Figures 45 and 46, changes in the Schmidt number only significantly affect the 
quantity of concentration. For all assumed Schmidt numbers, the maximum 
concentration is equal to 1, and for all assumed Schmidt numbers, it happens when the 
value of ξ is equal to −1. The minimum concentration is equal to zero. All assumed 
Schmidt numbers happen when the value of 휉 equals 1.   
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Figure 45. Two-dimensional contour of concentration at different values of the 
Schmidt number. 

Figure 46. Three-dimensional contour of concentration at different values of the 
Schmidt number. 

5. Conclusion

This study solved nonlinear equations governing heat and mass transfer in MHD
micropolar fluid flow between stretching disks using two semi-analytical methods: the 
HAN method and modified AGM. These recently developed methods were applied 
innovatively, and their solutions were validated through three approaches: (1) 
substitution into governing equations with graphical verification; (2) comparison with 
existing analytical solutions; and (3) cross-validation between HAN and modified 
AGM results. 

The problem addressed axisymmetric, incompressible, viscous MHD flow with 
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heat and mass transfer. Similarity transformations reduced the PDE system to ODEs 
involving four dimensionless quantities 푓(휉) , 푔(휉) , 휃(휉),  and 휙(휉)  and their 
derivatives with nine parameters (e.g., Reynolds number, magnetic parameter, Prandtl 
number). Key findings include: 
 Stretching Reynolds, magnetic, and micropolar parameters significantly

influenced axial/radial velocity, microrotation, temperature, and concentration.
 Prandtl number (3 ≤ 푃� ≤ 22) caused a 429% change in maximum temperature

but did not affect other quantities.
 Eckert number (퐸� = 1 → 2) led to a 16.5% increase in maximum temperature,

with negligible impact elsewhere.
 Schmidt number (0.1 ≤ 푆� ≤ 1.5) altered only concentration profile shape, not

extrema.
 Radiation parameter (0 ≤ 푁�  ≤ 8) modified temperature graph shape without

changing its maxima/minima.
The HAN method’s ability to derive analytical expressions from numerical data

and the modified AGM’s independence from numerical solutions offer advantages 
over traditional techniques. Future work could extend this framework to analyze skin 
friction, Nusselt number, or microorganism density, broadening the physical insights. 

Conflict of interest: The author declares no conflict of interest. 

Nomenclature 

퐞�ퟏ, 퐞�ퟐ, 퐞�ퟑ Components of the unit vector (-) 푟, 휃, 푧 Circular cylindrical coordinate system (m, rad, m) 
휎 Stefan-Boltzmann constant (W/m�. K�) 푢, 푤 Velocity components (m/s)  
푘� Average absorption coefficient (cm��) 푡 Time (s) 
푚̇��� Reactive flow (kg/s�. m�) 푙 Distance from 푟- axis (m)  
푆 Stretching parameter of the disks (s��) 퐕 Velocity vector field (m/s) 
휃(휉) Dimensionless temperature (-) 푝 Pressure field (Pa) 
휙(휉) Dimensionless concentration (-) 휇 Dynamic viscosity (kg/m. s) 
푓(휉) Dimensionless axial velocity (-) 휅 Vortex viscosity 
푓′(휉) Dimensionless radial velocity (-) 푗 Micro-inertia per unit mass 
푔(휉) Dimensionless micro-rotation velocity (-) 퐍 Microrotation vector field (m/s) 
푅� Stretching Reynolds number (-) 푁�, 푁�, 푁� Components of the microrotation (m/s) 
푀� Magnetic parameter (-) 휌 Fluid density (kg/m�) 
휆� Vortex viscosity (-) 퐉 Density vector field (kg/m�) 
휆� Micro-inertial density (-) 퐁 Sum of induced and imposed magnetic field 
휆� Spin gradient viscosity parameter (-) 훼�, 훼�, 훼� Gyro-viscosity coefficients 
푃� Prandtl number (-) 훁 Gradient operator (-) 
푁� Radiation parameter 훁 × Curl operator (-) 
퐸� Eckert number (-) 푇 Temperature scalar field (K) 
푆푐 Schmidt number (-) 휎�� Electrical conductivity of the fluid (S/m) 
푟 Radius of the disk (m) 푇� Temperature of the lower disk (K) 
푅� local Reynolds number (-)  푇� Temperature of the upper disk (K) 
푁� Nusselt number (-)   퐶 Concentration scalar field (mol/m�) 
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퐶� Skin friction coefficient (-) 퐶� Concentration of the lower disk (mol/m�) 
퐶� Wall couple stress (-) 퐶� Concentration of the upper disk (mol/m�) 
훷 Viscous dissipation function (W/s. kg�� ∙ m��) 휉 Similarity variable (-) 

푘 Thermal conductivity coefficient (W/m ∙ K) 푐� Specific heat capacity at constant pressure (J/kg ∙ K) 

퐷� Diffusion coefficient/mass diffusivity (m�/s)  푞�� Radiant heat flux (J/s) 

퐵�� Strength of the magnetic field (A/m) 
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