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ABSTRACT: The paper presents the numerical investigation of point 

contact thermal elasto-hydrodynamic lubrication (EHL) with surface 

asperities analyzed. The effect of temperature and surface roughness on 

fluid film thickness is studied in detail. The governing equations comprise 

Reynolds, film thickness, load balance, and energy equations with 

appropriate boundary conditions. The second-order finite difference 

approximation is used to discretize the governing equations, and the 

resultant nonlinear system of algebraic equations is solved using the 

Multigrid V-cycle with full approximation scheme (FAS) technique. The 

multi-level multi-integration (MLMI) technique is employed to solve the 

film thickness equation. The obtained results are illustrated in the form of 

graphs and tables that are comparable with earlier findings. The film 

thickness profiles show dimples near the outlet region due to the 

temperature-viscosity wedge mechanism. Isothermal minimum film 

thickness is higher than the thermal minimum film thickness. Minimum 

film thickness is much smaller due to the slide-to-roll ratio being positive 

as compared to negative, whereas the behavior of central film thickness is 

in contrast to that of minimum film thickness. 

KEYWORDS: thermal; EHL; multigrid method; FAS; slide to roll ratio; 

MLMI 

1. Introduction 
The thermal effect plays a vital role in tribo components such as gears, cams, tappets, rolling 

bearings, etc. For these components, the load is applied over a small contact region, which results in high 
pressure generated within the contact region, which leads to deforming the contacting surfaces. This 
phenomenon of lubrication is widely known as elasto-hydrodynamic lubrication (EHL). The simulation 
of EHL point contact is able to understand the failure of these components, and temperature is a key 
factor in galling or scuffing of these components. The effects of pressure, temperature, and film thickness 
are influenced by the surface roughness of the contacting surfaces that are viewed on a microscopic level. 

In 1961, Crook[1] theoretically studied the hydrodynamic line contact problem by the mechanism of 
heat generation and removal in oil film. Sternlicht et al.[2] examined the fluid behavior in the contact area 
and understood the impact of lubricant on rolling contact fatigue life. The numerical solution of coupled 
Reynolds, elasticity, and energy equations was analyzed through mean viscosity across fluid film, as 
discussed by Cheng and Sternlicht[3]. Dowson and Whitker[4] used numerical methodology for the 
solution of the EHL problem due to the impact of sliding on the performance of EHL contact; further, 
the relation between temperature and pressure distribution was analyzed. Murch and Wilson[5] 
deliberated the viscous heat instead of the conventional Reynolds equation in the inlet region of the EHL 
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problem and noticed that constriction in the film thickness is due to viscous heating. The thermal EHL 
of an elliptical contact problem was numerically elucidated using the finite difference method with 
viscosity and density depending on pressure, as analyzed by Bruggemann and Kollmann[6]. 

The detailed analysis of the thermal EHL point contact problem was discussed by Kim and 
Sadeghi[7,8] by considering pure rolling and low slip conditions in order to get the solution. Further work 
reveals the importance of shear heating under pure rolling/sliding conditions and predicts that shear 
heating is in the Hertzian zone. Salehizadeh and Saka[9], Wolff and Kubo[10] and Kazama et al.[11] 
scrutinized the thermal EHL line contact problem by adopting a parabolic cross-film temperature profile 
to reduce the three-dimensional problem into a two-dimensional problem as well as the discretization 
cost of the energy equation. The thermal EHL circular contact problem was analyzed using the Multigrid 
method to determine the solution of Reynolds and film thickness equations under pure rolling/sliding 
conditions, as discussed by Lee et al.[12]. Ehret et al.[13] debated the thermal EHL elliptical contact problem 
and adopted Lee et al.[12] numerical procedure to understand the effects of spin on elliptical contacts and 
also noticed that high temperature across the fluid film. Qu et al.[14] determined the occurrence of steady-
state dimple phenomenon is due to temperature-viscosity wedge mechanism on thermal EHL circular 
contacts, and Yang et al.[15] confirm the occurrence of steady-state dimple. Guo et al.[16] numerically 
studied the thermal EHL circular contact problem by considering slide-to-roll ratio, which is more than 
2 as calculated, and also predicted the formation of dimples, behavior of traction, and variations of 
dimples, which are compared with experimental findings. Kim et al.[17] debated the thermal EHL circular 
contact problem with a Newtonian fluid by using the moving heat source equation given by Carslaw and 
Jaeger numerically by the multigrid technique. The non-Newtonian thermal EHL circular contact 
problem was analyzed numerically by Kim et al.[18] and attained the results, which are compared with 
experimental findings of Cann and Spikes[19]. The Erying model was implemented for the thermal EHL 
point contact problem by Liu et al.[20] and they introduced a novel technique to calculate the effective 
viscosity of Erying fluid. 

Generally, there are no completely smooth surfaces in machine components. Many researchers have 
investigated the impact of surface topography on EHL contacts, and this surface topography was 
laconically known as micro-EHL. The surface area includes longitudinal, transverse, and isotropic. The 
isotropic uncouth describes no apparent directions and is randomly distributed. The surface roughness 
influences hydrodynamic fluid flow entraining action, which in turn impacts lubricating performance. 
The surface roughness collision can be analyzed by using statistical models, viz., stochastic and 
deterministic models. 

The stochastic model considers only a few numbers of statistical parameters to reveal the impact of 
surface roughness on contacts and fluids. Greenwood and Williamson[21] showed that the deformation 
mainly depends on the topography of the surface and introduced the criterion to differentiate the surfaces 
that touch elastically from those that touch plastically. Greenwood and Tripp[22] introduced the general 
theory of contact between two rough plane surfaces. Patir and Chang[23] used a stochastic model to 
explore the effect of surface roughness on hydrodynamic lubrication. And defined the average Reynolds 
equation for rough surfaces and defined it in terms of pressure and shear flow factors. The deterministic 
model was used to understand the surface roughness on the EHL line contact problem, which was 
discussed by Sadeghi and Sui[24]. Chang[25] numerically evaluated the thermal EHL problem with 
rolling/sliding contacts on rough surfaces by using the Newton-Raphson method, and the energy 
equation was solved using the control volume finite element method. Hu and Zhu[26] determined the 
numerical solution of the mixed EHL point contact problem and further computed 3-D surface roughness 
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under different rolling/sliding conditions. Wang et al.[27] analyzed the mixed EHL problem by 
considering Patir and Chang[23] average flow, and the obtained results are compared with those of Hu 
and Zhu[26]. The improvements in EHL, together with surface roughness interaction, give rise to a new 
methodology for predicting the Stribeck curve. Lu et al.[28] reported the results of a series of experiments 
conducted on journal bearings together with a theoretical prediction of the stribeck-type behavior. And 
these were compared with the results of the mixed EHL model for line contact, which are in good 
agreement with experiment findings. 

The deterministic model is used to solve thermal EHL circular and elliptical contact problems 
numerically to compute pressure and temperature of mixed lubrication discussed by Deolalikar et al.[29]. 
Yang et al.[30] studied the thermal EHL elliptical contact problem for rolling/sliding conditions with a 
non-Newtonian fluid model by considering both transverse and longitudinal surface roughness. And 
conclude that thermal and non-Newtonian effects can be enlarged significantly by the surface waviness. 
The impact of surface roughness on friction coefficients was discussed by Akbarzadeh and Khonsari[31]. 
Sojoudi and Khonsari[32] analyzed the EHL point contact problem by considering rough surfaces and 
estimated the friction coefficient behavior under different operating parameters. Zhu and Wang[33] studied 
the deterministic model for mixed lubrication of EHL lines and circular and elliptical contact problems 
to verify the performance of lubricating films. Masjedi and Khonsari[34] deliberated the inclusion of 
surface roughness in EHL point contact; a statistical-based elasto-plastic model was used to investigate 
the influence of surface roughness. The isothermal EHL point contact problem with bio-based oil as 
lubricant on smooth and rough surface asperity was numerically studied by Awati et al.[35] further 
concluding that the bio-based product brings out an alternative source of lubricant to reduce the energy 
crises. Zhang et al.[36] presented the point contact thermal EHL problem with zero entrainment velocity 
(ZEV) by considering both the Newtonian and Erying models. The impact of transversely oriented ridges 
was analyzed through thermal EHL, and the impact of ridges on pressure, film thickness, friction 
coefficients, and temperatures was studied by Cui et al.[37]. Awati et al.[38] studied the thermal EHL line 
contact problem numerically by using the multigrid method through the full approximation scheme 
(FAS) technique with bio-based oil as lubricant. And noticed that the reduction in the minimum film 
thickness for high speed and shown pressure spike as a function of relevant operating parameters. The 
size effect on EHL of roller pairs considering both Newtonian and Erying fluid thermal EHL problems 
under steady state was discussed by Liu et al.[39] further, concluded that the size effect is more pronounced 
in thermal elastohydrodynamic lubrication (TEHL) as compared to isothermal EHL. Hulqvist et al.[40] 
studied the effect of surface roughness on the EHL contact problem in order to improve the durability 
and friction performance of machine elements. The concept of how the slip effects temperature rise and 
its coupling effect with heat are still unknown. But researchers like Zhao et al.[41] discussed the effect of 
boundary slip on the thermal EHL point contact problem. And studied the coupled effects on boundary 
slip and heat on EHL contacts under large slide-to-roll ratios. The influence of the dimension change of 
the bushpin on the pressure, oil film thickness, temperature rise, and traction coefficient in the contact 
zone using the thermal EHL model of finite line contact was analyzed by Zhang et al.[42]. Zhang et al.[43] 
discussed the variations of oil film pressure, thickness, and temperature rise in the contact zone of plate 
pin pairs in silent chains numerically. In order to understand the interplay of boundary slip and heat, 
Zhao and Wong[44] used the complete thermal EHL of a non-wetting/wetting contact under high slide-
to-roll ratios. 
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1.1. Multigrid method 

Most of the computational modelling in engineering problems often involves the solution of systems 
of linear/nonlinear algebraic equations, which are represented in the form of matrix. The computation 
of the problem becomes difficult whenever there are a there are a large number of unknowns or an 
increase in the size of the coefficient matrix. The solution of these equations by direct method via. The 
Gaussian elimination method is computationally intensive and involves round-off errors. Iterative 
methods offer alternative tools because they provide the solution with minimum roundoff errors and are 
more amenable to parallel processing. Iterative methods such as Gauss-Seidel have a few drawbacks, 
viz., slow convergence due to the accumulation of round-off errors or low-frequency error components 
that are not removed efficiently after certain iterations. These methods also require starting with good or 
near-initial approximations so that the convergence becomes faster or is achieved with a smaller number 
of iterations, which is not possible in the case of nonlinear problems. 

The multigrid method is a powerful iterative method that circumvents the convergence of the 
problems of other iterative methods. This method uses iteration on a variety of grid sizes or matrix sizes 
to speed up the convergence of the solution. Further, the method has many applications in a wide range 
of problems, including the solution of differential and integral equations. The Gauss-Seidel iteration 
method slows down the convergence as the grid size increases. The multigrid method prevents slow 
convergence on grids of different sizes; thus, it substantially reduces all frequency error components. 

Brandt[45] introduced the multigrid method to solve large systems of linear as well as non-linear 
algebraic equations. Lubrecht et al.[46] adopted the multigrid method for the solution of the EHL point 
contact problem. Later, Venner[47] introduced the dipole Jacobi relaxation technique to enhance the 
performance of the multigrid method. The relaxation scheme is the main feature of this method that 
determines the efficiency of the method and decreases the error components. The main advantages of 
this method are that the convergence speed is independent of discretization points. Two types of 
relaxation schemes are employed in this technique; one of the schemes is Jacobi distributive line 
relaxation, which is applied to domains where pressure is more pronounced in the contact region. 
Another one is Gauss-Seidel relaxation, which is applied where the pressure is less severe, i.e., to inlet 
and outlet regions. 

Full Approximation Scheme (FAS) algorithm 

Multigrid is a powerful iterative method that converges much faster as compared to other iterative 
methods. This method eliminates high-frequency error components on the finer grid with only a few 
number of relaxation sweeps, whereas low-frequency error components are unaltered with further or 
more number of relaxation sweeps. By restriction operator is used to determine the solution to coarser 
grid, the low frequency error components act as high frequency error components and are easily 
eliminated with a few number of relaxation sweeps. Thus, the solution is obtained at a finer grid by using 
prolongation added to the solution to get a more approximate solution. The procedure is repeated until 
the convergence is achieved. The algorithm of the multigrid method comprising two grids is as follows. 

 The system of non-linear algebraic equations are represented as 

𝐿ℎ
෠
(𝑢෬)ℎ

෠
= 𝑓ℎ෠, 

where, L denotes the nonlinear operator, u

is the exact solution and f is the right hand side function, ℎ෠ 

represents the fine grid mesh. 

 Residual at the fine grid can be computed as 
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𝛻ℎ෠ = 𝑓ℎ෠ − 𝐿ℎ
෠

ቀ𝑣෬ℎ
෠
ቁ , 𝑒ℎ෠ = 𝑢෬ℎ

෠
− 𝑣෬ℎ

෠
, 

where, 𝑣෬ is the approximate solution to the exact solution𝑢෬ . 

 Thus, residual and current approximate solution can be restricted to coarse grid as 

𝛻ଶℎ෠ = 𝐼
ℎ෠
ଶℎ෠𝛻ℎ෠ = 𝐼

ℎ෠
ଶℎ෠ ൬𝑓ℎ෠ − 𝐿ℎ

෠
ቀ𝑣෬ℎ

෠
ቁ൰ and 𝑣෬ଶℎ෠ = 𝐼

ℎ෠
ଶℎ෠𝑣෬ℎ

෠
, 

where 𝐼
ℎ෠
ଶℎ෠ is restrict operator. 

 Then compute the coarse grid as 

𝐿ଶℎ෠ ቀ𝑢෬ଶℎ෠ቁ = 𝐿ଶℎ෠ ቀ𝑣෬ଶℎ෠ቁ + 𝛻ଶℎ෠ 

 Now, solve the coarser grid approximation to error as 𝑒ଶℎ෠ = 𝑢෬ଶℎ෠ − 𝑣෬ଶℎ෠. In the next step interpolate 
the error approximation to fine grid and correct the current fine grid approximation as 

𝑣෬ℎ
෠

← 𝑣෬ℎ
෠

+ 𝐼
ଶℎ෠
ℎ෠ 𝑒ଶℎ෠ 

where, 𝐼
ଶℎ෠
ℎ෠  is prolongation operator. 

 Apply two to three Gauss-Seidel relaxation sweeps in order to get more approximate solution. 
The present work mainly focuses on the thermal behavior of the EHL point contact problem and 

also analyzes the surface roughness effect under thermal conditions. The study encompassed Reynolds, 
film thickness, and energy equations; these equations were solved simultaneously by using the multigrid 
technique with a Gauss-Seidel relaxation process with a low relaxation factor employed, and film 
thickness equations were solved by using the multi-level multi-integration (MLMI) method, and the 
Gauss-Seidel iteration process was used to solve the energy equation. 

2. Governing equations 
The physical configuration of governing equations characterizes lubrication conditions materialize 

between a ball and plane. The circumferential velocity 𝑢ଶof the ball and plane is moving with velocity 𝑢ଵ 
is parallel to𝑢ଶ and the axes of the system are placed at centre of the contact. The x-axis is the same 
orientation as the entering velocity, although the z-axis is aimed perpendicular from surface 1 to surface 
2. 

2.1. Reynolds equation 

The Reynolds equation for the EHL point contact regime is the same as Lee et al.[12] and across fluid 
film thickness, the lubricant properties are assumed to be constant; also, the lubricant acts as a Newtonian 
fluid. The viscosity and density are dependent on both pressure and mean temperature of the film. As a 
consequence, the thermal Reynolds equation reads as, 

డ

డ௫
൬

ఘℎ
య

ఎ

డ௣

డ௫
൰ +

డ

డ௬
൬

ఘℎ
య

ఎ

డ௣

డ௬
൰ − 12𝑢̄

డ(ఘℎ)

డ௫
= 0, where 𝑢̄ =

௨భା௨మ

ଶ
 (1)

The dimensionless parameters used in this study are 

𝑋 =
𝑥

𝑎
;  𝑌 =

𝑦

𝑎
;  𝑃 =

𝑝

𝑝ℎ
;  𝐻 =

ℎ𝑅

𝑎ଶ
;  𝜌∗ =

𝜌

𝜌଴
;  𝜂∗ =

𝜂

𝜂଴
;  𝑈 =

𝜂଴𝑢̄

𝐸𝑅
;  𝑊 =

𝑤

𝐸′𝑅ଶ
;  𝑊̑ =

𝑤ෝ

𝑎
; 𝑇∗ =

𝑇

𝑇଴
;  𝑀

= 𝑊(2𝑈)ିଷ/ସ;  𝐿 = 𝐺(2𝑈)ଵ/ସ;  𝐺 = 𝛼𝐸;  𝑆𝑅 =
2(𝑢ଵ − 𝑢ଶ)

𝑢ଵ + 𝑢ଶ
 

(2)

By using Equation (2) in Equation (1), the dimensionless Reynolds equation becomes 
𝜕

𝜕𝑋
൬𝜀

𝜕𝑃

𝜕𝑋
൰ +

𝜕

𝜕𝑋
൬𝜀

𝜕𝑃

𝜕𝑌
൰ − 𝜆

𝜕(𝜌̄𝐻)

𝜕𝑋
= 0 (3)
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where 𝜆 =
ଵଶఎబ௨̄ோమ

௔య௣ℎ
, 𝜀 =

ఘ̄ுయ

ఎ∗ , and boundary conditions for Equation (3) is given as; 

At the inlet region 𝑃(𝑋௜௡ , 𝑌) = 0; At the outlet region 𝑃(𝑋௢௨௧ , 𝑌) = 0, 
డ௉(௑೚ೠ೟,௒)

డ௑
= 0; and at the two 

sides 𝑃|௒ୀ±ଶ = 0. 

The viscosity-pressure-temperature relation proposed by Roelands et al.[48] used to incorporate the 
change in viscosity along with pressure and temperature expressed as 

𝜂 = 𝜂଴ 𝑒𝑥𝑝{[𝑙𝑛(𝜂଴ − 9.67)][−1 + (1 + 5.1 × 10ିଽ𝑝)௭] − 𝛾(𝑇 − 𝑇଴)} (4)

where, 𝛾 denotesthe temperature-viscosity coefficient, 0 is the inlet viscosity of lubricant, T is the 

temperature and 𝑇଴ denotes the initial temperature. The dimensionless form of Equation (4) becomes 
𝜂∗ = 𝑒𝑥𝑝{[𝑙𝑛(𝜂଴ − 9.67)][−1 + (1 + 5.1 × 10ିଽ𝑝ℎ𝑃)௭] − 𝛾(𝑇∗ − 1)} (5)

Dowson and Higginson[49] proposed density-pressure relation is adopted with modifications to the 
effect of temperature is given as, 

𝜌 = 𝜌଴ ቆ1 +
0.6 × 10ିଽ𝑝

1 + 1.7 × 10ିଽ𝑝
ቇ [1 − 𝛽(𝑇 − 𝑇଴)] (6)

where, 𝛽 is the thermal expansivity. The dimensionless form of Equation (6) can be expressed as 

𝜌̄ = ቆ1 +
0.6 × 10ିଽ𝑝ℎ𝑃

1 + 1.7 × 10ିଽ𝑝ℎ𝑃
ቇ [1 − 𝛽(𝑇∗ − 1)] (7)

2.2. Film thickness equation 

Consider two bodies that are elastic and semi-infinite; also, the deformation of the bounding surface 
is taken into consideration. The radii of curvature of the ball are greater than the contact length; for an 
undeformed surface, the parabolic approximation is adopted. The point contact EHL film thickness 
equation is given by 

ℎ(𝑥, 𝑦) = ℎ଴଴ +
𝑥ଶ

2𝑅
+

𝑦ଶ

2𝑅
+

2

𝜋𝐸′
න න

𝑝(𝑥′, 𝑦′)𝑑𝑥′𝑑𝑦′

ඥ(𝑥 − 𝑥′)ଶ + (𝑦 − 𝑦′)ଶ

∞

ିஶ

∞

ିஶ

+ ℜ(𝑥, 𝑦) (8)

The dimensionless form of Equation (8) can be written as 

𝐻(𝑋, 𝑌) = 𝐻଴଴ +
𝑋ଶ + 𝑌ଶ

2
+

2

𝜋ଶ
න න

𝑃(𝑋′, 𝑌′)𝑑𝑋′𝑑𝑌′

ඥ(𝑋 − 𝑋′)ଶ + (𝑌 − 𝑌′)ଶ
+ ℜ(𝑋, 𝑌)

∞

ିஶ

∞

ିஶ

 (9)

where  ℜ(𝑋, 𝑌) = 𝐴ሜ 𝑐𝑜𝑠 ቀ
ଶగ௑̑

ௐ̑
ቁ , 𝑋̑ = 𝑋 𝑐𝑜𝑠(𝜑) − 𝑌 𝑠𝑖𝑛(𝜑) , 𝑊̑ = 𝑤̄/𝑏  denotes the dimensionless 

wavelength, 𝐴ሜ = 𝑎𝑚𝑝/ℎℎ  denotes the non-dimensional amplitude, ℎℎ = 𝑏ଶ/𝑅  denotes maximum 
Hertzian deformation, 𝜑 denotes the orientation angle. 

2.3. Force balance equation 

The force balance equation with respect to point contact problem becomes 

න න 𝑝(𝑥, 𝑦)𝑑𝑥𝑑𝑦 − 𝑤 = 0
∞

ି∞

∞

ି∞
 (10)

The dimensionless form of Equation (10) becomes 

න න 𝑃(𝑋, 𝑌)𝑑𝑋𝑑𝑌 =
2𝜋

3

∞

ି∞

∞

ି∞
 (11)
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2.4. Energy equation 

The detailed study of energy equation for a Newtonian fluid is given by Pai[50] and Liu[51]. The 
temperature distribution within the fluid film shall be computed from the solution of energy equation by 
considering convective term in the present study. 

𝑐௣𝜌 ൬𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
− 𝑤

𝜕𝑇

𝜕𝑧
൰ = 𝑘𝑢

𝜕ଶ𝑇

𝜕𝑧ଶ
−

𝑇

𝜌

𝜕𝜌

𝜕𝑇
൬𝑢

𝜕𝑝

𝜕𝑥
+ 𝑣𝑢

𝜕𝑝

𝜕𝑦
൰ + 𝜂 ቈ൬

𝜕𝑢

𝜕𝑧
൰

ଶ

+ ൬
𝜕𝑣

𝜕𝑧
൰

ଶ

቉ (12)

The dimensionless form of Equation (12) can be expressed as 
 

𝑐௣𝜌଴𝐸′𝑎ଷ

𝜂଴𝑘𝑅
൬𝜌̄𝑈∗

𝜕𝑇∗

𝜕𝑋
+ 𝜌̄𝑉∗

𝜕𝑇∗

𝜕𝑌
൰ −

𝑐௣𝜌଴𝐸′𝑎ଶ

𝜂଴𝑘
𝜌̄𝑊∗

𝜕𝑇∗

𝜕𝑍
=

𝜕ଶ𝑇∗

𝜕𝑍ଶ
−

𝐸′𝑝ℎ𝑎ଷ

𝜂଴𝑘𝑇଴𝑅

𝜕𝜌̄

𝜕𝑇∗

1

𝜌̄
 

൬𝑈∗
𝜕𝑃

𝜕𝑋
+ 𝑉∗

𝜕𝑃

𝜕𝑌
൰ 𝑇∗ +

𝐸′
ଶ

𝑅ଶ

𝑘𝜂଴𝑇଴
ቈ൬

𝜕𝑈∗

𝜕𝑍
൰

ଶ

+ ൬
𝜕𝑉∗

𝜕𝑍
൰

ଶ

቉ 𝜂∗ 

(13)

where 

𝑈∗ = 𝑈ଵ
∗ +

𝑝ℎ𝑎ଷ

𝑅ଷ𝐸′

𝜕𝑃

𝜕𝑋
൭න

𝑍

𝜂∗
𝑑𝑍

௓

଴

−
∫ (𝑍/𝜂∗)𝑑𝑍ଶு

଴

∫ (1/𝜂∗)𝑑𝑍
ு

଴

න
1

𝜂∗
𝑑𝑍

௓

଴

൱ +
𝑈ଶ

∗ − 𝑈ଵ
∗

∫ (1/𝜂∗)𝑑𝑍
ு

଴

න
1

𝜂∗
𝑑𝑍

௓

଴

 (13a)

𝑉∗ =
𝑝ℎ𝑎ଷ

𝑅ଷ𝐸′

𝜕𝑃

𝜕𝑌
൭න

𝑍

𝜂∗
𝑑𝑍 −

∫ (𝑍/𝜂∗)𝑑𝑍
ு

଴

∫ (1/𝜂∗)𝑑𝑍
ு

଴

න
1

𝜂∗
𝑑𝑍

௓

଴

௓

଴

൱ (13b)

The dimensionless temperature boundary condition for upper surface may be expressed as 

𝑇௨௣
∗ =

𝑘ඥ𝜂଴𝑅

ඥ𝜋𝜌ଵ𝑐ଵ𝑘ଵ𝑢ଵ𝐸′𝑎ଷ
න ൬

𝜕𝑇∗

𝜕𝑍
൰

௓ୀ଴

𝑑𝑆

√𝑋 − 𝑆
+ 1

௑

ି∞
 (14)

The temperature boundary condition for the lower surface may be expressed in dimensionless form 
as 

𝑇ௗ௪
∗ =

𝑘ඥ𝜂଴𝑅

ඥ𝜋𝜌ଶ𝑐ଶ𝑘ଶ𝑢ଶ𝐸′𝑎ଷ
න ൬

𝜕𝑇∗

𝜕𝑍
൰

௓ୀு

𝑑𝑆

√𝑋 − 𝑆
+ 1

௑

ି∞
 (15)

3. Method of solution 

3.1. Discretization of governing equations 

The governing mathematical modelling of physical equations, viz. Reynolds, film thickness, load 
balance, and energy equations, is discretized by using second-order finite difference approximations. The 
domain of computation is  [𝑋௜௡ , 𝑋௢௨௧] = [−4, 1.5], [𝑌௜௡ ,  𝑌௢௨௧] = [−2, 2]  and Equation (3) can be 
discretized as 

ቆ
𝜉௜ିଵ/ଶ,௝𝑃௜ିଵ,௝ − ൫𝜉௜ିଵ/ଶ,௝ + 𝜉௜ାଵ/ଶ,௝൯𝑃௜,௝ + 𝜉௜ାଵ/ଶ,௝𝑃௜ାଵ,௝

𝛥𝑋ଶ ቇ

+ ቆ
𝜉௜,௝ିଵ/ଶ𝑃௜,௝ିଵ − ൫𝜉௜,௝ିଵ/ଶ + 𝜉௜,௝ାଵ/ଶ൯𝑃௜,௝ + 𝜉௜,௝ାଵ/ଶ𝑃௜,௝ାଵ

𝛥𝑌ଶ ቇ 

− ൬
𝜌̄௜𝐻௜ − 𝜌̄௜ିଵ𝐻௜ିଵ

𝛥𝑋
൰ = 0, 

(16)

where 𝜉 =
ఌ

ఒ
. The film thickness Equation (9) can be discretized as 
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𝐻௜,௝ = 𝐻଴଴ +
𝑋௜

ଶ

2
+

𝑌௝
ଶ

2
+

2

𝜋ଶ
෍ ෍ 𝐾௜,௝,௞,௟𝑃௞,௟ − 𝐴ሜ 𝑐𝑜𝑠 ቆ

2𝜋𝑋′௝

𝑊̑
ቇ

ே

௟ୀଵ

ே

௞ୀଵ

 (17)

where 𝐾௜,௝,௞,௟  denotes the kernel and is given by Venner and Lubrecht[52]. 

𝐾௜,௝,௞,௟ = −|𝑋௣| 𝑎𝑟𝑐𝑠𝑖𝑛 ℎቆ
𝑌௣

𝑋௣
ቇ + |𝑌௣| 𝑎𝑟𝑐𝑠𝑖𝑛 ℎቆ

𝑋௣

𝑌௣
ቇ − |𝑋௠| 𝑎𝑟𝑐𝑠𝑖𝑛 ℎ ൬

𝑌௣

𝑋௠
൰ − |𝑌௣| 𝑎𝑟𝑐𝑠𝑖𝑛 ℎቆ

𝑋௠

𝑌௣
ቇ

− |𝑋௣| 𝑎𝑟𝑐𝑠𝑖𝑛 ℎ ቆ
𝑌௠

𝑋௣
ቇ − |𝑌௠| 𝑎𝑟𝑐𝑠𝑖𝑛 ℎ ൬

𝑋௣

𝑌௠
൰ + |𝑋௠| 𝑎𝑟𝑐𝑠𝑖𝑛 ℎ ൬

𝑌௠

𝑋௠
൰

+ |𝑌௠| 𝑎𝑟𝑐𝑠𝑖𝑛 ℎ ൬
𝑋௠

𝑌௠
൰ 

(18)

and 𝑋௣ = 𝑋௞ − 𝑋௜ +
௱௑

ଶ
; 𝑋௠ = 𝑋௞ − 𝑋௜ −

௱௑

ଶ
; 𝑌௣ = 𝑌௟ − 𝑌௝ +

௱௒

ଶ
; 𝑌௠ = 𝑌௟ − 𝑌௝ −

  ௒

ଶ
. 

The energy equation represented in Equation (13) can be written as 
𝜕ଶ𝑇∗

𝜕𝑍ଶ
+ 𝐴ଶ ൬𝜌̄𝑈∗

𝜕𝑇∗

𝜕𝑋
+ 𝜌̄𝑉∗

𝜕𝑇∗

𝜕𝑌
൰ − 2𝐴ହ𝜌̄𝑊∗

𝜕𝑇∗

𝜕𝑍
+ 𝐴ଷ

1

𝜌̄
൬𝑈∗

𝜕𝑃

𝜕𝑋
+ 𝑉∗

𝜕𝑃

𝜕𝑌
൰ 𝑇∗

= 𝐴ସ ቈ൬
𝜕𝑈∗

𝜕𝑍
൰

ଶ

+ ൬
𝜕𝑉∗

𝜕𝑍
൰

ଶ

቉ 𝜂∗ 

(19)

The discretized form of Equation (19) as 
1

∆𝑍ଶ
(𝑇௞ିଵ

∗ − 2𝑇௞
∗ + 𝑇௞ାଵ

∗ ) − 𝐴ହ𝜌̄𝑊௞
∗

1

∆𝑍
(𝑇௞ାଵ

∗ − 𝑇௞ିଵ
∗ ) + 𝐴ଷ ൬𝑈௞

∗
𝜕𝑃

𝜕𝑋
+ 𝑉௞

∗
𝜕𝑃

𝜕𝑌
൰

𝑇௞
∗

𝜌̄௞

+ 𝐴ଶ ቆ𝜌̄௞𝑈௞
∗

𝑇௜,௝,௞
∗ − 𝑇௜ିଵ,௝,௞

∗

∆𝑋
+ 𝜌̄௞𝑉௞

∗
𝑇௜,௝,௞

∗ − 𝑇௜,௝ିଵ,௞
∗

∆𝑌
ቇ = 𝐴ସ ቈ൬

𝜕𝑈∗

𝜕𝑍
൰

ଶ

+ ൬
𝜕𝑉∗

𝜕𝑍
൰

ଶ

቉ 𝜂௞
∗  

(20)

where 𝐴ଶ = ቀ
ି௖ఘா′௔య

ఎబ௞ோ
ቁ, 𝐴ଷ = ቀ

ିா′௣ℎ௔య஽

ఎబ௞ோ
ቁ, 𝐴ସ = ቀ

ா′మோమ

ఎబ௞ బ்
ቁ, 𝐴ହ = ቀ

ି௖ఘబா′௔మ

ଶఎబ௞
ቁ. 

By omitting the subscripts i, j. in Equation (20) and it can be written as 
𝐴ଵ,௞𝑇௞ିଵ

∗ + 𝐴ଶ,௞𝑇௞
∗ + 𝐴ଷ,௞𝑇௞ାଵ

∗ = 𝐴ସ,௞ (21)

where = 2, 3, 4, . . . 𝑁௓ − 1. 𝐴ଵ,௞ =
ଵ

∆௓మ + 𝐴ହ𝜌̄௞𝑊௞
∗ ଵ

∆௓
, 

𝐴ଶ,௞ = −2
ଵ

௱௓మ + 𝐴ଶ𝜌̄௞
ଵ

௱௑
(𝑈௞

∗ + 𝑉௞
∗) + 𝐴ଷ

ଵ

ఘ̄ೖ
ቀ𝑈௞

∗ డ௉

డ௑
+ 𝑉௞

∗ డ௉

డ௒
ቁ, 𝐴ଷ,௞ =

ଵ

∆௓మ − 𝐴ହ𝜌̄௞𝑊௞
∗ ଵ

∆௓
, 

𝐴ସ,௞ = 𝐴ସ ൤ቀ
డ௎∗

డ௓
ቁ

ଶ
+ ቀ

డ௏∗

డ௓
ቁ

ଶ

൨ 𝜂௞
∗ + 𝐴ଶ𝜌̄௞

ଵ

∆௑
൫𝑈௞

∗𝑇௜ିଵ,௝,௞
∗ + 𝑉௞

∗𝑇௜,௝ିଵ,௞
∗ ൯. 

The temperature boundary conditions are discretized as 
𝐴ଵ,ே೥

𝑇ே೥ିଵ
∗ + 𝐴ଶ,ே೥

𝑇ே೥

∗ = 𝐴ସ,ே೥
 (22)

where 𝐴ଵ,ேೋ
= 1 +

ସ

ଷ
𝐴଺√𝛥𝑋

ேೋିଵ

ு
, 𝐴ଶ,ேೋ

= −
ସ

ଷ
𝐴଺√𝛥𝑋

ேೋିଵ

ு
, 𝐴ସ,ேೋ

= 1 − 𝐴଺√∆𝑋
ேೋିଵ

ு
𝐶஼ଵ. 

The discretized form of Equation (11) becomes 

∆𝑋∆𝑌 ෍ ෍ 𝑃௜,௝

ே

௝ୀଵ

ே

௜ୀଵ

=
2𝜋

3
 (23)

The inlet boundary condition is 𝑃(𝑋௜௡ , 𝑌) = 0 and the outlet negative pressure is set to zero. The 
discretized boundary conditions are 

𝑃(𝑋௜௡ , 𝑌) = 0 and 
𝑃(𝑋௢௨௧ , 𝑌) − 𝑃(𝑋௢௨௧ିଵ, 𝑌)

∆𝑋
= 0 (24)

and the side boundary conditions becomes 𝑃(𝑋, 𝑌 = ±2) = 0. 
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3.2. Solution procedure 

For this problem, at each grid level pressure is relaxed by applying Gauss-Seidel relaxation scheme. 
Let us denote (𝐿𝑃)௜,௝by 𝐿௜,௝ 𝑃 represents algebraic equation for pressure on each grid level and it can be 

written as 

𝐿௜,௝(𝑃) = 𝐹௜,௝൫𝑖 = 1, 2, 3, . . . 𝑛௫ , 𝑗 = 1,2,3, . . . 𝑛௬ିଵ൯. 
Let 𝑐ଵbe an under relaxation factor, the process for pressure iteration can be expressed as 

𝑃෠௜,௝ = 𝑃ሜ௜,௝ + 𝑐ଵ𝛿௜,௝, 

where 𝛿௜,௝ = ൬
డ௅೔,ೕ

డ௉೔,ೕ
൰

ିଵ

𝑟௜,௝, 

𝑟௜,௝ = 𝐹௜,௝ − ൣ𝜉௜ିଵ/ଶ,௝𝑃෠௜,௝ − ൫𝜉௜ିଵ/ଶ,௝ + 𝜉௜ାଵ/ଶ,௝൯𝑃ሜ௜,௝ + 𝜉௜ାଵ/ଶ,௝𝑃௜,௝൧
1

∆𝑋ଶ

− ቈ
𝜉௜,௝ିଵ/ଶ𝑃෠௜,௝ିଵ − ൫𝜉௜,௝ିଵ/ଶ + 𝜉௜,௝ାଵ/ଶ൯𝑃෠௜,௝

+𝜉௜,௝ାଵ/ଶ𝑃෠௜,௝ାଵ

቉
1

∆𝑌ଶ
+ ൫𝜌̄௜,௝𝐻ሜ ௜,௝ − 𝜌̄௜ିଵ𝐻෡௜ିଵ,௝൯

1

∆𝑋
, 

൬
డ௅೔,ೕ

డ௉೔,ೕ
൰ = −൫𝜉௜ିଵ/ଶ,௝ + 𝜉௜ାଵ/ଶ,௝൯

ଵ

∆௑మ − ൫𝜉௜,௝ିଵ/ଶ + 𝜉௜,௝ାଵ/ଶ൯
ଵ

∆௒మ −
ଶ

గమ ൫𝜌̄௜,௝𝐾௜௝,௜௝
∆∆∆ − 𝜌̄௜ିଵ,௝𝐾௜ିଵ௝,௜௝

∆∆∆ ൯, 

where 𝑃෠௜,௝, 𝑃෠௜ିଵ,௝ and 𝐻෡௜,௝ , 𝐻෡௜ିଵ,௝ are the previous iteration values and are replaced by 𝑃ሜ௜,௝ and 𝐻ሜ ௜,௝ are the 

new values of pressure and film thickness respectively. After computing pressure from the FAS scheme, 
the MLMI method is employed to obtain deformation with initial pressure and temperature. The 
obtained pressure is used to solve the energy equation by using finite difference with the Gauss-Seidel 
iteration method. The obtained temperature from the energy equation is used to solve the Reynolds 
equation for pressure and compute temperature using the updated pressure. The procedure is continued 

until the convergence criteria is satisfied, i.e., 
∑ห௉ሜ ೔,ೕି௉෠೔,ೕห

∑ ௉ሜ ೔,ೕ
≤ 1 × 10ି଴ସ,

∑ቚ ሜ்
೔,ೕ
∗ ି ෠்

೔,ೕ
∗ ቚ

∑ ሜ்
೔.ೕ
∗ ≤ 1 × 10ି଴ହ. 

where 𝑇ሜ ∗ is the updated temperature value and 𝑇෠ ∗ is previous temperature value. 

4. Results and discussion 
The EHL point contact problem lubricated with Newtonian fluid and surface roughness is examined 

numerically by using the multigrid method with the FAS technique. The governing Reynolds and load 
balance equations are solved using the FAS scheme, and the film thickness equation is solved by using 
the MLMI technique, and energy equation is solved by using the Gauss-Seidel iteration scheme. These 
equations are simultaneously solved to get pressure, film thickness, and temperature profiles. For the 
present numerical computation, 5-V cycles are used in order to get the solution with 64 × 64 grid points. 

Table 1 shows the physical parameters used in the present study which include both solid and 
lubricant properties. The comparison of isothermal results of central and minimum film thickness with 
thermal film thickness are illustrated in Table 2, and obtained results are compared with Hamrock and 
Dowson[53] empirical formula, and the results agree very well. 

Table 1. Solid and lubricants properties. 

Parameters Values 

Ambient viscosity 0.04 

Equivalent radius  0.16 

Elastic modulus(GPa) 206 

Inlet temperature of the lubricant (K) 303 
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Table 1. (Continued). 

Parameters Values 

Thermal conductivity of surfaces(W/mK) 46 

Thermal conductivity of lubricant (W/mK) 0.14 

Density (Kg/m3) 7850 

Specific heat of contact solids 470 

Specific heat of lubricant (J/KgK) 2000 

Ambient density (Kg/m3) 890 

Density of surfaces (Kg/m3) 2000 

Temperature-viscosity coefficient −1.1 

Temperature-density coefficient of lubricant (K−1) −0.00065 

Table 2. Minimum and central film thickness values are compared with Hamrock and Dowson empirical values for different 
loads. 

Load M Isothermal film thickness Thermal film thickness Hamrock and Dowson[53] 

 Hmin Hcen Hmin Hcen Hmin Hcen 

40 0.6199 0.2450 0.1688 0.2585 0.0989 0.1634 

60 0.1190 0.1807 0.1178 0.1944 0.0733 0.1213 

100 0.0730 0.1258 0.0729 0.1335 0.0502 0.0834 

Figures 1 and 2 illustrate the isothermal and thermal film thickness distributions for loads varying 
from 𝑀 = 20 to 100 with constant speed 𝐿 = 12.04, it is observed that the occurrence of dimples in the 
thermal film thickness is due to the temperature-viscosity wedge mechanism. The contour plots of 
isothermal and thermal film thickness distributions show a horse shoe constriction; the minimum film 
thickness present in the side lobes is noticed, and it is shown in Figures 3 and 4, respectively, for varying 
loads 𝑀 = 20 to 100 with constant speed 𝐿 = 12.04. The comparison between isothermal and thermal 
film thickness contours is also depicted, with a slide-to-roll ratio of 0.25. Figures 5 and 6 predict the 
isothermal and thermal pressure distribution profiles for different loads ranging from 𝑀 = 20 to 100 for 
constant speed 𝐿 = 12.04 with SR = 0.25. It is perceived that pressure spike decreases with an increase 
in load parameter. Also, both isothermal and thermal pressure and film thickness profiles are 
demonstrated in Figure 7 for various loads 𝑀 = 20, 40, 80, 100 at a constant speed 𝐿 = 12.04. 

   
M = 20 M = 40 M = 60 

Figure 1. (Continued).   
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M = 80 M = 100  

Figure 1. Isothermal film thickness profiles for varying load from M = 20 to 100 with constant speed L = 12.04. 

   
M = 20 M = 40 M = 60 

  

 

M = 80 M = 100  

Figure 2. Thermal film thickness profiles for varying load from M = 20 to 100 with the constant speed L = 12.04. 

   
M = 20 M = 40 M = 60 

 

 

M = 80 M = 100  

Figure 3. Contour plot of isothermal film thickness profiles for varying load from M = 20 to 100 with the constant speed L = 
12.04. 
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M = 20 M = 40 M = 60 

 

 

M = 80 M = 100  
Figure 4. Contour plot of thermal film thickness profiles for varying load from M = 20 to 100 with the constant speed L = 
12.04. 

   
M = 20 M = 40 M = 60 

 

 

M = 80 M = 100  
Figure 5. Isothermal pressure distributions for varying load from M = 20 to 100 with the constant speed L = 12.04. 
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M = 20 M = 40 M = 60 

   

  

 

M = 80 M = 100  
Figure 6. Thermal pressure distributions for varying load from M = 20 to 100 with the constant speed L = 12.04. 

  
(a) M = 20 (b) M = 40 (c) M = 80 

  
(d) M = 100 (e) M = 20 (f) M = 40 

  

 

(g) M = 80 (h) M = 100  

Figure 7. (a)–(d) represent the isothermal pressure and film thickness profiles; and (e)–(h) represent thermal pressure and film 
thickness profiles for varying load from M = 20 to 100 with the constant speed L = 12.04. 
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Figures 8 and 9 show the mid-film temperature distributions and are exemplified in layer-wise 
temperature profiles. It envisages that mid-film temperature is much higher than that of surface 
temperatures; also, the mid-film temperature is portrayed in layer 3, and surface temperatures are shown 
in layers 1 and 2, as described in Figure 9, with varying loads 𝑀 = 20 − 100 with 𝐿 = 12.04 and a slide-
to-roll ratio of 0.25. For varying speed from 𝐿 = 13.05, 13.63, 14.27, 14.83  with constant load 𝑀 =

20 and a slide-to-roll ratio of 0.25, Figures 10a–h demonstrate the pressure distributions with constant 

load 20M . The pressure spike increases with an increase in speed, and comparisons between 
isothermal and thermal pressure distributions are presented in Figures 10a–d and Figures 10e–h. 

   
M = 20 M = 40 M = 60 

  

 

M = 80 M = 100  
Figure 8. Mid-film temperature distributions for varying load from M = 20 to 100 with the constant speed L = 12.04. 

   
M = 20 M = 40 M = 60 

 

 

M = 80 M = 100  
Figure 9. Layer-wise temperature profiles for varying load from M = 20 to 100 with the constant speed L = 12.04. 
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(a) L = 13.05 (b) L = 13.63 (c) L = 14.27 

   
(d) L = 14.83 (e) L = 13.05 (f) L = 13.63 

  

 

(g) L = 14.27 (h) L = 14.83  

Figure 10. (a)–(d) represents the isothermal pressure profiles; and (e)–(h) represents thermal pressure profiles for varying speed 
from L = 13.05, 13.63, 14.27 and 14.83 with constant load M = 20. 

The isothermal as well as thermal film thickness distributions are depicted in Figure 11, for varying 
speed with constant load and slide-to-roll ratio 𝐿 = 13.05, 13.63, 14.27, 14.83. 𝑀 = 20,  SR = 0.25 
respectively, also shows the occurrence of dimple. The minimum and central film thickness decrease as 
the speed increases. The contour plots of isothermal and thermal film thickness are exemplified in Figure 
12. It displays the horse shoe constriction that is noticed; also, isothermal, thermal pressure, and film 
thickness profiles for varying speeds are represented in Figure 13. It is observed that the pressure spike 
increases with an increase in speed. Mid-film temperature profiles are described in Figure 14, and layer-
wise surface mid-film temperatures are also demonstrated. 

 

   
(a) L = 13.05 (b) L = 13.63 (c) L = 14.27 

Figure 11. (Continued).   
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(d) L = 14.83 (e) L = 13.05 (f) L = 13.63 

  

 

(g) L = 14.27 (h) L = 14.83  

Figure 11. (a)–(d) represents the isothermal film thickness profiles; and (e)–(h) represents thermal film thickness profiles for 
varying speed from L = 13.05, 13.63, 14.27 and 14.83, with constant load M = 20. 

 
 

 
(a) L = 13.05 (b) L = 13.63 (c) L = 14.27 

   
(d) L = 14.83 (e) L = 13.05 (f) L = 13.63 

  

 

(g) L = 14.27 (h) L = 14.83  

Figure 12. (a)–(d) represents the contour plots of isothermal film thickness profiles; and (e)–(h) represents contour plots of 
thermal film thickness profiles for varying speed from L = 13.05, 13.63, 14.27 and 14.83, with constant load M = 20. 
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(a) L = 13.05 (b) L = 13.63 (c) L = 14.27 

  
(d) L = 14.83 (e) L = 13.05 (f) L = 13.63 

 

(g) L = 14.27 (h) L = 14.83  

Figure 13. (a)–(d) represents the isothermal pressure and film thickness profiles; and (e)–(h) represents thermal pressure and 
film thickness profiles for varying speed from L = 13.05, 13.63, 14.27 and 14.83, with constant load M = 20. 

 
 

L = 13.05 L = 13.63 

 
L = 14.27 L = 14.83 

Figure 14. Mid-film temperature profiles for varying speed from L = 13.05, 13.63, 14.27 and 14.83, with constant load M = 20. 
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The surface roughness is included in the present computation, i.e., 𝐴ሜ 𝑐𝑜𝑠 ቀ
ଶగ௑′

ௐ̑
ቁ , where 𝐴ሜ =

0.495 × 10ି଴଺  the amplitude is𝑊̑ = 0.25 × 10ି଴ଷ  is the dimensionless wavelength. The waviness is 
oriented at 45° to the direction of entrainment under thermal conditions with SR = 0.25. Ehret et al.[54] 
considered only isothermal cases and studied the effect of waviness on film thickness under high load 
with pure sliding conditions. It is examined that the effect of waviness under thermal conditions and SR. 
The isothermal and thermal pressure profiles for various load 𝑀 = 126, 150, 200, 350, 500 with SR = 
0.25 are inspected and described in Figures 15 and 16. It shows that the ridges and pressure spike appear 
at the outlet region. The contour plots of isothermal and thermal film thickness distributions are 
illustrated in Figures 17 and 18 respectively. Actually, waviness describes flow at the entrance of the 
contact and lubricant leakage flow which accumulates at the entrance. The layer-wise temperature 
profiles are depicted in Figure 19, and it depicts that finger-like projections in the temperature profiles. 

 
 

M = 126 M = 150 M = 200 

 

 

M = 350 M = 500  

Figure 15. Isothermal pressure distributions for various load M = 126, 150, 200, 350, 500 with the constant speed L = 12.34 
and surface roughness. 

M = 126 M = 150 M = 200 
Figure 16. (Continued).   
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M = 350 M = 500  

Figure 16. Thermal pressure distributions for various load M = 126, 150, 200, 350, 500 with the constant speed L = 12.34 and 
surface roughness. 

   

M = 126 M = 150 M = 200 

 
 

 

M = 350 M = 500  

Figure 17. Contour plot of isothermal film thickness for various load M = 126, 150, 200, 350, 500 with the constant speed L = 
12.34 and surface roughness. 

   
M = 126 M = 150 M = 200 

Figure 18. (Continued).   
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M = 350 M = 500  

Figure 18. Contour plot of thermal film thickness for various load M = 126, 150, 200, 350, 500 with the constant speed L = 
12.34 and surface roughness. 

   
M = 126 M = 150 M = 200 

  

 

M = 350 M = 500  

Figure 19. Layer-wise temperature profiles for various load M = 126, 150, 200, 350, 500 with the constant speed L = 12.34 and 
surface roughness. 

The effect of slide-to-roll ratio on fluid film thickness is discussed for SR = −1, −0.5, 0, 0.5, 1. The 
contour plots of isothermal and thermal film thickness profiles are illustrated in Figures 20 and 21, 
respectively. It predicts that the minimum film thickness is much smaller when the slide-to-roll ratio is 
positive as compared to negative. Whereas central film thickness contrasts to that of minimum film 
thickness, is described in Table 3. It is perceived that the position of minimum film thickness in the 
contour plots, when slide-to-roll ratio is negative, is located at the side lobes of horse shoe shaped 
constriction. As the slide-to-roll ratio becomes positive, the location of the minimum film thickness shifts 
towards the back of the horse shoe constriction. The isothermal and thermal pressure profiles are 
exemplified respectively in Figures 22 and 23, and mid-film temperature distributions are depicted in 
Figure 24. The load 𝑀 = 57.21 with speed 𝐿 = 10.52, when the slide to roll ratio increases from 0.5 to 
1, the pressure spike and central pressure increase due to the action of the temperature-viscosity wedge 
term, and there is the occurrence of another peak. Also, central pressure and pressure spike values are 
smaller when slide-to-roll ratio is negative. The occurrence and action of temperature-viscosity wedge 
action is purely governed by EHL pressure spike. 
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SR = −1 SR = −0.5 SR = 0 

  

 

SR = 0.5 SR = 1  

Figure 20. Contour plot of isothermal film thickness for various slide to roll ratio at constant load and speed with surface 
roughness. 

  

SR = −1 SR = −0.5 SR = 0 

 

 

SR = 0.5 SR = 1  

Figure 21. Contour plot of thermal film thickness for various slide to roll ratio at constant load and speed with surface 
roughness. 
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Table 3. Comparison of isothermal and thermal film thickness for various slide to roll ratios. 

Slide to roll ratio (SR) Isothermal film thickness Thermal film thickness 

Hmin Hcen Hmin Hcen 

−1 0.1683 0.2433 0.0818 0.1783 

−0.5 0.1669 0.2405 0.1498 0.2428 

0 0.1687 0.2437 0.1684 0.2597 

0.5 0.1650 0.2372 0.1530 0.2449 

1 0.1669 0.2405 0.1117 0.2058 

 

   
SR = −1 SR = −0.5 SR = 0 

  

 

SR = 0.5 SR = 1  

Figure 22. Isothermal pressure distributions for various slide to roll ratio at constant load and speed with surface roughness. 

   

SR = −1 SR = −0.5 SR = 0 

  

 

SR = 0.5 SR = 1  

Figure 23. Thermal pressure profiles for various slide to roll ratio at constant load and speed with surface roughness. 
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SR = −1 SR = −0.5 SR = 0 

  

 

SR = 0.5 SR = 1  

Figure 24. Mid-film temperature distributions for various slide to roll ratio at constant load and speed with surface roughness. 

5. Conclusions 
From the above study, the following conclusions are drawn: 

1) The pressure spike and film thickness decrease with an increase in load, whereas pressure spike and 
film thickness increase with an increase in speed. 

2) Isothermal minimum film thickness is larger than the thermal minimum film thickness due to a rise 
in the temperature at the contact region. 

3) Surface temperature distribution is smaller as compared to contact temperature distribution. 
4) When the slide-to-roll ratio is positive, the pressure spike and central pressure profiles increase due 

to the action of the temperature-viscosity wedge term, and there is the occurrence of another peak. 
Also, the central pressure and pressure spike values are smaller when the slide-to-roll ratio is negative. 

5) Minimum film thickness is much smaller when slide-to-roll ratio is positive as compared to negative, 
whereas central film thickness behavior is contrasted to that of minimum film thickness. 
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