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Abstract: The knowledge of how the craquelures happen and their pattern on historical objects 

especially paintings are interested in the field of cultural heritage. Entropy generation and 

thermal analysis of crack growth are calculated numerically for the canvas painting. The 

painting is modeled as a three-layer composite with isotropic material properties. An in-house 

code is developed to model the plane strain elasto-static structural mechanics with hybrid-

Trefftz finite element formulation. The results are benchmarked with numerical and analytical 

solutions. Entropy generation and temperature fields are simulated throughout stacking in 

mode I of a delamination process. The parameter study shows that the parameter of entropy 

has a great influence on the process of expectation of break proliferation in fast and low areas. 

It is likewise demonstrated which use of the corruption entropy age hypothesis gives a 

technique for assessing the steady in the law of crack growth regarding the rate of entropy 

production. 

Keywords: crack growth; thermodynamic analysis; entropy production; fatigue; thermal 

balance 

1. Introduction 

Almost all mechanical parts encountering cyclic stacking are helpless to building 

up a crack(s) that will in general proliferate and inevitably cause break disappointment, 

frequently abruptly and with calamitous outcomes. In this manner, it is nothing 

unexpected that numerous endeavors have been made to comprehend the idea of break 

development with cyclic stacking to prepare for crack. The stress intensity factor was 

created in 1957 by George R Irwin, the man typically viewed as the first author of 

crack mechanics [1]. The stress intensity factor (𝐾𝐼) for applied stress σ and crack 

length a is 

𝐾𝐼 = 𝜎𝐹√𝜋𝑎 (1) 

where F is a function of geometry. 

When all is said in done, an article can be stacked toward any path comparative 

with a break. The sketch at the correct shows a power vector in such an arbitrary 

direction. It is for the most part opposite to the split, yet additionally contains segments 

that produce in-plane and out-of-plane shear. At the point when this happens, the 

consistent activity is parceling the power into its basic segments. This procedure 

prompts the three stacking modes demonstrated as follows. Mode I loading happens 

frequently and produces the most harm. Along these lines, it normally gets the most 

consideration in examine, basic structure, disappointment investigation, and so forth. 

It is usually called the Opening Mode. Mode II corresponds to shearing of the broken 

face due to in-plane shear stresses. It presumably gets the second most consideration 

because the issue is as yet 2-D since all the activity is in-plane. Mode II stacking 

impacts split development heading in a manner that limits further Mode II stacking 
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while at the same time boosting Mode I. Mode III is the Tearing Mode for clear reasons. 

It is driven by out-of-plane shear pushes and doesn’t appear to happen as regularly as 

the other two. 

It is one of the most basic and valuable parameters in all of crack mechanics. The 

pressure force factor portrays the pressure state at a broken tip, is identified with the 

pace of split development, and is utilized to set up disappointment criteria because of 

crack. After two decades, Irwin indicated that Westergaard’s outcome could be 

incredibly streamlined in the territory promptly encompassing the broken tip. He did 

as such by communicating in the district close to the broken tip. This disparity was 

utilized by Irwin to discover straightforward articulations (well, contrasted with the 

perplexing capacities). Irwin’s improvement halted here, and this is for sure the 

characteristic spot to stop. In any case, in the years following Irwin’s distribution, it 

got well known to incorporate. The two conditions have appeared in the diagram 

underneath. Unmistakably both are extremely close at the split-tip and wander as the 

good ways from the tip increments. The district of close understanding is roughly One 

may ask, why even waste time with Irwin’s in- exact arrangement when Westergaard’s 

accurate arrangement is accessible. There are a few reasons. In the first place, the 

estimated arrangement is, in fact, precise at the broken tip, and this is all that truly 

matters because of lone the conditions at the split-tip direct (i) how quick the break 

devel- ops, (ii) in which course it develops, and (iii) regardless of whether it flops 

disastrously. Second, the inexact arrangement uncovers the reliance of the pressure 

parts on totally depicts the seriousness of the pressure state at the split tip. Irwin 

perceived this and first utilized the term pressure force factor to depict the articulation. 

Hypothetical models that use continuum harm mechanics essentially center 

around the debasement of the material before the commencement of a smaller scale 

break. Among outstanding commitments on the evaluation of split proliferation is the 

old-style work [1] which utilized the pressure power factor to land at an experimental 

connection for measuring the break spread. Other researchers adjusted the supposed 

by thinking about the impact of the average tension. Break conclusion impact was 

presented to portray the distinction between the consistency of the broke structure in 

airplane solid parts exposed to various loads. 

When all is said in done, weakness harm in solids develops in 4 phases. The main 

phase includes the settlement or phase arrange where separations happen and lasting 

groups are framed [2]. In the subsequent phase, separations to smaller-scale splits 

happen [3] and, in the third stage, the miniaturized scale breaks will, in general, 

arrange themselves opposite to heading of greatest average pressure. A break is then 

shaped and as gets generous, it produces stress focused at the crack point. The last 

phase of exhaustion harm includes the spread of the large-scale break, described by 

striation and seashore mark development [4]. A large scale split quickly engenders 

until the last crack. 

From the material’s perspective, the development and proliferation of a visible 

crack are related to zone arrangement in front of the broken focus. The study right now 

a wellspring of warmth age. The part of the plastic area changed over volume relies 

upon a few factors, for example, the yield strain plastic strain, and strain solidifying. 

Researches show that of 0.8 and 0.95 of work is changed to heat [5,6]. All the more as 

of late, thermographic estimation systems have been utilized to increase further 
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knowledge into the idea of break spread. For instance Breen et al. [7] utilized vitality 

scattering to break down weakness conduct in tempered steel. Other researchers [8] 

gave results to Titanium combinations notwithstanding hardened steel. On the other 

hand 

Chen et al. [9] revealed the spread of power esteems and demonstrated that 

versatile impact is prevailing in circumstances of average stress [10]. 

The thickness of cracks, direction (isotropy or anisotropy to grain), its change 

(smooth or jagged), square islands frequency, network (Junctions, random) is the 

problems. For example, Italian has jagged cracks with a pre- dominant direction, 

perpendicular to grain [11–14]. While Flemish straight cracks are parallel to grain with 

very small smooth islands. As well Dutch Crack are jagged perpendicular to longest 

side with medium-sized islands, but French curved crack has no predominant direction 

with large smooth islands.  

In old paintings, break of molecular bonds cause disorder in the network and 

cracks [15]. The painting film thickness play a great role in crack propagation and final 

geometry of each pattern [16]. As cracks of lateral area are powered by bulk stress 

energy, the critical force is related to film thick- ness and over crack area to the power 

of 3/4 (See Equation (4) in Lazarus and Pauchard [16]). They found a relation between 

the average number of polygons with an analogy thermodynamic micro-canonical 

entropy. In another research [17] based on porosity of the cement substrate on building 

coating shows that the change in entropy of the system cause the greater defectiveness 

(probability of destruction). The entropic endurance level at the time crack initiation 

is measured in Karimian et al. [18]. They propose entropy method to predict crack 

initiation. Entropy in crack networks in old paintings with saturation prospectus 

analyzed in other references [15,19–24]. Jamalabadi et al. [25–28] suggested that 

substrate material responsiveness to variations in relative humidity is the most 

dangerous condition for cracking a panel painting.  

In the present paper, the plane strain electrostatic structural mechanics with 

hybrid-Trefftz finite element formulation [21] is used to model crack in paintings. The 

numerical and analytical solutions are used to validate the used method. Entropy 

generation and temperature fields are simulated during cyclic loading on painting. The 

parameter study is used to study the entropy production rate. 

2. Mathematical model 

2.1. Second low analysis (entropy generation) in fatigue 

Deformation is when an object changes its shape or size because of temperature 

or force. There are two types of energy release through fatigue as: elastic deformation 

energy and plastic deformation energy. Elastic deformation is reversible, like when 

someone stretches a rubber band, and it goes back to its original shape. Plastic 

deformation is irreversible, like when someone bend a steel rod and it stays bent even 

after let it go. In the field of thermodynamics, fatigue damage is considered as a 

process that cannot be reversed and it releases energy, resulting in the creation of 

entropy. This irreversible process and the generation of entropy can be quantified by 

measuring the amount of thermal, strain, and acoustic energies that are dissipated 
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when a system undergoes fatigue. The entropy generated 𝑆
˙

𝑔  through the fatigue 

process at the absolute temperature of T, 𝐽𝑞heat flux and temperature gradients of ∇T 

calculated by summation of three component of plastic work, heat conduction, and 

thermodynamic work as 

𝑆
˙

𝑔 =
𝑊𝑝

𝑇
−

𝛻𝑇

𝑇2
𝐽𝑞 −

1

𝑇
𝐴𝑘𝑣

˙

𝑘 (2) 

where 𝐴𝑘𝑣
˙

𝑘 is the thermodynamic works consist of the state internal variables relate 

to irreversible deformation mechanisms (cyclic hardening/softening, phase 

transformation,surface traction, body force, and the so-called micro-forces, etc.), 𝑣
˙

𝑘 

and the conjugate thermodynamic forces associated with them 𝐴𝑘 , and the plastic 

work 𝑊𝑝 is defined as multiplication of stress tensor σ and plastic strain rate tensor 𝜀
˙

𝑝 

as  

𝑊𝑝 = 𝜎: 𝜀
˙

𝑝 (3) 

The amount of energy forces in a system depends on its current thermodynamic 

state, while the dissipative forces only depend on the rate at which the system changes. 

Interestingly, in a quasi-static setting where the system’s velocities decrease, the 

dissipative forces should disappear. The second and third terms are neglected in 

common engineering problems and the Equation (1) is simplified total fatigue fracture 

entropy, can be evaluated by integrating non-negative entropy generation of Equation 

(2) from time t = 0 to t = 𝑡𝑓, when fracture occurs: 

𝑆𝑔 = ∫
𝑡𝑓

0

𝑊𝑝

𝑇
𝑑𝑡 (4) 

That value could be evaluated from a pure material such as stainless steel with 

properties given in Table 1. The rate of strain can be calculated from 

𝛥𝜖

2
=

𝛥𝜎

2𝐸
+ 𝛼 (

𝛥𝜎

2𝑘’
)

1 𝑛’⁄

 (5) 

Table 1. Mechanical properties of stainless steel 304. 

parameter value 

E (GPa) 

µ (GPa) 

k (W/mK) 

n’ 

k’ (MPa) 

λ (m2/s) 

t (mm) 

σ0 (MPa) 

193 

79 

16.3 

0.26 

1200 

4.06 × 10−6 

1.85 

270 

where the Stress Coefficient 𝑘’, Strain Coefficient 𝛼 and Exponential Coefficient 

constants 𝑛’ for each layer are given in Table 2. 

𝛥𝜎𝑖𝑗 = 𝛥𝜎0
’ (

𝛥𝐾𝐼
2

𝛼𝛥𝜎0
’
2𝐼

𝑛’𝑟)

𝑛’

𝑛’+1

𝜎
~

𝑖𝑗(𝑛’, 𝜃) (6) 
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Table 2. Mechanical properties of three layer painting on canvas. 

parameter value 

E (MPa) 
α (1/℃) 

38.6 
10−5 

ν 0.3 

t (mm) 0.152 

glue  

E (GPa) 
3.791 

2.5 × 10−5 
0.3 
0.0508 

α (1/℃) 

ν 

t (mm) 

Naples yellow oil paint  

E (GPa) 
0.327 
5.2 × 10−5 
0.3 
0.152 

α (1/℃) 

ν 

t (mm) 

Finally, the term needed for Equation (4) for the dissipated energy can be 

determined using the following equation 

𝑊𝑝 = 𝑓 (
1 − 𝑛’

1 + 𝑛’
) 𝜎𝑒𝑞𝜀𝑒𝑞

𝑝
 (7) 

For plane stress the angle 𝜃 dependency of stress factor variation 𝛥𝐾𝐼  comes 

form 

𝜔(𝜃) =
1

16𝜋

𝛥𝐾𝐼
2

𝜎0
’2

(1 +
3

2
𝑠𝑖𝑛2𝜃 + 𝑐𝑜𝑠𝜃) (8) 

and plane strain the angle dependency of stress factor comes form 

𝜔(𝜃) =
1

16𝜋

𝛥𝐾𝐼
2

𝜎0
’2

((1 − 2𝜈)2(1 + 𝑐𝑜𝑠𝜃) +
3

2
𝑠𝑖𝑛2𝜃) (9) 

the cyclic BC is used. Since for horizontal line plane stress is 

𝜔0 =
1

8𝜋

𝛥𝐾𝐼
2

𝜎0
’2

 (10) 

and plane strain is 

𝜔0 =
1

8𝜋

𝛥𝐾𝐼
2

𝜎0
’2

(1 − 2𝜈)2 (11) 

2.2. First low analysis (thermal balance) in fatigue 

Temperature field near crack zone is 

𝜌𝐶

𝑘

𝜕𝑇

𝜕𝑡
= 𝛻2𝑇 +

𝑞

𝑘
 (12) 

where q is the heat generation rate comes from plastic form in Equation (7) and 

in Cartesian coordinates the Laplacian operator is: 

𝛻2 =
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
 (13) 
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The dissipated energy from the crack tip in the plastic zone as a function of cycle 

number is 

𝑑𝑤𝑝

𝑑𝑁
= 𝐴𝑡

(𝛥𝐾𝐼)4

𝜇𝜎0
2  (14) 

where t is the thickness and A is constant 

2.3. Trefftz triangular finite element for linear elasticity 

For a dimensional static linear elasticity problem defined in the domain 𝛺 and 

boundaries (displacement boundaries 𝛤𝑢  and traction boundaries 𝛤𝑡 ) presented in 

Figure 1 the governing equation is given by: 

 
Figure 1. The experimental setup. 

𝜌𝑢
¨

= 𝛻 · 𝜎 + 𝑓 (15) 

with the following boundary conditions presented in Figure\ref {FIG:3}: 

𝑢 = 𝑢 on 𝛤𝑢 (16) 

And 

𝜎 · 𝒏 = 𝒕 on 𝛤𝑡  (17) 

The discrete equations for this problem formulated from Galerkin weak form of 

the governing Equation (15) is given by: 

∫

𝛺

(𝛻𝑢)𝑇D(𝛻𝛿𝑢)𝑑𝛺 − ∫

𝛺

(𝛿𝑢)𝑇b𝑑𝛺 − ∫

𝛤𝑡

(𝛿𝑢)𝑇𝒕𝑑𝛤 =  𝟎 (18) 

where 𝑢 and 𝛿𝑢 are the trial and the test functions, respectively, and is the material 

constitutive matrix. The FEM uses the same trial and test functions. Finite element 

expansion of the governing equation which is the series of the homogeneous solution 

is given by: 

𝑢(𝑥) = ∑

𝑖

N𝑖(𝑥)c𝑖 (19) 

Since displacement matrix can be approximated by shape functions N𝑖(𝑥) with 

nodal degrees of freedom c𝑖  which leads to the discretized algebraic system of 

equations: 

Mu
¨

+ Ku = F (20) 

In Equation (20) M denote the elastic inertia matrix, K denote the elastic rigidity 

matrix, F denote the external body force matrix, u is the displacement matrix where 
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they calculated in detail by 

M = ∫

𝛺

N𝑇DN𝑑𝛺 (21) 

for the elastic inertia matrix and elastic rigidity matrix 

K = ∫

𝛺

B𝑇DB𝑑𝛺 (22) 

The stiffness matrix is computed over each element and assembled to the global 

matrix. The size of the stiffness matrix depends on the number of nodes in an element. 

and external body force matrix 

𝒇 = ∫

𝛺

N𝑇b𝑑𝛺 + ∫

𝛤𝑡

N𝑇𝒕𝑑𝛤 (23) 

3. Results 

The thermal field spiral bearing is evaluated within the Fourier arrangement with 

four introductory expansion. The schematic is shown in Figure 1. This figure 

illustrates the setup used for conducting the experiment. It may show the equipment, 

instruments, or apparatus used in the study. Convergence is presented in Table 3. The 

method of three reference stress intensity factors leads to weight functions. Table 1 

shows the mechanical properties of stainless steel 304. The loading cycle is 20 Hz. 

Material SS 304 is used for validation as the results shown in Figure 2. This figure 

presents the comparison between the growth rate of a crack and the amount of entropy 

generated, using experimental data. It helps validate the relationship between crack 

growth and entropy generation. In Figure 2 Outspread appropriation of entropy 

generation around crack tip and Crack speed is presented. Figure 2 shows the break 

proliferation velocity taken from Table 1.  

Table 3. Grid study. 

Mesh number Relative Error 

783 0.02 

4325 0.007 

48210 0.003 

81034 0.0005 

128301 0 

 
Figure 2. Validation of growth rate of crack versus entropy generation with experimental data. 
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As shown in Figure 2 the velocity of crack propagation increased by increase of 

entropy generation around crack tip. 

Schematics of three-layer painting on canvas are presented in Figure 3. Note that 

the decision of the estimation of Fm is with the end goal that the outer pressure applied 

by the tip, Fm/S (being the anticipated surface of the tip on the film), is near the fine 

weight applied by the air/dissolvable meniscus at the dissipation surface of the layer. 

This figure provides a visual representation or diagram of the process or structure 

involved in a three-layer painting technique on canvas. It may show the layers and 

their arrangement. 

 
Figure 3. Schematics of three layers painting on canvas. 

In Figure 4. distribution of shear stress and normal stress in painting layers are 

presented. This figure displays the distribution or magnitude of stress within a three-

layer painting on canvas. It helps visualize the impact of the layers on the stress 

distribution. Figure 4. Warmth age of roundabout area split through the range of crack 

tip. Figure 4 shows the engendering speed as an element of warmth age. The chart 

shows the consequences of the four tests. In ordinary exhaustion split engendering, the 

spread is examined in a moderately that conceivable to plan as indicated by the 

pressure power factor. Results displayed right now stream as a decent marker at low 

spread rates. 

 
Figure 4. Stress in three layers painting on canvas.  

In Figure 5 the thermal field in painting layers is presented. This figure depicts 

the thermal field or temperature distribution within a three-layer painting on canvas. 

It shows how heat is distributed across the layers and can provide insights into the 

painting process. To show the upside of utilizing entropy age in break spread 

examination, Figure 5 delineates the examination between proliferation within the 

component of force stream. As appeared in Figure 6, the pressure power can’t 

anticipate the speed; however, the entropy age approach yields reliable outcomes in 
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every one of the areas. It is viewed as a quick proliferation. 

 
Figure 5. Increase of temperature (K) in three layers painting on canvas. 

 
Figure 6. Entropy production versus cycle. 

Entropy creation (or production) is the measure of entropy that is delivered in any 

irreversible procedures, for example, warmth and mass exchange forms including the 

movement of bodies, heat trade, liquid stream, substances growing or blending, 

anaplastic distortion of solids, and any irreversible thermodynamic cycle. Entropy 

production versus cycle is presented in Figure 6. This figure plots the relationship 

between entropy production and the number of cycles or repetitions in a process. It 

helps analyze the change in entropy with each cycle. 

Paris–Erdogan law (equation for rate of fatigue crack growth) is formulated by 

stress intensity factor and loading cycle. Based on crack growth versus entropy 

generation the crack length can be predicted. Crack length rate versus entropy is 

presented in Figure 7. Split proliferation happens when the vitality stream from the 

pressure strain field to the break edge locale is adequate for supporting the procedures 

prompting mixtures of miniaturized scale partitions with the principle split. This figure 
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illustrates the relationship between the rate of crack lengthening and the amount of 

entropy generated. It helps understand how crack growth is related to entropy in the 

system. The investigation of the vitality stream to the procedure district is somewhat 

confounded in the general case. 

 
Figure 7. Crack length rate versus entropy. 

4. Conclusion 

The knowledge of how the craquelure happens and their pattern on historical 

objects especially paintings are interested in the field of cultural heritage. Entropy 

generation and thermal analysis were calculated numerically for the canvas painting. 

The painting is modeled as a three-layer composite with isotropic material properties. 

A house code is developed to model the plane strain elastostatic structural mechanics 

with hybrid-Trefftz finite element formulation. The results are benchmarked with 

numerical and analytical solutions. The main results are: 

1) In mode, I Entropy generation and temperature field are simulated stacking of a 

delamination process.  

2) Entropy generation parameter was a significance at the expectation of break 

proliferation growth in fast areas.  

3) It is likewise demonstrated that the use of the corruption entropy age hypothesis 

gives a technique for assessing the steady in Paris law regarding entropy 

production rate.  

Conflict of interest: The author declares no conflict of interest. 
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