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Abstract: Predicting vibration in beamlike structures with non-ideal supports remain a
significant engineering challenge. Classical beam models usually assume perfectly rigid
boundaries. Real structures, however, contain flexible supports and attached end components
that modify the dynamic response. This study develops a unified analytical framework for
the free vibration analysis of Euler—Bernoulli beams with elastic restraints and lumped end
masses. The formulation incorporates translational stiffness, rotational stiffness, and rotary
inertia within a compact and physically transparent model. Frequency-dependent boundary
conditions are assembled into a concise 4 x 4 characteristic matrix. Classical free—free,
clamped—free, and clamped—clamped conditions emerge naturally as limiting cases. MATLAB
is employed to extract the natural frequencies and mode shapes. Validation is performed
through three-dimensional (3D) ANSYS simulations using quadratic HEX20 solid elements.
The results demonstrate strong agreement between analytical and finite element predictions
across a wide range of stiffness and mass parameters. Mesh convergence studies confirm
stable and reliable solutions for the first six bending modes. The findings clearly illustrate that
boundary flexibility and end inertia substantially influence modal characteristics and vibration
behavior. In addition, the proposed formulation maintains analytical simplicity while capturing
realistic structural behavior with high accuracy. The framework also provides a reliable
benchmark for validating advanced numerical models and future experimental investigations.
Overall, the proposed approach offers an accurate, computationally efficient, and practical tool
for vibration prediction and engineering design of realistic beam structures.

Keywords: Euler-Bernoulli beam; free vibration; elastic boundary restraints; lumped end
masses; modal analysis; finite element validation

1. Introduction

Beam vibration analysis remains a fundamental topic in structural and
mechanical engineering because many practical components can be idealized as beam
like structures. Classical beam theories provide accurate and elegant solutions for
ideal boundary conditions. Real engineering systems, however, are far more complex.
In practice, beams often interact with flexible supports, partial restraints, and attached
components that significantly influence their dynamic response. As a result, increasing
research attention has focused on incorporating elastic boundaries, end attachments,
and realistic support conditions into vibration models while maintaining analytical
clarity and computational efficiency.

Classical formulations based on Euler-Bernoulli and Timoshenko beam theories
continue to provide a strong theoretical foundation for vibration analysis due to their
physical transparency and practical applicability. Exact analytical beam solutions
have been successfully applied to dynamic and adaptive structural problems while
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preserving mathematical rigor [1]. Euler-Bernoulli beam models remain sufficiently
accurate for many slender beam configurations and boundary conditions [2, 3].
Nevertheless, realistic effects such as coupled beam systems, variable geometry,
and nonlinear support conditions can make the governing equations and eigenvalue
formulations more complex. Coupled beam systems with elastic restraints have been
investigated in previous studies [4]. Beam vibration with variable cross-sections has
also received considerable attention [5]. Nonlinear end supports can further increase
the complexity of vibration analysis [6]. For beams supported by elastic foundations,
the foundation parameters can strongly influence structural stability [7]. In vibration
problems, elastic foundations [8] and partially restrained supports [9] can significantly
affect the natural frequencies and modal characteristics.

Related vibration studies have considered non-uniform elastic boundary
constraints in cylindrical shells [10]. For beam systems, the combined influence of
rotary inertia and elastic constraints has been examined for beams supported by elastic
foundations [11]. Accurate vibration solutions for Timoshenko beams with general
elastic support have also been reported [12]. More recently, elastically restrained
cantilever Timoshenko beams with attached components have been investigated [13].

Attachments and lumped masses also play an important role in beam vibration.
They can significantly change the natural frequencies and mode shapes. However,
spring—mass systems and distributed attachments often lead to larger system matrices
and more complicated frequency equations [14, 15]. As beam configurations become
more complex, particularly in coupled systems, researchers increasingly rely on
dynamic stiffness methods, optimization-based techniques, or computationally
intensive finite element formulations to capture these interactions accurately [16-18].
Although these approaches provide reliable predictions, they often reduce analytical
transparency and increase computational cost.

Numerical validation is equally important for assessing the accuracy and
reliability of analytical vibration models. The choice of finite element type and mesh
density can strongly influence the predicted frequencies and mode shapes, making
convergence studies essential [19]. Small modeling variations, such as the treatment
of mass matrices or attached components, may also produce noticeable differences
in modal response [20, 21]. Consequently, vibration studies benefit greatly from
frameworks that combine analytical clarity with systematic numerical validation.
Such approaches improve confidence in the results while providing deeper physical
insight into structural behavior [22]. Recent multi-fidelity studies on laminated CFRP
beams further demonstrate the value of combining analytical prediction with 3D finite
element validation and mesh-convergence assessment for reliable modal analysis [23].

Advanced formulations for composite and functionally graded beams have
demonstrated very high accuracy in predicting vibration characteristics and
eigenvalues [24-26]. This improved accuracy, however, is usually accompanied by
increased mathematical complexity and higher computational effort. As a result, many
existing methods become difficult to implement for practical engineering applications
involving flexible supports and attached masses. These studies therefore highlight
the continuing need for compact, transparent, and computationally efficient vibration
formulations.

Recent investigations have further extended beam vibration analysis to systems
with elastic restraints, nonlinear boundaries, and attached components. For instance,
Timoshenko beam models with elastic springs and arbitrary boundary conditions
have been studied using Ritz-based and energy methods, although these formulations
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often become mathematically involved [27]. Similarly, iterative and decomposition-
based approaches have been applied to beams with nonlinear or flexible boundaries,
confirming the strong influence of support behavior on vibration response [28]. More
recent studies on coupled beam systems and nonlinear connectors also demonstrate
that boundary stiffness and end attachments can significantly modify modal
characteristics [29]. Besides finite element analysis, other numerical methods can
also be used for vibration problems. The Differential Quadrature Method evaluates
derivatives at selected points and can produce accurate results with relatively few
nodes [30]. Bézier-based methods offer another way to approximate structural
response, especially for more complex models [31]. In the present study, MATLAB
root finding is used because the characteristic equation is available in a compact
form. ANSYS solid element simulations are then used for cross-verification and
mesh-convergence assessment. Previous work has considered Bernoulli-Euler beams
with point masses, rotary inertia, and elastic end restraints. An exact solution using
translational and rotational springs at both beam ends [32]. The present study builds
on this line of work by organizing translational stiffness, rotational stiffness, lumped
end masses, and end rotary inertia within one compact (4x4) frequency dependent
matrix.

Motivated by these observations, the present study develops a unified analytical
framework for the eigenvalue analysis of uniform Euler Bernoulli beams with elastic
supports and lumped end masses. The formulation incorporates translational stiffness,
rotational stiffness, and discrete end inertia within a single consistent framework.
Unlike many existing approaches that rely on large system matrices or computationally
intensive procedures, the proposed method retains the physical transparency and
simplicity of classical beam theory while providing a compact 4 x 4 characteristic
matrix formulation. This enables efficient numerical implementation and straightforward
evaluation of vibration characteristics under different support conditions.

The proposed framework is not intended to introduce new physical effects,
since elastic restraints and end masses have been studied previously. Instead, the
main contribution lies in integrating these coupled boundary and inertia effects into a
concise and practically convenient analytical formulation. The method avoids treating
different support conditions separately and provides a unified representation for free-
free, clamped-free, and clamped-clamped configurations through appropriate stiffness
parameters. Natural frequencies and mode shapes are obtained through MATLAB
based eigenvalue computations, while validation is performed using 3D ANSYS
simulations with detailed mesh convergence studies.

The results demonstrate that the formulation provides accurate and stable
predictions over a broad range of stiffness and mass parameters. In addition to its
computational efficiency, the framework offers a reliable benchmark for validating
finite element models and future experimental investigations involving beam-like
structures with non-ideal boundary conditions.

2. Materials and methods

The support conditions of real engineering beams are rarely as ideal as those
assumed in textbooks. In practice, supports have finite translational and rotational
stiffness, and end fittings such as sensors, brackets, connectors, or pads may introduce
additional inertia. These effects can vary widely from one application to another. To
include them while preserving analytical tractability, this study considers a uniform
Euler—Bernoulli beam with elastic end restraints and concentrated end masses with



Mechanical Engineering Advances 2026, 4(3), 4473.

Figure 1.

rotary inertia. The model represents a broad class of engineering components and
experimental structures in which both boundary flexibility and point attachments
influence the vibration behavior.

2.1. Problem Geometry and Physical Parameters

The mechanical model considered in this study is illustrated in Figure 1. A
straight, uniform Euler Bernoulli beam of length L, bending rigidity £/, and mass per
unit length p is examined. Both ends of the beam are supported by elastic restraints
with discrete attachments. Translational springs restrict vertical displacement, while
rotational springs oppose end rotation, resulting in partial constraints on displacement
and slope. In addition, lumped masses with associated rotary inertia are attached at
both ends. These end attachments represent practical components such as sensors,
actuators, or end blocks commonly encountered in engineering structures.
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Beam with elastic end restraints and lumped masses (concept inspired by classical formulations presented in [33])

The transverse displacement of the beam is denoted by w(x,?), and the
corresponding slope is given by 6(x,f) = Ow/Ox. Incorporation of elastic restraints
and discrete inertia results in a shear bending moment coupling at the beam ends,
which permits nonideal behavior at the supports to be accurately modeled while still
obtaining an analytically tractable model. Classical boundary conditions like free-free,
fixed-free and fixed-fixed are recovered as special cases by specifying appropriate
stiffness and mass parameters.

Table 1. Nomenclature used in the present formulation

Symbol Description

L Length of the beam

EI Bending rigidity of the beam
p Mass per unit length
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Continuation Table:

Symbol Description

w(x,t) Transverse displacement

B(x) Mode shape function

1) Natural angular frequency

a Frequency parameter

ki, ky Translational spring stiffness at the left and right ends
K, K, Rotational spring stiffness at the left and right ends
M, M, Lumped end masses

Ly, Lip Rotary inertia of the left and right end masses, respectively
X Axial coordinate along the beam

C,C,C;, C, Constants in the mode shape solution

b,, b, Width dimensions of rigid end masses M,and M,

A Natural frequency in Hz

w Natural frequency in rad/sec

n

2.2. Free Vibration Assumption and Governing Relations

With the physical model established, the governing relations for free vibration
are derived using classical Euler-Bernoulli beam theory. The model assumes small
transverse deformation and bending-dominated behavior. It is most suitable for
slender beams, where transverse shear deformation and beam rotary inertia have
a limited influence on the vibration response. These effects are not included in the
present formulation. Therefore, accuracy may decrease for less slender beams and
at higher vibration modes, particularly for rectangular sections where 3D effects can
become more important. For cases with lower slenderness ratios, such as (L/D = 10),
these effects may influence the higher modes more strongly. Such cases are included
to assess the practical applicability range of the formulation rather than to claim full
thick-beam accuracy.

The bending moment M(x,?) and shear force V(x,f) are related to the transverse
displacement w(x,?) as,
62w(x t)

b
ox?

83w(x,t)

a 3

M (x,t)=EI
X

J(x,t)=EI

Within the context of free vibration analysis, the transverse deflection is assumed
to oscillate sinusoidally in time. Therefore, it can be written in a complex form such
as,

w(x,t)=¢(x)e™,

Where ¢(x) denotes the spatial mode shape and w is the natural angular
frequency. This representation is mathematically equivalent to the real trigonometric
form and is adopted here for analytical convenience. Substituting this expression into
the governing relations, together with the definitions of bending moment and shear
force, yields frequency dependent boundary conditions. That explicitly accounts for
the effects of elastic restraints and lumped end masses.
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2.3. Boundary Conditions for Beams with Discrete End Masses and
Elastic supports

The beam is connected at both ends to elastic restraints and discrete rigid
attachments. The left and right boundaries are located at x = 0 and x = L, respectively.
At each end, translational springs resist transverse displacement, while rotational
springs oppose end rotation. In addition, lumped end masses and their associated
rotary inertia introduce inertia forces and moments under harmonic motion. These
effects are incorporated by enforcing force and moment equilibrium between the
internal beam actions and the boundary reactions at both ends.

The parameters b,and b, denote the widths of the rigid end masses M,and M,,
respectively, as illustrated in Figure 2.
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Figure 2. Free body diagram for the two end masses
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The above relations comprehensively represent the combined influence of
elastic end restraints and discrete end inertia on the beam behavior. In the limiting
cases where the stiffness or inertia parameters tend toward zero or infinity, the
formulation consistently reduces to classical boundary conditions. These frequency
dependent boundary conditions establish a rigorous framework and form the basis
for deriving the analytical solution of the associated eigenvalue problem in the
following section

3. Analytical solution

In this section, the free vibration response of the beam is obtained through an
analytical approach based on the separation of variables. The analysis begins with the
general mode shape solution of the Euler—Bernoulli beam equation. The frequency
dependent boundary conditions derived in Section 2.3 are then imposed on this
solution. Enforcing these conditions results in a system of homogeneous algebraic
equations, which is conveniently expressed in matrix form. The requirement for
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a non-trivial solution leads to the characteristic equation, from which the natural
frequencies of the system are determined.

3.1. Closed Form Mode Shape Solution

Using the method of separation of variables, the transverse displacement is
expressed as the product of spatial and temporal functions. The spatial component
satisfies the governing Euler-Bernoulli beam equation, leading to the classical
analytical solution composed of trigonometric and hyperbolic terms.

X (x)=Cysinox + C,cosax + Cysinhax + C,coshox 3)

Where C,, C,, C;, and C, are constant determined from the boundary conditions,
while a represents the frequency parameter associated with the natural frequencies
of the beam. The general solution is differentiated successively from first to third
order to obtain the required slope, bending moment, and shear force expressions. The
corresponding boundary conditions are then applied at x =x, = 0 (left end) and x =x, =1
(right end) according to the specified support constraints,

X(0)=C,+C, (32)
X(l) = Cisinal + C,cosal + Cysinhal + C,coshal (3b)

The first derivative of Eq. (3), representing the slope of the beam, is obtained as
follows,

X'(x) = Cacosax — C,asinax + Cyacoshax + C,asinhax (3c)
X'(0)=Ca+Cia (3d)
X'(1)=Cacosal - C,asinal + Cyacoshal + C,asinhal (e)

The second derivative of Eq. (3), which is related to the bending moment, is
obtained as follows,

X"(x)==Ca’sinax — C,0’cosax + Cya’sinhox + C,a’ coshox (39)
X"(0)=-C,a* +C,0’ (3g)
X"(1)=-Ca’sinal — C,a*cosal + Cya’sinhal + C,a’coshol (3h)

The third derivative of Eq. (3), which is related to the shear force, is obtained as
follows,

X" (x)==Ca’cosox + C,o’sinox + C,0°coshax + C,a’ sinhox (3i)
X"(0)=-Ca’ +Cya’ (3j)
X"(1)=-Ca’cosal + C,a’sinal + C,o’coshal + C,a’ sinhol (k)

Expressions from Eqgs. (3a) to (3k) are then substituted into the boundary
condition in Eq. (1a). For the left end, x = x; = 0, the translational and rotational
stiffness terms are applied as follows,

EIX"(0)+(k = M,»*) X (0)=0
EI(-C’ + Cya* )+ (k= M0 )(C, + C,) =0 (4)

After simplification and normalization by EI, Eq. (4) can be expressed in the
following form,

(-a’)C, {—kl _é‘fl“’z }Cz +(a’)C, {—kl _gl‘“z }q =0 (5)
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From the rotary inertia boundary condition given in Eq. (1b), the relation for the
left end, x = x, = 0, is obtained as follows,

E[X"(o)—[%ﬂx”'(o)—(& ~1,,0") X'(0)=0

EI(-Cya’ + q#){%ﬂ(-qﬁ +Ca’ )-(K, ~1,,0*)(Ca+Cia) =0 (6)

After simplification of Eq. (6) and normalization by the corresponding stiffness
term, the final expression is obtained as follows,

K -1, K -1,
ﬁoﬁ— L C]+(—a2)C2 —ﬁ(f— L C3+(a2)C4=0
2 El 2 El

(7
From the boundary condition given in Eq. (2a), the relation at the right end of
the beam, x = x, =1, is obtained and simplified as follows,
EIX" (1) +(k, - M0 ) X (1) =0

After substituting X""(/) and X(/) into Eq. (2a), the right-end boundary
condition is expressed in terms of the unknown constants C,-C,. This relation forms
one row of the characteristic matrix. The nondimensional frequency parameter is
defined as f = al. After normalization by EI, the equation can be written in its final

matrix ready form,
EI(-C,0’cosal — C,o’ sinal + Cya’coshal + C,a’ sinhal) +
8
(k2 —Mza)z)( C,sinal + C,cosal + Cysinhal + C,coshal ) = 0 ®

After simplification of Eq. (8), the final expression is obtained as follows,

_ 2 _ 2
{— a3cosﬂ+£(kz$ sinﬁﬂ G +%a%inﬁ+[%)cosﬂ} C,+

3 (ky, =M, . 3o (k, — M, 0’ _
{a coshﬂ%{—E[ smhﬁﬂC3 +|:(Z smhﬂ%—( I coshﬁﬂ C, =0 (9)

From the boundary condition given in Eq. (2b) at the right end of the beam
shown in Figure 1, the rotational equilibrium relation for x = x, = 1 is simplified as

follows,
Eészle(l)_(Kg _IMZwZ)X/(Z):O

After substituting X"'(/), X "(/) and X"'(/) into the above boundary condition, the
simplified expression is obtained as follows,

EIX"(Z)—[

EI(— C,a’sinf — C,a’cosp + Cyo° sinhf + C4a2c0sh[)’)—
[E[bz

2
(K2 —IMza)z)(Clacosﬁ - C,asinf + Cyacoshf + C,asinhf )=0

}(— Co’cosp + C,a’sinf + Cya’coshf + C,o’sinhff )— (10)

After dividing the above equation by Ela and using S = al, the constants are
separated. The final expression is obtained as follows,
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. b2 2 KZ _]M a)z |
—asinfl + —=a"cosff —| ————=—— cos C, +
B 5 p { I B |G

b2 2 . KZ _IM wz .
—acosff ——=o sinff +| ————— sin C, +
B 5 B ( I f |G,
- ) e (1)
-1, o
asinhf ——=a’coshf —| ——2L— coshp | |C, +
f 5 B [ I B |G,

I b K,-1I, o
hB —=2 0 sinhB —| —— " inhB | 1C. =0
acoshf 2aszn S { 7 sinhf | |C,

3.2. Matrix Formulation of the Eigenvalue Problem

The boundary conditions derived in Section 2.3 are enforced by substituting
the closed form mode shape solution and its corresponding derivatives, presented
in Section 3.1, into the boundary relations at x = 0 and x = /. This procedure directly
couples the displacement field with elastic supports stiffness and attached end
masses. As a result, four homogeneous algebraic equations are obtained in terms of
the unknown constants C,, C,, C,, and C,. These equations are then assembled into a
compact matrix form,

Where,
C=[C (GG C4]T
is the vector of unknown coefficients, and K(a) is the frequency dependent
coefficient matrix representing the combined influence of elastic boundary restraints
and discrete end inertia on the dynamic response of the beam. A non trivial solution
exists only when the determinant of the coefficient matrix becomes zero, leading to
the characteristic equation,

det[K(a)] =0.
Solving this equation yields the admissible eigenvalues of the system. The

corresponding natural frequencies are then obtained for arbitrary combinations of
boundary stiffness and end inertia, allowing a unified evaluation of the vibration

behavior.
ky — Myw? ky — Mya?
— a3 1 1 3 1 1
(—a?) ( El ) (a?) ( El )
by . (Ki— Iy, @* , by, ., (Ki— Iy, @* )
S —( i @ (—a?) - E - El a (a?)
— 2 — 2 _ 2 _ 2
—a’cosff + ( (kz% sinﬁ) + e’sinf + ( (kz% cosﬂ) +a’coshf + ( U‘z% sinhﬂ) + a’sinhff + ( U‘z% L'nshﬁ)

Kz — Dy,w?
EI

b Ky — Iy,w? b, K3 — Iy, w? b. b. Ky — Iy, w?
acoshff — ?zazsinhﬁ - (257:&@ sinhﬁ) asinhp — %uzrushﬁ - (257;”269 L'ushﬁ) —acosf —%azsinﬁ +( sinﬂ) acoshf — %azsinhﬁ - (inszm sinhﬂ)

annn

In practice, the determinant of the frequency dependent coefficient matrix
is evaluated numerically as a function of the frequency parameter. The resulting
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nonlinear characteristic equation is solved in MATLAB using root finding techniques
to obtain the admissible eigenvalues. Although the mode shape expression is obtained
in closed analytical form, the natural frequencies are determined numerically from
the characteristic determinant. Once the eigenvalues are identified, the corresponding
mode shapes are evaluated by substituting the constants back into the matrix equation
up to a normalization factor.

4. Results and discussion

The results are organized to first verify the proposed analytical formulation
against classical reference solutions and then evaluate its accuracy through 3D finite
element validation and mesh convergence studies. The analytical characteristic
equations are solved numerically in MATLAB in terms of the nondimensional
frequency parameter § and the natural frequency f,. Although the mode shape
solution is obtained analytically, the eigenvalues are extracted numerically from
the frequency dependent determinant characteristic. The analytical results were
cross verified using ANSYS Workbench 2023 R2. The beam models were analyzed
using quadratic HEX20 solid elements based on full 3D elasticity theory. Because
the analytical model follows Euler—Bernoulli beam theory, whereas the ANSYS
model includes transverse shear, Poisson, and other 3D effects, the ANSYS results
are used as an independent benchmark rather than an absolute reference solution.
The comparison assesses the applicability and engineering accuracy of the proposed
compact 4 x 4 framework. Mesh refinement was performed to ensure convergence
of the finite-element results. The remaining differences, particularly in higher modes,
are attributed to the different assumptions of the one-dimensional analytical and 3D
numerical models. All simulations were conducted under identical computational
conditions to ensure consistency and reproducibility.

In the result tables, Book refers to the classical reference solutions reported
by Leissa and Qatu [33]. MATLAB denotes the numerical implementation of the
present analytical formulation, while ANSYS (HEX20) represents 3D finite element
predictions. For all simulations, aluminum is selected as the representative material
with Young’s modulus E = 70x10° Pa and Poisson’s ratio v = 0.33. Circular and
rectangular beams with a length of L = 1 m are analyzed under free-free (FF),
clamped-free (CF), and clamped-clamped (CC) boundary conditions. These support
conditions are modeled through appropriate selections of translational and rotational
stiffness parameters k and K. For the FF configuration, £ = 0 and K = 0, resulting
in rigid body modes for the first two frequencies. The CF and CC conditions are
obtained by assigning sufficiently large stiffness values at the restrained boundaries.
Circular beams with diameters of 0.10 m and 0.05 m, together with rectangular beams
of cross-sections 0.06 mx0.12 m and 0.03 mx0.06 m, are considered to investigate
the influence of geometry and boundary stiffness on the vibration response. The
following subsections present the validation results, convergence behavior, and modal
characteristics obtained using the proposed formulation.

4.1. Numerical Implementation and Mesh Convergence for Circular
Beams

Circular beams are modeled using quadratic 20 node hexahedral (HEX20)
solid elements based on full 3D elasticity theory. This element type is well suited
for bending dominated vibration problems and provides reliable prediction of modal
characteristics. A mesh convergence study is conducted to ensure that the computed
natural frequencies are sufficiently independent of discretization. Several mesh
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sizes are examined, and the first six bending modes are monitored. The frequency
variations decrease progressively with mesh refinement, confirming stable numerical
convergence.

As expected, computational cost increases with mesh refinement. Coarse
meshes require only a short solution time, whereas simulations with an element size
of 0.005 m typically require approximately 1-2 minutes, including meshing and
solution stages. Further refinement to 0.001 m substantially increases the number
of elements and computational time, reaching nearly two hours per simulation case,
while providing only marginal improvement in the predicted frequencies. Based
on this accuracy efficiency balance, an element size of 0.005 m is selected for the
circular-beam simulations. This mesh characteristics in Table 2, provides stable
and computationally efficient results suitable for validating the proposed analytical
framework.

Table 2. Finite element mesh characteristics for circular beam models discretized using quadratic 20-node hexahedral

(HEX20) solid elements based on 3D elasticity theory

Diameter (m) Element Size (m) Number of Elements Number of Nodes
0.1 Default 80 621

0.1 0.02 1,450 7,204

0.1 0.015 3,886 18,289

0.1 0.01 9,700 44,124

0.1 0.005 77,200 329,623

0.05 0.005 19,400 87,924

0.05 0.001 2,285,000 9,389,016

4.2 Modal Analysis and Mesh Convergence of Circular Beams

This section presents the modal analysis results for solid circular beams
using the proposed analytical formulation based on Classical Beam Theory (CBT).
Reference solutions reported by Leissa and Qatu [33] are used for validation. The
frequency equations are solved numerically in MATLAB, while ANSYS HEX20
simulations are performed to evaluate numerical accuracy and mesh convergence.
Circular beams with diameters of 0.10 m and 0.05 m are analyzed under FF, CF, and
CC boundary conditions.

4.2.1 Circular Beam (D = 0.1 m)

Tables 3-8 present the nondimensional frequency parameters and natural
frequencies for circular beams under FF, CF, and CC boundary conditions. The
results compare classical reference solutions, MATLAB predictions from the present
formulation, and 3D ANSYS simulations. These comparisons provide a consistent
evaluation of the proposed analytical framework and the convergence behavior of the
numerical models.

Free-Free Boundary Condition

For the FF circular beam, the first two modes correspond to rigid body
translation and rotation and therefore exhibit zero natural frequencies. The higher
modes represent flexural bending behavior and are used for comparison. The
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nondimensional frequency parameters listed in Table 3 shows exact agreement
between the classical reference solutions and the MATLAB results, confirming the
correctness of the analytical implementation. The angular frequencies reported in
Table 4 show that the ANSYS HEX20 results approach the analytical predictions as
the mesh is refined. For finer meshes, the frequency variations become very small,
indicating stable and mesh-independent numerical behavior.

Table 3. Comparison of non-dimensional frequency parameters (f?) for a free-free circular beam between classical
reference solutions [33] and the present analytical formulation

Mode (m) B B (CBT) (MATLAB)
1.0 0.0 0.0

2.0 0.0 0.0

3.0 22.4 22.4

4.0 61.7 61.7

5.0 120.9 120.9

6.0 199.7 199.9

Table 4. Angular natural frequencies of a free-free (FF) circular beam obtained from analytical and ANSY'S simulations

f, (Hz) CBT f, (Hz) HEX20 f,(Hz) HEX20 f, (Hz) HEX20 £, (Hz) HEX20 f, (Hz) HEX20

Mode (m) (MATLAB)  (3D) Default (3D)0.02m  (3D)0.015m (3D)0.01m  (3D) 0.005 m
1 0.0 0.0 0.0 0.0 0.0 0.0

2 0.0 0.0 0.0 0.0 0.0 0.0

3 2846.5 2773.8 27763 27764 2776.5 2776.5

4 7846.9 7333.1 7331.2 7331.8 7331.8 7331.9

5 15382.2 13970.4 13985.7 13986.0 13986.9 13987.0

6 25427.7 23400.6 234242 234253 23427.2 23427.7

Clamped-Free (Fixed-Free) Boundary Condition

For the CF circular beam, rigid-body motion is suppressed by the clamped
boundary, resulting in nonzero natural frequencies for all modes. The nondimensional
frequency parameters 8 listed in Table 5 show close agreement between the classical
reference solutions and the MATLAB results, confirming the correctness of the
analytical implementation. The natural frequencies f, reported in Table 6 compare the
analytical predictions with ANSYS HEX20 simulations. Small discrepancies appear
for coarse meshes, particularly in higher modes, although these differences decrease
progressively with mesh refinement. For refined meshes, the frequencies stabilize
and show acceptable agreement with the analytical predictions considering the
assumptions of Euler—Bernoulli beam theory.

Table 5. Comparison of non-dimensional frequency parameters (5?) for a clamped— free circular beam between
reference solutions [33] and the present analytical formulation

Mode (m)

Vi f? (CBT) (MATLAB)

1

3.5 3.5
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Continuation Table:

Mode (m) Vi B (CBT) (MATLAB)
2 22.0 22.0

3 61.7 61.7

4 120.9 120.9

5 199.9 199.9

6 298.3 298.6

Table 6. Angular natural frequencies of a clamped—free circular beam predicted by the analytical model and validated
using ANSYS (HEX20) simulations with mesh refinement

f, (Hz) CBT f, (Hz) HEX20 f, (Hz) HEX20 f, (Hz) HEX20 £, (Hz) HEX20 f, (Hz) HEX20

Mode (m) (MATLAB)  (3D) Default (3D)0.02m  (3D)0.015m (3D)0.0lm  (3D)0.005m
| 4473 4443 444.4 444.5 444.5 444.6

2 2803.5 2720.9 2724.0 2724.4 2725.0 2725.5

3 7850.0 7025.1 7028.5 7029.9 7030.2 7030.7

4 15382.2 14244.1 14255.1 14256.2 14257.1 14257.2

5 25427.7 23572.9 23581.5 23582.5 23583.9 23684.0

6 37985.2 35565.3 35574.7 35575.4 35575.6 35575.8

Clamped-Clamped (Fixed-Fixed) Boundary Condition

For the CC circular beam, both displacement and rotation are restrained at
the beam ends, resulting in the highest natural frequencies among the boundary
conditions considered. The nondimensional frequency parameters 4 reported in Table
7 show close agreement between the classical reference solutions and the MATLAB
predictions, indicating accurate implementation of the boundary conditions. The
natural frequencies f, presented in Table 8 compare the analytical predictions with
ANSYS HEX20 simulations. Small discrepancies are observed for coarse meshes
and higher modes, although these differences decrease with mesh refinement. For the
refined meshes, the numerical results become stable and show acceptable agreement
with the analytical predictions within the assumptions of Euler—Bernoulli beam
theory.

Table 7. Non-dimensional frequency parameters (5?) for a clamped—clamped circular beam, showing agreement
between classical reference values [33] and the present analytical formulation

Mode (m) Vi B (CBT) (MATLAB)
1 22.4 22.4

2 61.7 61.7

3 120.9 120.9

4 199.9 199.9

5 298.6 298.6

6 416.6 417.0
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Table 8. Angular natural frequencies of a clamped—clamped circular beam obtained from the analytical solution and
converged ANSYS (HEX20) results through mesh refinement

f, (Hz) CBT f, (Hz) HEX20 f, (Hz) HEX20 f, (Hz) HEX20 f, (Hz) HEX20 f, (Hz) HEX20

Mode (m) (MATLAB) (3D) Default  (3D) 0.02 m (3D)0.015m (3D) 0.01 m (3D) 0.005 m

1 2846.5 2761.9 2773.8 2774.0 2774.5 2774.9

2 7846.9 7207.4 7224.2 7225.0 7227.1 7227.3

3 15382.2 14250.1 14259.6 14260.5 14261.6 14261.9

4 25427.7 23716.0 23724.2 23725.2 23726.3 23726.6

5 37985.2 34094.7 34102.2 34103.2 34104.2 34104.8

6 53053.4 46156.3 46164.5 46165.4 46166.8 46167.0

Figure 3 shows good agreement between the CBT and ANSYS HEX20 results
for the FF, CF, and CC boundary conditions. Small deviations appear in higher
modes, particularly for the more constrained cases. The natural frequencies increase
progressively from FF to CF and reach the highest values for the CC condition due
to the increase in boundary stiffness. These trends confirm the strong influence of
support restraints on the modal response and demonstrate the applicability of the
proposed analytical framework.
10 Comparison of CBT and HEX20 (0.005 m) for Different Boundary Conditions
6 T
—O— FF - CBT | ! |

CF - CBT

5 7|=0F = CF - HEX20 (0.005 m)

—{0— CC - CBT

=0 - FF - HEX20 (0.005 m)

- - CC - HEX20 (0.005 m)

w (rad/s)
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Mode number, m

Figure 3. Comparison of CBT and ANSYS HEX20 results for circular beams (D = 0.10 m ) under FF, CF, and CC
boundary conditions.

4.2.2 Circular Beam (D = 0.05 m)

Tables 9-11 present the angular natural frequencies of the reduced-diameter
circular beam for FF, CF, and CC boundary conditions, highlighting the influence of
beam diameter on the modal response.

Free-Free Boundary Condition
For the FF circular beam with reduced diameter, the first two modes correspond
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to rigid-body motion and therefore exhibit zero natural frequencies. The higher
modes represent flexural bending behavior and are used for comparison. The ANSY'S
HEX20 results show good agreement with the analytical predictions, while the refined
meshes produce stable frequencies for the higher modes.

Table 9. Angular natural frequencies of a free—free circular beam (D = 0.05 m) obtained from the analytical solution
and ANSYS simulations with mesh refinement

Mode (m) f, (Hz) CBT (MATLAB)  f, (Hz) HEX20 (3D) 0.005 m f, (Hz) HEX20 (3D) 0.001 m
1 0.0 0.0 0.0

2 0.0 0.0 0.0

3 1424.0 1415.2 1415.7

4 3925.3 3854.2 3854.7

5 7695.1 7430.3 7430.8

6 12720.0 12026.0 12026.9

Clamped-Free (Fixed-Free) Boundary Condition
For the CF circular beam, all vibration modes exhibit nonzero natural
frequencies due to the clamped boundary condition. The ANSYS HEX20 results in

Table 10 shows good agreement with the analytical predictions, and the frequencies
become stable with mesh refinement across all modes.

Table 10. Angular natural frequencies of a clamped—free circular beam (D = 0.05 m) predicted analytically and verified
using ANSY'S (HEX20) simulations under mesh refinement

Mode (m) f, (Hz) CBT (MATLAB) £, (Hz) HEX20 (3D) 0.005 m £, (Hz) HEX20 (3D) 0.001 m
1 223.8 223.6 223.6

2 1402.4 1392.1 1392.4

3 3926.8 3847.6 3848.0

4 7695.0 7399.4 7399.9

5 12720.0 11955.0 11955.7

6 19002.0 17402.0 17402.9

Clamped-Clamped (Fixed-Fixed) Boundary Condition

For the CC circular beam, full restraint at both ends produces the highest natural
frequencies among the boundary conditions considered. The ANSYS HEX20 results
in Table 11 show good agreement with the analytical predictions, while the refined
meshes provide stable and mesh-independent frequency values across all modes.

Table 11. Angular natural frequencies of a clamped—clamped circular beam (D = 0.05 m) obtained from the analytical
formulation and corresponding ANSYS simulations with refined meshes

Mode (m) f, (Hz) CBT (MATLAB) £, (Hz) HEX20 (3D) 0.005 m f, (Hz) HEX20 (3D) 0.001 m
1 1424.0 1413.6 1413.7
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Continuation Table:

Mode (m) f, (Hz) CBT (MATLAB) £, (Hz) HEX20 (3D) 0.005 m f, (Hz) HEX20 (3D) 0.001 m
2 3925.3 3836.1 3836.3

3 7695.1 7370.2 7370.4

4 12720.0 11890.9 11891.2

5 19002.0 18700.1 18700.6

6 26540.0 25001.5 25001.7

Figure 4 shows good agreement between the CBT and ANSYS HEX20 results for
the refined meshes, indicating stable numerical convergence. The CC condition produces
the highest frequencies, followed by CF and FF, due to the increase in boundary restraint
stiffness. Small deviations appear in the higher modes, although the overall trends
remain consistent. These results demonstrate the applicability of the proposed analytical
framework for predicting the modal behavior of circular beam structures.

«10* Comparison of CBT and HEX20 (0.001 m) for Circular Beam (D = 0.05 m)
3 T T T T
—O6— FF-CBT
— @& = FF - HEX20 (0.001 m)
215, | CF - CBT
— 2 = CF - HEX20 (0.001 m)
—— CC-CBT
5 — & = CC - HEX20 (0.001 m)
Q
®
15
3
i;
0.5

6
Mode number, m

Figure 4. Comparison of CBT and ANSYS HEX20 results for circular beams (D=0.05 m ) under FF, CF, and CC
boundary conditions.

4.2.3 Mesh Convergence and Normalized Discretization (Circular Beams)

Mesh convergence is examined to ensure that the numerical results are
sufficiently independent of discretization and suitable for cross verification of
the proposed analytical framework. The study is performed for the CF boundary
condition because this configuration produces higher curvature near the clamped end
and is therefore more sensitive to mesh density. Once convergence is established
for the CF case, the same discretization is considered adequate for the FF and CC
configurations, which exhibit comparatively lower sensitivity. The selected mesh was

also checked for all six bending modes to confirm stable numerical behavior over the
frequency range considered.
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To allow consistent comparison across different beam diameters, the mesh
density is characterized using the normalized element size (h/D) rather than the
absolute element size (h). Mode 3 was selected as a representative convergence
indicator because it has sufficient curvature to show sensitivity to mesh refinement,
whereas the lower modes converge more rapidly. However, Mode 3 was not used
as the only convergence criterion. The frequencies of all six bending modes were
examined at each mesh level. The higher mode ANSYS frequencies also became
stable with further mesh refinement. Therefore, the remaining differences between the
analytical and numerical results are mainly associated with the different assumptions
of the Euler Bernoulli and 3D solid models, rather than insufficient mesh density.
As shown in Table 12, reducing (h/D) results in only small changes in the Mode-
3 frequency, indicating stable numerical convergence and four-digit accuracy. The
selected mesh therefore provides an efficient and mesh-independent solution, while
further refinement substantially increases computational cost with only marginal
improvement in accuracy.

Table 12. Effect of normalized element size (h/D) on the third bending-mode frequency of circular beams under

clamped—free boundary conditions.

D (m) BC h (m) hiD Mode-3 £, (Hz)  Af, (%)
0.10 CF 0.01 0.10 7030.2 -

0.10 CF 0.005 0.05 7030.7 0.007
0.05 CF 0.005 0.10 3847.6 -

0.05 CF 0.001 0.02 3848.0 0.010

4000 ] 3848.0

The graphs in Figure 5 show only small variations in the third-mode frequency
with mesh refinement, indicating stable convergence and mesh-independent numerical
behavior. The convergence trend confirms that the selected discretization is sufficient
to capture the dominant bending response with reliable accuracy. Monitoring the
higher modes alongside Mode 3 further supports the overall stability of the numerical
formulation. The selected mesh therefore provides an effective balance between
computational efficiency and solution reliability for the circular beam models
considered in this study.

Interpolated Surface Representation of Mesh Convergence

7000

6500

6000

’ 5500

+ 5000

4500

4000

h/D 7 sl glpsroiosErioe D (m)

Figure 5. Interpolated surface plot showing the variation of the third bending-mode frequency with normalized mesh
size (h/D) for circular beams under clamped—free boundary conditions.
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4.3. Modal Analysis and Mesh Convergence of Rectangular Beams

These rectangular beam models were analyzed using quadratic 20-node
hexahedral (HEX20) solid elements based on 3D elasticity theory. The objective
was to identify a mesh that provides stable natural frequencies without excessive
computational cost. A mesh-convergence study was performed by monitoring the
first six vibration modes for rectangular cross-sections of (0.06,mx0.12,m)and
(0.03,mx0.06,m).These cases also help assess the applicability range of the present
Euler Bernoulli formulation. The rectangular sections have a relatively large bending
depth compared with the beam length, especially for the (0.06,m*0.12,m) beam.
Therefore, transverse shear deformation, beam rotary inertia, and other 3D effects
can become more important, particularly at higher modes. The comparison with the
ANSYS solid model is therefore treated as cross-verification of the analytical results,
rather than strict validation for thick-beam behavior.

As the mesh was refined, the changes in the computed frequencies became
smaller, indicating stable numerical convergence. Coarser meshes gave acceptable
results for the lower modes but showed greater sensitivity in the higher modes. An
element size of (0.005,m)produced stable and mesh-independent results for both
geometries. Further refinement to (0.001,m) greatly increase the computational cost,
with only small changes in the predicted frequencies. The selected mesh therefore
provided a practical balance between numerical reliability and computational
efficiency. The mesh characteristics are summarized in Table 13, while Tables 14-
19 present the analytical and finite-element results for the FF, CF, and CC boundary
conditions.

Table 13. Finite element mesh information for rectangular beam models discretized using quadratic HEX20 solid

elements.
Cross-Section (m’) Element Size (m) Number of Elements Number of Nodes
0.06 x 0.12 Default 120 849
0.06 x 0.12 0.02 900 5,123
0.06 x 0.12 0.015 2,144 11,243
0.06 x 0.12 0.01 7,200 34,653
0.06 x 0.12 0.005 57,600 253,337
0.03 x 0.06 0.005 14,400 69,053
0.03 x 0.06 0.001 1,800,000 7,477,581

4.3.1. Rectangular Beam (0.06 m x 0.12 m)

Tables 14-16 present the angular natural frequencies for the rectangular beam
with cross-section 0.06 mx0.12 m under FF, CF, and CC boundary conditions. The
analytical predictions are compared with 3D ANSYS simulations to evaluate the
applicability of the proposed formulation. The results show good agreement for the
lower and intermediate modes, while the refined meshes produce stable and mesh-
independent frequency values.

Free-Free Boundary Condition

For the FF rectangular beam, the first two vibration modes correspond to
rigid body translation and rotation and therefore exhibit zero natural frequencies.
The higher modes represent flexural bending behavior and are used for
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comparison. The angular frequencies reported in Table 14 show good agreement
between the analytical predictions and the ANSYS results for the lower and
intermediate modes. As the mesh is refined, the finite element frequencies
gradually stabilize, indicating mesh-independent numerical behavior for the FF
rectangular beam configuration.

Table 14. Angular natural frequencies of a free—free rectangular beam (0.06 m x 0.12 m) obtained from the analytical

solution and ANSYS simulations with mesh refinement

f, (Hz) CBT f, (Hz) HEX20 f, (Hz) HEX20 f, (Hz) HEX20 £, (Hz) HEX20 f, (Hz) HEX20

Mode (m) (MATLAB)  (3D) Default (3D)0.02m (3D)0.015m (3D)0.01m  (3D)0.005 m
1 0.0 0.0 0.0 0.0 0.0 0.0

2 0.0 0.0 0.0 0.0 0.0 0.0

3 3946.3 3759.1 3765.0 3765.3 3765.6 3766.0

4 10878.0 10001.5 10008.6 10008.8 10009.6 10009.8

5 21325.0 20466.0 20474.9 20475.8 20476.1 20476.6

6 35252.0 29426.8 29433.6 29433.7 29434.1 29434.5

Clamped-Free (Fixed-Free) Boundary Condition

For the CF rectangular beam, rigid body motion is suppressed by the clamped
boundary, resulting in nonzero natural frequencies for all modes. The ANSYS
predictions show good agreement with the analytical results, particularly for the
lower and intermediate modes. The frequency differences observed for coarse meshes
decrease progressively with mesh refinement, leading to stable numerical behavior for
the refined discretization.

Table 15. Angular natural frequencies of a clamped-free rectangular beam (0.06 m % 0.12 m) predicted by the

analytical formulation and compared with ANSYSS results under mesh refinement

f, (Hz) CBT f, (Hz) HEX20 f, (Hz) HEX20 f, (Hz) HEX20 £, (Hz) HEX20 f, (Hz) HEX20

Mode (m) (MATLAB)  (3D) Default (3D)0.02m (3D)0.015m (3D)0.0lm  (3D)0.005m
1 620.2 616.3 616.5 616.7 616.9 616.9

2 3886.5 3679.1 3682.1 3683.2 3683.6 3683.6

3 10882.0 10086.1 10144.7 10147.2 10150.3 10154.1

4 21325.0 20610.8 20618.2 20619.8 20620.2 20620.8

5 35252.0 33755.8 33764.6 33765.4 33766.0 33766.7

6 52660.0 472132 47221.8 47222.1 472225 47222.7

Clamped-Clamped (Fixed-Fixed) Boundary Condition

For the CC rectangular beam, full restraint at both ends produces higher natural
frequencies than the FF and CF configurations. The ANSYS results show good
agreement with the analytical predictions for the lower and intermediate modes. With
mesh refinement, in Table 16, the numerical frequencies become stable and exhibit
mesh independent behavior across all modes considered.
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Table 16. Angular natural frequencies of a clamped-clamped rectangular beam (0.06 m x 0.12 m) obtained from
analytical predictions and 3D finite element simulations

f, (Hz) CBT f, (Hz) HEX20 f, (Hz) HEX20 f, (Hz) HEX20 f, (Hz) HEX20 f, (Hz) HEX20

Mode (m) (MATLAB) (3D) Default  (3D) 0.02 m (3D)0.015m (3D) 0.01 m (3D) 0.005 m
1 3946.3 3647.3 3651.4 3651.7 3652.0 3652.2
2 10878.0 9984.8 9996.2 9998.0 9998.3 9998.4
3 21325.0 20381.7 20395.1 20396.6 20397.4 20397.5
4 35252.0 32141.2 32151.2 32152.1 32153.0 32153.2
5 52660.0 48123.9 48134.3 48135.3 48136.1 48136.5
6 73550.0 65124.7 65138.5 65140.0 65140.2 65140.7
Figure 6 shows consistent trends between the CBT and ANSYS HEX20 results
for the FF, CF, and CC boundary conditions. Slightly larger deviations appear
in higher modes compared with the circular beam cases, reflecting the increased
influence of 3D effects in rectangular geometries. The CC condition produces the
highest frequencies due to the stronger boundary restraint. Despite these differences,
the overall modal trends remain consistent, demonstrating the applicability of the
proposed analytical framework for rectangular beam vibration analysis. The analytical
and ANSYS results differ because the two models use different assumptions. The
analytical model is based on Euler—Bernoulli beam theory. It does not include
transverse shear deformation, rotary inertia of the beam, cross-sectional warping, or
Poisson effects. In contrast, the ANSYS HEX20 model is based on full 3D elasticity
and includes these effects. Therefore, some difference is expected, especially for
higher modes and rectangular beams. The ANSY'S results are therefore used for cross-
verification and to assess engineering accuracy, rather than as an absolute validation
reference for the one-dimensional analytical model.
1 Comparison of CBT and HEX20 (0.005 m) for Different Boundary Conditions
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Figure 6. Comparison of CBT and ANSYS HEX20 results for rectangular beams (0.06x0.12 m) under FF, CF, and CC
boundary conditions.
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4.3.2. Rectangular Beam (0.03m x 0.06m)

Tables 17-19 present the angular natural frequencies for the rectangular beam
with cross-section 0.03 mx0.06 m under FF, CF, and CC boundary conditions. The
analytical predictions are compared with the ANSYS HEX20 results to evaluate the
proposed formulation. Good agreement is observed for the lower and intermediate
modes, while the refined meshes produce stable and mesh-independent frequency
values across all boundary conditions.

Free-Free Boundary Condition

For the FF rectangular beam with reduced cross-section, the first two modes
correspond to rigid body motion and therefore exhibit zero natural frequencies. The
higher modes represent flexural bending behavior and are used for comparison. The
ANSYS HEX20 results show good agreement with the analytical predictions for the
lower and intermediate modes, while the selected mesh provides stable and mesh-
independent frequency values.

Table 17. Angular natural frequencies of a free—free rectangular beam (0.03 m % 0.06 m) obtained from the analytical

solution and ANSYS simulations with refined meshes

Mode (m) f, (Hz) CBT (MATLAB)  f, (Hz) HEX20 (3D) 0.005 m f, (Hz) HEX20 (3D) 0.001 m
1 0.0 0.0 0.0

2 0.0 0.0 0.0

3 1973.1 1948.7 1949.0

4 5439.0 5248.8 5249.1

5 10663.0 9973.9 9974.1

6 17626.0 17387.5 17387.9

Clamped-Free (Fixed-Free) Boundary Condition

For the CF configuration, rigid-body motion is suppressed by the clamped
boundary, resulting in nonzero natural frequencies for all modes. The ANSYS HEX20
results show good agreement with the analytical predictions, particularly for the lower

and intermediate modes. The selected mesh produces stable frequency values with
only small variations across the modes considered.

Table 18. Angular natural frequencies of a clamped—free rectangular beam (0.03 m x 0.06 m) obtained from analytical
predictions and ANSYSS validation under mesh refinement

Mode (m) f, (Hz) CBT (MATLAB) £, (Hz) HEX20 (3D) 0.005m £, (Hz) HEX20 (3D) 0.001 m
1 310.1 309.9 310.0

2 19433 1909.8 1910.0

3 5441.2 5238.2 5238.8

4 10663.0 10974.8 10974.9

5 17626.0 17327.1 17327.4

6 26330.0 25671.2 25671.9
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Clamped-Clamped (Fixed-Fixed) Boundary Condition

For the CC rectangular beam, full restraint at both ends produces the highest
natural frequencies among the boundary conditions considered. The ANSYS HEX20
results show good agreement with the analytical predictions for the lower and
intermediate modes. The computed frequencies remain stable for the selected mesh,
indicating mesh-independent numerical behavior for the CC configuration.

Table 19. Angular natural frequencies of a clamped-clamped rectangular beam (0.03 m % 0.06 m) comparing analytical
results with ANSY'S simulations using refined meshes

Mode (m) f, (Hz) CBT (MATLAB) f, (Hz) HEX20 (3D) 0.005 m f, (Hz) HEX20 (3D) 0.001 m
1 1973.1 1934.0 1934.3
2 5439.0 5235.8 5236.0
3 10663.0 9772.2 9772.8
4 17626.0 17269.3 17269.9
5 26330.0 25416.3 25416.9
6 36775.0 32073.8 32074.0
Figure 7 shows consistent modal trends between the CBT and ANSYS HEX20
results as the mesh is refined. The frequency variation for the FF, CF, and CC
boundary conditions remains physically consistent, with increasing restraint leading
to higher natural frequencies. Small deviations appear mainly in higher modes due
to 3D effects and discretization sensitivity. Overall, the results demonstrate stable
numerical convergence and support the applicability of the proposed analytical
framework for rectangular beam vibration analysis.
104 Comparison of CBT and HEX20 (0.001 m) for Rectangular Beam (0.03 x 0.06 m)
X
4 I T T T
—O— FF-CBT
— G- - FF-HEX20 (0.001 m)
351 CF - CBT

w (rad/s)

=& - CF- HEX20 (0.001 m)

—O— CC-CBT
—~ < = CC-HEX20 (0.

001 m)

4 5 6

Mode number, m

Figure 7. Comparison of CBT and ANSYS HEX20 results for rectangular beams (0.03x0.06 m )under FF, CF, and CC

boundary conditions.
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Table 20. Influence of normalized mesh size (4/b

4.3.3. Mesh Convergence and Numerical Validation of Rectangular Beam Models

This section presents the modal results of rectangular beams obtained using
Classical Beam Theory (CBT) and verified through MATLAB eigenvalue analysis.
The analytical predictions are compared with 3D ANSYS simulations to evaluate
numerical accuracy, mesh convergence behavior, and the reliability of the finite
element discretization. Since rectangular cross sections do not possess a unique
characteristic diameter, mesh refinement is characterized using the ratio 4/b,,,
b,,, represents the minimum cross-sectional dimension governing bending curvature
and stress gradients.

The novelty of this convergence assessment lies in using a geometry-based
nondimensional mesh parameter, 4/b,,, instead of relying only on element size.
This provides a more meaningful and transferable measure of mesh refinement
for rectangular beam models. The convergence assessment is primarily based on
Mode 3 because the lower modes converge rapidly and show limited sensitivity to
mesh refinement, whereas Mode 3 exhibits stronger curvature effects and therefore
provides a more rigorous evaluation of discretization quality. Higher modes are also
monitored throughout the analysis to confirm the overall stability and consistency of
the numerical formulation.

The ANSYS results show larger deviations for higher values of 4/b,,, particularly
in the higher modes. As A4/b,,;, decreases, the angular frequencies progressively
stabilize and approach the analytical predictions. Further mesh refinement beyond
this range produces only marginal changes, indicating mesh-independent numerical
behavior. This provides strong evidence that the selected mesh density is sufficient
to capture the bending-dominated modal response of rectangular beams. Therefore,
the convergence study strengthens the credibility of the ANSYS model and supports
its use for subsequent validation and parametric analysis. The corresponding
convergence results for the third bending mode under CF boundary conditions are
summarized in Table 20.

where

#in) ON the third bending-mode frequency of rectangular beams under
clamped—free boundary conditions.

Cross-section (m”) BC Element size, # (mm) 4 /b,,, Mode-3 f, (Hz)
0.12 x 0.06 CF 0.01 0.167 10150.3

0.12 x 0.06 CF 0.005 0.083 10154.1

0.06 x 0.03 CF 0.005 0.167 5238.2

0.06 x 0.03 CF 0.001 0.033 5238.8

The results in Figure 8 show stable third-mode frequency predictions as the
mesh is refined, indicating consistent convergence behavior for the rectangular
beam models. Since Mode 3 is more sensitive to discretization effects than the lower
modes, its stable response provides a rigorous assessment of mesh quality, while the
higher modes are also monitored to confirm the overall numerical stability of the
formulation. The selected discretization therefore captures the dominant structural
response with reliable accuracy without introducing unnecessary computational cost.
Overall, the results support the robustness and applicability of the finite element
formulation used for the rectangular beam analyses. The analytical and ANSYS
results agree more closely for the lower and intermediate modes. At higher modes,
the response becomes more sensitive to transverse shear deformation, beam rotary
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inertia, and 3D stress effects. These effects are captured by the ANSYS solid model
but are not included in the Euler—Bernoulli formulation.

Interpolated Surface Representation of Mesh Convergence
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Figure 8. Interpolated surface plot illustrating the effect of normalized mesh size (4/b
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frequency of rectangular beams under clamped—free boundary conditions.

4.4. Effect of Intermediate Elastic Boundary Stiffness

To further demonstrate the applicability of the proposed formulation, the right-
end translational and rotational spring stiffnesses were varied over several orders of
magnitude. This represents elastic support conditions between the free and clamped
limits. As the translational stiffness, (k, ), increased, the first natural frequency rose
from 53.38 Hz to 226.53 Hz. The third natural frequency increased from 725.98 Hz
to 1221.40 Hz. A similar trend was observed for rotational stiffness, (K, ).In this case,
the first natural frequency increased from 152.29 Hz to 226.61 Hz, while the third
natural frequency increased from 1022.40 Hz to 1224.10 Hz. The corresponding
first-mode shapes were also examined to show the effect of boundary stiffness on the
beam deformation. The results are presented in Tables 21 and 22 and Figure 9. The
remaining beam, mass, inertia, and left-end support parameters were kept constant.

Table 21. Effect of right-end translational stiffness, (k, ),on the first three natural frequencies (3D).

(k) N/m) () (rad/s)

(o,) (rad/s)  (w;) (rad/s)  (f;) (Hz) (/2) (Hz) (f3) (Hz)

21.476 335.41
2147.6 336.75
(2.1476x10°)  449.27
(2.1476x10")  1359.7
(2.1476x10%)  1423.3

1843.0 4561.5 53.382 293.32 725.98
1843.2 4561.5 53.596 293.35 725.99
1859.6 4567.3 71.504 295.97 726.91
3301.3 5427.6 216.41 52542 863.83
3919.9 7674.3 226.53 623.87 1221.4
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Table 22. Effect of right-end rotational stiffness, (K, ), on the first three natural frequencies (3D).

(K;) (N*m/rad) (w,) (radfs) (,)(rad/s) (o,)(rad/s) (f,)(Hz) (/2) (Hz) (f3) (Hz)

21.476 956.87 3093.1 6423.6 152.29 492.29 1022.4
2147.6 963.36 3099.4 6430.1 153.32 493.28 1023.4
(2.1476x10°) 1232.5 3466.2 6878.2 196.16 551.66 1094.7
(2.1476x107) 1421.7 3915.0 7672.0 226.11 623.09 1221.0
(2.1476x10%) 1423.8 39242 7691.2 226.61 624.56 1224.1

To As the right-end translational stiffness increases, the beam becomes more
restrained, and the natural frequencies increase for all three modes. The same trend
is observed for increasing rotational stiffness. At low stiffness values, the frequency
changes are small. The effect becomes stronger as the support approaches the clamped
condition. Higher modes are more sensitive because they involve greater curvature
and rotation. These results show that both translational and rotational restraints
strongly affect the beam vibration response. They also confirm that the proposed
formulation can represent intermediate elastic support conditions accurately.

(a) (b)
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Figure 9. Effect of end-spring stiffness on beam vibration (a) natural frequencies versus translational stiffness, (k,), (b)
natural frequencies versus rotational stiffness, (K,), (c) normalized first-mo shapes for selected (k,) and (d) normalized
first-mode shapes for selected (K,).

4.5. Comparative Validation with Published Studies
To place the present results in context, selected literature findings are compared
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with the analytical and numerical results of this study. The comparison focuses on beam
vibration studies involving elastic supports, end attachments, and numerical validation.
This helps clarify that the observed effects of stiffness, end mass, and mesh refinement
are physically consistent with published results. It also supports the usefulness of the
proposed compact analytical framework as a practical validation tool.

Table 22. Comparative summary of present results and selected literature on beams with elastic supports, attachments,
and numerical validation

Comparative

Reference Configuration Main observation Quantitative result
relevance

. Confirms the same
. Baseline non- .
Frequencies decrease trend observed in the

. . . o dimensional
Cantilever beam with spring— with tip mass and present study, where

Banerjee [14] frequencies: 3.5160,

mass system at the tip ;?fézi: with spring 22.034, 61.697, z;dedel:i rrlr;zll: L(I)I\gearsded
120.90, 199.86 Sneneies
stiffness raises them
Natural frequencies Supports the present
Elastically restrained decrease with increasing . results on the influence
Pala and . . . Parametric trends
cantilever Timoshenko beam end mass and increase of both boundary
Kahya [13] . . . . reported o
with end attachment with rotational spring flexibility and end
stiffness attachments
First four Consistent with the
Linear spring stiffness  frequencies: present conclusion that

Kanwal et al. Elastically constrained beam

[11] on elastic foundation has a stronger influence 320.793, 658.137, stiffness parameters

than rotary stiffness 1122.622, 1612.209 strongly affect modal
Hz response

Reinforces the
Relative errors as low importance of careful
as 1.01 x 1077 (Mode numerical modelling
I)and 1.49 x 10° and convergence
(Mode 2), for N =50 assessment in the
present work

Consistent mass
matrix gives much
closer agreement with
analytical values than
lumped mass matrix

Alkinidri et ~ Beam spring system with
al. [20] varying stiffness

Circular beam, CF, (D = 0.10) Good agreement Mean error = 5.72%: Confirms the validity
Present study m; CBT vs ANSYS HEX20  between analytical and max error = 1 O‘ 4 40/0’ of the formulation for
(0.005 m), Modes 1-6 3D numerical results T the clamped—free case

Circular beam, FF, (D = 0.05) Best acreement amone  Mean error = 2.82%: Shows strong
Present study m; CBT vs ANSYS HEX20 28 £ 0270 agreement after mesh
the circular-beam cases max error = 5.45%

(0.001 m), Modes 3-6 refinement

Circular beam, CF, (D =0.05) Stable agreement Mean error = 3.51%: Supports the reliability
Present study m; CBT vs ANSYS HEX20  between CBT and max error = 8 4'20/ * of the formulation for
(0.001 m), Modes 1-6 ANSYS results T fixed—free beams

Circular beam, CC, (D = 0.05) Consistent agreement  Mean error = 3.52%: Confirms robustness
Present study m; CBT vs ANSYS HEX20 & " under higher restraint

- — o
(0.001 m) Modes 1-6 for the fixed—fixed case max error = 6.52% stiffness

Rectangular beam, CC, (0.03 Good overall agreement, Mean error = 6.13%: Suggests a stronger
Present study mx0.06 m); CBT vs ANSYS with larger deviation in max error = | 2'7 80/0’ influence of 3D effects
HEX20 (0.001 m), Modes 1-6 higher modes O i rectangular beams
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The comparative analysis in Table 22 shows that the main vibration trends
reported in earlier studies are reproduced by the present formulation. Added mass
reduces the natural frequencies, whereas higher boundary stiffness increases them.
Similar behavior is observed for the FF, CF, and CC cases. Table 22 also clarifies the
contribution of the present study. The proposed formulation combines translational
stiffness, rotational stiffness, end masses, and rotary inertia in one compact (4x4)
characteristic matrix. This provides a direct way to analyze different boundary
conditions within one framework.

The analytical and ANSYS results agree well for the lower and intermediate
modes. The higher modes show larger differences because shear deformation, beam
rotary inertia, and 3D effects become more important. These effects are captured by
the ANSYS solid model but are not included in Euler—Bernoulli theory. The results
therefore provide cross-verification of the proposed formulation.

5. Conclusion

This study developed a unified analytical framework for the free-vibration
analysis of Euler—Bernoulli beams with elastic supports and lumped end masses.
The formulation integrates translational stiffness, rotational stiffness, and discrete
end inertia within a compact (4x4)characteristic matrix. The method allows efficient
evaluation of natural frequencies and mode shapes under different boundary
conditions.

The MATLAB results matched the classical reference solutions for the standard
FF, CF, and CC cases. ANSYS HEX20 solid-element simulations were used for cross-
verification and mesh-convergence assessment, rather than as absolute validation
reference. Good agreement was obtained for the lower and intermediate bending
modes of both circular and rectangular beams. Larger differences appeared in the
higher modes, particularly for rectangular sections. These differences are associated
with the different assumptions of the two models. The Euler Bernoulli model neglects
transverse shear deformation, beam rotary inertia, warping, and other 3D effects that
are included in the ANSYS solid model.

The results confirm that boundary flexibility and attached masses strongly
influence modal characteristics and should be considered in realistic vibration
analysis. The proposed formulation provides a simple and computationally efficient
tool for preliminary modal analysis of beam-like structures with non-ideal support
and attached components. It also provides an analytical benchmark for comparison
with more advanced numerical models. The present work is limited to linear free
vibration under small deformation. The supports and end masses are treated as
idealized elements. Effects related to uncertain support stiffness, imperfect fixtures,
damping, and assembly tolerances are not included. Experimental modal testing
was also outside the scope of this study. Therefore, the results should be interpreted
as analytical numerical cross-verification rather than complete experimental
validation. The present model is most reliable for lower and intermediate bending
modes within the applicability range of Euler—Bernoulli beam theory. For higher
modes, relatively thick beams, uncertain support conditions, or applications
requiring high-precision frequency prediction, a shear-deformable beam model
and experimental modal testing should be considered. The deviations of up to
approximately 10-13% in some higher-mode cases should be assessed according to
the required design tolerance.
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Limitations and Scope of the Present Model

The present model considers linear free vibration with small transverse
deflection. It is intended mainly for slender beams, where bending is the dominant
response. Transverse shear deformation and the rotary inertia of the beam itself are
not included. Therefore, the results are more reliable for lower and intermediate
modes. Accuracy may decrease for less slender beams and at higher frequencies.

The boundary springs and end masses are represented as idealized elements. In
practice, support stiffness may vary, and fixtures can introduce damping, assembly
tolerances, and local flexibility. These effects are not included in the present
model. Experimental modal testing was also not part of this study. The results
should therefore be viewed as analytical numerical cross verification, not complete
experimental validation. For thick beams, high frequency vibration, or cases requiring
close frequency prediction, a shear-deformable model and experimental testing should
be used.
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