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Abstract: This study introduces a modern technique for solving beam equations on elastic
foundations, applied to Euler–Bernoulli and Timoshenko beams based on the Winkler
foundation. Conventional Physics-Informed Neural Networks (PINNs) have faced major
challenges in handling large space-time domains, even when closed-form solutions exist. To
address these challenges, we introduced a preconditioned PINNs loss function that incorporates
prior knowledge from similar problems, thereby enhancing both productivity and accuracy.
This novel method improves the generalization capability of PINNs in structural engineering,
specifically for beam dynamics on elastic foundations. The effectiveness of the method
is shown through numerical simulations on Euler–Bernoulli beams and extended domains
for Timoshenko beams. Comparing with state-of-the-art PINNs shows that our method
speeds up the convergence and precisely describes the behavior of the system, surpassing
current strategies under the L2-norm metric. Besides, we examine the weight and weight
loss plots, and present 3D visualizations of the best weight configurations. Further, we
describe the superior performance of the proposed method. The present study explores the
application of Preconditioned Devidon–Fletcher–Powell (PDFP)-enhanced Physics-Informed
Neural Networks (PINNs) for solving higher-order partial differential equations, with particular
emphasis on their implementation in engineering beam problems. It provides an overview of
the new approach for addressing complex beam dynamics, including visualizations of the neural
network architectures, PINNs convergence behavior, and representative solutions for the beam
problems.

Keywords: quasi newton optimization; PDFP optimizer; neural network; PINNs;
euler–bernoulli beam problem; timoshenko beam problem

1. Introduction

Beams on elastic foundations serve as an intrinsic element in civil engineering
because they give us strength and stability for various applications such as railway
lines, deep foundations, and parallel fibers in elastomeric blends [1, 2]. These
beams play a crucial role in load distribution, minimizing structural deformations and
enhancing durability, analogous to the behavior observed in the analysis of asymmetric
vibrations of functionally graded annular nanoplates under thermal environments using
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nonlocal elasticity theory with modified nonlocal boundary conditions [3,4]. To ensure
the reliability of such systems, it is necessary to understand their behavior, which
gives better maintenance planning, improves machinery performance, and optimizes
design processes, and exact control mechanisms [5]. Although they are widely but
it is difficult to predict the dynamic behavior of beams on elastic foundations using
physical observations and experiments [6,7]. Performing multiple trials with different
prototypes and material conditions is time-consuming and expensive as well. In
this context, software solutions based on finite element analysis (FEA) play their
role as viable alternatives; however, they lack generalization, as even minor domain
changes often require starting the simulation process from scratch [8, 9]. In a similar
vein, the study by Saini et al. [10] on free axisymmetric vibrations of heated
non-uniform bi-directional FGM Mindlin rings further highlights the importance of
accurately capturing thermo-mechanical effects and material gradation in advanced
structural components, reinforcing the need for robust and generalized modeling
frameworks for complex elastic systems [11, 12]. Building on these advancements,
recent studies have explored surrogate-assisted and hybrid optimization strategies to
efficiently predict and enhance the reliability of complex structural systems [12, 13].
Such approaches offer a promising framework for integrating high-fidelity simulations
with reduced computational costs, particularly for functionally graded and elastically
supported beam structures. Recently, deep learning methods became popular in
finding solutions to partial differential equations (PDEs), due to their simplicity,
mesh-free nature, and efficiency in solving inverse problems and high-dimensional
spaces [14, 15]. The results shown by methods like the deep Ritz method [16],
deep Galerkin method [17], and physics-informed neural networks (PINNs) [18]
were exceptional. These methods use deep neural networks (DNNs) to minimize
a loss function that is comprised of domain-specific knowledge and physical laws,
leading to approximate PDE solutions [19]. Specifically, PINNs incorporate PDE
residuals, boundary conditions, and observational data to solve inverse boundary value
problems [20, 21]. Moreover, recent studies have explored adaptive optimization
strategies and hybrid modeling approaches to further enhance the performance of deep
learning-based PDE solvers [22, 23]. These works demonstrate the effectiveness of
informed mutation strategies, high-fidelity numerical modeling, and intelligent system
management in improving convergence, accuracy, and computational efficiency for
complex engineering problems [24].

It is necessary for the effective application of PINNs to upgrade DNN parameters
in order to solve PDEs. Common optimizers like Adam [25], L-BFGS [26], and
Stochastic Gradient Descent (SGD) [27] are extensively used for training, but they face
ill-conditioned or hard problems [28]. Consequently, researchers have invented various
algorithmic improvements, such as flexible weighting schemes [28], multi-dimensional
approaches [29], and physics-based optimization algorithms, including Gauss-Newton
methods [30], to intensify convergence and stability in difficult conditions [31].

PINNs for beam simulations have been used in various research. For example,
Bazmara et al. [32] applied PINNs to estimate nonlinear bending behavior in
beams under restricted domains. Kapoor et al. [33] used PINNs to solve beam
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problems [34]. Despite this, their approach remained restricted by limited domain
boundaries. Xu et al. [35] proposed a self-adjusting PINN framework to deal with
unsettled load conditions. However, these methods are sometimes difficult to compute,
end into slow convergence for sequential tasks. These challenges led to the need for
introducing more efficient techniques capable of reducing the growing complexity of
beam simulations [36].

In this paper, we presented an innovative framework for modeling beams on
elastic foundations using Euler–Bernoulli and Timoshenko beam theories. Our method
combined a preconditioner-enhanced Physics-Informed Neural Network (pPINNs)
framework, focused on upgrading the computational efficiency and convergence rates
of optimizers during the training process. Our primary objective was to increase the
rate of convergence and mitigate the consumption of computing resources by designing
novel nonlinear preconditioning techniques. We illustrated the effectiveness of this
methodology and carried out many numerical experiments to show its ability to solve
complex beam problems more efficiently than conventional PINNs.

The content of the paper is organized as follows: Section 1 offers a review of
mathematical modelling of acetone decomposition and multistep reaction. Section 2
describes the cPINNs method with a preconditioned optimizer in detail. Section 3
presents the numerical experiments performed, and Section 4 concludes the study by
summarizing the key findings and contributions of this research.

2. Preconditioned physics-informed neural networks (PINNs)

We address the general problem of solving differential equations represented as:

A(φ(x)) = h(x) for x ∈ Ω,

Ck(φ(x)) = jk(x) for x ∈ Γk ⊆ ∂Ω, k = 1, 2, . . . , nΩ.
(1)

Here, A is a nonlinear differential operator, while Ck corresponds to boundary
condition operators defined on boundary segments Γk for k = 1, 2, . . . , nΓ. In
time-independent problems, we take time as an additional component of the input space,
such that the input vector x ∈ Rd includes both spatial and temporal dimensions. In this
case, the initial conditions are treated as a special type of boundary condition within the
spatiotemporal domain. Hence, the computational domain Ω contains both spatial and
temporal components.

2.1. Neural network approximation of the solution
For approximating the solution of Equation (1), we use a Physics-Informed Neural

Network (PINN) framework. The aim is to show the solution as:

φ(x) ≈ φNN(α, x), (2)

whereφNN : Rd → R is a nonlinear mapping parameterized by the trainable parameters
α ∈ R. The overall structure of the neural network defines the functional form of φNN,
containing an input layer, multiple hidden layers, and an output layer, as shown by the
following equation:
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Input layer: z0 = W0x,

Hidden layers: zL = F(zL−1), for L = 1, 2, 3, . . . , L− 1,

Output layer: zL = WLzL−1 + bL.

(3)

The input layer converts the input features x ∈ Ω into the hidden layer space
through the weights W0 ∈ Rd×nh. Each subsequent hidden layer processes its
input zL−1 using a nonlinear activation function F : Rnh → Rnh, applied as a
skip-connected single-layer perceptron:

F(zL−1) = zL−1 + σL(WLzL−1 + bL). (4)

The parameters of each layer are represented by αL = (flatten(WL), flatten(bL)),
where WL ∈ Rnh×nh and bL ∈ Rnh represent the weights and biases of the L-th
layer. The function flatten(·) converts the weight matrices and bias vectors into 1D
arrays. Nonlinearity introduced σL : Rnh → Rnh at each hidden layer by the activation
function. The output layer combines the outputs from the last hidden layer linearly to
get the final result.

2.2. Training data and loss function
To train the neural network and to get the approximated solution of Equation (1),

we defined a set of interior collocation points Dint = {xj}nint
j=1 , where nint represents

the number of points in the interior of the domain Ω. These points enforce the physics
of the differential equation. We also define the boundary dataset Dk

bc = {(xkj , jkj )}
nk
bc

j=1,
where each Dk

bc contains nk
bc points for the boundary segment Γk.

The training process lessens the following total loss function, which involves the
interior loss and boundary loss:

α∗ = arg min
α∈Rn

(Lint(α) + Lbc(α)) . (5)

The interior loss Lint(α) enforces the PDE at the collocation points, whereas the
boundary loss Lbc(α) enforces the boundary conditions:

Lint(α) =
wint

|Dint|
∑

xj∈Dint

||A(φNN(α, xj))− h(xj)||2,

Lbc(α) =

nΓ∑
k=1

wbc

|Dk
bc|

∑
(xkj ,jkj )∈Dk

bc

||(φNN(α, xkj )− jkj )||2.
(6)

In this equation, the weights wint and wbc balanced the interior and boundary
losses. We can determine their optimal values through hyperparameter tuning or by
using adaptive strategies as discussed by Raissi et al. [18]. The boundary conditions
can also be managed directly using the length factor function ℓk(x):

φNN(α, x) =
nΓ∑
k=1

jk(x) ℓ̃k(x)
maxx∈Ω ℓ̃(x)

(7)

where
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ℓ̃k(x) =

nΓ∏
i=1
i ̸=k

ℓi(x)

nΓ∑
i=1

nΓ∏
j=1
j ̸=i

ℓj(x)
(8)

The length factor function ℓk(x) is constructed such that:

ℓk(x) = 0, for x ∈ Γk

ℓk(x) = 1, for x ∈ Γj , j ̸= k

ℓk(x) ∈ (0, 1), otherwise.

(9)

This length factor function helps in handling complex geometries, as discussed by
Sukumar and Srivastava [37].

The final optimization problem is shown as:

α∗ = arg min
α∈Rn

L(α) = 1

|Dint|
∑

xj∈Dint

∥A(φNN(α, xj))− h(xj)∥2. (10)

After training the model, the optimal parameters α∗ are used to estimate the
solution φNN to the differential equation. The error in the approximation is given as:

ϵ(φNN, φ
∗) = ||φNN − φ∗||. (11)

This error has three components: the discretization error, the network
approximation error, and the optimization error [38]. The discretization error
depends on the placement of collocation points, the network approximation error relies
on the representational power of the neural network, and the optimization error is
linked to the effectiveness of the optimization algorithm applied.

This work focused on improving the training methods to minimize the
optimization error and improve the overall performance of the PINN framework
in solving complex PDEs.

2.3. Physics-Informed Neural Networks (PINN) for beam problems
Two separate Physics-Informed Neural Network (PINN) frameworks are created

to solve the beam equations representing Euler–Bernoulli and Timoshenko beams.
Each system has independent training with its own residual-based loss formulation and
initial conditions. Automatic differentiation guarantees that all temporal and spatial
derivatives used in the governing equations are formulated exactly within the neural
network graph.

2.3.1. Model 1: Euler–Bernoulli beam on elastic foundation

The first model represents the Euler–Bernoulli beam on a Winkler foundation, led
by the following equation:

utt + uxxxx + p(x, t) = f(x, t), x ∈ [0, 8π], t ∈ [0, 1], (12)
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where u(x, t) is the vertical displacement of the beam. The foundation response, p(x, t),
is given by:

p(x, t) = ku(x, t), (13)

with the boundary conditions:

u(0, t) = u(8π, t) = 0, ux(0, t) = ux(8π, t) = 0. (14)

The external loading function is:

f(x, t) = (2− π2) sin(x) cos(πt), (15)

and the initial condition is:

u(x, 0) = sin(x), ut(x, 0) = 0. (16)

The PINN approximates the displacement field as:

u(x, t) ≈ uNN(x, t;α),

where α ∈ Rn denotes the trainable parameters of the neural network. The optimal
parameters are obtained from the following loss minimization problem:

α∗ = arg min
α∈Rn

L(α). (17)

The total loss function is defined as:

L(α) = Lint(α) + Lbc(α) + Lic(α). (18)

Interior loss:

Lint(α) =
1

|Dint|
∑

(xj ,tj)∈Dint

∣∣∣∣∂2uNN
∂t2

+
∂4uNN
∂x4

−Ru(xj , tj)

∣∣∣∣2 (19)

Boundary condition loss:

Lbc(α) =
1

|Dbc|
∑

(xj ,tj)∈Dbc

|uNN(xj , tj)|2 (20)

Initial condition loss:

Lic(α) =
1

|Dic|
∑

xj∈Dic

|uNN(xj , 0)− u(xj , 0)|2 (21)

The optimal parameter vector α∗ is obtained by minimizing the composite loss
function L(α), ensuring that the neural network solution satisfies the governing
Euler–Bernoulli beam equation along with the prescribed boundary and initial
conditions.

The flowchart in Figure 1 shows the architecture and the steps used in solving
beam dynamics using the Physics-Informed Neural Networks (PINNs) approach. The
network architecture has the following key components:

The input layer consists of collocation points (x, t), which represent the spatial and
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temporal variables. These are carried through hidden layers, and the result is compared
with the target function f = N(u), where u is the displacement. A set of optimizers,
like Adam, LBFGS, and PDFP, is applied to minimize the loss function. The training
loop finds out the Mean Squared Error (MSE) between the approximated and exact
solutions, including residuals and boundary conditions, until convergence is achieved
(MSE < ϵ).

Figure 1. Neural network architecture for PINN solution of beam dynamics.

This structure makes the network capable of approximating the beam’s
displacement and velocity under various conditions.

2.3.2. Model 2: Timoshenko beam on elastic foundation

The second model expresses the Timoshenko beam theory on a Winkler
foundation, headed by the following coupled equations:

ϕtt − ϕxx + (ϕ− ux) = 0, (22)

utt + (ϕ− ux)x + ku = h(x, t), (23)

where ϕ(x, t) is the cross-sectional rotation, u(x, t) is the vertical displacement, and
h(x, t) represents the external loading, which in this case is supposed to be cos(t). The
boundary conditions are:

ϕ(0, t) = ϕ(3π, t) = u(0, t) = u(3π, t) = 0. (24)

The initial conditions for ϕ and u are shown as:

ϕ(x, 0) =
3π

2
cos(x) +

(
x− 3π

2

)
, u(x, 0) =

3π

2
sin(x), (25)

and ϕt(x, 0) = ut(x, 0) = 0.
The PINN approximates both the displacement and rotation fields as:

u(x, t) ≈ uNN(x, t;α), ϕ(x, t) ≈ ϕNN(x, t;α), (26)

where α ∈ Rn represents the trainable parameters of the neural networks. The optimal
parameters are obtained by minimizing the total loss in Equation (18).
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Interior loss:

Lint(α) =
1

|Dint|
∑

(xj ,tj)∈Dint

{[∂2ϕNN
∂t2

− ∂2ϕNN
∂x2

+
(
ϕNN − ∂uNN

∂x

)
−Rϕ(xj , tj)

]2
+
[∂2uNN

∂t2
+

∂2uNN
∂x2

+ k uNN −Ru(xj , tj)
]2} (27)

Boundary condition loss:

Lbc(α) =
1

|Dbc|
∑

(xj ,tj)∈Dbc

[
|ϕNN(xj , tj)|2 + |uNN(xj , tj)|2

]
(28)

Initial condition loss:

Lic(α) =
1

|Dic|
∑

xj∈Dic

[
|ϕNN(xj , 0)− ϕ(xj , 0)|2 + |uNN(xj , 0)− u(xj , 0)|2

]
(29)

The optimal parameters α∗ are obtained by minimizing L(α), ensuring that
the neural network solutions satisfy the Timoshenko beam equations along with the
prescribed boundary and initial conditions.

Figure 2 represents an expanded version of the previous neural network
architecture where higher-order derivatives such as displacement, velocity,
acceleration, and higher derivatives of the displacement are included in the model.
The main components of this figure are:

The network included not only the displacement but also its derivatives, such as
∂u/∂x, ∂u/∂t, and ∂2u/∂x2, ∂2u/∂t2 to model complicated behaviors. Same as the
previous flowchart, optimizers like Adam, LBFGS, and PDFP are used, but now the
model also accounts for the computation of higher-order derivatives, improving the
accuracy and adaptability of the simulation.

Figure 2. Flowchart for extended PINN-based beam dynamics with higher-order derivatives.

This approach can model more complex dynamic behaviors in beam problems by
integrating higher-order spatial and temporal derivatives into the PINN framework.
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2.4. Preconditioned DFP optimizer
To train the causal PINN architectures for the above chemical model efficiently,

we aaply the Preconditioned Davidon–Fletcher–Powell (PDFP) optimizer [39]. This
quasi-Newton (QN) optimizer gathers the curvature approximation with a nonlinear
preconditioning strategy, which makes it suitable for rigid, nonlinear ODE systems
such as chemical reaction kinetics.

Conventional optimizers like Adam or AdaGrad have poor performance for stiff
kinetics because their step sizes are not scaled according to local curvature. The PDFP
approach avoids this by creating an approximate inverse Hessian B(k+1) that satisfies
the secant condition

B(k+1)s(k) = y(k), (30)

where s(k) = θ(k+1) − θ(k+1/2) and y(k) = ∇L(θ(k+1)) − ∇L(θ(k+1/2)). The
intermediate iterate θ(k+1/2) is obtained through a nonlinear preconditioning step that
rescales gradients according to the PDE stiffness.

Since the secant condition alone can not be uniquely determinedB(k+1), additional
constraints (symmetry and positive definiteness) yield the DFP update rule. The general
Broyden family of quasi-Newton updates is

B(k+1) = B(k) − B(k)s(k)(s(k))TB(k)

(s(k))TB(k)s(k)
+

y(k)(y(k))T

(y(k))T s(k)
+ ϕ(k)

(
(s(k))TB(k)s(k)

)
v(k)(v(k))T , (31)

where

v(k) =
y(k)

(y(k))T s(k)
− B(k)s(k)

(s(k))TB(k)s(k)
. (32)

Different values of ϕ(k) produce the BFGS (ϕ(k) = 0) or DFP (ϕ(k) = 1) methods.
A convex combination form:

B(k+1) = (1− ϕ(k))B
(k+1)
BFGS + ϕ(k)B

(k+1)
DFP . (33)

B(k+1) remains positive definite for ϕ(k)∈ [0, 1], confirming numerical stability.
The compact matrix form of the preconditioned DFP update is

B(k+1) = B(o) −
[
B(o)s(k) y(k)

] [s(k)B(o)s(k) L(k)

(L(k))T −D(k)

]−1 [
s(k)B(o)

(y(k))T

]

+ ϕ(k)
[
AT BT

] [A
B

]
,

(34)

where B(o) is the initial Hessian approximation, A = (s(k))TB(k)s(k), and B =

v(k)(v(k))T . The scalar coefficient

ϕ(k) =
1

1 + e−||y(k)||
(35)

alters automatically between DFP and BFGS behavior, increasing curvature sensitivity
when there are large changes in gradient.

The model parameters are then modified as
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θ(k+1) = θ(k+1/2) − α(k+1/2)(B(k+1))−1∇L(θ(k+1/2)), (36)

where (B(k+1))−1 is efficiently calculated using the Sherman–Morrison–Woodbury
identity. Momentum is incorporated as

v(k+1/2) = (1− µ)v(k−1/2) + µp(k+1/2), (37)

and the global update becomes

θ(k+1) = θ(k+1/2) + α(k+1/2)v(k+1/2). (38)

3. Numerical experiments

This section analyzes the dynamic response of the Euler–Bernoulli beam
model with the help of a series of numerical experiments conducted with the
proposed preconditioned Physics-Informed Neural Network (pPINN) framework.
To illustrate the effectiveness of the method, its performance is measured against
several established PINN variants, including self-adaptive PINNs (SA-PINNs) [40],
gradient-enhanced PINNs (gPINNs) [6], adaptive activation PINNs (Adap. PINNs) [27]

  standard PINNs [18], wavelet-based PINNs (Wav. PINNs) [41], and causal PINNs
(cPINNs) [42].

In the primary network configuration, there are four fully connected hidden layers
with 20 neurons each. For comparison, a larger architecture having the same depth
but 200 neurons in each hidden layer is also analyzed. A combination of the Adam
optimizer and a preconditioned limited-memory Broyden–Fletcher–Goldfarb–Shanno
(LBFGS) algorithm is used to perform model training, with learning rates nominated
to ensure stable and efficient convergence.

The computational domain is segmented using Nt = 100 temporal points, Ni =

500 initial-condition points,Nb = 1,000 boundary-condition points, andNint = 10,000

interior collocation points. The weighting coefficients related to the interior and
residual loss terms, wint and wres, are both fixed at 1. Model accuracy is computed
using the relative L2 error, represented byR, defined as

R =
∥uNN − uexact∥2

∥uexact∥2
× 100, (39)

where uexact indicates the analytical solution and uNN represents the neural network
prediction.

To make a comparison, all alternative PINN models are trained for 500 epochs,
starting with the learned parameters from the main pPINN model. The Hyperbolic
tangent activation function is used by the principal network. With a momentum
coefficient of 0.9, global learning rate of 0.1 and local learning rate of 0.01 are adopted.
In this setup, the preconditioned LBFGS plays a role as the global optimizer, while
Adam is used for local updates.

These experiments give us a detailed analysis of the pPINN structure and highlight
its productivity as compared to other modern PINNs methodologies for modeling and
simulation of beam dynamics on elastic foundations.
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3.1. Solution of the Euler–Bernoulli beam equation
Here we present the numerical solution of the Euler–Bernoulli beam Equation (12)

using different variants of PINN-based strategies, and the use of nonlinear
preconditioning within the optimization process. The preconditioned PINN (pPINN)
approach is calculated against several standard variants of PINNs. This includes the
methods, i.e., gradient-enhanced PINNs (gPINNs), adaptive-activation PINNs (Adap.
PINNs), vanilla PINNs (vPINNs), wavelet-based PINNs (Wav. PINNs), causal PINNs
(cPINNs), and self-adaptive PINNs (SA-PINNs).

For the prototype of a beam with stiffness parameter k = 1, we make the
quantitative comparisons which are summarized in Table 1. In order to predict the
beam displacement at time t = 1 [42], the concurrent methods show comparatively
large relative errors, which reflect the drawbacks in their convergence behavior and
solution accuracy for this advanced structural PINNs model.

On the other side, the pPINN method achieves a high level of accuracy on fewer
training iterations. As reported in Table 1, the relative percentage error obtained
with pPINNs is 1.04%, illustrating its capability in capturing the beam’s displacement
response. These results highlight the benefit of nonlinear preconditioning in stabilized
training and enhanced predictive performance for complex beam dynamics problems.

Table 1. Relative L2 errors (R) and number of training epochs for different PINN-based
methods solving the Euler–Bernoulli beam at t = 1 with stiffness k = 1.

Method PINNs SA-PINNs gPINNs Adap. PINNs Wav. PINNs cPINNs pPINNs

R (%) 5.34 5.25 3.53 5.35 4.48 0.07 1.01
Epochs 10,000 10,000 10,000 10,000 10,000 10,000 500

3.2. Benchmarking PINN approaches for the Euler–Bernoulli beam
Figure 3 illustrates a comparison of different PINNs-based solutions for the

Euler–Bernoulli beam problem at a specific time. The results in Figure 3b–g show
the predictions from several PINNs methods, including vanilla PINNs (Figure 3b),
self-adaptive PINNs (SA-PINNs) (Figure 3c), gradient-enhanced PINNs (gPINNs)
(Figure 3d), adaptive PINNs (Adap. PINNs) (Figure 3e), wavelet PINNs (Wav.
PINNs) (Figure 3f), and causal PINNs (cPINNs) (Figure 3g). As shown in the figure,
these methods fail to predict the displacement of the beam accurately, especially at
the initial simulation stages. The errors are highlighted in the initial phase, where the
displacement predictions diverge significantly from the exact solution.

(a) Exact solution. (b) Standard PINNs.

Figure 3. Cont.
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(c) SA-PINNs. (d) Gradient-enhanced PINNs (gPINNs).

(e) Adaptive PINNs. (f)Wavelet PINNs (Wav. PINNs).

(g) Causal PINNs (cPINNs). (h) Preconditioned PINNs (pPINNs).

Figure 3. Comparison of predicted displacement solutions for the Euler–Bernoulli beam using
different PINN-based methods.

However, the results shown in Figure 3h, which correspond to the pPINNs
method, illustrate a considerable improvement. With the integration of a
preconditioning-respecting loss function, pPINNs achieve rapid convergence and
displacement predictions with accuracy. The displacement patterns obtained using
pPINNs reach the exact solution closely, highlighting that the performance of the
PINNs model greatly improves due to the preconditioned optimizer.

This figure indicates the efficacy of the preconditioned PINNs approach (pPINNs)
in improving the accuracy and convergence rate compared to other conventional PINNs
methods, which face challenges in producing precise results in the same time frame.

3.3. Different PINNs approaches for Euler–Bernoulli beam at t = 1.00

Figure 4 further shows the performance of different PINNs-based methods for
the Euler–Bernoulli beam problem in the next time step, specifically at t = 1.00. This
figure directly compared the exact solution (Figure 4a) with the predictions obtained
using different PINNs approaches (Figure 4b–g).

(a) Exact Solution. (b) PINNs.

Figure 4. Cont.
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(c) SA-PINNs. (d) Gradient-enhanced PINNs (gPINNs).

(e) Adaptive PINNs. (f)Wavelet PINNs (Wav. PINNs).

(g) Causal PINNs (cPINNs). (h) Preconditioned PINNs (pPINNs).

Figure 4. Visual comparison of predicted displacement fields for the Euler–Bernoulli beam at
t = 1.00 using various PINN-based approaches.

Figure 4b–g shows the results from PINNs, SA-PINNs, gPINNs, Adap. PINNs,
Wav. PINNs, and cPINNs. As with the previous figure, the other models (except
pPINNs) show noticeable differences when compared to the exact solution. The
displacement profiles in these panels indicate that the models fail to correspond with
the exact beam displacement, specifically in the initial stages of the simulation, where
the errors remain significant.

On the other hand, Figure 4h illustrates the assumptions obtained using pPINNs,
which produce much more accurate displacement profiles. The pPINNs method, which
consists of a preconditioned optimizer, successfully reduces the error and produces
results that matches closely with the exact solution. The rapid convergence and
accuracy of displacement predictions shown in Figure 4h further comprehend the
efficacy of the preconditioning strategy in upgrading the performance of the PINNs
framework.

In conclusion, Figure 4 focuses the benefits of using the pPINNs approach,
particularly at t = 1.00, where it performs superior than the other methods with respect
to both accuracy and convergence speed.

The Figure 5 demonstrates the modified cost of different PINNs solutions for the
Euler–Bernoulli beam problem. It indicates the convergence of theMean Squared Error
(MSE) during network training using different PINN methods. The Ideal convergence
is shown by the exact solution, where the error is observed to be decreased rapidly in
the initial iterations. On the other hand, standard PINNs exhibit a slower convergence
rate and several noticeable oscillations, particularly in later stages. The Self-Adaptive
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PINNs (SA-PINNs) show fast convergence compared to standard PINNs, although
there remain some oscillations in reducing of error. Gradient-Enhanced PINNs show
an enhanced rate of convergence, exhibiting the effectiveness of improving the slope
during the optimization process. Adaptive PINNs further rectify the training process,
generating smoother convergence curvatures. Wavelet PINNs (Wav. PINNs) show
slower convergence and are pereiled to higher error fluctuations, especially in the later
stages of training. Causal Physics-Informed Neural Networks (cPINNs) show the most
consistent and steady decrease in error across iterations, indicating stability. Lastly,
preconditioned PINNs (pPINNs) obtain a satisfactory solution along with fastest and
most accurate convergence with few iterations. This indicates the productivity of the
preconditioning technique in the optimizing the training process.
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(a) PINNs. (b) SA-PINNs. (c) Gradient-Enhanced PINNs (gPINNs).
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(d) Adaptive PINNs. (e)Wavelet PINNs (Wav. PINNs). (f) Causal PINNs (cPINNs).

Figure 5. Comparison of modified rates during training for various PINN-based methods
applicable on the Euler–Bernoulli beam problem.

The Figure 6 highlights the consistent weight growth during training for various
PINNs-based methods applied to the Euler–Bernoulli beam problem. The plot
demonstrates the variation in networkweights as themodel reaches the feasible solution.
In case of the exact solution, the weights rapidly gain stability, due to the ideal
convergence of the system. For traditional PINNs, the weights display noticeable
fluctuations, especially in the initial iterations, reflecting a slower convergence rate.
SA-PINNs demonstrate a more systematic and controlled weight update with a gain
of smoother convergence. Gradient-Enhanced PINNs show rapid and better weight
convergence then the previous ones, showing enhanced optimization. Adaptive PINNs
are leading to achieve even smoother weight transitions, which help in obtaining
more upgraded solutions. Wavelet PINNs, on the other hand, display slower and
ill-conditioned weight updates, majorly due to the built-in noise in the wavelet-based
approach. cPINNs exhibit the most compatible and controlled weight adjustments,
demonstrating a resilient learning process. Lastly, pPINNs show the fastest and most
accurate weight convergence, focusing the efficiency of the preconditioning technique
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in achieving optimal solutions quickly. The evaluation of the weights across these
methods indicates that the introduction of adjustable strategies, especially pPINNs,
significantly improves both the speed and accuracy of the training process.
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(a) PINNs. (b) SA-PINNs. (c) Gradient-Enhanced PINNs (gPINNs).

0 1000 2000 3000 4000 5000
Epoch

0.0

0.2

0.4

0.6

0.8

1.0

W
ei

gh
ts

w1
w2
w3
w4
w5
w6

0 1000 2000 3000 4000 5000
Epoch

0.0

0.2

0.4

0.6

0.8

1.0

W
ei

gh
ts

w1
w2
w3
w4
w5
w6

0 1000 2000 3000 4000 5000
Epoch

0.0

0.2

0.4

0.6

0.8

1.0

W
ei

gh
ts

w1
w2
w3
w4
w5
w6

(d) Adaptive PINNs. (e)Wavelet PINNs (Wav. PINNs). (f) Causal PINNs (cPINNs).

Figure 6. Comparison of themost paramount weights during training for different PINN-based
techniques applied to the Euler–Bernoulli beam problem.

3.4. Analysis of best weights in PINNs for Euler–Bernoulli’s beam
Figure 7 shows the best weights that play a major role to get the solution of

the Euler–Bernoulli beam using various PINNs methods. Each panel in this figure
demonstrates the contribution of weights of different PINNs methods to obtain the
solution at different stages of training.

(a) Exact Solution. (b) PINNs. (c) SA-PINNs.

(d) Gradient-Enhanced PINNs (gPINNs). (e) Adaptive PINNs. (f)Wavelet PINNs (Wav. PINNs).

Figure 7. Visual representation of the most powerful learned weights for various PINN-based
methods applied to the Euler–Bernoulli beam problem.
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In Figure 7a, the exact solution illustrates the ideal weight distribution, serving
as a reference for comparison with all numerical methods. Figure 7b shows the results
obtained using the standard PINNsmethod. Theweights exhibit noticeable fluctuations,
indicating slower convergence and difficulty in accurately approximating the exact
solution within a limited number of training epochs.

In Figure 7c, the SA-PINNs method demonstrates improvement over standard
PINNs, where the weights converge more rapidly and show reduced oscillations.
However, the accuracy still remains below that of the exact solution. In Figure
7d, the Gradient-Enhanced PINNs (gPINNs) method achieves further improvement,
with smoother weight evolution and faster convergence, demonstrating better training
efficiency compared to both PINNs and SA-PINNs.

Figure 7e presents the Adaptive PINNs method, where the weights exhibit stable
and rapid convergence. This highlights the effectiveness of the adaptive weighting
strategy in guiding the optimization process toward an improved solution.

Finally, Figure 7f shows the Wavelet PINNs (Wav. PINNs) method. Although
this approach performs better than the standard PINNs, the convergence behavior is
less smooth compared to Adaptive PINNs, indicating that further refinement of the
wavelet-based mechanism may be beneficial.

3.5. Solution of Timoshenko beam model
The Timoshenko beam model (Equations (22)–(25)) presents a more

comprehensive illustration of beam deflections and rotations, responsible for
shear deformations and rotational inertia effects that were not observed in the
Euler–Bernoulli model. This increases its efficacy for beams with high aspect ratios or
those exposed to significant shear forces. On solution of the Timoshenko beam model,
engineers can accurately and precisely identify the deflections and rotations of the
beam, which is beneficial for evaluating the structural stability of a system, which also
ensures the design specifications are met, and avoids failures in the system’s operation.

In this study, we solved the Timoshenko beam equations by applying various
PINN-based methods and compared their performance with respect to the displacement
(u∗) and rotation (θ∗) at t = 1 and k = 1. The results which are obtained from
these methods are shown in Table 2, which shows the comparison among the accuracy
of different methods, and includes the PINNs, self-adaptive PINNs (SA-PINNs),
gradient-enhanced PINNs (gPINNs), adaptive PINNs (Adap. PINNs), wavelet PINNs
(Wav. PINNs), causal PINNs (cPINNs), and the preconditioned PINNs (pPINNs).

Table 2. Relative errors (R) for displacement (u∗) and rotation (θ∗), with the number of
training phases, for various PINN-based methods solution of the Timoshenko beam at t = 1

with stiffness k = 1.

Method PINNs SA-PINNs gPINNs Adap. PINNs Wav. PINNs cPINNs pPINNs

u∗ 118.17 133.15 112.17 230.78 228.46 1.6× 10−6 1.15× 10−4

θ∗ 8.58 7.76 39.73 9.16 9.56 7.12× 10−6 2.01× 10−5

Epochs 10,000 10,000 10,000 10,000 10,000 10,000 500

As shown in Table 2, the displacement (u∗) and rotation (θ∗) predictions differ
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noticeably across all the methods. For example, the displacement predictions for the
PINNs method are 119.17, while the SA-PINNs and gPINNs methods yield 137.15 and
119.17, respectively. Moreover, the pPINNs method reaches an accuracy with a minor
displacement error of 1.1× 10−4, which shows that the integration of preconditioning
leads to a remarkable improvement in accuracy. Similarly, the rotation values show
that methods like SA-PINNs and gPINNs give higher error values (6.56 and 38.63,
respectively), whereas the pPINNs give us a smaller error (2.1 × 10−5), again, this
shows the effectiveness of preconditioning in improving accuracy.

The table also illustrates the epochs required for each method to achieve
convergence. While all methods (except pPINNs) need 10,000 epochs, pPINNs need
500 epochs to reach convergence, reflecting the efficiency of the preconditioned
approach to accelerate training and produce accurate results in fewer iterations.

In conclusion, Table 2 illustrates that the pPINNs approach produces superior
results than other methods in forecasting displacement and rotation, while also
providing a significant decrease in the number of epochs required for convergence.
This highlights the effectiveness of the preconditioning technique to improve the PINNs
performance in order to solve the Timoshenko beam model, making it a functional tool
for engineers in structural analysis.

3.6. PINN-based solution comparison for Timoshenko beam displacement
Figure 8 develops a comparison among different PINNs-based solutions for the

displacement of the Timoshenko beam. In Figure 8a, the exact solution shown for
the displacement of the Timoshenko beam, sets as the standard for comparison with
the other methods. The exact solution give us a smooth and precise displacement plot
across the beam with distinct patterns.

(a) Exact solution. (b) PINNs.

(c) SA-PINNs. (d) Gradient-enhanced PINNs (gPINNs).

(e) Adaptive PINNs. (f)Wavelet PINNs (Wav. PINNs).

Figure 8. Cont.
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(h) Preconditioned PINNs (pPINNs). (g) Causal PINNs (cPINNs).

Figure 8. Visual comparison of predicted displacement fields for the Timoshenko beam at
t = 1 using multiple PINN-based methods.

The Figure 8b shows the vanilla PINNs approach for the prediction of
displacement. Although this solution captures the overall shape of the displacement,
errors can be observed, particularly in those regions where sharp changes in
displacement occur. The predictions we obtained from vanilla PINNs are less
accurate than the exact solution, which shows that the standard PINNs method faces
challenges in accurately capturing the beam’s behavior. In Figure 8c we predicted
the displacement using self-adaptive PINNs (SA-PINNs). The method shows a little
improvement over vanilla PINNs, but the accuracy is still constrained, specially in
those regions wherre gradients are sharp. Despite the improvement in the solution
using SA-PINNs, there still observed significant deflections from the exact solution,
particularly in the regions with higher displacement. Figure 8d shows the results
from gradient-enhanced PINNs (gPINNs). The incorporation of gradient information
helps to improve the solution, reducing errors in areas where sharp changes occur in
the curves. Although, gPINNs show better performance than SA-PINNs and vanilla
PINNs, the displacement plot still shows noticeable deviations in comparison to the
exact solution, especially in areas with sophisticated variations. Figure 8e shows
the displacement predicted using adaptive PINNs (Adap. PINNs). In this method,
adaptive mechanism shows noticeable improvement in capturing the displacement
profile more precisely. Despite of this, there are still some areas where the solution
diverges from the exact result, particularly where the displacement has higher slope.
In Figure 8f, the results obtained from the displacement predicted using wavelet
PINNs (Wav. PINNs) are displayed. Wavelet PINNs improved the refinement of the
displacement profile, reducing fluctuations and providing a clearer representation of
the beam’s displacement. While the results are better than the results obtained from
SA-PINNs, gPINNs, and Adap. PINNs, Wav. PINNs still illustrate minor deviations
compared to the exact solution. Figure 8g presents the results obtained from causal
PINNs (cPINNs). The use of causal relationships in this method notably improves the
displacement prognosis. The solution obtained from cPINNs is closely reaching the
exact solution than those from the previous models, depicting that causal PINNs can
effectively catch the displacement with a higher rate of accuracy. Finally, in Figure
8h, the results from preconditioned PINNs (pPINNs) are shown. This method use
the preconditioned optimizer, which contributes in the most accurate displacement
prediction. The solution from pPINNs is nearly closed to the exact solution, which
shows the effectiveness of preconditioning in improving both the accuracy and
efficiency of the PINNs model. The preconditioned method achieves the fastest
convergence rate and more accurate displacement predictions as compared to all other
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methods, which illustrate the precedence of pPINNs in solving the Timoshenko beam
problem. In conclusion, Figure 8 clearly shows that the conventional PINNs-based
methods like vanilla PINNs, SA-PINNs, gPINNs, Adap. PINNs, Wav. PINNs, and
cPINNs provide useful solutions; they all still struggle with a lack of accuracy, as
compared to the accuracy achieved by pPINNs. The pPINNs method, which contains
a preconditioning strategy, yields highly accurate displacement predictions that closely
reach the exact solution, which represents its superior performance in solving beam
problems with high accuracy.

3.7. Comparison of PINN methods for Timoshenko beam rotation
Figure 9 shows a comparison of different PINNs-based solutions for Timoshenko

beam rotation at a given time. Figure 9a show the exact solution for the beam’s rotation,
which serves as a guide for evaluating the performance of various PINNs-based
methods. The exact solution show the smooth and distinct variations in the rotation
across the beam, with no significant divergence.

(a) Exact solution. (b) PINNs.

(c) SA-PINNs. (d) Gradient-enhanced PINNs (gPINNs).

(e) Adaptive PINNs. (f)Wavelet PINNs (Wav. PINNs).

(h) Preconditioned PINNs (pPINNs). (g) Causal PINNs (cPINNs).

Figure 9. Visual comparison of predicted rotational fields for the Timoshenko beam at t = 1

using different PINN-based methods.

In Figure 9b, the results from vanilla PINNs (PINNs) are shwon. While this
approach expresses the general tendency of the beam’s rotation but fails to predict
the displacement accurately in regions where sharp curves occur, which observed in
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noticeable errors when compared to the exact solution. The inaccuracies observed
in the rotation plot show that standard PINNs struggle while handling such complex
beam dynamics. Figure 9c shows the results from self-adaptive PINNs (SA-PINNs).
The versatile features in this method ultimately improve the accuracy of the solution
in comparison to vanilla PINNs, specially in regions with higher rotational variations.
However, the prediction still shows notable differences when compared to the exact
solution, which reflects the inability of SA-PINNs for not capturing the beam’s behavior
completely. In Figure 9d, the results of gradient-enhanced PINNs (gPINNs) are shown.
The incorporation of gradient information helps in minimizing the error in the rotational
profile, which provides a more accurate depiction of the beam’s rotation. Nevertheless,
the solution still shows observable discrepancies from the exact solution, particularly
in regions with unpredicted rotation changes. The performance of gPINNs shows an
improvement over vanilla and SA-PINNs but still fails to meet the desired accuracy.
Figure 9e presents the results from adaptive PINNs (Adap. PINNs), which further
refined the rotation prediction. The adaptive mechanism makes the model flexible to
variations in the beam’s rotation. Although the solution is more accurate as compared
to the previous models, but show the still minor errors, especially in regions with
high curves. In Figure 9f, wavelet PINNs (Wav. PINNs) are applied to predict
the rotation. The use of wavelets in this approach helps to gather the small details
of the rotation profile, which provides an improved solution. The wavelet method
reduces deviations and provides a clearer representation of the beam’s rotation, but
small deflections from the exact solution still persist, specially in regions of abrupt
rotational change. In Figure 9g, the results from causal PINNs (cPINNs) are displayed.
This inclusion of causal relationships, considerably improve the model’s ability to
forecast the beam’s rotation. The solution from cPINNs is closely reaching the exact
solution compared to the other methods, with the smoother and accurate rotation profile,
especially in the areas with sharp curves. Finally, in Figure 9h, the preconditioned
PINNs (pPINNs) results are shown. The assimilation of preconditioning into the
loss function shows accuracy in the solution for the beam’s rotation. The rotation
profile predicted by pPINNs is identical to the exact solution, which exhibites that
the preconditioned approach highly improves both the accuracy and convergence rate
of the model. The results from pPINNs show the high rate of precision in this
comparison, which highlights its dominant performance over all other methods. In
conclusion, Figure 9 shows the relative performance of different PINNs approaches
with respect to the rotation of the Timoshenko beam. While other methods such as
vanilla PINNs, SA-PINNs, gPINNs, Adap. PINNs, Wav. PINNs, and cPINNs improve
upon each other; the preconditioned PINNs (pPINNs) show the most accurate and
efficient solution. The use of preconditioning in pPINNs remarkably accelerates the
convergence rate and enhances the accuracy of the predicted rotation, which makes it
the most superior method for solving the Timoshenko beam problem in this study.

3.7.1. Extended spatial domain

Figure 10 presents the predicted solutions for the Timoshenko beam model at
time t = 1. In Figure 10a,b, the results obtained using causal PINNs (cPINNs) are
shown, while Figure 10c,d shows the results from preconditioned PINNs (pPINNs).
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These solutions correspond to the beam’s displacement and rotation, with both methods
compared to the exact solution to analyze their performance.

(a) Causal PINNs (cPINNs) for ϕ. Causal PINNs (cPINNs) for u.

(c) Preconditioned PINNs (pPINNs) for ϕ. (d) Preconditioned PINNs (pPINNs) for u.

Figure 10. Predicted solutions of the Euler–Bernoulli beam at t = 1 obtained using causal
PINNs (cPINNs) and preconditioned PINNs (pPINNs).

In Figure 10a,b, the displacement and rotation predicted by cPINNs are shown.
The solution’s approximation to the beam’s behavior, some errors are prominent,
especially in regions with sharp gradients. The results indicate that cPINNs can record
the general behavior of the beam but do not completely reach the exact solution,
especially where the beam undergoes abrupt changes. These disparities highlight the
short comings of cPINNs when handling more complex beam dynamics, especially in
the case of high shear forces or large aspect ratios.

In Figure 10c,d, the displacement and rotation predicted by pPINNs are shown.
The use of preconditioning in the loss function improves the model’s accuracy
significantly. The pPINNs solution aligns much more with the exact solution, which
shows the less error, specifically in the regions with sharp displacement and rotation
variations. This highlights the efficiency of the preconditioning approach in enhancing
the accuracy and productivity of the model, also pPINNs improve convergence by
reducing error, whichmake it a validmethod for solution of beam problems, particularly
for complex structural frameworks.

Table 3 outlines the comparison of the relative errors R for both cPINNs and
pPINNs within various spatial domains. The table represents the displacement (u∗)
and rotation (θ∗) values for both methods at three different spatial domain: [0, 4π],
[0, 5π], and [0, 7π]. For cPINNs, the displacement and rotation predictions vary, with
u∗ values decreasing as the spatial domain increases, while θ∗ shows an elevation. On
the other hand, the pPINNs method produces more accurate results, with significantly
smaller errors in both displacement and rotation. For example, at the domain [0, 4π],
cPINNs produce a displacement of 0.52 and a rotation of 5.07, while pPINNs give a
much smaller error with u∗ = 0.06 and θ∗ = 2.38. These results clearly shows the
efficiency of pPINNs over cPINNs, especially with respect to accuracy.
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Table 3. Relative errors (R) for displacement (u∗) and rotation (θ∗) of the Timoshenko beam
at 500 training epochs, evaluated over different spatial domains. Comparison between causal
PINNs (cPINNs) and preconditioned PINNs (pPINNs).

x
cPINNs pPINNs

u∗ θ∗ u∗ θ∗

[0, 4π] 0.42 5.17 0.09 2.48
[0, 5π] 0.34 5.28 0.054 2.02
[0, 7π] 0.25 6.37 0.075 2.56

The table also show that the performance of both cPINNs and pPINNs improves
with the increase of spatial domain. However, the difference in accuracy between
the two methods becomes more recognizable as the domain expands, with pPINNs
consistently yielding more accurate predictions across all domains.

In conclusion, Figure 10 and Table 3 show the effectiveness of preconditioned
PINNs (pPINNs) while solution of the Timoshenko beam problem. The
preconditioning method significantly improves the accuracy of the displacement
and rotation predictions, specially in complex situations such as large spatial domains
with high aspect ratios or shear forces.

3.7.2. Temporal domain extension

Figure 11 show the predicted solutions for the Timoshenko beam at time t = 7.
The solutions are obtained using two different PINNs-based methods which includes
the causal PINNs (cPINNs) in Figure 11a,b, and preconditioned PINNs (pPINNs) in
Figure 11c,d. The displacement and rotation plots at t = 7 are displayed for both
methods, that shows the performance of each method in the approximation of the exact
solution.

(a) Causal PINNs (cPINNs) for ϕ. Causal PINNs (cPINNs) for u.

(c) Preconditioned PINNs (pPINNs) for ϕ. (d) Preconditioned PINNs (pPINNs) for u.

Figure 11. Predicted outcomes of the Timoshenko beam at t = 7 using causal PINNs (cPINNs)
and preconditioned PINNs (pPINNs).

In Figure 11a,b, the results from cPINNs are shown. The displacement and
rotation predictions which is provided by cPINNs show noticeable alignment with the
exact solution, as highlighted by the close match between the predicted and rectified
data curves. However, minor discrepancies can still be observed, especially in the
regions with more unpredictable changes in the beam’s displacement and rotation.
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These small errors show the problems that are faced by cPINNs in accurately capturing
the behavior of the Timoshenko beam in the temporal domain extension.

Figure 11c,d presents the results from pPINNs. The inclusion of the
preconditioned PINNs method considerably improves the accuracy of the displacement
and rotation predictions. The curves in these plots match the exact solution more
closely with less deviation in the regions with abrupt changes in displacement and
rotation. The preconditioning technique blended into the pPINNs model accelerates
the convergence and enhances the accuracy of the predictions, as observed in the much
smaller error compared to cPINNs.

Table 4 summarizes the comparison of the relative errors R for both cPINNs
and pPINNs over different temporal domains, with 500 epochs used for training. The
table shows the displacement (u∗) and rotation (θ∗) values for both methods at three
different temporal intervals: [0, 4], [0, 6], and [0, 7]. The values of u∗ and θ∗ for
cPINNs are prominently higher compared to those for pPINNs. For example, at t = 4,
cPINNs produce u∗ = 8.61 and θ∗ = 6.04, whereas pPINNs achieve much smaller
values of u∗ = 3.59 and θ∗ = 2.84. This trend is continuous across the other time
intervals as well, with pPINNs constantly providing more accurate predictions for both
displacement and rotation.

Table 4. Relative errors (R) for displacement (u∗) and rotation (θ∗) of the Timoshenko beam
over various temporal domains at 500 training epochs. Comparison between causal PINNs
(cPINNs) and preconditioned PINNs (pPINNs).

x
cPINNs pPINNs

u∗ θ∗ u∗ θ∗

[0, 4] 7.64 4.06 5.49 1.93
[0, 6] 6.03 6.09 6.67 4.47
[0, 7] 5.42 2.76 4.75 1.15

The table also illustrates the improvement in accuracy in the extension of the
temporal domain. While the error in cPINNs remains relatively large, the pPINNsmethod
shows smaller errors in both displacement and rotation, demonstrating the effectiveness
of the preconditioning approach in improving the model’s long-lasting performance.

In conclusion, Figure 11 and Table 4 provide a noticeable comparison between
cPINNs and pPINNs for the Timoshenko beam problem over an expansion temporal
domain. The results clearly show that pPINNs surpass cPINNs with respect to both
accuracy and efficiency, as indicated by the minor errors in the displacement and
rotation predictions and the reduced number of epochs required for convergence. The
preconditioning strategy incorporated in pPINNs shows its effectiveness for solving
beam problems over extended temporal domains.

In Figure 12, the update cost related to different PINNs solutions is presented for
the Timoshenko beam. Figure 12a presents the exact solution, providing a standard for
the error reduction over time. Figure 12b illustrates the cost function for standard PINNs,
which shows a typical inconsistent behavior during the initial training stages, showing
fluctuations in the error before gradually getting more stable. In Figure 12c, SA-PINNs
demonstrate a slightly higher convergence rate compared to standard PINNs, reducing
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deviations in the error over time. The gradient-enhanced PINNs (Figure 12d) show
further improved stability, with a smoother and more uniform decline in the update cost
as the solution improves. The adaptive PINNs (Figure 12e) show even greater accuracy
with fewer fluctuations, leading to faster convergence rates. Wavelet PINNs (Figure 12f)
show slower convergence due to more fluctuations compared to other methods.

0 600 1200 1800 2400 3000 3600 4200 4800
Epoch

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

U
pd

at
e 

C
os

t

0 600 1200 1800 2400 3000 3600 4200 4800
Epoch

0.5

1.0

1.5

2.0

U
pd

at
e 

C
os

t

0 600 1200 1800 2400 3000 3600 4200 4800
Epoch

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

2.25

U
pd

at
e 

C
os

t

(a) PINNs. (b) SA-PINNs. (c) Gradient-Enhanced PINNs (gPINNs).
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(d) Adaptive PINNs. (e)Wavelet PINNs (Wav. PINNs). (f) Preconditioned PINNs (pPINNs).

Figure 12. Update cost comparison of different PINN-based solutions for the Timoshenko
beam at 500 training epochs.
Note: Each subplot represents a different PINN-based approach.

Figure 13 presented the progress of the weights in the network during training for
various PINNs methods applied to the Timoshenko beam. In Figure 13a, the exact
solution shows the ideal weight distribution, with smooth transformations between
training iterations. On the other hand, Figure 13b shows the weights for standard
PINNs, which showmore inconsistencies and deviations compared to the exact solution.
As the training progresses, the weights in SA-PINNs (Figure 13c) achieve stability, and
steeper PINNs (Figure 13d) show an evolution toward the optimal weights. Adaptive
PINNs (Figure 13e) demonstrate the most reliable weight updates, leading to smoother
convergence in the solution. Wavelet PINNs (Figure 13f) show slower and more
unstable weight updates, reflecting the inefficiency of wavelet-based approaches for
this specific problem.
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(a) Exact solution. (b) Standard PINNs. (c) SA-PINNs.

Figure 13. Cont.
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(d) Gradient-Enhanced PINNs (gPINNs). (e) Adaptive PINNs. (f)Wavelet PINNs (Wav. PINNs).

Figure 13. Learned weight distributions for various PINN-based solutions of the Timoshenko
beam.
Note: Each subplot corresponds to one specific PINN method.

3.8. Analysis of best weights in PINNs for Timoshenko beam
Figure 14 introduces the best weights that grant most to the solution of different

PINNs techniques for the Timoshenko beam. In this figure, each panel shows the
contribution of the weights at different steps of training for various PINNs methods.

(a) Exact solution. (b) Standard PINNs. (c) SA-PINNs.

(d) Gradient-Enhanced PINNs (gPINNs). (e) Adaptive PINNs. (f)Wavelet PINNs (Wav. PINNs).

Figure 14. Most powerful learned weights contributing to the Timoshenko beam solution for
different PINN-based methods.
Note: Each subplot corresponds to one specific method.

Figure 14a displays the exact solution, showing the weights in the beginning,
contributing to the solution. This sets a standard for analyzing the performance of
the other PINNs methods. Figure 14b shows that the results from the standard
PINNs method demonstrate the weights’ distribution, reflecting a relatively slower
convergence towards the optimal weights compared to the exact solution. The
distribution of weights is abrupt and shows more fluctuations during training, depicting
the method’s difficulty in achieving the best solution within a short time period time.

In Figure 14c, the SA-PINNs approach shows an improved weight distribution.
Despite of the fast convergence than standard PINNs, consistency of the
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weight contributions could be improved. Figure 14d illustrates the results for
Gradient-Enhanced PINNs, which show a more cincentrated weight distribution. It
has observed that the weights converge more efficiently toward their optimal values,
demonstrating the ability of method to enhance rate of convergence over the standard
PINNs approach.

Figure 14e shows the results for Adaptive PINNs. This panel shows that the
weights converge rapidly with a more stable distribution, reflecting the effectiveness
of adaptive mechanism to guide the network toward an accurate solution with minimal
deviations in weight values. In Figure 14f, the Wav. PINNs method represents a
slightly slower convergence of weights compared to the Adaptive PINNs. Despite this
slow convergence, a noticeable improvement over the standard PINNs approach has
observed.

These results reinforce the effectiveness of advanced PINNs approaches, such as
SA-PINNs, Gradient-Enhanced PINNs, Adaptive PINNs, cPINNs, and pPINNs, with
the ability of achieving faster convergence and more accurate solutions compared to the
standard PINNs method. The incorporation of preconditioning in pPINNs represents a
noticeable improvement in weight convergence and overall solution accuracy, leading
to enhanced stability during training and superior approximation of the underlying
physical solution.

4. Conclusion

This study presented a PDFP-enhanced Physics-Informed Neural Network
framework for solving higher-order PDEs arising in Euler–Bernoulli and Timoshenko
beam models. The results demonstrate that the proposed approach significantly
improves convergence behavior and predictive accuracy compared to existing PINN
variants. In particular, the method achieves lower relative error with substantially
fewer training epochs, confirming its effectiveness for stiff and high-order systems.

Despite these advantages, several limitations remain. First, the performance
of the proposed model is sensitive to network architecture and hyperparameter
selection, which may require careful tuning for different problems. Second, the
current implementation is restricted to one-dimensional spatial domains and relatively
simple geometries, limiting its direct applicability to complex engineering structures.
Third, although the PDFP optimizer enhances convergence, it increases computational
overhead per iteration due to curvature approximation and matrix operations.
Additionally, the scalability of the method to large-scale three-dimensional problems
and real-time applications has not been fully explored.

Future research can address these limitations in several directions. Extending
the framework to multi-dimensional and complex geometries, including irregular
domains and coupled multiphysics systems, is an important next step. The integration
of adaptive sampling strategies and automated hyperparameter tuning can further
improve robustness and reduce user intervention. Moreover, developing lightweight
or hybrid optimization strategies may reduce computational cost while maintaining
fast convergence. Finally, applying the proposed framework to real-world engineering
problems, such as nonlinear structural dynamics and fluid–structure interaction systems,

26



Mechanical Engineering Advances 2026, 4(1), 4125.

will help validate its practical effectiveness.
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Abbreviation

Symbol Description
ϕ(x, t) Cross-sectional rotation (Timoshenko beam)
u(x, t) Vertical displacement of the beam
p(x, t) Foundation response, given by p(x, t) = ku(x, t)

f(x, t) External loading function
k Stiffness parameter of the foundation
L(u) Total loss function for Euler–Bernoulli beam
Lint(u) Interior loss term in the PINN framework
Lbc(u) Boundary condition loss term in the PINN framework
Lic(u) Initial condition loss term in the PINN framework
R Relative error in the beam displacement prediction
wint, wres Weighting coefficients for interior and residual loss
θ Neural network model parameters (weights and biases)
α∗ Optimal model parameters after optimization

Approximation error of the neural network model
Causal Physics-Informed Neural Networks
Preconditioned Physics-Informed Neural Networks
Self-Adaptive Physics-Informed Neural Networks
Gradient-Enhanced Physics-Informed Neural Networks
Adaptive Physics-Informed Neural Networks
Wavelet Physics-Informed Neural Networks
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cPINNs
pPINNs
SA-PINNs 
gPINNs
Adap.  PINNs 
Wav.  PINNs
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PDFP Preconditioned Davidon–Fletcher–Powell optimizer
LBFGS Limited-memory Broyden–Fletcher–Goldfarb–Shanno

optimizer
Adam Adaptive Moment Estimation optimizer
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