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Abstract: Excitation of the low frequency not only influences the driver’s health but also
strongly affects the durability of the automobile’s structures. To research the automobile’s
vibration in the low-frequency region, a dynamic model of the automobile is established to
calculate the vibration equations of the automobile in the time region. Based on the theory of
the Laplace transfer function, the automobile’s vibration equations in the time region are
transformed and converted to the automobile’s vibration equations in the frequency region.
Then, the effect of the automobile’s design parameters and operation parameters on the
characteristic of the automobile’s acceleration-frequency is simulated and analyzed to evaluate
the automobile’s comfort as well as the durability of the automobile’s structures in the
frequency region. The research results show that the design parameters of stiffness, mass, and
road wavelength remarkably affect the characteristic of the automobile’s acceleration
frequency. To reduce the resonant amplitude of the acceleration frequency in the vertical and
pitching directions of the automobile, the stiffness parameters of the automobiles and tires
should be reduced while the mass of the automobile’s body should be increased. Additionally,
the road’s roughness also needs to be decreased, or the road’s quality needs to be enhanced to
reduce the resonant amplitude of the automobile’s acceleration frequency.
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1. Introduction

The isolation systems of the automobile have been used to reduce the vibration
excitations from the road surface transmitted to the automobile’s body. In the design
process of the vehicle’s suspension systems, the structures of the suspension system
were designed by the spring and damper with the stiffness parameter and damping
parameter. The study showed that these parameters greatly affected the ride comfort
of the vehicle [1]. In order to enhance the ride comfort of the vehicle or automobile,
these design parameters were optimized by the genetic algorithm [2,3]. By searching
for the best stiffness and damping parameters for the automobile’s suspension systems,
the automobile’s ride comfort has been then improved in comparison with the passive
suspension systems. However, the automobile’s ride comfort was still low under the
high speeds of the automobile’s moving or the automobile’s moving on the poor road
surface roughness. Therefore, the automobile’s suspension systems were improved by
using the control damping forces of semi-active suspension systems [4,5] or semi-
active air suspension systems [6]. The research results showed that with the control
damping forces of the semi-active suspension systems used, the automobile’s ride
comfort was better than that of the automobile’s optimal suspension systems under
different operation conditions. However, the research also indicated that the control
performance of the semi-active suspension systems strongly depended on the control
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method and control rule of the algorithm programs [7,8]. To enhance the control
performance, advanced control methods using the Adaboost algorithm and machine
learning were applied [9,10]. In the above studies, the dynamic model was established
to calculate the vibration equations of the automobile. Then, these vibration equations
were built and simulated to compute the automobile’s acceleration responses in the
time region. The root mean square values of these acceleration responses were then
computed to assess the automobile’s ride comfort based on ISO 2631-1:1997 [11].

However, ISO 2631-1 showed that the ride comfort and health of the driver were
also strongly affected by the vehicle’s vibration excitations in the frequency region
[11], especially at the excitations in the low frequency from 0.5 to 10 Hz of the road
surface when the vehicle is moving. From the random excitations of the road surface
built based on ISO 8068 [12], the interaction models of the vehicle and random road
surface were established and studied the vibration of the vehicle or cab in the low
frequency region [13,14]. Besides, the effect of the design parameters of the isolation
systems on the vehicle’s vibrations at low frequencies was also evaluated [15,16]. The
results indicated that the density of resonant frequencies and resonant amplitudes of
the automobile's acceleration-frequency response appeared very much in the low-
frequency region, especially at excitations from 0.5 to 4.0 Hz. This not only affected
the driver’s health but also strongly affected the durability of the automobile’s
structures and road surfaces. Thus, the resonant frequencies and resonant amplitudes
in the automobile’s acceleration-frequency response in this excitation range needed to
be minimized. These resonant frequencies and resonant amplitudes were directly
impacted by the design parameters and operation parameters of the automobiles, such
as the stiffness, mass, speed, road surface, etc. Therefore, the effect of the design
parameters and operation parameters of the automobiles on the driver’s health and the
durability of the automobile’s structures under different frequency excitations need to
be researched and analyzed. However, this issue has not been considered in the
existing research.

In the study of free vibrations of beam structures or doubly curved shell panels,
the finite element method is applied to calculate the free vibrations of the models [17—
20]. The finite element method easily determines the natural vibration frequencies of
the structure to calculate the detailed durability. This method can also be applied to
research the vibration of the automobile. However, the disadvantage of this method is
that it is difficult to evaluate the influence of the automobile’s dynamic parameters
during movement. Therefore, to research the effect of the design parameters and
operation parameters of the automobiles on the driver’s health and the durability of
the automobile’s structures under different frequency excitations of the road surface,
a dynamic model of the automobile is established to calculate its vibration equations
in the time region. Based on the theory of the Laplace transfer function [21], the
automobile’s vibration equations in the time region are transformed and converted to
the automobile’s vibration equations in the frequency region. Then, the effect of the
automobile’s design parameters and operation parameters on the characteristic of the
automobile’s acceleration-frequency is simulated and analyzed to evaluate the
automobile’s ride comfort as well as the durability of the automobile’s structures in
the frequency region. Enhancing the working performance of the automobile is the
goal of this study.
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The practical significance of this research is that from the automobile dynamics
model, the theory of the Laplace transfer function is applied to study the low-frequency
vibrations of the automobile. The influence of automobile design parameters is
evaluated in the low-frequency region. From the research results, the automobile’s
resonant frequencies are determined. This is the basis for determining initial
parameters during the vehicle design process to reduce the resonance amplitude in the
low-frequency region of the automobile. This can improve the ride comfort and
structural strength of the automobile suspension system.

2. Automobile’s mathematical model

2.1. Calculating the vibration equations of the automobile in the time
region

In order to compute an automobile’s vibration equations based on its actual
structure, a 2-D automobile dynamics model is established and shown in Figure 1.
Where four degrees of freedom of the automobile, including the automobile body’s
vertical vibration, automobile’s pitch vibration, front axle’s vibration, and rear axle’s
vibration, are defined by z, j, zi, and z,, respectively. The mass of the automobile’s
body, front axle, and rear axle are also defined by m, m, and m., respectively. The
stiffness and damping parameters of the front and rear axles are also defined by {ci
and &1} and {c; and k»}. The stiffness and damping parameters of front and rear tires
are also defined by {cs and k. } and {c» and kn}. /i, and ¢ are the distances and
vibration excitations of the automobile and tires.

Figure 1. The dynamic model of the automobile.

The four degrees of freedom of the automobile, including the automobile body’s
vertical vibration, the automobile’s pitch vibration, the front axle’s vibration, and the
rear axle’s vibration, are defined by z, j, zi, and z», respectively. The mass of the
automobile’s body, front axle, and rear axle are also defined by m, m, and mo,
respectively. The stiffness and damping parameters of the front and rear axles are also
defined by {c:1 and &1} and {c; and k»}. The stiffness and damping parameters of front
and rear tires are also defined by {c1 and ku} and {c» and k»}. /> and qi, are the
distances and vibration excitations of the automobile and tires.

To facilitate the establishment of the vibration equations of the automobile, some
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assumptions are made as follows: (1) The deformation of the automobile floor is very
small; it is considered absolutely rigid. (2) Under vertical vibration excitation from the
road surface when the automobile moves, the horizontal vibration of the automobile
body is very small and is ignored. (3) The friction force of the automobile suspension
and tires is very small, and it is calculated in the resistance force of the automobile
suspension and wheels.

Therefore, from the automobile’s dynamics model shown in Figure 1, its
vibration equations are then written by:
mz+(c, +¢y)z+ (k) +ky)z+(cdy + 1))+ (Il + kyly )p—cy 2y —kyzp —cy2y —kyzy =0
1+(clf +e5)p+ (ki + kol )p+ (el = eaby)i+ (ki = koly)z = el Zy — ez, +
+cylhzy + 05152, =0 (1)

mZzy + (¢ +eg)zy +(k +hy)z —ez—kz—ahp-klp=cyq +k,q,

MyZy +(Cy +¢10)2y +(ky + )z —Cr2 —kyz+ L p+ koo = ¢2q5 +kiqn

In the research of the automobile’s vibration, the automobile’s vibration in the
time region is mainly applied for assessing the automobile’s comfort. However, based
on ISO 2631-1:1997 [11], the automobile’s vibration responses in the frequency
region also greatly affected the ride comfort and structure in the automobile’s systems.
Therefore, in this study, the vibration characteristic of the automobile in the frequency
region will be researched and evaluated under different operation conditions of the
automobile.

2.2. Calculating the vibration equations of the automobile in the
frequency range

To establish the automobile’s vibration equations in the frequency region as well
as evaluate the vibration characteristic of the car in the frequency region, based on the
automobile’s vibration equation in the time region in Equation (1), the Laplace transfer
function [21] is then used to convert Equation (1) in the time region (¢) to the image
function (s) in the frequency region with the excitation frequency of . Herein, @ =
2nfand s = d/dt.

The theory of the Laplace transfer function is described by: If a vibration function
of n(f) operates and depends on the variable time of > 0 in its operation range defined
by {a and b}, based on the method of the Laplace transfer function, the image function
of n(¢) defined by N(s) is expressed as follows:

N(s) = fae‘“n(t)dt,s = iw ()
b

or
n(t) » N(s) 3)

Similarly, based on the theory of the Laplace transfer function, the derivative
equations of the image function of n(f), n(t), and 7i(t) are also written by Dang [21]:

n(t) = N(s)
i(t) = sN(s)— N(0)
ii(t) = s*N(s)— sN(0) — N(0) (4)

() > s"N(s) = s"'N(s)—...— N(0)
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From the dynamic model of the car in Figure 1, at the initial condition of the
automobile moving when ¢ = 0, the vibration responses of the automobiles and
front/rear wheel axles are equal to zero (z(f) = 0, @(f) = 0, zi(¢) = 0, and zx(¢) = 0).
Therefore, the derivative equations of their image function at the initial condition when
t = 0 are also equal to zero (N(0) = 0).

Based on the Laplace transfer function in Equations (3) and (4), the derivative
equations of the automobile body’s vertical vibration z(f), automobile body’s pitch
vibration ¢(f), front axle’s vibration zi(¢), and rear axle’s vibration z(f) calculated in
Equation (1) at the time region are described by the image functions (s) of Z(s), H(s),
Z\(s), and Z»(s) in the frequency region as follows:

G120 > 015 ()

2(t) > sZ(s) , 1) >5V(s) , 1Z,(8) >sZ,(s) , and G12(0) =50, (8)

2)—>Zs) e > F(s)  [212() > Z5(5) {
)

D) > $7Z(s) (B0 > 5"W(s) |Z,() > 5°Z,5(5)

Thus, the automobile’s vibration equation of Equation (1) in the time region is
rewritten by the automobile’s vibration equation at the frequency range via the theory
of Laplace functions as follows:

anZ(s)+ap¥(s)+aiZi(s)+ayZy(s)= 0

ayZ(s)+ay'¥(s) +apZ | (s)+ayl,(s)= 0 ©6)
a3 Z(s) +an¥(s) +azZ,(s)+0 =b30(s)

anZ(s)+ayn¥(s)+0 +ay4Z,(5)=b,0,(s)

By dividing Equation (6) by Qi(s), the matrix of Equation (6) has been rewritten

by:

ay ap ay ay | Z(s)/0)(s)

ay Ay Gy dy | Y(s)/Q(s) _ 0 7

a3 ayp ay 0 Zi(s)/Oi(s) by

ag ayp 0 ay | Z,(5)/Oi(s) by Qs (s)/ O (s)
where s = iw, s> = —a?, a1 = —ma?* + (ki + ko) + i(c1 + ) o, ann = (kili + kalo) + i(c1ly
+ Czlz)a), as1=an=—k —icio, as = a1a=—ky— icow, a1 = (k111 + kzlz) + i(Clll + Czlz)a),
an =—I&? + (kihly + kabh) + i(eihly + cbh) o, as, = as = —kily — icih @, an = ax =
—kolr — ic2hw, azs = —mi @ + (ki + ko) + i(c1 + cu)w, aza = —my? + (ko + ki) +i(c2 +
)@, by = kn + icnw, and bs = ko + icom, respectively.

Let 7> = Z(s)/Q1(5), Tp = wAs)/Q1(s), To1 = Zi(s)/Q1(s), and T2, = Z>(s)/Qi(s), thus,
T., Ty, T-1, and T’ are defined as the vibration’s transfer functions from the road to the
automobile body and front/rear axles, respectively.

Based on the calculated results in the study of Dang [21], the result of the
acceleration amplitude obtained via T, = {Tz, Ty, T-1, and T~} in Equation (7) under
road’s excitations Qi(s) are written as follows:

ITnI = G)Z"XTZL + Ynz = wzfn((‘)) )]

2.3. Road’s excitations on car’s wheels

When the automobile is traveling on the road, the vibration excitation of the road
described by the harmonic function with its wavelength from 5 m to 10 m and its
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height from 0.01 m to 0.012 m greatly affects the automobile’s ride comfort and
structure [12,22,23]. This harmonic function mainly causes resonant vibrations in the
automobile’s suspension system. Thus, this excitation is used to evaluate the vibration
characteristic of the automobile at the frequency range. The road surface’s vibration
equation using the harmonic surface at time region has been described as:
g1 = qosSinwt = qqsin(2n/T)t 9
With the frequency and wavelength of the road defined by L and /, Equation (9)
is then rewritten in the traveling direction of X as follows:
q1 = qosSinL X = qqsin( 2n/D)X (10)
With an unchanged speed of the automobile (v), thus, X = v¢. Both Equations (9)
and (10) are then rewritten by:
q1 = qo Sinw t = qq sin( 2nv /D)t (11)
The basic length of the automobile is defined by (/; + ), as shown in Figure 1,
thus, the vibration excitation at the rear tire (¢2) calculated based on the vibration

excitation at the front tire is expressed by:
2nv

X
A (12)
From the ratio of ¢»/g calculated based on Equations (11) and (12), the Laplace
transformation 7, of ¢2/q; is then described by:
Ty = Q2(5)/Q1(s) = cos[ 2n(ly + I)/1] — isin[ 2n(l; + ;) /1] (13)
Equation (13) is then used as the vibration excitation of the automobile to

q> = qoSinw (t —t") = qp sin

evaluate the characteristic of the automobile’s vibrations in the frequency region.

3. Simulation and analysis result

Based on the automobile’s excitations using the road’s harmonic function with
go = 10 mm and the road’s wavelength / = 8 m as well as the dynamic parameters of
the automobile listed in Table 1, the vibration characteristic of the automobile in the
frequency region under the different operation conditions is then simulated and

analyzed.

Table 1. Automobile’s dynamic parameters.
Parameters Values Parameters Values Parameters Values
m (kg) 1384 k1 (N/m) 90,880 c1 (Ns/m) 7733
mi (kg) 66 k2 (N/m) 93,884 c2 (Ns/m) 9804
ma2 (kg) 87 kn (N/m) 193,211 ¢ (Ns/m) 2000
1 (kg'm?) 11,632 k2 (N/m) 226,422 cr2 (Ns/m) 2000
1 (m) 1.35 > (m) 1.604 qo (mm) 10

3.1. Automobile’s vibration characteristic under different stiffness of the
suspension system

To evaluate the effect of stiffness parameters in the automobile’s systems on the
characteristic of the acceleration-frequency in the automobile, three different stiffness
parameters of the automobile’s suspension system, including K = [80%, 100%, 120%]
x {ki2, ka o} are simulated when the automobile is traveling on the road surface with
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the harmonic function of go = 10 mm and wavelength /=8 m at v =20 m/s. Results in
the acceleration-frequency of the automobile’s body in the vertical and pitching
vibrations have been shown in Figure 2a,b.
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Figure 2. The response of the automobile body’s acceleration-frequency under
different stiffness values; (a) the vertical acceleration-frequency; (b) the pitching

acceleration-frequency.

The simulation results show that both the responses of the acceleration frequency
of the automobile’s body in the vertical and pitching directions are significantly
affected by the different stiffness coefficients of the automobile’s suspensions and
wheels. Resonant frequencies in the vertical and pitching directions of the automobile
in the low frequency region appeared at 1.1 Hz, 1.3 Hz, and 1.5 Hz when the stiffness
parameters were reduced by 80% K, used by 100% K, and increased by 120% K,
respectively. Additionally, the acceleration-frequency amplitude in the vertical and
pitching directions of the automobile at low frequencies is also dependent on stiffness
coefficients in the automobile’s suspension systems and wheels. The automobile’s
acceleration-frequency amplitudes are increased with the increase of the stiffness
parameters and vice versa. These results mean that the K of the automobile’s
suspensions and wheels not only influences the amplitude but also influences the
resonant frequency of the automobile’s acceleration frequency in both the vertical and
pitching directions. In order to ameliorate the automobile’s comfort as well as ensure
the durability of the automobile’s structures, the designed parameters in the stiffness
of the automobile's suspensions and tires need to be chosen to minimize the amplitude
of the automobile's acceleration frequency at resonant frequencies.

3.2. Automobile’s vibration characteristic under different mass

The analysis results in Section 3.1 show that the automobile’s acceleration-
frequency amplitudes and resonant frequencies are affected by the stiffness parameters
of the automobile. Besides, based on the formula used to determine the resonant
frequency of the system, the resonant frequency is calculated by /> = K/M. Thus, the
automobile’s mass (M) is also influenced by the automobile’s acceleration-frequency
characteristic. To clearly illustrate this issue, the automobile’s different masses,
including M = [80%, 100%, 120%] x {m, mi, m»} are also simulated under the same
excitation of the road surface in Section 3.1. The results of the acceleration-frequency
of the automobile’s body in the vertical and pitching vibrations are plotted in Figure
3a,b.
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Figure 3. The response of the automobile body’s acceleration-frequency under
different load conditions; (a) the vertical acceleration-frequency; (b) the pitching
acceleration-frequency.

The simulation results indicate that both the responses of the acceleration-
frequency of the automobile’s body in the vertical and pitching direction are also
significantly affected by the different masses in the automobile’s body and front/rear
axles. The resonant frequencies in the vertical and pitching directions of the
automobile in the low frequency region appear at 1.5 Hz, 1.7 Hz, and 1.9 Hz when the
automobile’s mass is increased by 120% M, used by 100% M, and reduced by 80% M,
respectively. These resonant frequencies changed is due to the change of the
automobile’s mass under the same stiffness parameters of the automobile suspension

system (f = \/k/_m). Besides, the amplitude of the acceleration-frequency in the
vertical and pitching direction of the automobile in the low frequency region is also
dependent on the automobile’s mass. The automobile’s acceleration-frequency
amplitudes are increased when the automobile’s mass is reduced and vice versa. This
also means that the automobile’s mass not only influences amplitudes but also
influences resonant-frequencies of the automobile’s acceleration frequency in both the
vertical and pitching direction. The analysis results show that both the resonant
frequencies and acceleration-frequency amplitudes of the automobile are mainly
appeared in a low frequency region from 1.0 to 3.0 Hz under the effect of the
automobile’s mass. This frequency region greatly affects the driver’s comfort and
health, according to ISO 2631-1 [11]. In order to ameliorate automobile’s comfort and
ensure durability in the automobile’s structures, in the design process of the
automobile, both the mass M and stiffness K of the automobile’s systems should be
calculated and chosen to minimize the amplitude of the acceleration-frequency at the
resonant frequencies.

3.3. Automobile’s vibration characteristic under road’s different
wavelengths

In the automobile’s condition traveling on the pavement, the road wavelength
can affect the automobile’s ride comfort. To clear this issue, three different
wavelengths of the road, including / = 6 m, / = 8 m, and / = 10 m, at the same
excitations of the road in Section 3.1, are simulated, respectively. The results of the
acceleration-frequency of the automobile’s body in the vertical and pitching vibrations
are plotted in Figure 4a,b.
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Figure 4. The response of the automobile body’s acceleration-frequency under
road’s different wavelengths; (a) the vertical acceleration-frequency; (b) the pitching
acceleration-frequency.

Under the effect of the different wavelengths of the road surface, the simulation
results in Figure 4a,b show that the resonant frequencies of the automobile’s body in
the vertical and pitching vibrations un-change and appear at 1.4 Hz, 2.1 Hz, and 8.5
Hz under the different values of the road wavelength. This means that the road
wavelength does not influence the characteristics of the automobile’s acceleration
frequency. However, the amplitude of the acceleration-frequency in the vertical and
pitching direction of the automobile in the low-frequency region is changed and
affected by the road’s different wavelengths. Their amplitude is increased when the
road’s wavelength is reduced, and vice versa. This is because the excitation frequency
of the road surface wave length with / = 6 m nearly coincides with the natural
frequency of the automobile suspension system, thus the automobile’s acceleration
frequency is increased. Thus, to reduce the amplitude of the acceleration-frequency in
the vertical and pitching direction of the automobile, the road’s wavelength needs to
be increased. This means that the pavement’s roughness needs to be decreased or the
pavement’s surface quality needs to be enhanced. In addition, during the road design
process, the road surface wave length needs to be considered, limiting the road surface
wave length to less than 6 m to reduce the resonance vibrations of vehicles when
moving on the road surface. This contributes to improving vehicle comfort and
structural durability and reducing the potential risk of traffic accidents. This issue is
also proven and recommended in existing studies [24].

4. Conclusions

This study uses the complex-domain method for evaluating automobile’s
vibrations in the frequency region. The study can be summarized as follows:

The design parameters of stiffness, mass, and road wavelength remarkably affect
the characteristics of the automobile’s acceleration frequency.

To reduce resonant amplitudes of the automobile’s acceleration frequency in both
vertical and pitching directions, stiffness parameters in the automobile’s suspensions
and tires should be reduced while the mass of the automobile’s body should be
increased. However, the reduction of the stiffness of the automobile can lead to
reduced stability and safety of movement of the automobile. To solve this issue, the
automobile’s suspension systems are researched and replaced by using air suspension



Mechanical Engineering Advances 2024, 2(1), 1239.

References

systems or active suspension systems.

The resonant amplitude of the acceleration-frequency in the vertical and pitching
direction of the automobile is significantly affected by the road wavelength; thus, to
reduce this resonant amplitude, the pavement’s roughness needs to be decreased or the
pavement’s surface quality needs to be enhanced.
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length on the ride comfort of the automobile and the structural durability of the
suspension system through the automobile’s frequency-amplitude response.
Therefore, the study method of automobile vibrations using the Laplace transfer
function can be applied to research all multi-axle heavy trucks, commercial vehicles,
or vibrating rollers. This is the advantage of this study.
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