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Abstract: In this paper, a quantum computational framework for algebraic topology based
on simplicial set theory is presented. This extends previous work, which was limited to
simplicial complexes and aimed mostly at topological data analysis. The proposed set-up
applies to any parafinite simplicial set and proceeds by associating with it a finite dimensional
simplicial Hilbert space, whose simplicial operator structure is studied in some depth. It is
shown in particular how the problem of determining the simplicial set’s homology can be
solved within the simplicial Hilbert framework. Further, the conditions under which simplicial
set theoretic algorithms can be implemented in a quantum computational setting with finite
resources are examined. Finally a quantum algorithmic scheme capable of computing the
simplicial homology spaces and Betti numbers of a simplicial set combining a number of basic
quantum algorithms is outlined.

Keywords: algebraic topology; simplicial sets; homology; computational topology; quantum
information; quantum computation

1. Introduction

Computational topology is a branch of computational mathematics seeking
the evaluation of the topological invariants merging the methods and techniques
of algebraic topology and computer science. It comprises areas as diverse as
computational 3-manifold theory, computational knot theory and, with a broader scope,
computational homotopy and homology theory.

The roots of computational topology lie in algebraic topology, particularly
homology theory, as formalized by H. Poincaré. However, the application of these
ideas to the computational study of large sampled topological spaces became feasible
only in the early 2000s thanks to advances in algorithms and computing power. In
particular, in the last three decades, there has been a growing interest in computational
topology in relation to topological data analysis, an approach to the analysis of large,
incomplete and noisy high dimensional sets of data through the determination of their
intrinsic topological properties, as an alternative to traditional statistical procedures that
focus on numerical summaries.

A breakthrough came in 2002 when Edelsbrunner et al. introduced persistent
homology [1] as a method to quantify the stability of topological features across
different scales. The approach was further refined by Zomorodian and Carlsson in [2].
This allowed researchers to distinguish between noise and significant structural patterns
indata. In 2005, Carlsson’s influential work [3] explained how topological data analysis
could be used in practical settings, leading to broader adoption. About at the same time,
the Mapper algorithm, developed by Singh et al. [4] made available a way to visualize
high-dimensional data sets by constructing simplified topological networks making
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topological data analysis more intuitively accessible. We refer the reader to [5] for
a review of the subject. In recent years, topological data analysis has found important
applications in the analysis of multivariate time series [6], climate science [7], economic
and financial modeling [8,9], biomedicine and genomic sequencing [10], medical and
clinical neuroscience [11,12], neural network analysis [13] and deep learning [14].

Computational topology has the potential of obtaining meaningful and useful
information about sampled topological spaces on one hand but poses formidable
computational challenges on the other. With the advent of quantum computing,
researchers have explored the possibility of devising quantum protocols capable
of speeding up topological computations. The synthesis of quantum computing
and computational topology became attainable with the development of quantum
algorithms designed for linear algebra applications by Harrow et al. [15] and Gilyén
et al. [16]. The quantum topological algorithms that have been proposed since these
breakthroughs have focused mainly on topological data analysis, because of the issues
that blight it and the useful practical applications it affords, but their scope is in principle
broader.

The first seminal contribution in this direction was furnished by the work of
Lloyd et al. [17], who proposed a quantum algorithm for computing Betti numbers
combining quantum phase estimation and Hamiltonian simulation and exhibiting under
certain conditions an exponential speedup compared to existing classical algorithms.
Subsequent studies addressed strengths and weaknesses of the algorithm of Lloyd et
al., beginning with the analysis of Neumann and Breeijen in Ref. [18] and Gyurik et al.
in Ref. [19]. More efficient variants and adaptations of the algorithm were subsequently
proposed by various research groups [20-23]. Quantum algorithms specifically
designed for computing persistent Betti numbers were proposed by Hayakawa [24]
and Ameneyro et al. [25]. There is also the potential for further improvement of
the algorithmic efficiency by leveraging the efficient implementation of the boundary
operator [26-28], exploiting Hodge theory of de Rham cohomology [29] and relying on
the estimation of the density of states [30]. A critical evaluation of quantum topological
data analysis from the perspective of complexity theory was presented in Refs. [31-33].
An interesting relationship between it and supersymmetric quantum mechanics was
studied in Ref. [34].

1.1. Simplicial approaches to computational topology

In computational topology, a wide range of topological spaces embedded in
Euclidean spaces are analyzed by means of suitable abstract simplicial complexes
associated with samplings of them, such as the Cech [35], Vietoris-Rips [36] and
witness complexes [37] to mention the most popular.

A simplicial complex is a set of vertices, edges, triangles, tetrahedrons and higher
dimensional polytopes called collectively simplices fitting with each other through their
boundaries in a topologically meaningful manner [38]. The simplices of the complex
build up a topological space and the complex realizes a generalized triangulation
of such a space. The way the simplices of a simplicial complex join together is
described combinatorially by an associated abstract simplicial complex [39]. An
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abstract simplicial complex is a family of nonempty finite subsets of a vertex set, called
abstract simplices, that contains all the singleton sets of the vertices and is closed under
subset taking. Upon identifying abstract simplices with simplices, an abstract simplicial
complex turns into a combinatorial blueprint for a topological space, its topological
realization.

Abstract simplicial complex theory turns out to be particularly effective in the
study of embedded topological spaces. The representation of such spaces it provides is
intuitive and reasonably simple. However, by its very nature, it falls short of satisfying
key requirements and certain of its features limit its applicability to topological spaces
of other types, as summarized in the following points.

i) The definitions of product of two simplicial complexes and quotient of a simplicial
complex by a subcomplex are elaborate and involved reflecting the intricacy of
making such operations enjoy desired compatibility properties with topological
realization.

ii)  Simplices with identified faces cannot occur in a simplicial complex, restricting
the range of types of simplices available.

iii)  Distinct simplices in a simplicial complex cannot share the same set of faces,
limiting the combinatorial range of simplicial complex theory.

iv)  The simplicial complexes that are employed to describe even relatively simple
topological spaces contain as a rule a very large number of simplices.

v)  The reduction methods that have been devised to curtail the size of these
complexes while preserving their topological properties, such as Whitehead’s
simplicial contraction [40], are often of limited usefulness.

Alternative simplicial approaches to computational topology free of the
shortcomings pointed out above would deserve to be considered. Simplicial set theory
[41] is a generalization of simplicial complex theory that meets such demand. As
simplicial complexes, simplicial sets have topological realizations and can therefore
be employed as combinatorial models of topological spaces. However, simplicial sets
enjoy the desirable properties listed below that simplicial complexes do not.

i) The product of two simplicial sets and the quotient of a simplicial set by a subset
can be defined straightforwardly and the simplicial sets resulting from such
operations are compatible with topological realization.

ii)  Simplices with identified faces are allowed in a simplicial set.

iii)  Distinct simplices sharing the same set of faces can occur in a simplicial set.

iv)  Precisely because of the greater wealth of simplex types and simplex
combinatorics, simplicial sets furnish leaner and more succinct simplicial
models of topological spaces.

v) A wider range of reduction techniques, such as simplicial contraction previously
mentioned and simplicial collapse, allow us to further streamline such models.

The essential feature distinguishing simplicial sets from simplicial complexes is
the incorporation of degenerate simplices. These are simplices whose formal dimension
is higher than their effective one. The nicer properties of simplicial sets as compared
to simplicial complexes listed above are possible precisely thanks to the inclusion of

degenerate simplices. The reasons for this are multiple.
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i) A particular non degenerate simplex can have a degenerate face and be a face of
a degenerate simplex.

ii)  Degenerate simplices allow for the gluing of a non degenerate simplex through its
boundary to another non degenerate simplex of arbitrarily lower dimension.

iii)  Degenerate simplices enter in an essential way in the basic simplicial set theoretic
operations already mentioned. In a product of two simplicial sets, a non
degenerate simplex may have degenerate components. In a quotient of a
simplicial set by a subset, non degenerate simplices are replaced by degenerate
ones. Other examples could be mentioned.

The degenerate simplices are therefore indispensable constitutive elements of a
simplicial set along with the non degenerate ones. This notwithstanding, degenerate
simplices are hidden in the simplicial set’s topological realization and further they do
not contribute to its homology. This however does not imply that such simplices can
simply be dropped. In fact, the indiscriminate removal of the degenerate simplices
leaves in general an incomplete and/or inconsistent simplicial construct.

We illustrate the points made above with a few examples. A two-dimensional
torus can be represented as a simplicial set with one vertex, three edges with coinciding
ends and two triangles with coinciding vertices and sharing the same edges, while a
simplicial complex as simple as possible requires seven vertices, twenty-one edges and
fourteen triangles. The minimal simplicial complex describing a three-dimensional
sphere requires five vertices, ten edges, ten triangles, five tetrahedrons, while as a
simplicial set, only one vertex and one tetrahedron with collapsed faces are sufficient.
These examples, albeit elementary, indicate that in general the number of non
degenerate simplices required to model a topological space as a simplicial set is indeed
considerably smaller than as a simplicial complex. The infinitely many degenerate
simplices accompanying the non degenerate ones in the simplicial set do not offset this
advantage. The degenerate simplices are topologically invisible in the simplicial set
and there are methods to effectively dispose of them.

It is important to realize that, in an appropriate sense, simplicial complexes
are special cases of simplicial sets. A simplicial set describes a simplicial complex
precisely when each non degenerate simplex has distinct vertices and no two non
degenerate simplices share the same vertices. Instances of simplicial sets not satisfying
these restrictive conditions are routine. Simplicial sets are therefore more general than
simplicial complexes and for this reason have in principle a broader scope.

Our main proposition is that the investigation of the potential implementation of
simplicial set theoretic algorithms in computational topology as a useful addition and
complement to simplicial complex theoretic ones is a worthwhile endeavor.

i) Simplicial sets have the potential of providing a more efficient combinatorial
codification of topological spaces ideally suited for algorithmic implementation.

ii)  Techniques of computational topology employing simplicial sets and not
just simplicial complexes may have a wider range of applications. Indeed,
simplicial set theory can be used to describe and generalize a variety of
combinatorial-topological structures such as directed multigraphs, partially

ordered sets, categories and more generally co-categories.
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This point of view has been forcefully advocated by Perry [42] and Zomorodian
[43] based on the above and similar considerations. Independently, simplicial sets
have found applications also in computational geometry, a discipline distinct from
but overlapping with computational topology with relevant applications in geometric
modeling, computer graphics, computer aided design and manufacturing, etc. Indeed
computational geometry has topological and metric aspects, the first of which are
amenable to the methods provided by simplicial set theory [44,45].

We conclude by observing that although most of its applications are concerned
with homology computation, simplicial set theory enters noticeably also in homotopy
computation; see, e.g., [46—48].

Basic notions and facts of simplicial set theory employed in this paper are reviewed

in Section 2 to the reader’s benefit and to fix notation and terminology.

1.2. A quantum framework for simplicial sets

As already anticipated, quantum computing may provide powerful new means
of speeding up the algorithms of computational topology. The multiple quantum
algorithms proposed in Refs. [17-30] indeed all achieve this goal to a varying extent.
These algorithms rely on the description of sampled topological spaces as simplicial
complexes. For the reasons explained in subsection 1.1 above, investigating whether
it is possible to adapt and extend these algorithms to simplicial sets may be a worthy
proposition. In the present paper, we explore this possibility.

In order to illustrate our formulation more formally, we provide a more precise
elucidation of a number of generic terms used in our discussion up to this point as well
as a precise definition of other terms employed in the following.

An algorithm is a finite sequence of precisely defined elementary mathematical
operations conceived to systematically perform a computation. Concretely, an
algorithm takes an input, handles it following a phased procedure and produces an
output. A computer is a device capable of processing data and performing computations
based on the instructions of an algorithm.

A classical algorithm is an algorithm designed to run on a classical computer, a
device performing computations working according to the laws of classical physics.
A quantum algorithm is an algorithm conceived to be implemented on a quantum
computer, an implement that leverages basic elements of quantum mechanics such
as superposition and entanglement to perform computations more efficiently than a
classical computer.

In computational topology, a simplicial algorithm is an algorithm dedicated to
performing computations involving simplicial complexes and sets, with reference in
particular to their homology and homotopy. A simplicial computer is a computer with
an architecture designed precisely for efficiently implementing simplicial algorithms.
Simplicial quantum algorithms and computers are defined accordingly.

Our work essentially proposes a model of a simplicial quantum computer designed
to run simplicial quantum algorithms based on simplicial sets. We explain next its
constitutive principles and illustrate its layout and main features.

A simplicial set can be described as a collection of simplices subdivided according
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to their dimension and of face and degeneracy maps which indicate which simplices are
the faces and degeneracies of any given simplex. In the quantum set-up we are going to
present, a given parafinite simplicial set is inscribed in a finite dimensional simplicial
Hilbert space by viewing the simplices as simplex vectors forming a distinguished
orthonormal basis and the face and degeneracy maps as face and degeneracy operators
acting on simplex vectors in a way that precisely correlates to how the face and
degeneracy maps act on simplices.

The dagger structure of the simplicial Hilbert space set-up brings in the adjoints
of the face and degeneracy operators. These encode relevant features of the underlying
simplicial set and can be used to obtain alternative reformulations of standard problems
of computational topology.

In Section 3, the simplicial homology with complex coefficients of a parafinite
simplicial set is shown to be isomorphic to that of the associated simplicial Hilbert
space. The problem of its determination is recast as that of the computation of the
kernels of certain simplicial Hilbert Laplacians along the lines of Ref. [17]. The
degenerate simplex subspaces, which are homologically irrelevant by the homological
normalization theorem, can furthermore be effectively disposed of in our formulation by
resorting to normalized simplicial Hilbert homology, which is equivalent to simplicial
Hilbert homology but computationally more convenient. Its determination can be
reduced again to the computation of the kernels of certain normalized simplicial Hilbert
Laplacians.

The simplicial Hilbert framework is broad enough to afford, in addition, the
derivation of a number of technical results and leads to novel theoretical constructs.
Also in Section 3, we introduce in particular the notion of simplicial quantum
circuit, a special kind of quantum circuit specifically designed to perform homological
computations, and analyze its general properties. A related approach was presented by
Schreiber and Sati in Ref. [49].

In Section 4, we examine some of the problems that may arise in the
implementation of simplicial set theoretic topological algorithms in a realistic
quantum computer relying on the quantum computational set-up of Section 3. The
issues analyzed here comprise the truncation and skeletonization of simplicial sets,
as a means of modeling finite storage resources capable of assembling simplicial
data up to a certain finite dimension, the digital encoding of a truncated simplicial
set, the counting and parametrization of simplices to their translation into a quantum
computational framework. Mainly for illustrative purposes, we also outline a quantum
algorithmic scheme capable in principle of computing the simplicial homology spaces
and Betti numbers of a simplicial set along the lines of that worked out in [17]

combining a number of basic quantum algorithms.

1.3. Scope and limitations of the present work

We conclude this introductory section with some remarks clarifying the scope and
limitations of the present work.

This paper is interdisciplinary in that it combines elements from computational
algebraic topology and quantum computation scattered in the literature proposing
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a unified view and a synthesis. It hopefully is of some interest to algebraic
topologists, willing to know how their discipline may find application in quantum
computational topology, and quantum computational topology specialists, wishing to
have an understanding of their field from a more foundational perspective.

The paper has a theoretical and mathematical outlook. As already stated in
Subsection 1.2, it illustrates a quantum computational framework for algebraic topology
based on simplicial set theory, laying the foundations of an abstract model of a
simplicial quantum computer. No new quantum algorithms solving specific problems
of algebraic topology with a better performance than classical ones are presented,
but hopefully the ground is prepared for the future development and study of such
algorithms. The paper also contains original research work, but the results presented
have mostly a speculative bearing for the time being. Time will tell whether these ideas
will turn out to be useful in practice.

The paper focuses on homology for its practical relevance and as an illustration
of the efficacy of the formal apparatus devised, though application of it to homotopy
is conceivable and presumably attainable. The simplicial complex based quantum
algorithm of Ref. [17] employed for homological computations in topological data
analysis and its derivations and refinements elaborated in later literature, however, will
likely remain the most competitive option in the foreseeable future.

In Section 5, we list the problems that are still open and discuss the outlook of our
work.

Conventions: Following a widely used convention of algebraic topology and
computer science, we denote by N the set of all non negative integers. So, 0 € N.
We indicate by |A| the cardinality of a set A. To avoid possible confusion, we denote
the topological realization of a simplicial set X by #X rather than |X|, as is usually
done in mathematics. Obj, and Home denote the object class and homomorphism set
of a category C. Composition o of maps, when occurring, is usually left understood.

Finally, we adopt Dirac’s bra-ket notation throughout this paper.

2. Simplicial sets

In this section, we shall review the main aspects of simplicial set theory. This
topic has an elegant formulation in the framework of category theory. In what follows,
however, we shall pursue a more direct approach which by its combinatorial nature
is especially suitable for the algorithmic methods of computational topology. The
presentation is kept as concrete as possible. Only a basic knowledge of category
theory is assumed. Introductory accounts of simplicial set theory are provided by Refs.
[50-53]. Standard references on the subject are [54,55].

In intuitive terms, a simplicial set X is a collection of sets X, with n € N, whose
elements are to be thought of as n-simplices, equipped with mappings that establish:

i) Which n — 1-simplices are faces of which n-simplices.
ii)  Which n 4 1-simplices are degeneracies of which n-simplices.

A simplicial set is an abstract combinatorial blueprint for constructing a
topological space. Indeed, every simplicial set X has a topological realization (more

commonly but less precisely called geometric realization) £ X, a topological space of a

7
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special kind called a CW complex. X is built by associating with any n-simplexo,,
of X a copy of the standard topological n-simplex

FAT = {(to, ... ta) ER™HO < t; < 1,3t = 1} (M)

and then gluing together all the topological simplices generated in this fashion along
their boundaries in a way that precisely correlates to how the simplices of X that they are
associated with are related in consequence of the simplicial set’s face and degeneracy
maps.

It is precisely because a topological space can be encoded in the simplicial set of
which it is the topological realization that many notions of ordinary algebraic topology
have an analog in simplicial set theory. In particular, the homotopy and homology
of a topological space are modeled by the homotopy and homology of the underlying
simplicial set. In this paper, we concentrate on homology for its interest and greater

simplicity.

2.1. Simplicial sets

In this subsection, we review the main notions of simplicial set theory.
Definition 1. A simplicial set X is a collection of sets X,, n € N, and mappings
Ani * Xp > X1, m2>1,46=0,...,n,and sp; : Xy = Xpt1, n >0,0=0,...,n,

obeying the simplicial relations

dp—1idn; = dp—1j-1dn; f0<i,j<ni<j (2a)
dn41iSnj = Sn—1j—10dni ifo0<i,j<mni1<j (2b)
dpi1i8n; = id, fo<ji<ni=jj+1 (2¢)
dp41iSnj = Sn—1jdni—1 if0<i,j<n+1i>j5+1 (2d)
Sn+1iSnj = Sn+1j+15ni f0<i,j<n i<y (Ze)

For each of these relations, there are restrictions on the range of allowed values
of n which follow from d,,; and s,; being defined for n > 1 and n > 0, respectively.
These conditions are evident from inspection and will not be stated explicitly. By the
third relation, the maps d,,; are surjective whilst the maps s,,; are injective.

The integer n is called simplicial degree. The set X,, comprises the n-simplices
of X. The maps d,;, sn; are the face and degeneracy maps of X,,. In the mathematical
literature, the dependence of d,,;, s,; on n is usually left implicit. In the applications
to quantum computation treated in this paper, this is not always possible without
yielding ambiguous or incomplete expressions. We have therefore decided to indicate
it explicitly at the cost of somewhat complicating the notation.

The simplicial set can be represented diagrammatically as

CEERREESNT X G)

S~

where the rightward/leftward arrows stand for the face/degeneracy maps.

Definition 2. 4 morphism ¢ : X — X' of simplicial sets X, X' consists of a collection
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of maps ¢p, : Xp, — X'y, withn > 0 obeying

Pn—1dni = d/ni¢n ifo0<i<n (4a)
Ort18ni = S/ni¢n ifo<i<n (4b)

The morphism fits in a commutative diagram of the form

CERREEN T

im lm lcbo (5)

/ —_— T //ﬂ /
CEROGEER T

Simplicial sets can be formed using other simplicial sets as building blocks via

certain elementary operations. Two such operations will be relevant in our analysis.

Let X, X’ be simplicial sets.

Definition 3. The Cartesian product X x X' of X, X' is the simplicial set defined as
Sollows. The n-simplex set of X x X' is the Cartesian product X x X', = X, x X'p,.
The face and degeneracy maps of X x X' at degree n are the Cartesian product maps
dx dyu; = dp; X dp; and s X s'p; = sp; X 8'pi. The Cartesian product of two
morphisms ¢ : X — X", 1 : X' — X", of simplicial sets is the simplicial set morphism
px: X x X — X" x X" defined by ¢ X by, = ¢y, X 1y, at degree n.

Above, x denotes the Cartesian multiplication monoidal product of the category

Set of sets and functions.
Definition 4. The disjoint union X U X" of X, X' is the simplicial set defined as follows.
The n-simplex set of X U X" is the disjoint union X U X',, = X,, U X',,. The face and
degeneracy maps of XU X' at degree n are the disjoint union maps dUd',,; = d;1Ud’ ;
and s 5 n; = sp; U8 ;. The disjoint union of two morphisms ¢ : X — X", ¢ : X' —
X", of simplicial sets is the simplicial set morphism ¢ LI : X U X — X" u X"
defined by ¢ U 1, = ¢y, Ly, at degree n.

Here, LI denotes the disjoint union monoidal product of the category Set.

With the operations of Cartesian product and disjoint union simplicial sets and
morphisms form a bimonoidal category sSet. We shall treat sSet as a strict bimonoidal
category, not completely rigorously, neglecting the fact that the Cartesian product
and disjoint union of sets and functions are associative and unital only up to natural
isomorphism only.

Definition 5. 4 simplicial set X is called parafinite if the n-simplex set X,, is finite for
all n.

In this paper, we shall deal mainly with such simplicial sets. They form a full
bimonoidal subcategory pfsSet of sSet.

The following seemingly trivial instance of simplicial set together with some of
its variants sometimes useful in some constructions.

Example 1. The discrete simplicial set of an ordinary set.

Any ordinary non empty set A can be identified with the simplicial set DA with

n-simplex set D, A = A and face and degeneracy maps d,; = Sp; = ida. Such a

simplicial set is called discrete and sometimes also simplicially constant. If the set A
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is finite, then D A is parafinite as a simplicial set.

While the constructions elaborated in this work apply to any parafinite simplicial
set, there are specific simplicial sets for which they exhibit special properties. Nerves
of categories and simplicial sets of ordered simplicial complexes are among these.
Example 2. The nerve of a category.

The nerve NC of a category C is defined as follows. The 0-simplex set of NC is
Jjust the set of objects of C: NoC = Obje. Thus, a 0-simplex is just an object x of
C. Forn > 1, the n-simplex set of NC consists of the ordered n element sequences
of composable morphisms of C: N,C = Home Xopj, - -+ Xobj, Home (n factors).

Therefore, an n-simplex oy, € Ny, C is representable as

on = (f1,---, fn) (6)
where f1, ..., fn € Home are morphisms such that t(f,) = s(fr+1)forl <k <n-—1,
s, t denoting the source and target maps of C. The face maps d,; : N,C — N,_1C
read as follows:

dio(f1) = t(f1) du(fr) = s(f1) (7
forn =1and

an(fla"'yfn) = (f2>"'afn)
dni(fr,- o5 fu) = (f1s s fict, fivr 0 fis fivos oo fn) for0O<i<n (8)
dnn(fh'"?fn) = (f17"'7f’fl—1>

for n > 2. The degeneracy maps sn; : N,C — Np41C take the form
sp0x = id; ©)
forn =0 and

Sﬂi(fh o 7fn) = (f17 oo 7fi7idt(fi)7f’i+17 oo 7fn) (10)

forn > 1. A category C is called finite if its object and morphism sets are finite. In
that case, its nerve NC is a parafinite simplicial set.

A groupoid is a category G all of whose morphisms are invertible. The nerve
NG of a groupoid ¢ exhibits as a consequence special properties not found in generic
categories.

Example 3. The simplicial set of an ordered abstract simplicial complex.

An abstract simplicial complex 8 consists of a set of vertices, Verts, and a set
of simplices, Simpg, constituted by finite non-empty subsets of Vertg satisfying the
Jollowing requirements. (1) If o € Simpg and 0 # 7 C o, then T € Simpy,
that is any non empty subset of a simplex is a simplex. (2) If v € Vertg, then
{v} € Simpy, so every singleton of a vertex is a simplex. An n-simplex is a simplex of
Simpg formed by n + 1 distinct vertices of Vertg. & is said to be ordered if Vertg
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is endowed with a total ordering <. An n-simplex o, is then representable as an
increasing sequence of n + 1 vertices: o, = (vg,...,v,) With vy, ...,v, € Vertg
and vy < ... < Up.

With any ordered abstract simplicial complex 8, there is associated a simplicial
set KS defined as follows. Forn > 1, the n-simplex set consists of the non decreasing
sequences of n+1 vertices of § whose underlying vertex set is a simplex of 8. Therefore,

an n-simplex oy, € K, & has a representation of the form

Un:(vﬂv"'avn) (11)

where vy, . ..,v, € Vertg are vertices with vy < ... < v, and |oy,| € Simpy, |o,]
being the set constituted by the distinct vertices vi. The face maps dn; : K,8& —

Kn—18 are given by the expression
dpi(Vo, ..y Vn) = (VO -« - Vim1, Vi1, -+, Vp) (12)
The degeneracy maps sy; : KnS — Kp418 read as follows:
Sni(V0y -« -y V) = (Voy ... Vi, Vi, oL, Up) (13)

§ is called finite when Verts is a finite set. In that case, its simplicial set K& is
parafinite.

A distinguishing feature of simplicial sets when compared to simplicial complexes
is the appearance of degenerate simplices.

Let X be a simplicial set.
Definition 6. An n-simplex o, € X, is said to be degenerate if there is some n —
1-simplex 1,1 € Xp—1 and index ¢ with 0 <1 < n — 1 such that o, = Sp—1;Tn—1.

0-simplices are regarded as non degenerate. We denote by °X,, the subset of the
degenerate simplices of X,,.
Example 4. The degenerate simplices of the discrete simplicial set of a set.

In the discrete simplicial set DA of a non empty set A (cf. Example 1) D, A =
D, A for n > 0: all positive degree simplices are degenerate.
Example 5. The degenerate simplices of the nerve of a category.

Forn > 0, the degenerate n-simplex set ° N,,C of the nerve NC of a category C
(cf. Example 2) consists of all simplices (f1, ..., fn) at least one of whose components
fi is an identity morphisms.
Example 6. The degenerate simplices of the simplicial set of a simplicial complex.

For n > 0, the degenerate n-simplex set *K,S of the simplicial set KS of
an ordered abstract simplicial complex § (cf. Example 3) consists of all simplices
(vo, . .., vn), at least two of whose components v; are equal.

Note that a degenerate simplex can have a non degenerate face and vice versa.

2.2. Simplicial objects

Simplicial objects in a general category C are defined in analogy to and generalize
simplicial sets.

11
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Definition 7. A simplicial object X in C is a collection of non empty objects X, n € N,
of C and morphisms dy; : X, = Xp—1,n > 1,1 =1,...,n, and sp; : Xp, = Xn+t1,
n>0,t=1,...,n, of C obeying the simplicial relations (2).

The d,,;, sn; are called face and degeneracy morphisms of X.

Instances of simplicial objects are encountered in many areas of mathematics.
Example 7. 4 simplicial set.

A simplicial set X is just a simplicial object in the category Set of sets and
functions.

Example 8. A4 simplicial group.

A simplicial group X is a simplicial object in the category Grp of groups and group
homomorphisms for which the objects X,, are groups and the face and degeneracy
morphisms are group morphisms between them.

Example 9. 4 simplicial manifold.

A simplicial manifold X is a simplicial object in the category Mnfld of smooth
manifolds and manifold maps for which the objects X,, are smooth manifolds and the
face and degeneracy morphisms are smooth maps between them.

In this paper, we shall deal specifically with simplicial Hilbert spaces. This kind
of simplicial object emerges quite naturally in the construction of Section 3.

Example 10. 4 simplicial Hilbert space.

A simplicial Hilbert space is a simplicial object in the category Hilb of finite
dimensional Hilbert spaces and linear maps.

There exists an obvious notion of simplicial object morphism that generalizes that
of simplicial set morphism of Definition 2.

Definition 8. 4 morphism ¢ : X — X' of simplicial objects X, X" of C is a collection
of morphisms ¢, : X, — X', withn > 0 obeying the relations (4).
Note that every simplicial object in a concrete category C is also a simplicial set.

In this paper, we consider mainly simplicial objects of this kind.

2.3. Simplicial homology

Homology is a basic structure playing an important role in our analysis. We
introduce the notion first from a purely algebraic point of view. Later, we concentrate
on simplicial homology.

Definition 9. An abstract chain complex (A, §) is a sequence of Abelian groups and

group morphisms of the form

03 02 o1

As A1 Ao (14)

such that the homological relations
Onln+1 =0 (1%5)

with n > 1 are satisfied.
The index n labelling the segments of the sequence (14) is called chain degree. A,
and J,, are named respectively chain group and boundary morphism at degree n.

By virtue of Equation (15), we have that rand,,+1 C kerd,,. The sequence (14)

12
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would be exact if ran d,, 1 = ker d,,, but this is not the case in general. The homology
of (A, 0) measures the failure of (14) to be exact.
Definition 10. For n > 0, the homology group of degree n. of the chain complex (A, J)
is the quotient group

H,, (A, ) = kerd,,/ ran d,, 11 (16)

Above, it is conventionally assumed that kerdg = Ag. The homology groups
H,,(A, ) constitute the homology H(A, §) of (A, ¢).

There is a natural notion of morphism of chain complexes.
Definition 11. A morphism g : (A,8) — (A, &) of chain complexes is a diagram of
Abelian groups and group morphisms of the form

83 02 o1

Ay Aq Ao
o o Jo (17)
&5 A &8s A &' A
obeying the commutativity conditions
In—10n = 'ngn (18)

withn > 1.

Chain complexes and chain complex morphisms form a category.

A chain complex morphism g : (A,d) — (A’,d’) induces a homology morphism
gxn  Hy(A,0) — Hy, (A, 0") for each n. Homology thus has functorial properties.

Cohomology is the dual notion of homology. All the basic definitions of
cohomology can be obtained from those of homology roughly by inverting all the
arrows. In particular, for any abstract cochain complex (M, o) one can define the
cohomology groups H"(M, o) for any degree n > 0. We leave to the reader the
straightforward task of spelling this out in full detail.

The above homological algebraic framework can be employed in simplicial set
theory leading to the formulation of simplicial homology.

Let G be an Abelian simplicial group (cf. Subsection 2.2). Using the face maps
of G as constitutive elements, one can construct a series of Abelian group morphisms
dy, : G, — Gp—1 forn > 1viz

dy= 22 (=1)'dn; (19)

0<i<n
These Abelian groups and group morphisms fit in the diagram

d3 do dy

Ga Gy

Go (20)
By the simplicial relations (2a), the d,, obey further the homological relations
dndpt1 =0 (21

By Equation (21), the diagram (20) constitutes a chain complex (G,d), the

13
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simplicial chain complex of G. For each n, G, and d,, are respectively the group of
simplicial chains and the simplicial boundary morphism at degree n.

The homology H(G) = H(G,d) is called the simplicial homology of G. H(G)
characterizes G and provides valuable information on the data that underlie and specify
it.

Denote by °G,, the subgroup of G,, generated by the degenerate n-simplices (cf.
Subsection 2.1). The quotient group G,, = G,,/*G,, is the normalized n—chain group.
Owing to relations (2b)—~(2d), d,,°G,, € °G,—1 and therefore an induced map d, :
G, — G,,_1 is defined. d,, obeys the homological relation (21). The normalized chain

complex

Go (22)

is in this way constructed. The homology H(G) = H(G, d) of (G, d) is the normalized
simplicial homology of G. The following theorem establishes that normalized
simplicial homology is just another incarnation of simplicial homology.

Theorem 1. The simplicial homology H(G) and normalized simplicial homology H(G)
of G are isomorphic (Normalization theorem [56]).

This result reveals that the degenerate chains are homologically irrelevant in the
computation of the simplicial homology H(G) and can be used in principle to simplify
the computation of the latter.

Let X be a simplicial set and A an Abelian group. Forn € N, the group of n-chains
of X with coefficients in A is the Abelian group

Ca(X,A) = Z[X,] ® A (23)

where Z[X,,] denotes the free Abelian group generated by the n-simplex set X,,. The
face and degeneracy maps dy,;, sn; of X extend uniquely to Abelian group morphisms
dpi @ Co(X,A) = Cpe1(X,A), sni 0 Cu(X,A) — Cpi1(X, A). These extensions
obey the simplicial relations (2). So, the groups C,, (X, A) and the morphisms d,y;, Sn;
build up a simplicial Abelian group C(X,A). By the general construction described

above, it is then possible to construct via (19) boundary morphisms

Onon = 2. (=1)'dnion (24)

0<i<n

obeying the homological relations
OnOnt1 =0 (25)

With X and A, so, there is associated a chain complex (C(X,A), ).
Definition 12. The simplicial homology H(X, A) of X with coefficients in A is the
simplicial homology H(C(X,A)) of the simplicial Abelian group C(X,A). The
normalized simplicial homology H(X,A) of X with coefficients in A is the associated
normalized simplicial homology H(C (X, A)).

By the normalization Theorem 1, the simplicial and normalized simplicial

homologies H(X,A), H(X,A) are isomorphic. The computation of the latter is
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however generally simpler than that of the former. For this reason, simplicial homology
is sometimes defined directly as normalized simplicial homology in the mathematical
literature.
Example 11. The homology of the delooping of a group.

A group G can be regarded as a groupoid BG with a single object whose morphisms
are in one-to-one correspondence with the elements of G, the so called delooping of G.
The simplicial homology of the nerve NBG of BG with coefficients in 7, H(NBG, Z)
can be shown to be isomorphic to the group homology H(G).
Example 12. The homology of the simplicial set of an ordered abstract simplicial
complex.

1t is possible to define the simplicial homology of a simplicial complex with a given
coefficient Abelian group on the same lines as that of a simplicial set. The simplices
of an ordered simplicial complex & are precisely the non degenerate simplices of the
associated simplicial set K8 studied in Example 3. By the normalization theorem 1, the
simplicial homology H(S, A) is then isomorphic to the simplicial homology H(KS, A).

The above set-up can be refined by working with vector spaces or modules instead
of Abelian groups in an obvious fashion, resulting in (co)homology spaces or modules,
respectively.

The Betti numbers with coefficients in a field F of a simplicial set X are
Bn(X,F) = dimH, (X, F) (26)

The Betti numbers are topological invariants of the topological space ?X realizing
X and characterize it based on its connectivity. For F = R, C and low degrees, the Betti
numbers have simple intuitive topological interpretations: [y(X,F) is the number of
connected components of *X, 31 (X, [F) is the number of holes of #X, B2(X, ) is the
number of voids of £ X, etc. If X is a d-dimensional topological manifold, 3, (X, F) =
0 for n > d.

Much of computational topology aims at the computation of the Betti numbers for
the important topological information they furnish about #X. For instance, finding out
that the Betti numbers 3, (X, R) vanish for n > d for some d is an indication that #X

is a d-dimensional manifold.

3. Quantum simplicial set framework

In this section we shall work out and study in detail the quantum simplicial set
theoretic set-up outlined in the introduction.

The quantum simplicial set framework furnishes a natural backdrop for the
theoretical analysis and eventual implementation of simplicial quantum algorithms for
computational topology. It is essentially an instance of quantum basis encoding of
classical data (see e.g., [57,58] for background), where the latter are just basic simplicial
data. Thanks to it, a given parafinite simplicial set is encoded into a finite dimensional
simplicial Hilbert space much as a qubit register is into a finite dimensional Hilbert
space. Correspondingly, the simplices and face and degeneracy maps of the simplicial
set convert into the basis vectors and face and degeneracy operators of the simplicial
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Hilbert space. The Hilbert dagger structure provides however also with the adjoints of
these operators, making possible novel constructions.

Extending the quantum simplicial framework beyond the range of parafinite
simplicial sets is not feasible because of the intrinsic limitations of implementable
computation: any conceivable simplicial computer can operate only on a finite number
of simplices of each given degree. Therefore, parafinite simplicial sets are the most
general kind of simplicial sets that can be handled by such a device.

A criticism that can be leveled at the framework is that it still incorporates the
simplex Hilbert spaces storing the simplicial data of all degrees, while a realistic
computer can manage the simplicial data up to a finite maximum degree. In fact, doing
so is only a convenient abstraction to simplify the analysis. In Section 4, we shall
show how to deal with this problem by simplicial truncation or skeletonization of the
underlying simplicial set.

The quantum simplicial framework will enable us to analyze the simplicial
homology of the simplicial Hilbert space, show how it is controlled by appropriate
simplicial Hilbert Laplacians and prove its isomorphism to the simplicial homology
of the underlying simplicial set. It will also give us the means to construct the
simplicial Hilbert space’s appropriate form of normalized simplicial homology and
show its isomorphism to the simplicial set’s normalized simplicial homology. Last
but not least, it will suggest to us a suitable notion of simplicial quantum circuits as the
kind of quantum circuits capable of performing simplicial computations. Though we

concentrate on homology, applications also to homotopy are conceivable.

3.1. Hilbert space encoding of a simplicial set

In this subsection, we shall show how a given parafinite simplicial set X (cf.
Definitions 1 and 5) can be encoded in a simplicial finite dimensional Hilbert structure.
Definition 13. For n € N, the n-simplex Hilbert space 7, is the Hilbert space
generated by the n-simplex set X,.

%, has thus a canonical orthonormal basis |o,,) labelled by the n-simplices o,, €
Xp. In the following, we shall refer to the basis |o,) as the n-simplex basis. It plays a
role analogous to the computational basis in familiar quantum computing. Since X, is
a finite set, .77, is finite dimensional.

The face and degeneracy maps d,,; and s,; induce face and degeneracy operators
characterized by their action on the vectors of the n-simplex basis.

Definition 14. The face operators Dy; : 75, — 71,1 =0,...,nandn > 1, and
degeneracy operators Sy; : H;, — Hypr1andi=0,...,nandn > 0. Dy;, Sy are

Dpi= 2o |dpion)(on] 27)
O'nexn
U'nEXn

The Hilbert dagger structure of the .77, allows us to define the adjoint operators
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Dyt o — A, SpiT 2 A1 — FH, of Dy, Syi. They are given by

Dyt = > Yo |wp) (o] (29)
Jn71€Xn71 wnEDni(o’nfl)
Sut= > Yo |wn) (ongl (30)

On+1€Xn+1 wn€Sni(on+1)

where Dy (0y—1), Spi(ont1) C X, are the n-simplex subsets

Dni(o'nfl) = {Wn S Xn‘dmwn = O'n—l} (31)
Sni(on

m’(O’ +1> = {wn S Xn|3nz'wn = Un+1} (32)

An important problem of the theory is the determination of the content of
Dyi(0n—1), Sni(onyt1) for any assignment of 0,1, 0y, 41. Through the D,;(0y—1),
Sni(on+1), the adjoint operators D,;™, S,iT encode basic features of and provide
important information about the underlying simplicial set X. Not much can be
said about Dy,;(0p—1), Spi(on+1) in general. The following general properties hold
anyway. Since d,,; is surjective while s,,; generally is not, Dy;(c,—1) is always non
empty while S,,;(0,,+1) may be empty. Further, as s,; is injective while d,,; generally
is not, | Spi(ony1)| < 1 while |Dy;i(0p—1)] > 1.

The basic simplicial relations (2) obeyed by the face and degeneracy maps d,;, Sn;
imply that the face and degeneracy operators D,,;, S,; and their adjoints D,;;, S,,; ™
satisfy a host of exchange identities relating products of pairs of these latter. These
characterize to a considerable extent the simplicial Hilbert framework constructed in
this paper and are therefore analyzed in detail in the rest of this subsection.

The exchange identities come in pairs related by adjunction. We shall show
explicitly only one of the two relations of each pair leaving to the reader the rather
straightforward task of writing down the other.

The exchange identities involving the D,,;, Syp; ensue directly from Equations (27),
(28) and the simplicial relations (2).

Dy 1iDpj — Dyp—1j-1Dp; =0 for 0<4,7<n, 1<y (33a)
Dyt1iSnj — Sn—1j-1Dni =0 for 0<i,j<n,i<j (33b)
Dypt1iSn; = 1y for 0<j<n,i=35,j+1 (33¢)
Dypi1iSnj — Sn—-1jDpi—1 =0 for 0<i,5<n+1,i>5+1 (33d)
Sn+1iSnj — Snt1j4150i = 0 for 0<i,j<n,i<j (33e)

where 1,, = 1,.,. The Equation (33) are identical in form to the simplicial relations
and for this reason are referred to as the simplicial Hilbert identities (2). The exchange
relations involving the D,,; T, S,;* are obtained from Equation (33) by adjunction.
They are given by the Equation (33) except for the order of the factors of each term,
which is reversed. They are formally equal to the simplicial theoretic cosimplicial
relations and so are called the cosimplicial Hilbert identities.

The exchange identities involving one operator of each of the operator sets D,;,

Sni and D,,; ™, S,; are not so easily obtained and do not take a form analogous to
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ADD

nij —

that of the simplicial and cosimplicial Hilbert identities. These mixed identities exhibit

however an analogous structure. Explicitly, they read as

DyitDpj — Dny1js1Dnsi™ = APP 0 for 0<i,j<n,i<j (34a)
Dpt2i " Snj — Sni1j41Dnri™ = APS 5 for 0<4,j <n,i < (34b)
Sp—2i"Dyj — Dp1j-1Sn—1s" = A for 0<i,j<mi+1<j (34c)
SniT S — Sn-1j-1Sn-1." = A, for 0<i,j<n,i<j (34d)
where
2 2 |wn)(IDns1i(on) N Dngrji(wn)| = 1){om| (352)

on€Xn wn€Dpi(dnjon)

- 2 2 [wn2)(IDn+1:(0n) N S 141 (wn2)| — 1) (o] (35b)

on€Xn Wn+42 eDnJrQi (Sn]' O'n)

=— > > |wWn—2)(ISn-1:(00) N Dp—1j-1(wn—2)| — 1){0on| (35¢)

on€Xn Wn—265n72i(dnjo'n)

2.

20 |wn)(ISn-1i(0n) N Sn-tjo1(wn)| — 1){on] (35d)

on€Xn wnESm(snjan)

Recall that || denotes the cardinality of a set /. The expressions shown result

from straightforward computations relying solely on the expressions (27)—(30) of the
operators D,,;, Sp; and D,,; T, S,,; ™ and the basic simplicial relations (2).
Definition 15. The defects of the simplicial Hilbert structure are the four operators
APP s A — 0,0 < i, 5 < i < § AP G — Hie, 0 <4, < m,
i < GASP L A — Ao, 0 < i 5 <m i+ 1< jand A, 0 A — I,
0 <1i,7 <n,i<jgiven by the Equation (35).

A basic problem of the theory is determining under which conditions some or all
defects vanish and identifying the simplicial sets for which such conditions are fulfilled.
For the SS defects Assm-j, the problem however does not arise by the following
theorem.

Theorem 2. (No degeneracy defect theorem) We have
A5 =0 for 0<i,j<mn i<j (36)

Proof. See Appendix I for the proof. O

The defects APP nig» ADS nig» ASD nij conversely are non zero in general. The
exchange identities of the operators S,,;, Sp; ™ have in this way a simple universal form
akin to that of simplicial and cosimplicial Hilbert identities. The exchange identities of
the operators D,,;, Dyi ™, Sni, D™ and D,y;, Sy ™ instead do not.

The concrete form the APP nig» ADS nig» ASD ; take depends on the underlying
simplicial set X. In fact, they encode features of X not deducible from the simplicial
relations and hence specific to X. For distinguished instances of simplicial sets, there
exist perfectness results establishing the vanishing of some of these defects. In this
regard, the following definition is apposite.
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Definition 16. The simplicial set X is said to be semiperfect if

APS =0 Jor 0<i,j<n,i<j (37)
AP =0 for 0<i,j<mi+1<j (38)

X is said to be quasi perfect if (37), (38) hold and further

APP =0 for 0<i,j<mn i<j (39)
X is said to be perfect if (37), (38) hold and further

APP =0 for 0<i,j<mn i<j (40)

Example 13. The nerve of a category.

Nerves of categories are a special type of simplicial sets introduced in Example 2.
Proposition 1. (Perfectness proposition for nerves of categories) The nerve NC of a
finite category C is quasi perfect. If C is also a groupoid then NC is perfect.

Proof. See Appendix II for the proof. 0
Example 14. The simplicial set of an ordered abstract simplicial complex.

Simplicial sets of an ordered abstract simplicial complex are another distinctive
type of simplicial set introduced in Example 3.

Proposition 2. (Perfectness proposition for simplicial sets of simplicial complexes) The
simplicial set KS of an ordered finite abstract simplicial complex S is semiperfect.
Proof. See again Appendix II for the proof. O

The mixed exchange identities (34) do not cover all possible products of one of the
operators D,;, Sp; and one of the adjoint operators D,,; ™, S,,; ™. The missing products
are Dpy1iDpy1i", 0 <4 <n+ 1, Dyyoip1 780, 0 < i < n, Spy1iDpgrit, 0 < i <
n + 1 and S,; 7S, 0 < i < n. Some of these products will reemerge as elemental
terms in the expression of the simplicial Hilbert Laplacians studied in Subsection 3.3.

Every morphism ¢ : X — X’ of parafinite simplicial sets X, X’ (cf. Definition 2)
also has a simplicial Hilbert encoding.

Definition 17. The morphism operators @, : 7, — A", n >0, of ¢ are

D= 2 |pnon) (ol (41)

on€Xn

By the relations (4) and (27), (28), the &,, satisfy

®p_1Dyi — D' pi®p =0 if0<i<n (42a)
By 150 — S'ni®n = 0 if0<i<n (42b)

The Equation (42) are identical in form to the simplicial morphism relations and
for this reason are referred to as the simplicial Hilbert morphism identities.
Again, the Hilbert dagger structure of the .77, 7", allows us to define the adjoint
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operators &, : ', — £, n > 0, which in terms of the simplex basis read

et = 2 20 Jwn) (o'l 43)
0'n€X n Wn€Xn,Pprnwn=0"n
The &, obey the identities following from Equation (42) by adjunction. They
have the same form as the Equation (42) except for the reversed order of the factors and
are therefore called cosimplicial Hilbert morphism relations.

3.2. The simplicial Hilbert space of a simplicial set

In this subsection, we shall show how the Hilbert space encoding of a simplicial set
described in Subsection 3.1 can be naturally represented as a simplicial Hilbert space.

The category fdsHilb of finite dimensional simplicial Hilbert spaces and operators
is described as follows. An object 77 of fdsHilb is a collection {77, Dy;, Sni}
consisting of finite dimensional Hilbert spaces .77;, together with face and degeneracy
operators D,,; : S, — Hy_1, Sni : 5 — H;41 obeying the simplicial Hilbert
identities (33). A morphism @ : % — #” of fdsHilb is a collection of linear operators
&b, : S, — A, satisfying the simplicial Hilbert morphism identities (42).

The category fdsHilb is bimonoidal, its two monoidal products being given by

degreewise direct product and sum ® and . Explicitly, ® and & act as follows. Let 57,
' be finite dimensional simplicial Hilbert spaces. Then, 77 ® " is the simplicial
Hilbert space with 77 @ #", = #;, @ A", D ® D'y = Dy @ D'y, S ® 8" =
Spi @ S'ni. Similarly, 7 & ' is the simplicial Hilbert space with 57 @ 7, =
Iy ® Iy, D& D'y = Dy @ D'y, S® S i = Spi @S ni. Let @ 2 A — A,
&' . A" — 7" be morphisms of finite dimensional simplicial Hilbert spaces. Then,
SRP AR A — A" @ A" is the simplicial Hilbert space morphism given by
dRP, =0, ,. Equally, dd ' : 7 & H#" — A" & " is the simplicial
Hilbert space morphism such that ® ¢ &', = &,, & &',.

We shall treat fdsHilb as a strict bimonoidal category, not completely rigorously,

neglecting the fact that the direct multiplication and summation of Hilbert spaces and
operators are associative and unital only up to natural isomorphisms only.

In Subsection 3.1, we have detailed a construction that associates with every
parafinite simplicial set X the simplex Hilbert spaces .77;, and the face and degeneracy
operators D,,;, Sy; given by Equations (27) and (28). The simplicial Hilbert identities
(33) obeyed by the D,,;, Sy; entail that the Hilbert data collection {.7,, Dy;, Sy}
constitutes a finite dimensional simplicial Hilbert space .7#°. We have also shown that
with any morphism ¢ : X — X’ of parafinite simplicial sets there are associated linear
operators ®,, mapping .74, to .7, given by Equation (41). By the simplicial Hilbert
morphism relations (42) the &,, obey, the operator collection {®,,} forms a morphism
& : A — ' of the simplicial Hilbert spaces 7, 7" of X, X'. The correspondence
X = and ¢ : X — X' — & # — ' is further compatible with morphism
composition and identity assignment. We have thus constructed a functor from the
category pfsSet of parafinite simplicial sets into the category of finite dimensional
simplicial Hilbert spaces fdsHilb.

Definition 18. The simplicial Hilbert functor is the functor b : pfsSet — fdsHilb

20
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described in the previous paragraph.

The functor h enjoys a nice property.

Theorem 3. The simplicial Hilbert functor by is bimonoidal.

Essentially, this states that h maps the bimonoidal product structure of pfsSet,
consisting of Cartesian multiplication and disjoint union (cf. Subsection 2.1), into
that of fdsHilb, comprising direct multiplication and summation. The most significant
categorical features of parafinite simplicial sets are so reproduced in the appropriate

form by finite dimensional simplicial Hilbert spaces.

Proof. We provide only a sketch of the proof. Let X, X’ be simplicial sets and let 77 =
h(X), " = H(X’) be their simplicial Hilbert spaces. Consider now the Cartesian
product X x X’ of X, X’ (cf. Definition 3) and its associated simplicial Hilbert space
H x ' = h(X x X'). There exists a simplicial Hilbert isomorphism A : J# x
H' = H @ A of A x A and the direct product 2 @ H' of A, H'. At
degree n, A is defined by A,|op,0'n) = |on) ® |o’y) with o, € X, o/, € X/ss.
This furnishes the identification 7 x ¢’ ~ 3 ® ' by which we conclude that
H(X x X') ~ h(X) ® h(X’). Consider likewise the disjoint union X” = X U X’ of X,
X' (cf. Definition 4) and its associated simplicial Hilbert space 77" LI.7#" := h(X L X').
There exists a simplicial Hilbert isomorphism X : 52 U ¢ = @ A" of A LA
and the direct sum 7 @ #" of 7, #”'. At degree n, X is defined by the expressions
Yolon) = lon) @0, Xplo’n) = 0 |o/y) for o, € X, 0’y € X', respectively.
This leads to the identification 77 LI #’ ~ 2 & ' from which it is concluded that
H(X U X') =~ §(X) & h(X").

Letgp : X — X", ¢/ : X’ — X" be morphisms of simplicial sets and let & =
h(®), @' = h(¢') be the associated simplicial Hilbert space morphisms, so that, setting
H =h(X), " =hX"), A" =b(X"), A" =b(X"), wehave § : H — H",
&' . A" — A", Consider now the Cartesian product o x ¢’ : X x X' — ¢’ + X" x X"
and disjoint union of @ LI ' : X U X' — ¢ : X" U X" of ¢, ¢’ (cf. Definitions 3
and 4) and their associated simplicial Hilbert space morphisms @ x @' := h(p X ¢’)
and @ U := h(p U ¢'). Then, we have & x &' : A x H#' — A" x H#" and
SUP U — A" A", Using the isomorphisms we introduced in the
previous paragraph, A : € x ' = H @ H', AN - A x A = A @ A
and X : HUA = A @A, 2 A" LA = A" A", we find then that
OxP ~PdRP and PP ~ PP It follows that h(p x ¢') ~ h(p) ® hy') and
(e U ¢') = b() @ () as required.

The category fdcsHilb of finite dimensional cosimplicial Hilbert spaces and
operators is defined analogously to its simplicial counterpart. An object 7 of fdsHilb
is a collection {77, D¢ni, Seni } consisting of finite dimensional Hilbert spaces .7, and
coface and codegeneracy operators De; : 51 — 5, Seni @ Hpr1 — 5, obeying
the cosimplicial Hilbert identities, relations of the same form as Equation (33) except
for the order of the factors which is inverted. A morphism @ : 7' — 7 of fdsHilb
is a collection of linear operators @, : "', — #;, satisfying the cosimplicial Hilbert

morphism identities, relations of the same form as Equation (42) except again for the
reversed order of the factors.
Just as fdsHilb, the category fdcsHilb is bimonoidal, its two monoidal products

21
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being given again by degreewise direct product and sum ® and @. The explicit
expressions ® and @ take in fdcsHilb and are essentially the same as they do in fdsHilb,
which was detailed above.

Itis easy to see that the dagger autofunctor * of the finite dimensional Hilbert space
category fdHilb, which implements operator adjunction, induces a dagger isofunctor
* . fdsHilb — fdcsHilb®, where the superscript °° denotes opposite of a category.

T associates with every simplicial Hilbert space 57 = {,, Dp;, Sp;} its adjoint
cosimplicial Hilbert space 7 = {7, D,,; T, Spi T } and with every simplicial Hilbert
operator & = {®,} its adjoint cosimplicial Hilbert operator #+ = {&,*} with
Ot AT — AT it D . A — . The functor T preserves direct multiplication
and summation and is therefore bimonoidal. The categories fdsHilb, fdcsHilb°? can
therefore be identified.

We can compose the simplicial Hilbert functor b and the dagger isofunctor *
just introduced to obtain a functor h. : pfsSet — fdcsHilb®? from the parafinite

simplicial set category pfsSet into the opposite finite dimensional cosimplicial Hilbert

space category fdcsHilb°?. By means of h., we can associate with any parafinite
simplicial set X a finite dimensional cosimplicial Hilbert space # ", the adjoint of
the simplicial Hilbert space .7# assigned to X by h. Similarly, we can associate with
any morphism ¢ : X — X' of parafinite simplicial sets a cosimplicial Hilbert operator
&t . AT — AT, the adjoint of the simplicial Hilbert operator & : 7 — '
assigned to ¢ by h. We shall call . the cosimplicial Hilbert functor.

In this way, parafinite simplicial sets have both a simplicial and a cosimplicial
encoding related by the dagger isofunctor. This dagger structure provides the formal
framework for the analysis of the unitarity of the simplicial Hilbert operators associated
with the simplicial set morphisms arising in reversible simplicial computation (cf.
Subsection 3.6 below).

We conclude this subsection with the following remark. Let X be a parafinite
simplicial set with associated simplicial Hilbert space 7. Suppose that the Hilbert
structure of the spaces .77;, is forgotten so that the .77, are regarded just as sets and the
operators D,;, Sp; as maps. Then, the simplicial Hilbert encoding maps ¢, : X, —
S, given by s, (0y,) = |o,) are the components of a simplicial set monomorphism
» : X — J as follows from Equations (27) and (28). The morphism sz will enter the

discussion of truncation and skeletonization of simplicial sets in Section 4.

3.3. The simplicial Hilbert Hodge Laplacians and their properties

In this subsection, we shall study in some depth the simplicial Hilbert Hodge
Laplacians and their properties having in mind the problem of the computation of the
simplicial homology spaces of a simplicial set analyzed later in Subsection 3.4. We shall
do so from a perspective more general than that strictly required by such a problem,
considering three kinds of Laplacians. The reason for proceeding like so is twofold.
First, as a way of achieving a broader and more complete understanding of the quantum
simplicial operator framework developed in the preceding subsections. Second, for
its potential relevance in a reinterpretation of the simplicial Hilbert structure as an
instance of N = 4 supersymmetric quantum mechanics on the lines of the analogous

22



Journal of AppliedMath 2025, 3(4), 3011.

formulation of the quantum simplicial complex framework of Ref. [17] as an instance
of N = 2 supersymmetric quantum mechanics proposed and studied in Refs. [34],
though we shall delve into this matter in the present work.

We begin by introducing simplicial Hilbert homological operators which will be
key in the study of simplicial Hilbert homology later in Subsection 3.4.
Definition 19. The simplicial Hilbert face boundary operators Qpy, : F;, — 71,
n > 1, and degeneracy coboundary operators Qg,, : 7, — Hp1, n > 0 are given

by

Qpon= 2. (-1)'Dy (44)
0<i<n

Qsn= 2o (~1)'Su (45)
0<i<n

The Q py, @ sy are the building blocks of the simplicial Hilbert Hodge Laplacians.
Definition 20. The face, mixed and degeneracy simplicial Hilbert Hodge Laplacians
are the operators Hpp,, : ¢, — €, n > 0, Hgpy, : 5, — H5_o, n > 2, and
Hggy, : 76, — 56, n > 0 given by

Hppn = Qpn Qpn + Qpnt1Qpn1™ (46)
Hspn = Qsn—2"Qpn + Qpn-1Qsn—1" 47)
Hgssn = Qsn Qsn + Qsn—1Qsn—1" (48)

Above, it is tacitly understood that the first term on the right hand side of Equation
(46) and the second term on the right hand side of Equation (48) are absent when n = 0.
We observe that the Hpp,,, Hssy, are Hermitian while the Hgp,, are not.

The Hppn, Hpsn, Hssy can be expressed through the basic face and degeneracy
operators D,,;, Sp; and their adjoints D,,; ™, S,,;* on account of Equations (44) and

(45). The resulting expressions of Hpp,, Hpsn, Hssy, exhibit a similar structure:

Hppn =Yppn +Yppn™ + Hppn (49)
Hspn = Yspn + Ypsn2" + Hspn (50
Hssn = Hssp, (5D

Here, Yppn, YDsn, Tspn, are operators directly related to the defects ADPD nijs
APS nigs ASP nij introduced in Subsection 3.1 and given by Equations (35a)—(35c¢),

,)5N,1<]
Tosn = _ jg - (1) AP, (52b)
Tsp, = > (—1)*7 AP, (52¢)

0<i,j<n,it1<j

Above, Tppg = 0 by convention. We note here that V' pg,,, 1's pn, vanish when X
is a semiperfect simplicial set and that 7pp,, also vanishes when X is a quasi perfect
simplicial set (cf. Definition 16). A term of the form Ysg, + Y55, depending in an
analogous manner on the defects ASS nijs ASS mﬁ does not appear in the expression
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of Hgg, in Equation (51), because the Assmj always vanish by the no degeneracy
defect Theorem 2. The operators H O pons Hspn, Hssy, instead are not reducible to
the defects and are genuinely new. They provide additional structure to our quantum
simplicial framework. In particular, they involve all the missing products that are
Dypi1iDpi1it,0<i<n+1,Dp12i11750,0<i<n,S,11iDni1i7,0 <i < n+l
and S;;*Spi, 0 < i < n not covered by the mixed exchange identities (34).

The operator H® pp,, is Hermitian. H°pp,, can be expressed through two sets of
elementary operators. The first set consists of the operators

Qi = Dyi1iDngri™ (53)

with 0 < ¢ < n + 1. The §2,; are clearly Hermitian. A simple application of the basic
expressions (27), (29) shows that the (2,,; are diagonal in the simplex basis |0}, ),

Qni= 2= |00)|Dntri(on)|{on] (54)

on€Xn

So, for every ¢ and n-simplex o,,, {2,,; counts the number of n + 1-simplices wy, 1

whose ¢-face is o,,. The second set is constituted by the operators

Tni = Dpi1is1Dngri™ (56)

with 0 < ¢ < n. Above, we conventionally set @yg = 0. The ©,; are Hermitian,
whilst the [7,; are not. Another straightforward application of (27), (29) furnishes the

following formulae:

Oni= 2 Yo Jwn) o]

on€Xn UJnEDni(dniUW)
Fni — Z ‘wn”Dn-l—li(Jn) N Dn+1i+1(wn)|<0—n‘

O'nywnexn

(57

Hence, for each ¢, ©,,; detects all the pairs o, w, of n-simplices sharing the i—face
whilst I',; provides information about the number of n + 1-simplices w41 having o,
wy, as their ¢, ¢ + 1-th faces. We note that for n > 1, owing to the simplicial relation
(2a), the effective summation range of I,,; consists of pairs o,,w, € X, such that
dpiwn = dn;oy, and thus it is contained in the summation range of O,;.

The operator H pp,, is given by a sum of operator products of the kind appearing
on the right hand side of Equations (53), (55) and (56). H°pp, is in this way
expressible in terms of the operators (2,,;, Op;,

Hoppn= 22 Qi+ 22 (Oni—Tni— ') (58)
0<i<n+1 0<i<n
H%pp,, so encodes all the information about face relations in the underlying
simplicial set X that the (2,,;, ©,; and I,; do.
The operators H gp,, and the Hermitian operators H g5,, have a more elementary
structure. They are reducible to a common set of elementary orthogonal projectors as
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we now show.

For 0 < i < n, the operator S,,; is an isometry of .7, into 7,1,
SnitSni = 1p (59)

This follows immediately from the expressions (28), (30) of S,;, Sp; ™ and the
fact that the sets S,;(0p,+1) defined in Equation (32) contain at most one element.
Consequently, S,,;Sp; ™ is the orthogonal projector on the range ran S,; of S,;.

In general, the Hermitian operators

i = Sp—1iSn—1i" = Snit17Sni = Sni T Snit1 (60)

where 0 < ¢ < n — 1, are orthogonal projectors in 7Z,. The identity of the three
expressions of IT,,; follows from the S—S™ exchange identities (34d). It is simple to
verify using (28), (30) that the I1,,; are diagonal in the simplex basis |0y, ),

o= 2 |0w)|Su-1i(00)l(0] (61)
on€Xn
Since |S,,—1i(0p)| < 1, for fixed i I1,,; detects whether a given n-simplex o, lies
in the range of s,,_1; or not. The I],; evidently commute pairwise. The I1,; do not
furnish however a resolution of the identity of .77, because I1,,;11,,; # 0 in general for
i # j. Via the projectors IT,,;, the adjoint degeneracy operators S,,; ™ are reducible to
the face operators D,,;, since

Spi™ = Dpt1illns1i = Dygtipr i1 (62)

as follows immediately from Equation (33c).
The operators H O¢pn, Hsgy, are expressible in a simple manner in terms of the

projectors I1,,;,

Hbgn= 2= Dy 1iDpis1llyi— 2=  Dyp1ill,_1iDnis1 (63)
0<i<n-—-1 0<i<n—2

Hossn=(n+ D1y = 2. Iy (64)
0<i<n—1
The second term on the right hand side of Equation (64) is conventionally set to 0
for n = 0. The verification of these identities is straightforward enough from Equations
(59) and (62).

3.4. Simplicial Hilbert homology

In Subsection 2.3, we showed that a chain complex can be associated with any
simplicial group. This scheme can be applied in particular to the simplicial Hilbert
space of a parafinite simplicial set introduced in Subsections 3.1 and 3.2, adding
new elements to our analysis. In fact, the richness of the operator structure of the
quantum simplicial framework enables one to introduce several types of simplicial and
cosimplicial Hilbert homology and cohomology. Since simplicial Hilbert theory is just
a special codification of standard simplicial set theory, we expect that eventually we
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shall recover the ordinary simplicial homology of the underlying simplicial set, if we
succeed, and no more. This is indeed the case: all the homologies and cohomologies
that can be constructed turn out to be either trivial or isomorphic to simplicial homology.
This subsection is devoted to the illustration of such construction.

Let X be a parafinite simplicial set and let 7 be its associated simplicial Hilbert
space. The application of the homological set-up of Subsection 2.3 to J# seen as a
simplicial Abelian group yields a simplicial chain complex, the simplicial Hilbert face
chain complex (,Qp). Its chain spaces are the Hilbert spaces .7,; its boundary
operators are the simplicial Hilbert face boundary operators ) p,, n > 1, defined in
Equation (44). As is readily verified also using the simplicial identities (33a), the Q) p,,

do indeed obey the basic homological relations (15) reading currently as

QDnQDnJrl =0 (65)

Associated with (7, Qp) there are then the simplicial Hilbert face homology
spaces Hp,, (7)) = kerQpy/ran Qp,1 with n > 0, where kerQpg = ) by
convention.

Similarly, the application of the homological set-up to the cosimplicial Hilbert
space 77+ seen as a cosimplicial Abelian group yields a cosimplicial cochain complex,
the cosimplicial Hilbert face cochain complex (1, Qp™). Its cochain spaces are the
Hilbert spaces .7,; its coboundary operators are the adjoints Q) p,, ™ of the simplicial
Hilbert face boundary operators Q p,,. The Q p,, ™ obey indeed cohomological relations
following from the Equation (65) by adjunction and identical to these but for the order
of the factors of the operator products. Associated with (#+, Qp™) there are then the
cosimplicial Hilbert face cohomology spaces Hp™ (") = ker Qpni1t/ranQp, ™+
with n > 0, where ran Qoo™ = 0 by convention.

Consider a morphism ¢ : X — X’ of the parafinite simplicial sets X, X'. As we
have seen in Subsection 3.2, with ¢ there is associated a morphism @ : % — '
of the simplicial Hilbert spaces %7, 7' of X, X’. In the spirit of the homological
theory of Subsection 2.3, this can be regarded as a morphism of simplicial Abelian
groups. A morphism of chain complexes is then yielded, the associated morphism of
simplicial Hilbert chain complexes @ : (#,Qp) — (#',Q'p). Its components are
the operators &,, given by Equation (41), By virtue of Equation (44), the ¢,, do indeed
obey the identities (18), reading here as

@nfl QDn = Q/Dndsn (66)

Similarly regarding the morphism &* : J#'* — " of the cosimplicial Hilbert
spaces J't, At of X', X as a morphism of cosimplicial Abelian groups, we find
a morphism of cochain complexes, the associated morphism of cosimplicial Hilbert
cochain complexes T : (', Q'pt) — (AF,Qp™). Its components &, T, given
by Equation (43), satisfy indeed the adjoints of relations (66). ®, T hereby give rise
to morphisms @, : Hp, () — Hp, (') and & : Hp™(#'T) — Hp" ()
of the associated Hilbert face homology and cohomology spaces.

The computation of the homology/cohomology spaces Hp, (), Hp™ (™)
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can be carried out by mimicking that of the de Rham cohomology spaces of closed
Riemannian manifolds in Hodge theory: it reduces to the determination of the kernels
of appropriate simplicial Hilbert Hodge Laplacians [17].

Theorem 4. (Simplicial Hilbert face Hodge theorem) For n > 0, the isomorphism

HDn(%) ~ HDn(jf+) ~kerHpp, withn >0 67)

holds, where Hp p,, is the face simplicial Hilbert Hodge Laplacian (cf. Equation (46)).
Proof. The proof of Theorem 4 is based on the finite dimensional Hodge theorem.
Although this theorem is well-known, we provide a simple proof of it in Appendix
III for the reader’s benefit. U
On account of Equations (24), (27) and (44), the face chain complex (.77, Qp)
is manifestly isomorphic to the simplicial chain complex (C(X,C), d) with complex
coefficients of the simplicial set X. At degree n, the isomorphism is given by the chain
encoding map s, : C,(X,C) — 7, engendered by the simplicial encoding map
introduced at the end of Subsection 3.2. Such isomorphism translates into one of the
corresponding homology spaces leading to the following.
Theorem 5. The simplicial Hilbert face homology and the cosimplicial face
cohomology are isomorphic to the simplicial homology of the underlying simplicial set

X with complex coefficients: for n > 0
Hpn () = Hp™ (A7) = Hy(X, C) (68)
Consequently, one has
H,,(X,C) ~ ker Hppn (69)

Consider again a morphism ¢ : X — X’ of the parafinite simplicial sets
X, X'. ¢ gives rise to a morphism ¢ : (C(X,C),0) — (C(X’,C),d") of the
complex simplicial chain complexes of X, X’ (cf. Subsection 2.3, Definition 11)
and by virtue of this a morphism ¢,,, : H,(X,C) — H,(X’,C) of the associated
complex simplicial homology spaces for each n. Evidently, the simplicial Hilbert
homology and cohomology space morphism ., : Hp, () — Hp,(#") and
@t . Hp™(H#'T) — Hp"(H#T) we have constructed earlier are the simplicial
Hilbert encoding of the simplicial homology morphisms ¢.,.

As anticipated at the beginning of this subsection, the quantum simplicial
framework is characterized by further homology and cohomology spaces, which we
briefly illustrate next. Such spaces can be shown to be trivial, as expected also on
general grounds. The uninterested reader can skip this discussion and move directly to
the last paragraph of this subsection, if he/she wishes so.

In Subsection 3.3, we have also introduced the simplicial Hilbert degeneracy
coboundary operators (Qg,,. Using the simplicial identities (33e), it is not difficult to
show that the operators (g, obey the basic cohomological relations

Qsnt+1Qsn =0 (70)
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Exploiting the simplicial identities (33b)—(33d), one finds in addition that the (g,
satisfy a further relation,

QSn—lQDn + QDn+1QSn =0 (71)

involving the simplicial Hilbert face boundary operators () p,, considered earlier. In
this wise, the () p,, are part of a broader homological structure including the Qg,.

By virtue of relations (70), the simplicial Hilbert space .77 of X underlies the
simplicial Hilbert degeneracy cochain complex (J#,Qg) with cochain spaces .77,
and coboundary operators (Jg,. Associated with this there are the simplicial Hilbert
degeneracy cohomology spaces Hg" (%) = ker Qg / ran Q g, —1 forany n > 0, where
ran Qg_1 = 0 conventionally.

Similarly, by the adjoint of relations (70), the cosimplicial Hilbert
space T of X supports the cosimplicial Hilbert degeneracy chain complex
(AF,Qs™) with chain spaces %, and boundary operators Qg,". Associated
with this there are the cosimplicial Hilbert degeneracy homology spaces
Hgn (7)) = kerQgn_11/ranQg, ™ forany n > 0 withkerQs_1 " = 4.

Let ¢ : X — X’ be a morphism of the parafinite simplicial sets X, X’. The
components &,, of the attached simplicial Hilbert space morphism @ : 7% — #” obey
relations (42b). Consequently, by Equation (45), the &,, also obey the identities

¢n+1QSn = Q/Sn@n (72)

Owing to Equation (18), the &, define then a morphism & : (J,Qg) —
(A#',Q's) of cochain complexes. In the same way, by virtue of the Hilbert dagger
structure, the components @,, of the adjoint morphism @ : J#'T — 77T give rise
to amorphism @t : (T, Q's™) — (#T,Qs™) of chain complexes. One has in this
wise morphisms @," : Hg" () — Hg" (") and &1*,, : Hgp, (') — Hgpn ()
of the associated simplicial and cosimplicial Hilbert degeneracy cohomology and
homology spaces.

In spite of the formal similarities of the homology/cohomology spaces Hp,, (4¢),
Hp" (") and the cohomology/homology spaces Hg" (), Hg, (1), while the
former are generally non trivial, the latter always are, in accordance with our
expectations, as we show next.

The computation of the spaces Hg" (), Hg, (7 1) is again reduced to the
determination of the kernels of appropriate simplicial Hilbert Hodge Laplacians. The
triviality of the Hg" (), Hg, (22 ) is an immediate consequence of that of such
kernels.

Theorem 6. (Hilbert degeneracy cohomology and homology triviality theorem) The

simplicial Hilbert degeneracy cohomology and homology spaces are trivial,
Hg" () ~ Hgy (A7) ~0 (73)

forn > 0.
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Proof. By the finite dimensional Hodge theorem, proven in Appendix III, we have
Hs" () ~ Hgy (1) ~ ker Hgsp, (74)

for n > 0, where Hgg, is the degeneracy simplicial Hilbert Hodge Laplacian (cf.
Equation (48)). The result follows by showing that ker Hgs,, = 0. See Appendix
IV. O

A simplicial degeneracy cochain complex (C(X,C),6) can be built also in
standard simplicial theory with no reference to its eventual Hilbert space encoding
alongside the face chain complex (C(X,C),0). While the complex (C(X,C),0)
is contemplated and analyzed in simplicial theory, to our knowledge the complex
(C(X,C),0) has not appeared and found any application so far. The reason for this
is presumably that the homology of (C (X, C), ), which is just the complex simplicial
homology H( X, C) of X, is significant and generally non trivial, while the cohomology
of (C(X,C),6), as we have shown, vanishes. Interestingly, we have been able to
provide a completely quantum Hilbert space proof of this fact.

From now on, for the reasons explained above, we concentrate on the simplicial

Hilbert face homology, which we shall call simply simplicial Hilbert homology.

3.5. Normalized simplicial Hilbert homology

The determination of the simplicial homology H(X,C) of a parafinite
simplicial set X via that of the isomorphic simplicial Hilbert homology Hp ()
is computationally more costly than necessary, as it involves also the subspaces of
the simplex Hilbert spaces spanned by the degenerate simplices (cf. Subsection 2.1,
Definition 6), which are homologically irrelevant by the normalization Theorem 1.
In this subsection, we shall explain how this redundant degenerate structure can be
disposed of in our formulation opening a cheaper route to the homology computation.

Definition 21. Forn > 0, the degenerate n-simplex space is
S, = Z?;ol ran Sp,_1; (75)

where 5763 = 0 by convention.

The expression on the right hand side of Equation (75) denotes the linear span of
the ranges of the operators S,,_1;. %77, is therefore the subspace of .77;, spanned by the
degenerate n-simplex vectors as alluded to by its name.

By the isomorphism of the chain complexes (C (X, C), d) and (.27, Qp) disclosed
in Subsection 3.4, the fact that the simplicial boundary operators of X preserve the
subspaces of complex degenerate chains of X recalled in Subsection 2.3 translates into
the property that the face boundary operators of 7 preserve the degenerate simplex
subspaces of . So, for each n > 1 Qp, %5, C 5, 1. Let 5, = H,//;,. An
operator QQ Dn - Hp, — A1 is then induced by @ pn, which obeys the homological
relation Qp,,,_1Qp, = 0 (cf. Equation (65)). We have in this way a chain complex
(A,Qp) called the abstract normalized simplicial Hilbert face complex of X below.
The associated abstract normalized simplicial Hilbert homology spaces are Hp,, ()
= ker Qp,/ran Qp, 1 with n > 0 (with ker Q pq = H#).
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Theorem 7. For every n > 0, one has

HDn(%) = Hn(Xa (C) (76)

Proof. The chain complexes (C(X,C),d) and (7, Qp) are isomorphic. Further, by
Equation (75), for each n we have *C,, (X, C) ~ %7,. The normalized chain complexes
(C(X,C),0) and (7, Qp) are also isomorphic and so H, (X, C) ~ Hp,, (7). By the
normalization Theorem 1, H, (X, C) ~ H, (X, C). (76) then follows. O

The isomorphism (76) offers an alternative way of computing the simplicial
homology of X, which is less expensive in that it does away with degenerate simplices.
The modding out of these latter is however hardly implementable algorithmically by its
abstract form. A full operator formulation is necessary for that purpose.

With the above in mind, we introduce the orthogonal projector I, on the
degenerate n-simplex space “#;,. An expression of II,, can be obtained in terms of

the orthogonal projectors I1,,; introduced in Equation (60): one has

m,=1,— Il (1,-m) (77)
0<i<n—1
for n > 0 with I1y = 0 by convention. The reader is referred to Appendix V for some
details about the derivation of this formula.
We now introduce another Hilbert complex closely related to the normalized
Hilbert complex (%, @D). Forn > 1, let ¢, = 5+, where * denotes orthogonal
complement, and let °Q) p,, : 9%, — <, _1 be defined by

CC?Dn = (1n—1 - Hn—l)QDn (78)

<

The “Q p,, satisfy the homological relation “Qp,_1°Qp, = 0. The reader is
referred again to Appendix V for some details about the derivation of this identity. We
have consequently a chain complex (77, Q) p) which we shall denominate the concrete
normalized simplicial Hilbert face complex of X in the following. The associated
concrete normalized simplicial Hilbert homology spaces with n > 0 are defined as
Hp, () = ker “Qpn/ ran “Qpp 41 (With ker “Qpo = 4).

The following result shows the isomorphism of the two homologies we have
introduced above.

Proposition 3. The abstract and concrete simplicial Hilbert face homologies are

isomorphic: for every n > 0, it holds that

HDn(%) ~ HDn(ij) (79)

Proof. The proof of the isomorphism (79) can be achieved by constructing a chain
equivalence of the abstract and concrete Hilbert complexes (7, Qp), (“#,°Qp). The
chain equivalence consists of a sequence of chain operators I,, : J&, — %%, Jy, :
H,, — H,,n > 0, such that the composite operators J,, I,,, I,,J,, are chain homotopic
to 1,, ¢1,, respectively. The property of I,,, .J,, being chain operators is just I,, J,,
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satisfying the relations

In—l@Dn = cQDnIn (803)
JnflcQDn = @Dnt]n (SOb)

for n > 1. The chain homotopy of J,, I,,, I, J,, and 1,,, “1,, descends from the existence
of operators W, : A, — Hpi1, ‘W, : S, — H;, 1 such that

JnIn - Tn = @Dn-HWn + Wn—l@Dn (813)
Ian - Cln = CQDnJrlCWn + CanlcQDn (81b)

for all n > 0, where the second term on the right hand side of both relations is absent

when n = 0. The diagram

%1 C\?Dl %0
XJl CWO Io | §J0 (82)
Wi
g

‘Qp3 e ‘Qp2 4 ‘Qp1

represents graphically the operator structure described above.

The chain equivalence I,,, J,, has the following explicit form. I, is the operator
from J7,, to %%, induced by the orthogonal projector 1,, — IT,, by virtue of the fact that
s, = ker(1,, — II,,). J, is the canonical projection of 5%, onto #,,. In Appendix
V it is shown that I,,, .J,, are both chain operators and are chain homotopic to 1,, €1,
as required. O

The isomorphism (79) presumably reflects an equivalence of categories of
finite dimensional simplicial Hilbert spaces, fdsHilb, and the category of chain
complexes of finite dimensional Hilbert spaces, ChfdHilb, as a version of the Dold-Kan
correspondence [59-61]".

Because of the isomorphism (79), we shall no longer distinguish the abstract and
concrete simplicial Hilbert homologies.

The following theorem is the main result of this subsection.

Theorem 8. (Normalized simplicial Hilbert homology theorem) For all n > 0,
Hp, (%) ~ H,(X,C) (83)

Proof. The homology isomorphism (83) follows readily from the isomorphisms (76)
and (79). O
The isomorphism (83) provides an alternative pathway to the determination of the
complex simplicial homology of the simplicial set X grounded on normalized simplicial
Hilbert homology. As for the non normalized homology studied in Subsection 3.4, the
normalized homology can be computed via finite dimensional Hodge theory.

Definition 22. The normalized simplicial Hilbert Laplacians are the operators
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“Hppn : &, — ¢, n > 0, given by

“Hppn = “Qpn “Qpn + “QDnt1°QDni1 ™" (84)

Above, it is tacitly understood that the first term on the right hand side of Equation
(84) is absent when n = 0.

The following theorem, like Theorem 4, relates the normalized simplicial Hilbert
homology spaces to the kernels of the normalized simplicial Hilbert Laplacians.

Theorem 9. (Normalized simplicial Hilbert Hodge theorem) The isomorphism

Hp, () ~ ker “Hppn, (85)
holds for every n > 0. Consequently

H,(X,C) ~ker°Hppn (86)

Proof. The proof of Theorem 9 is based again on the finite dimensional Hodge theorem
reviewed in Appendix III. O

The isomorphism (85) provides a potentially more efficient way of computing the
simplicial homology H(X, C) of X with complex coefficients than the isomorphism
(69), as by virtue of it non degenerate simplices have been effectively excised.

We conclude this subsection by presenting explicit expressions of some of the
operators introduced above for their relevance and later usefulness. In what follows,
“Xn = Xpn \ X, denotes the set of non degenerate n-simplices of X. The normalized

simplicial Hilbert face boundary operator Q) p,, reads as

‘Qpn = 2. (_1)i 2. |dnion) (o] <, (87)
0<i<n 0n€°Xn,dnion € Xn—1 o
The adjoint °Q p, " of °Q p,, is similarly given by
Qo= 2 (17 X 2 jwn)(onlle, . (88)
0<i<n On—1€Xn—1 wn€Dni(on_1)NXy "
Finally, the normalized simplicial Hilbert Laplacian “ Hp p,, takes the form
“Hppn = 2. (=1)"" 2 2 [wn){onl| e
0<i,j<n 0n€Xn, dnjon€°Xn-1 wn€Dni(dnjon)NXn o (89)
+ > (—1)i+j > > |dnt1iwnt1) (o0 A
0<i,j<n+1 On€°Xn Wnt1€Dn+1;(00)NXn, dnt1iwn+1€Xn "

These expressions follow by straightforward calculations from relations (27), (29)
and (44) and the identity IT,, = >, ccx. |on){on].

3.6. Simplicial quantum circuits

In this section, we introduce the notion of simplicial quantum circuit, a special kind
of quantum circuit naturally emerging in the quantum simplicial set-up and capable in

principle of performing meaningful simplicial computations.
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Our treatment will be admittedly idealized. We shall assume, in fact, not very
realistically, that no ancilla registers and no intermediate measurements are involved.

We consider again a parafinite simplicial set X and the associated simplicial
Hilbert space 2.

The simplicial quantum register of X is a pre-Hilbert space () that stores all
the simplicial data of X in the same way as a quantum register is a Hilbert space C2%"
that stores all the configurations of a classical n bit string. Mathematically, 72> is

the infinite dimensional pre—Hilbert space

a> = D g (90)
0<n<oo
where the direct summation is algebraic.

Before proceeding further, it is important to emphasize the purely algebraic nature
of the simplicial quantum register. .#°(°) is indeed a formal device we introduce in
order to study simplicial quantum circuits without having to bother about the fact that
the storage capability of a computer is large but finite. In fact any finite computation
is carried out within a finite dimensional subspace .7 (") of 7#(>) for some large
N € N (cf. Equation (111)). Using .#(>) avoids putting an upper bound on
the size of the computation, that is the values of N. This simplifies the analysis
to a considerable extent. In Subsections 4.1 and 4.2 we shall tackle the problem
of the finite storage capability of a simplicial quantum computer by resorting to the
skeletonization/truncation of the underlying simplicial Hilbert space .7 to simplicial
degree N. This results in a corresponding reduction of the pre Hilbert space 2 (*°) to
the finite dimensional subspace .2 ("N).

The completion 77 of () could be considered. (°) is an infinite
dimensional Hilbert space. It is separable since it is the completed direct sum of the
denumerable family of the finite dimensional Hilbert spaces .7%;,. An orthonormal basis
is obtained by taking the union of the simplex bases |o,,) of the .7, for all n. Note
however that switching from .7(>) to 77(>) is neither necessary nor useful as finite
computations take place in subspaces (V) of #() of arbitrarily large but finite
dimension. Functional analytic issues such as convergence of infinite series and domain
problems of unbounded operators indeed never arise. Everything can be described in
terms of finite dimensional linear algebra, though in varying dimensions.

A simplicial quantum circuit is a quantum circuit based on the register .7#(>),
whose functioning is compatible with the structure of the underlying simplicial set X.
Mathematically, so, a simplicial quantum circuit is a unitary operator U € U(#(>))
that satisfies certain simplicial conditions.

Definition 23. 4 simple simplicial quantum circuit is a collection of unitary operators
U, € U(s4,) with n € N such that

U,-1D,; = Dy; U, for 0<i<n 1)
Un+lSni = SnlUn fOl’ 0<:<n (92)

In the language of simplicial Hilbert theory, a simple simplicial quantum circuit
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{U,} is therefore a simplicial unitary operator of the simplicial Hilbert space 7 (cf.
Equations (42)). Intuitively, for each n the operator U,, embodies a quantum circuit
implementing a reversible computation involving the simplices of X,,. For the above
notion to be really meaningful, the computations performed for the various values of
n should have the same simplicial nature and be compatible with the simplicial face
and degeneracy relations occurring between the underlying simplicial data. These
properties are precisely codified by relations (91) and (92).

A simple quantum circuit {U,} can be thought of as a whole collection of

simplicial quantum gates of the form

0<n/<oco,n’#n

The unitary operator U € U(#(>)) corresponding to the circuit is

v= Il v"= & u, (94)
0<n<oo 0<n<oo

We notice that simple simplicial quantum circuits form a group U(.%#°) under
simplicial degreewise multiplication and inversion.

Simple simplicial quantum circuits can perform only computations at fixed
simplicial degree, an important limitation. We need more general circuits for more
general computations. The simplicial conditions that a general simplicial quantum
circuit obeys should be an appropriate generalization of those obeyed by simple circuits.
To formulate it, we need to introduce an appropriate notation.

For a finite subset A C N with A # (), the simplicial A-subregister is the finite
dimensional Hilbert space

Hy = D s, c ™) (95)
neA
For a finite subset A C N with A # (), we let F)4 be the set of all mappings
a : A — X with the property that oy = +1 when 0 € A, where ' = {—1,+1} is the
sign alphabet. We also set N,, = {n/|n’ € N,0 < n' <n}, wheren € N. For o € Fy
andi € ][, c 4 Ny, we define the operator X(@) e o — N

x@,, = @D xten (96)
neA

where XU . =D, X+ . =G and A+ a = {n+apne A} CN.
Definition 24. Let p € N, p > 0. A p-ary simplicial quantum circuit consists of a
collection of unitary operators Uy € U(#4) with A C N and |A| = p such that for
alloo € Fyandi €[], .4 N,

X Uy = Unypoa X g ©O7)

The simple simplicial quantum circuits introduced in Definition 23 are just 1-ary

simplicial quantum circuits.
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A p-ary quantum circuit {U 4} encodes a family of simplicial quantum gates,

v =0 D1, (98)
ngA

Unlike in the simple case, these gates generally do not commute since the
subspaces .7 may have non trivial intersections. The unitary operator U € U(#(>))
of the circuit is gotten by multiplying some subset of simplicial gates in a prescribed
order.

If {U,} is a simple simplicial quantum circuit, the operators Uy = @, c 4 Un,
A C Nand |A| = p, constitute a p-ary simplicial quantum circuit. More generally,
given a collection {U, 4., } of py-ary simplicial quantum circuits, « = 1,. .., a, one can
construct a p-ary simplicial quantum circuit {U, } withp = )" p, as follows. Every
subset A C N with |A| = p has a unique partition A = |J, A, such that A, C N
with |[A,| = p, and that for every a < 8, m € A,, n € Ag one has m < n. Then,
Us=6p oUadq-
Definition 25. A p-ary simplicial quantum circuit {U s} of the kind constructed above
is called reducible.

They are so because they have a fixed non trivial block diagonal structure on each
simplicial A-subregister.

We present now a template for generating interesting examples of simple
simplicial quantum circuits. The data of the construction are the following:
1)  apair of parafinite simplicial sets X, X’;
2)  asimplicial morphism ¢ : X — X’;
3)  astructure of simplicial group on X’.

The role played by the simplicial group structure of X’ (cf. Example 8) is essential.

We now turn to the Cartesian product X x X’ of X, X’ (cf. Definition 3). By
means of the components ¢, of ¢, we define maps ¢, : X x X', = X x X', by
setting

én(anv U/n) = (Um Uln¢n(0n)) (99)

The second component of the pair on the right hand side exhibits the product of
the simplices ¢’;,, ¢n(0r) € X'5, in the group X’,,. Unlike the ¢,,, the bn, are always
invertible, as they are injective and the sets X x X', are finite. The (Z;n constitute indeed
areversible form of the ¢,, with a structure analogous to that of similar maps employed
in reversible computation.

Since X’ is a simplicial group, its face and degeneracy maps d’,;, s'p,; are group
morphisms. Furthermore, as ¢ is a simplicial morphism, its components ¢,, satisfy
the simplicial relations (4). Exploiting these properties, it is straightforward to check
that the maps ¢3n obey (4) as well and so are the components of a simplicial morphism
é: X x X' = X x X'. Being the ¢,, invertible, ¢ is in fact an isomorphism.

We define next operators U¢n QA — AR, by

Upn = 2. 160(0ns ")) (00 ") (100)

(Un,O'/n)EXnXX/n
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where the kets | (0, 0'5,)) = |on) ® |0”,) are the n-simplex basis of 7 ® H#”,,.
Proposition 4. The operators U¢n, n € N, constitute a simple simplicial quantum
circuit U¢) of X x X'.

Proof. The U #n are unitary operators since the maps gisn are invertible. Using that qg is
a simplicial morphism, it is now straightforward to verify that the (7¢n obey relations
(91), (92) and are therefore the component of a simplicial quantum circuit l]'(z, of X x X'.
O

Indeed, the U¢n are just the components of the simplicial Hilbert automorphism
Uy : @ H' — H @ A" associated with the simplicial isomorphism é.

The eventual relevance of the construction just outlined for useful applications is
still to be clarified because of its very special nature. The example derived by it which
we illustrated next is anyway worthy of mentioning.

Example 15. Simplicial quantum circuits of a simplicial group.

Let X be a simplicial group. Since the simplex sets X, are groups, multiplication
and inversion maps fiy, : Xp X Xy, — Xy and vy : Xy, — Xy, are defined at each degree
n. The property of the face and degeneracy maps d,,;, sn; as group morphisms entails
that the (i, and 1, are the components of simplicial morphisms p : X x X — X, and
L : X — X. Application of the construction scheme illustrated above shows that with
these there are associated simplicial quantum circuits U, and U, of X x X x X and
X X X, respectively.

The challenge facing one presently is constructing irreducible simplicial quantum
circuits beyond the simple ones and more broadly to devise a classification scheme of

such circuits reflecting basic properties of simplicial set theory.

3.7. Simplicial quantum circuits and homology

In this final subsection, we shall examine the interplay of simplicial quantum
circuits studied in Section 3.6 and simplicial Hilbert homology as analyzed in
Subsections 3.4 and 3.5. Our discussion will be limited to simple simplicial quantum
circuits (cf. Definition 23), its extension to p-ary simplicial quantum circuits (cf.
Definition 24) being straightforward.

Owing to Equations (44) and (91), the components U,, of a simple simplicial

quantum circuit also intertwine the simplicial Hilbert face coboundary operators Q) p,,,

UnleDn = QDnUn (101)

and hence define by Equation (66) a unitary chain endomorphism of the simplicial
Hilbert face chain complex (.7, @ p) studied in Subsection 3.4. For each degree n, so,
there exists an automorphism of the homology space Hp,, () associated with U,, and
hence, by the isomorphism (68), also one of the simplicial homology H,,(X, C). Such
automorphism can be concretely described as follows. Relations (46) and (101) entail

that simplicial Hilbert Laplacian Hpp,, commutes with the U,,,
HDDnUn = UnHDDn (102)

By virtue of this relation it holds that U,, ker Hpp, C ker Hpp,. Under the
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isomorphisms Hp,, (%) ~ ker Hpp, of Equation (67), the resulting action of U,, on
ker Hppy, represents the aforementioned homology automorphism.

Simple simplicial quantum circuits can be analyzed in a similar fashion also in
the normalized simplicial Hilbert homological framework elaborated in Subsection 3.5,
which as we have seen is the one best suited for homology computation. Let us see this
in some detail. A straightforward verification using (60) and (92) shows that for each
n the operator U,, commutes with the projectors I1,,;. By Equation (77), U,, commutes

then also with the projector I7,,,
U,l11, = 1I,U, (103)

The degenerate n-simplex space %77, in Equation (75) is so invariant under U,
as I1, projects on °7%;,. Its orthogonal complement <77, is then invariant too, by the
unitarity of U,, and the restriction “U,, of U, to %7, is a unitary operator of <7,.
By Equation (101), the normalized boundary operator “() p,, defined in Equation (78)
satisfies then

¢ n—lCQDn = cQDnCUn (104)

Relation (104), analogously to Equation (101), shows that the circuit defines
a unitary chain endomorphism of the normalized simplicial Hilbert face chain
complex (77, Q) p) and so each circuit component U,, yields an automorphism of the
normalized homology space Hp,, (“7") and consequently, by virtue of the isomorphism
(76) again, one of the simplicial homology H, (X, C). The automorphism can be
described similarly to the unnormalized case. From Equations (84) and (104), the

normalized simplicial Hilbert Laplacian “ Hp p,, obeys the relations
C-E[DDnCUVn = cUTLC-F[DDn (105)

analogous to Equation (102). Proceeding as done earlier, one finds that the homology

automorphism is realized as an action of “U,, on ker “Hppy,.

3.8. Expected extensions of the quantum simplicial framework

In this concluding subsection, we discuss a few possible ramifications of the
quantum simplicial framework we have developed above.

In computational topology, one aims at the computation of interesting topological
invariants of a relevant topological space, in particular this latter’s homology. This
requires a simplicial model of the topological space. By its nature the model is
not unique. While the results the model provides cannot depend on its choice, the
computational effort required to obtain those results does. This brings to the forefront
the problem of reduction: given a simplicial model of a topological space, derive from
it an equivalent simpler model that yields the same results at a lower computational
cost. The natural question arises about whether reduction can be implemented in the
quantum simplicial framework elaborated in this paper.

Our simplicial set-up involves a fixed parafinite simplicial set as an input datum,
that is a collection of simplices sorted according to their degrees together with a set
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of face and degeneracy maps. By contrast, a reduction algorithm changes this datum.
A possible way of circumventing the problem arising here would be working within
a large ‘ambient’ simplicial set, in which the given simplicial set and its reductions
are contained as subsets. It remains to be seen whether this is indeed feasible and the
resource cost of a set-up of this kind does not offset the computational advantage of
reduction.

We have characterized a simplicial quantum circuit as a quantum circuit based on
the simplicial quantum register whose operation is compatible with the structure of the
underlying simplicial set. Mathematically, a simplicial quantum circuit is a collection
of unitary operators satisfying the simplicial conditions stated in Definition 23 in the
simple case and in Definition 24 in the general case. Any simplicial quantum circuit
performing an ordinary simplicial computation should satisfy the conditions listed in
those definitions. However, we ask, is any simplicial quantum circuit associated with
one such calculation?

The problem posed in the previous paragraph is in a sense one of ‘reverse
engineering’. We cannot provide a solution presently. We speculate however that a
negative answer would show the existence of new ‘quantum’ computations in algebraic
topology. Let us clarify this point. A classical computation in algebraic topology
is any computation that can be performed by a simplicial classical computer at least
in principle. All standard computations in algebraic topology, such as homology
and homotopy computations, are classical in this sense. A quantum computation in
algebraic topology is any computation that can be carried out by a simplicial quantum
computer but not by a simplicial classical computer. Therefore, a quantum computation,
if such a thing exists at all, should be something substantially novel in algebraic

topology, whose import for this discipline would have to be explored.

4. Implementation of the quantum simplicial set framework

In this section, relying on the quantum simplicial framework worked out in Section
3, we examine the problems that may arise in the implementation of simplicial set
theoretic topological algorithms in a quantum computer taking into account its finite
storage capabilities. The results found are only preliminary and the issue will require
further closer examination in future work. We present no new algorithms and limit
ourselves to formulating some necessary conditions for their working.

The issues analyzed below range from truncation and skeletonization of a
parafinite simplicial set to its digital encoding by simplex counting and parametrizing.
The way such operations are implemented in the quantum simplicial framework is then
investigated. We also outline mainly for illustrative purposes an algorithmic scheme
combining a number of basic quantum algorithms capable of computing the complex
simplicial homology spaces and Betti numbers of the simplicial set along the lines of
that of Ref. [17].

4.1. Truncating and skeletonizing simplicial sets and Hilbert spaces

Finite simplicial complexes have a finite total number of simplices. By contrast,
parafinite simplicial sets always have an infinite total number of simplices. Even the
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non degenerate simplices may be infinitely many.

Algorithms implemented on computers can process only a finite amount of input
data. Therefore, any algorithms of computational topology cannot be grounded on
a simplicial set containing infinitely many simplices but only on an approximation
of it including only finitely many of them. This is achieved by setting a cut-off on
simplicial degree so that only simplices of degree not exceeding the cut-off are kept.
This approach goes under the name of simplicial truncation. Next, we describe this
approach in more formal terms.

Fix a cut-off integer IV € N.

Definition 26. An N-truncated simplicial set X consists of a collection of sets Xy,
0 < n < N, and mappings d; : X, = Xp—1, 1 < n < N,i=1,...,n, and
Sni t Xn = Xn+1, 0 <n <N —1,¢=1,...,n, obeying the simplicial relations (2)
when defined.

Comparing Definitions 1 and 26, we realize that an N-truncated simplicial set is
much like a simplicial set except for the existence of an upper bound N to simplicial
degree.

Definition 27. A4 morphism ¢ : X — X' of N-truncated simplicial sets consists in a
collection of maps ¢y, : Xp, — X'y, with 0 < n < N obeying the simplicial morphism
relations (4) when defined.

Again, inspection of Definitions 2 and 27 reveals that the simplicial morphisms
of N-truncated simplicial sets are the truncated analog of the simplicial morphisms of
simplicial sets. The operations of Cartesian product and disjoint union extend also to
N-truncated simplicial sets. N-truncated simplicial sets form a bimonoidal category
sSet,y analogous to the bimonoidal category sSet of simplicial sets. The homology of
N-truncated simplicial sets is defined in the usual manner though it is limited to degree
n<N-—1.

There exists an obvious truncation functor try : sSet — sSet; that discards all the
simplices of degree n > N of the simplicial sets on which it acts. It can be shown that

try admits a left adjoint functor lky : sSety, — sSet, its so-called left Kan extension
[62]. The resulting composite functor sky = lkyotry : sSet — sSet goes under
the name of N-skeleton functor and can be characterized as follows. If X € sSetis a
simplicial set, then sk X is the smallest simplicial subset of X such that sky X,, = X,
forn < N and sky X,, C ?X,, forn > N, where *X,, C X,, is the subset of degenerate
n-simplices (cf. Subsection 2.1, Definition 6). In this way, sk X reproduces X in
degree n < N whilst in degree n > N it keeps only certain degenerate simplices of X.
Definition 28. A simplicial set X is called N-skeletal if X = sky X* for some
simplicial set X*.

The following property of simplicial homology is now fairly evident.
Proposition 5. Let G be an Abelian group. Then, it holds that in degree n < N — 1
H,(X,G) ~ H,(try X, G) ~ Hy,(sky X, G).

Therefore, working with the N-truncation or /V-skeletonization of a simplicial set
X rather than with X itself still allows one to recover the homology of X up to degree
N — 1 inclusive.

The above discussion can be extended in an evident fashion to simplicial objects,
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in particular to simplicial Hilbert spaces, which are our main focus.

An N-truncated simplicial Hilbert space .77 is a collection of Hilbert spaces .77,
0 < n < N, and operators D,; : 4, — Fp_1,1 <n < N,i=1,...,n, and
Sni + Iy — Hpt1,0 <n < N —1,¢=1,...,n, which constitute an /N-truncated
simplicial set when these are regarded as sets and maps of sets.

A morphism @ : 7 — #' of N-truncated simplicial Hilbert spaces consists of
a collection of linear operators &,, : .7, — ', with 0 < n < N, which constitute a
map of NV-truncated simplicial sets when they are regarded as maps of sets.

The N-truncation and N -skeletonization functors can be built also for simplicial
objects and in particular for simplicial Hilbert spaces. Hence, with any simplicial
Hilbert space s we can associate its truncation tr 7 and N -skeleton sk 72, which
have the property that try 5%, = sky 94, = 54, for n < N and sky 57, C 74, for
n > N, 572, being the degenerate n-simplex subspace (cf. Definition 21). A simplicial
Hilbert space is V-skeletal when .7 = sk .7 for some simplicial Hilbert space .77*.

In computational topology, setting a cut-off NV on the simplicial degree of the
relevant parafinite simplicial set X is tantamount to replacing X by its N-truncation
try X. try X, however, belongs to the category of [V-truncated simplicial sets, which
is related to but distinct from the category of simplicial sets. To remain within this
latter while essentially keeping the essence of the truncation operation, one needs to
consider, instead that try X, the N-skeleton sk X of X. Both the truncation try X
and the skeleton sk Xy may be viewed as an approximation of X in the appropriate
sense. In practice, one works with try X. In more formal considerations, dealing with
sk Xy may be more natural, since it allows using the analysis carried out in Section 3
simply by restricting to /V-skeletal simplicial sets.

In the quantum simplicial set framework of Subsections 3.1 and 3.2, to each
parafinite simplicial set X there corresponds a simplicial Hilbert space #. The
simplicial Hilbert encoding map, which defines the simplex basis, is a simplicial set
morphism 3¢ : X — 5. The N-truncation functor so yields a map try » : try X —
try 2 of N-truncated simplicial sets with components try sz, = ¢, for 0 < n < N,
Similarly, the N-skeletonization functor yields a map sky 3¢ : sky X — sky 57 of
N-skeletal simplicial sets with components sk s, = 2z, for 0 < n < N. Therefore,
the operations of /V-truncation and /V-skeletonization of parafinite simplicial sets turn
under simplicial Hilbert encoding into the corresponding operations of the associated

simplicial Hilbert spaces.

4.2. Simplicial digital encoding and quantum simplicial set framework

The digital encoding of the simplices of a given parafinite simplicial set is a
precondition for the implementation of simplicial set based algorithms of computational
topology in a quantum computer. This matter is analyzed in detail in the present
subsection.

Consider a parafinite simplicial set X and a truncation try X of’it. The full simplex

set of the truncation is

XM= ] x, (106)
0<n<N
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(N)

To encode the simplices of X\*¥/, one needs a k-bit register with k > xx 7, where

kxn =min{l|l € N, | xM| < 2!} (107)

We shall show next how the encoding creates a digitized image of the whole
simplicial structure of try X in the register.

Let By = {0, 1} be the digital Boolean domain.
Definition 29. 4 digital encoding of try X in a length k register is a bijective map
x 2 XN = X, N where X, (N) C Bo¥ is a k-bit string set with | X, (M| = | X(M)].

The images via x of the simplex sets X, are the subsets X, := x(X,) € X X(N ),
They constitute a partition of X X(N ), so that

XM= U x. (108)
0<n<N
From here, it is promptly verified that the register contains a full digital image of
try X. The restrictions X‘ X, of x to the X,, induce bijective maps x,, : X, — Xyn,
through which further maps dy; : Xy — Xyn-1,1 <n < N,i =1,...,n, and
Syni i Xom =+ Xynt1, 0 <n <N —1,7=1,...,n, can be defined by

dxnz' = Xn—ldnan_l (109)
Sxni = Xn—&-lsnanil (110)

These dyni, Syni obey the simplicial relations (2) as a consequence of dy;, Sp;
doing so. The sets X,,, and the maps d,;, sn; are so the simplex sets and the face and
degeneracy maps of an N-truncated simplicial set X,. Moreover, the maps ., are the
components of an /N-truncated simplicial set isomorphism x : try X — X,.

Let Xg C By be a k-bit string set such that | Xo| = |X()|. If x is a reference
encoding of try X with XXO(N ) = Xo and 7 is any permutation of X, then x = mxo

(N) = X, too. Furthermore, each encoding x with

is an encoding of try X with X,
X, V) = X is of this form for precisely one permutation 7, viz ™ = xxo~'. Therefore,
there are altogether | X (\)|! encodings with a given range X.

We now shall examine in detail how a digital encoding x of the N-truncation of a
parafinite simplicial set X in a k-bit register is implemented in the quantum simplicial
set framework of Subsections 3.1 and 3.2. In Subsection 4.1, we saw that when X
is replaced by its N-truncation try X, the simplicial Hilbert space of 7 of X gets

replaced by its N-truncation try .. The simplicial quantum register of X (V) is

N = D (111)
0<n<N
By Equation (106), dim 72(N) = | X(V)| because dim .7, = | X,,|. In the Hilbert
set-up, the k-bit register turns into a k-qubit register with quantum Hilbert space 2%*,
where 2 = C2. The encoding x yields a linear operator U, : 7% (N) ,%”X(N ), where
H#,N) C 99F is a k-bit string space of dimension dim 74, (V) = | X (V)| Explicitly

Ue= 22 2 |xon)(onl (112)

0<n<N o,eX,
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where the kets [£),, £ € By, are those of the computational basis of 2%%. Uy is
evidently unitary. U, generates an image of the direct sum structure of J# (N in %((N ):
setting 745, = U, 7%, one has indeed

AN = D A4, (113)
0<n<N

The restrictions Ux‘ w of Uy, to the /7, induce unitary operators Uy, : J4, —
. through which further operators D,.,,; : J6, — Hn-1,1 < n < N,i =

1,...,n,and S\p; : 5 — Hny1,0 <n < N—1,i=1,...,n,canbe constructed
by

Dxni = an—anian_l (114)

ani = xn—i—lSm'anil (115)

Dyni, Syni obey the simplicial identities (33) as a consequence of D,,;, Sp; doing
so. In fact, in the computational basis of 2®* these operators are given by expressions

analogous to Equations (27) and (28), viz

Dxm': Z |dxmfn>kk<£n| (116)
€n€X)(n

Sxm': Z |5Xm£n>kk<§n| (117)
gnexxn

The Hilbert spaces 77, ,, and the operators D, ,,;, S\n; are thus the simplex spaces
and the face and degeneracy operators of an /V-truncated simplicial Hilbert space /7.
Moreover, the maps U, , are the components of an N -truncated simplicial Hilbert space
unitary operator U, : try 7 — J4,.

The above analysis aims only to show the possibility of creating through a digital
encoding y a digitized image of the truncation try X of a parafinite simplicial set X
and providing a precise formal characterization of such an image and similarly for
the corresponding truncation try ¢ of the associated simplicial Hilbert space 7.
Depending on the specific features of X, there may be special instances of the encoding
x with high efficiency and distinctive formal properties. In particular, x should be
selected judiciously in such a way as to render the face and degeneracy maps dy.;,
Syni as simple as possible. There is no general prescription for doing that and x must
be chosen on a case-by-case basis. By contrast, in the simplicial complex framework
of Ref. [17], there is a canonical encoding of the simplices of the relevant simplicial
complex in terms of which the boundary maps have a simple form.

4.3. Counting and parametrizing simplices

Subsection 4.2 provides a theoretical analysis of the digital encoding of a
truncation of a simplicial set. Explicit construction of an encoding requires however
further scrutiny of this matter, which we do in this subsection.

Let X be a parafinite simplicial set. In Subsection 2.1, for each n we considered
the subset *X,, C X,, of degenerate simplices of X,,. X, = X, \ *X,, C X,, is hence

the subset of non degenerate simplices of X,,.
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The following theorem is an important structural property of simplicial sets.
Theorem 10. (Eilenberg-Zilber lemma [41]) For every n, each simplex o, € X, has
a unique representation 0p = Sp—1j,_,,_1 " " SmjoTm» Where m < n, 7,, € X, and
0<jo<...<Jp-m-1<n-—1

When o, is non degenerate the degeneracy map string s,_1j,_,._, * - * Smj, 18
empty.

By the Eilenberg-Zilber lemma, we have

Xo~ U J% x X, (118)
0<m<n

where form < n J", = {(Jn—m—-1,---,70)10 < Jo < ... < Jpem—-1 < n— 1}
is the set of index strings of height n — 1 and length n — m. Note that J",, = {0},
where () denotes the empty index string. It is a simple combinatorial exercise to show
that |J",,| = (). By Equation (118), so, the number |X,| of n-simplices can be
expressed in terms of the numbers |X,,,| of non degenerate m-simplices with m < n
as

Xal = 2o (”)ycxmy (119)

0<m<n \M

The total to non degenerate n-simplex ratio

oxn = | Xul/|°Xal (120)

is an important indicator of the incidence of degenerate n-simplices. While oxo = 1,
0xn as a rule grows very rapidly as n gets large. The total number of simplices of an

N-truncation of X reads from Equation (119) as

X0 = 3 pol= 2 ()i (121)
0<n<N 0<m<N \m+1

(cf. Equation (106)). The content of the non degenerate n-simplex sets “X,,, depends
on the underlying simplicial set X. The above numerical measures of the simplex
distribution and the size of a truncation of a simplicial set can consequently be evaluated
only on a case-by-case basis.

The following simple examples serve as an illustration of the general techniques
we described above.
Example 16. The nerve of the delooping of a finite group.

Recall that a group G can be viewed as a one-object groupoid BG, the delooping
of G.

Consider the nerve NBG of the delooping BG of a finite group G (cf- Example 2).
Then, Np,BG = G". The non degenerate n-simplices of NBG are precisely the n-tuples
of G" that do not contain the identity of G. Therefore,

°N,BG| = (|G| - 1)” (122)
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The number of non degenerate n-simplices such that n < N is consequently

G| _ 1)N+1 -1
0§n§N| | |G| — 2

(123)

(When |G| = 2, this takes the value N + 1). Inserting (122) in the general Equation

(119), we recover the known number of n-simplices of NBG

G = > (M) nbel =[G (124)

0<m<n

The total to non degenerate n-simplex ratio of NBG is thus

G n
onncn = |,BGI/MBG| = () (125)
This grows exponentially with n, but the larger |G| is the slower this growth is.
The total number of simplices of the N-truncation tryy NBG of NBG reads as

|G|N+1 -1

NMBG| = 2 — =
|N G| G—1

(126)
(When |G| = 1, this takes the value N +1). The encoding of try NBG requires therefore
a k-bit register with k > snpeN, Where xnpoy = log, |N(N)BG|. We note that
xnpeN = N log, |G| + O(1/|G|) when |G| is large.

Example 17. The simplicial set of a finite ordered discrete simplicial complex.

Let V. ={vy,...,vq} be a finite non empty set. Let Py be the discrete simplicial
complex of V, that is the simplicial complex whose vertex set Verty,, is V and whose
simplex set Simpyy,, is the power set of V. We assume that V' is endowed with a total
ordering so that v, < vy for a < b. Py is so an ordered simplicial complex.

Consider the simplicial set K®Py associated with the complex Py (cf. Example
3). The n-simplices of Py constitute precisely the non degenerate n-simplices of K Py .
The number of n-simplices of Py is (f:&) forn < d. This indicates us also the number
of the non degenerate n-simplices of K Py

K Py = (‘” 1) forn < d,
n+1 (127)
0 forn>d

The number of non degenerate n-simplices such thatn < N with N < d is found

from here to be given by the expression

) CKn@V|:2d+1—1—<d+1)2F1(1,—d+N+1;N+3;—1) (128)
0<n<N N +2

The total number of non degenerate simplices is 24t — 1. Inserting (127) in the
general Equation (119), we obtain the number of n-simplices of K®Py forn < d

Kattv|= 5 (M)l = (11T (129)

0<m<n n+1

44



Journal of AppliedMath 2025, 3(4), 3011.

The total to non degenerate n-simplex ratio of K®Py for n < d is thus

B . _(d+n+1\ /(d+1
okpyn = |KnPv|/|“KnPy| = < el )/(n+1) (130)
Ok @y n has the following expansions:
okoyn =1+ 0n2/d) forl < n < d'?
92d-+1 (131)
= [1+0(d ' (n—d)logyd)] forl<n—d

(md)1/2

So, while forn < d'/? the numbers of degenerate and non degenerate n-simplices
are comparable, for n ~ d the number of degenerate simplices is exponentially greater
than that of the non degenerate ones.

The total number of simplices of the N-truncation of ttyy KPPy of KPy is

(N) _ d+ N +2 B
‘K \@V‘ < d41 1 (132)

provided N < d. The encoding of tryy KPy requires therefore a k-bit register with
k > stkp, N, where kg, N = log, KMy, |. sk, N has the expansion

ed\N d
stkoy N =log, [<N> WW} +O(1/N,N%/d) forl< N < d'/?

2d +2 — $logy(md) + O(d™", (N — d)log,d) forl < N —d

(133)

So, one needs a 2(d + 1)-bit register to encode all the simplex data in degree less
than d of the simplicial set K®Py. This is to be compared with the (d + 1)-bit register
required to encode the simplex data of the underlying simplicial complex Py [17].

If 8 is a finite simplicial complex, then § is a subcomplex of the discrete simplicial
KnPy
... computed above for K Py are then upper bounds for the values of the corresponding
quantities of |°KpS|, |[KnS|, ... of KS.

Once the number of simplices of the chosen truncation try X of a simplicial set X

complex Py with V. = Vertg. The values of such quantities as |°K, Py

> B

is ascertained, it becomes possible to construct a digital encoding of it (cf. Definition
29) by allocating a suitably sized register. The choice of the encoding is not unique.
The following examples of encoding are presented here as an illustration of the theory.
No claim is made that they constitute the optimal choice with regard to efficiency.
Example 18. The nerve of the delooping of a finite group.

Consider again the nerve NBG of the delooping BG of a finite group G (cf.
Example 16). The simplices of a truncation try NBG of NBG can be digitally encoded
in an N q + r-bit register with q, r integers such that ¢ > log, |G| and r > logy(N +1)
as follows. We represent an N q+r-bit string as (x1, . .., xN; y), where the x, are q-bit
strings and y is an r-bit string. For convenience, we use the enumerative indexation
of such bit strings, in terms of which the x, are represented by integers in the range
0 to 29 — 1 and y as an integer in the range 0 to 2" — 1. Further, we select a digital
encoding of G, i.e., a bijective map ¢ : G — P, with P, C B39, which we normalize
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by requiring that p(e) = 0, where e denotes the neutral element of G. Using these
elements, we can construct a digital encoding x of tryy NBG. This is the bijective map
x : N)BG — NX(N)BG defined as follows. The encoding range is

NYBG = L P x {0}V x {n} C BN (134)
0<n<N

Further, for o, = (91, -.,9n) € NyBG withn < N,

x(on) = (0,...,0;0) forn =0 (135)
x(on) = (2(g1)s -+, 9(gn),0,...,0;n) for0<n<N (136)
The encoding’s face and degeneracy maps dyni, Syni (cf. Equations (109) and

(110)) take the following form. We notice preliminarily that Ny, BG = P,"x {0}V " x
{n}. Let (x1,...,2,,0,...,0;n) € N\, BGwithn < N. Then, if1 <n

dyno(21, ..., Tn,0,...,0;n) = (z2,...,25,0,...,0;n — 1) (137a)

Ayni(T1y .o Tn,0,...,0;n

(71 " 1 ) 1 . (137b)
= (z1,...,zi—1,0(¢ (i)™ (Tit1)), Tit2y -+, Tpn, 0,...,0;m — 1) if0<i<n,

dynn(z1, ..., 20,0,...,0;n) = (z1,...,2p—-1,0,...,0;n — 1) (137¢)

Similarly, ifn < N —1
Syni(T1,- .., 2n,0,...,0;n) = (21,...,240,Ti41,. .., Ty, 0,...,0;n+ 1) (138)

Example 19. The simplicial set of a finite ordered discrete simplicial complex.
Consider the simplicial set K®y associated with the ordered simplicial complex
Py studied earlier (cf- Example 17). The simplices of a truncation tryy KPPy of KPy
can be digitally encoded in a (d + 1)r-bit register with r being an integer such that
r > logy (N +2) as follows. We represent a (d + 1)r-bit string as (xo, . .., xq), where
the x, are r-bit strings, and employ again the enumerative indexation of the r-bit strings
representing them as integers in the range 0 to 2" — 1. For each index 0 < a < d, let
@a : KDy — N, where K(®) Py = | |, KnPy, be the a-th vertex counting map:
ifon, € KnPy, then v, (0y,) is the number Of_ occurrences of the vertex v, in oy,. We note
that for o, € Kp,Py the integers @,(0y) must obey the sum rule Y o, Pa(0n) =
n + 1. Employing these elements, we can construct a digital encoding_ X_of try KPy.
This is the bijective map x : KN ®y — KX(N)@V defined as follows. The range of

the encoding is

KX(N)(PV:{(xo,...,xd)’OSxa§N+1,0< > xa§N+1} (139)

0<a<d

Further, for o, € Kp,Py withn < N, we have

x(on) = (¢o(on), - .., palon)) (140)

The face and degeneracy maps dp;, Syni of the encoding (cf. Equations (109) and
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(110)) read as follows. We notice that Kyn®Pv = {(20, . .., %d)| > Jg<qcqgTa =1+ 1}
For (xq,...,1q) € N*1 set

Pai(0,...,xq) =1 if > T <i < > Ty
0<b<a 0<b<a (141)

0 else.

Let (xo,...,xq) € Kyn Py withn < N. Then, for 1 <n

dyni(xo, ..., 2q) = (X0 — Yoi(x0, ..., Zd), - -, Td — Vgi(x0, ..., Tq)) (142)
while forn < N — 1

Syni(Zo, .-, 2q) = (xo + Yoi(xo, .-, Td), ..., g + Vai(T0, ..., Tq)) (143)

4.4. Homology computation via quantum algorithms

In Subsection 3.5, we showed that the complex coefficient homology spaces of a
parafinite simplicial set X, H,, (X, C), can be computed based on the isomorphism of
these latter and the normalized simplicial Hilbert homology spaces of the associated
simplicial Hilbert space .7, Hp,, () (cf. Theorem 8). In turn, such spaces are
given by Hp,,(“¢") ~ ker “Hppy,, where “Hpp,, is the normalized simplicial Hilbert
Laplacian expressible through the simplicial Hilbert boundary operators Q) py, “Q pr+1
and their adjoints (cf. Definition 22 and Theorem 9). The problem we have to tackle
next is the determination of ker “Hpp,, in an N-truncated setting as required by the
implementation of simplicial set based quantum algorithms. This will be done along
the lines of Ref. [17] by exploiting at two distinct stages two well-known quantum
algorithms:

1)  Grover multisolution quantum search algorithm [63];

2)  Abrams and Lloyd’s quantum algorithm for the solution of the general eigenvalue
problem [64], a refinement of Kitaev’s basic quantum phase estimation algorithm
[65].

The implementation of such algorithms relies on a number of other algorithms,
as will be explained in due course. The total complexity of the whole algorithm is
determined by the combined complexity of all the algorithms that compose it.

To study normalized Hilbert homology in an N-truncated setting, we have to
consider the NV 4 1-tuple of equations “Hppny|tn) = 0 with |¢,) € 97, where

“Hppnn = “Hppn — SNn“QDN+1°QDN+1T (144)

Note that “Hppnyn = “Hppy, for 0 < n < N only while “Hppny # “Hppn.
The operator “Hppyn rather than “Hppy appears here, as the operators “Q pn1,
“Qpn1T are excluded by the truncation. Such operators enter only the expression of
“Hppn (ctf. Equation (84) and their contribution is duly subtracted out.

We saw in Subsection 4.2 that the N-truncation of the simplicial Hilbert space
A gives rise to the simplicial quantum register .#(V) shown in Equation (111). The
normalized simplicial Hilbert homology rests on the subspace %77 (N) of (V) spanned
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by the non degenerate n-simplex subspaces 7%, of the J7, with0 < n < N,

o™ = D g (145)
0<n<N

By systematically exploiting the canonical projections R,, : (") — <, and
injections [, : 7, — (v ), one can view the vector spaces %7, as subspaces of
the space <#(V) and similarly the operator spaces Hom(%7¢,, “#,) as subspaces of
the space End(¢#(™)). In what follows we shall thoroughly adhere to this perspective.
Accordingly, we shall use the same notation to denote vectors of ©7;, and operators of
Hom(%%,, ), e.8. |“Un), |“Gn), ...and “ Ay, 1, *Bp i, ..., itrespective of whether
<, and Hom(%77,,, 7, ) are considered as vector spaces in their own or as subspaces
of (V) and End (%7 (V)), respectively?.

The quantum algorithm computing the normalized Hilbert homologies Hp,, ()
requires as a preliminary step the implementation of the projection of .2#(™) onto
¢ (N) | This operation is done parallelly within each subspace ., with 0 < n < N
by the orthogonal projection operator 1,, — I1,,, where I1,, is the orthogonal projector
of %, onto 5, = °#," given in Equation (77). That operator however cannot
be a component of any quantum circuit as such, as it is not unitary. Luckily, the
projection can be achieved in the appropriate form compatible with unitarity using
Grover’s quantum search algorithm [63] in the variant based on amplitude amplification
[66]. We illustrate briefly how the algorithm works within .7%;,. The quantum computer
is initialized in a state |£,,) € 94,

[€on) = 2 o) [ Xal 72 (146)
on€Xn
that is a uniform superposition of all n-simplex states |o,,). Through the algorithm, the

state |oy,,) evolves unitarily toward the final state

[%€on) = (Ln = ) €on) (IXnl /IXa) /2 = 220 o) X| /2 (147)
on€Xn
which constitutes a uniform superposition of all non degenerate n-simplex states |o,,).
The algorithm comprises two stages: i) the preparation of the state |£p,,) and
i) the production of the state |€p,,) from |£y,). These stages contribute additively
to the algorithm’s complexity. In stage i, the state |y, ) is yielded by the action of
some unitary operator W, on a fiducial reference state |o,,), so that |{,,) = Wy |op).
In stage i, the algorithm is implemented through the action on the state |£y,) of a
unitary operator G,,P» that is the p,-th power of an elementary unitary operator G,
showing the algorithm’s iterative nature. The Grover operator G,, is of the form
Gy = —WpnDo,Wy,* D,,, where Dy,,, D,, are unitary operators. Dy, = 1,, —2|0,){0y,]
is the conditional sign flip operator of the reference state |0, ). D,, is the conditional
sign flip operator of the non degenerate simplex states |o,,) and is oracular in nature.
The Grover iteration number p,, reads as p, = [Z(|x,|/ |, |1/ 2],

The overall complexity C,, of the above Grover type state preparation algorithm is
given by C,, = C(W,,) + pn(2C(W,,) + C (Do) + C(D,,)), where C(W,,), C(Doy),
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C(D,,) are the complexities of the unitaries W,,, Dy, D,. The values of C(W,,),
C(D,,) depend on the underlying simplicial set X. Further, the values of C(W,,),
C(Doy,) depend on the reference state |o,) chosen. C'(W,,), C(Dyy,), C(D,) may
also depend on the digital encoding of the truncation try X used. The performance
of the algorithm hinges in particular on that of the oracle D,,. Note that the iteration
number p,, depends on the total to non degenerate n-simplex ratio pox, = [Xn|/|“Xn|
introduced in Subsection 4.3 (cf. Equation (120)). As ox,, typically grows very rapidly
with n, the algorithm fails when n is large enough, if a maximal number of iterations is
allowed. gx;, is unknown in general. In such a case, it must be determined previously
using a quantum counting algorithm [67], which is an instance of a phase estimation
algorithm [65] using the Grover operator (5, as the underlying unitary operator, since

+in of G, are given by sin(,/2) = oxn /2.

the eigenvalues e

The effective realization of the projection of .7 (M) onto <77 (V) renders possible
the implementation of operators on %57° (V) such as ‘Qpn+1, “Qpni1Tand “Hppyn
(cf. Equations (78) and (84)) and many more as constitutive elements of a quantum
homological algorithm. Henceforth, so, we work on <2 (™).

By the isomorphism (85) and (144), Hp,,(“%¢) = ker“Hppny, for 0 < n < N.
To compute the normalized simplicial Hilbert homology spaces Hp, (%%¢), we thus
have to solve the N equations “Hppnn|1n) = 0 with |“i,) € <9%,. To that end, let

us introduce the following linear operator “H p D(N ) of (V).

‘Hpp™ = > “Hppna (148)
0<n<N

Then, the equations mentioned earlier are equivalent to a single equation, namely
CHDD(N)]¢(N)> = 0, since CH,;)D(N)|¢(N)> = > o<n<n “HpDNnl|tn). In this way,
the calculation of the homology spaces Hp,, (“%¢) in_de_gree n < N is reduced to that
of the kernel of ker CHDD(N).

The determination of ker©Hpp™Y) by the quantum phase estimation methods
of Ref. [64] involves the unitary operators exp(i7¢HppN)) for varying 7. The
construction of this requires the use of a suitable Hamiltonian simulation algorithm
[68]. For the sake of computational efficiency, it is convenient when possible to
replace “Hp D(N ) with a Hermitian operator ‘B (V) sparser than “Hp D(N ) such that
ker¢BW) = ker “Hpp™) and construct exp(i7¢BN)) instead, since the complexity
of the algorithm depends inversely on the sparsity of the exponentiated operator [69,70].
A standard choice of ¢BWY) is provided by the Dirac operator °B D(N ) of ¢H D D(N ),
which is the operator of <7 (") given by

‘Bp™M = 3 (“Qon+1+ Q™) (149)
0<n<N-1

°BpW) is evidently Hermitian and satisfies

Consequently, ker “H p D(N ) = ker¢B D(N ) as required.

The Hamiltonian simulation algorithm constructing exp(i7¢B oW )) involves an
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oracle unitary operator Opy providing the non zero matrix elements of <Bp(™).

The algorithm’s total complexity is Cp™) (1) = G(1) + Yp™)(r)C(Opy), where
G(7), Yp"N)(7) and C(Opy) are the algorithm’s gate and query complexity and the
complexity of Opy, respectively. G(7), Yp™)(7) depend, besides the value of the
parameter 7, on the precision desired and the specific algorithm employed [71-76].
Yp) (1) depends further on the sparseness index of “B pY), measured as the number
of non zero matrix elements of ¢ Bp ) per row or column, and the maximum magnitude
of the matrix elements. Finally, C(Opx) may depend through Opx on the underlying
simplicial set X and the digital encoding of the truncation try X used.

We review briefly how the algorithm of Ref. [64] is implemented to find homology
spaces Hp,, (%) in our framework. The algorithm proceeds by determining the
eigenvalues and eigenvectors of the unitary operators exp(i7¢Bp () ) introduced above
using quantum phase estimation. It operates specifically with the density operators.
For each n with 0 < n < N, let “pg, be the uniform mixture of all non degenerate

n-simplex states |o,,) (04, |. Explicitly, ©po,, reads as

“on = Xl L= 2 Jou)Xal ol (151)

0n€Xn
“pon, can be straightforwardly obtained from the state |{p,) of Equation (147)
constructed earlier by adding an ancilla, copying the simplex data into the ancilla to
construct the state > ccx |on) ® |0 )|Xn| /2 and then tracing the ancilla out [17].
One adjoins next to the ‘vector’ register <2 (N) a b;-bit “clock’ register 22 with b,
suitably large, so that the total Hilbert space is 2%% @ ¢#°(V) The quantum computer

1s initialized in the mixed state

" pon = 10),,(0| @ “pon (152)

where |A),, 0 < X < 2% — 1, is the computational basis of 2®° (in the enumerative
parametrization). The algorithm evolves unitarily the state !“pg,, and ends with a
measurement of the clock register. Upon reiteration of the algorithm, the relevant clock
value A\ = 0 is found with probability dimker “Hppny, /| Xy |. After A = 0 is obtained,

the computer is in the mixed state
“ppDn = 10);4(0] © “ppDn (153)
where ¢pppn, is the density operator of ¢ (V) reading as
“pppn = dimker “Hppnn ™~ "*Pppnn (154)

¢Pppnn denoting the orthogonal projection operator of <77, onto ker“Hppnn,. By
the isomorphism ker “Hpp,, ~ Hp,(“¢), the final state of the quantum computer
for A = 0 encodes the homology space Hp,,(“%¢). Further, the frequency with which
A = 0 occurs furnishes the Betti numbers 3, (X, C) = dimker “Hppn,, (cf. Equation
(26)).

In the algorithm described in the previous paragraph, the value of b; depends
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on the number of bits and the precision desired for the estimation of the eigenvalues
of °Bp™). The algorithm involves the use of b;-bit Welsh-Hadamard and quantum
Fourier transforms with combined complexity Cy g7 (b:) + Corr(by) = O(bs?) and
one call of an oracle unitary operator Upy; computing exp(i2/°Bp (N )) for each j with
0 <j <b —1 If C(Upnj) is the complexity of Upn;, the total complexity of the
algorithm is CQPE(N) = Cwaur(bt) +Corr(b) +20§j§bz—1 C(Upn;). The values
of the C(Upn;) depend on the Hamiltonian simulation algorithm employed.

We conclude this subsection with the following remark. The complexity analysis
of the quantum algorithmic scheme for the computation of the homology of a parafinite
simplicial set that we have presented above is only preliminary. Many of the
contributions to the scheme’s complexity depend on the simplicial set considered
and on the digital encoding of its truncation used in a way whose precise theoretical

understanding and quantitative estimation definitely require further investigation.

5. Open problems and outlook

In this paper, we have attempted to construct a theoretical model of a simplicial
quantum computer (SQC). It is an open question whether a computer of this kind can
be eventually built and employed in practice in computational topology. In this final
section, we briefly review a number of issues that may arise in this respect®, without

advancing any claim for a complete solution.

5.1. Structural issues of the SQC model

The following objections concerning the overall structure of the SQC model can
be raised.

i) The applicability of the model is limited to parafinite simplicial sets, restricting
its potential usefulness for a wider range of topological problems.

ii)  Associating a finite dimensional simplicial Hilbert space with a simplicial set
and implementing the simplicial operator set-up is arduous in a quantum
computational setting.

The reply to the first objection is provided already in the inception of Section 3,
which we quote here. Extending the quantum simplicial framework to non parafinite
simplicial sets is not feasible because of the intrinsic limitations of implementable
computation: by the way they are defined (cf. Definition 5), parafinite simplicial sets
are the most general kind of simplicial sets that can be handled by an SQC because any
such device, regardless of the way it is conceived and built, necessarily can operate
only on a finite number of simplicial data of each given degree. Indeed, the simplicial
complexes routinely used in topological data analysis are all instances of parafinite
simplicial sets.

The reply to the second objection is that configuring the simplicial Hilbert space
and arranging its operator scheme in a quantum computational setting is evidently
impossible because of the overall infinite dimensional nature of these entities! The
simplicial framework is in fact only a conceptual construct devised to simplify and
be useful for the analysis. It is its truncated form, introduced in Subsection 4.1, that

by virtue of its finite dimensionality can be assembled at least in principle on an SQC,
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with an effort comparable to that required by other quantum computational set-ups. The
crucial problem to be addressed here, in our judgement, is rather the implementability
of simplicial quantum circuits, perhaps in a form less idealized than that presented in
Subsection 3.6.

5.2. Practical realization of the SQC model

The SQC model is admittedly abstract: its viability depends to a significant extent
on theoretical assumptions that may not hold in practice. This raises a number of issues
concerning generically the implementation and the practical realization of the SQC
model, as we list next.

i) An investigation of noise and decoherence in an SQC and their effect on the
reliability of the computations performed by it should be carried out.

ii)  An analysis of error rates occurring in an SQC is also required; methods of error
corrections specific for an SQC should be developed.

iii) A detailed study of the limitations and feasibility of the quantum hardware
required by the effective functioning of an SQC should be undertaken.

iv)  Resource requirements for running algorithms on an SQC also have to be taken
into due consideration.

All these questions are undoubtedly important, but their resolution lies beyond
the reach of the analysis carried out in the present work, which is theoretical in nature.
Anyhow, the eventual validation of the effective functioning of an SQC can ultimately

be only empirical and experimental.

5.3. Relevance of the SQC model for computational topology

The eventual relevance of the SQC model for computational topology should also
be appraised. In particular, it is important to gauge the potential impact of the SQC
model on the development of dedicated quantum algorithms for computational topology
and more broadly its implications for the future development and advancement of
algebraic topology. In this respect, the following issues are especially relevant:

i) The potential advantages and disadvantages of using algorithms designed for
implementation on an SQC should be appraised in depth.

ii)  The robustness of algorithms devised for an SQC requires verification.

iii) A comparative analysis of the effectiveness of such algorithms and their classical
counterparts is required to evaluate the merits of the SQC model.

iv) A comparison of the effectiveness of new SQC algorithms and existing ones of
quantum topological data analysis is also due.

Further points concern specifically the algorithm for the computation of simplicial
homology we have outlined in Subsection 4.4.

v)  The scalability of SQC quantum algorithmic schemes should be studied to assess
its efficiency for large simplicial data sets.

vi)  The computational complexity of SQC quantum algorithmic schemes is to be
analyzed.

We have provided only an elementary treatment of these topics. A more refined
analysis is definitely required. This can only be left to future work for reasons explained
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next.

Quantum circuit complexity is a fundamental issue of quantum computation whose
significance extends to other fields such as holography [77], quantum field theory
[78] and topological quantum field theory [79]. In quantum computation proper,
quantum circuit complexity measures the computational resources required to run a
given quantum algorithm using a quantum circuit. It evidently depends on the details
of the quantum algorithm implemented (see Ref. [80] for a general review of this
topic). In the SQC model, as we have explained in Section 1, the greater flexibility of
simplicial set theory affords in general several simplicial models of a given topological
space. Each of these, in turn, may have a variety of digital encodings. All these
possibilities affect in different ways the size of the simplex sets at hand, impinging on
the complexity of quantum search algorithms, and on the sparsity properties and matrix
element size of the relevant Hamiltonians, having so a bearing on the complexity of
quantum Hamiltonian simulation algorithms, just to mention a few of the many issues
involved. Since our analysis concerns mostly the general architecture of an SQC, there
is little specific we can say about the complexity issue. Definite statements are possible
only on a case-by-case basis and as a result of extensive research work.

The halting problem and the closely related decidability problem [81, 82] are
fundamental questions. Computational topology involves decision problems such as
the contractibility and the transformation problems in simplicial complexes, which are
known to be related to the word and conjugacy problems in computational group theory.
These have been shown to be unsolvable in classical computer science: no algorithm
can be found. It is conceivable but also debatable that these problems may be solvable
in quantum computer science. We refer the reader to [83] for a general analysis of this
matter. The SQC model is unlikely to add new elements toward an answer.

5.4. Extensions and generalizations of the SQC model

We conclude this section by assessing prospective enhancements of the SQC
model. It would be useful.

i) to study whether the SQC framework is generalizable to understand its broader
ramifications;
ii)  to explore potential applications of the SQC model beyond simplicial sets.

We have no answer to these questions presently. We only observe here that
simplicial sets as well as cubical sets are instances of a more general type of
combinatorial structure: the so called simploidal sets[84, 85]. Simploidal sets have
so far found useful applications mostly in computational geometry, to the best of our
knowledge. In principle, the SQC model might be generalized to simploidal sets. In
practice, this can be confirmed only by a detailed analysis.
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1
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2 The notation |n) ® [“¥n), [n) @ |¢n)s...and [n)(m| @ “Apm, |n)(m| @ By, ...is instead more commonly
used for vectors of “7%;, and operators of Hom(%7,, 7%, ), when these latter are regarded as subspaces of <7 ()
and End(<# (™) to keep track of simplicial degree, where |n) is the canonical basis of an auxiliary Hilbert space
N ~ CN+L

3 The author thanks the referees of the paper for raising some of these points.
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Appendix

The following appendixes provide the more technical details of the proofs of several propositions and theorems
stated in the main text of the paper. They are required for the completeness of the analysis presented and are illustrative
of the kind of techniques used.

I. The no degeneracy defect theorem

In this appendix, we provide a proof of the no degeneracy defect Theorem 2.

On account of Equation (35d), to demonstrate Equation (36), one has just to show that for 0 < 4,5 < n, i < j, if
On,wn € Xy and sp;wy, = $,j0,, then there exists a unique (,—1 € X,—1 With 8,,_1;(o—1 = Op, Sp—1j-1Cn—1 = Wn.
We begin with recalling that for any p,, € X, the set S,,_1;(p,) is either empty or contains precisely one element,
which by Equation (2¢) is then n,—1 = dnipn = dni+1pn. By the simplicial identities Equations (2b)—(2d), we have
SpiWn = Spj0n = dpion € Sp—1j—1(wp) = {dpjw,} and spiwy, = spjon = dpjwn € Sp—1i(0n) = {dnion}. Then,

Cn—1 = dpjwp = dpio, € Xy, is the unique element such that s,_1;¢(n—1 = 0y, Sn—1j—1(n—1 = Wn.

II. The perfectness propositions

We provide below the proofs of the perfectness Propositions 1, 2.

We suppose first that the simplicial set X under consideration is the nerve of a finite category C, X = NC (cf.
Subsection 2.1). We have to verify whether Equations (37)—(40) are fulfilled.

Below, we shall adopt the following convention: any sequence fr, fr41 ..., fs—1, fs of morphisms or identities
between morphisms of C displayed in the course of the analysis is tacitly assumed to be absent whenever r > s.

Because of Equation (35b), to verify Equation (37) it is enough to prove that for 0 < i,j < n, i < j,if o, €
NnC, wni2 € Npy2C and dyq2;wni2 = 8,05, then there is a unique (41 € Np11C such that dy,11;Gp1 = o,

Sn41j41Cn+1 = Wnyo. Write
On = (gla'”7gn)7 Wn42 = (hla"’ahn-‘r?) (Al)

in terms of morphisms gy, h; of C. The condition d,, 4 2;wy+2 = $pj0y, implies that

hi=g1, ..., hi-1 = gi—1, hit1 O.hi = 9i, hiv2 = giv1, (A2)
ooy b1 = g5, hjre =1d, hjys = gjt1, -y M2 = gn
Using relations (A2), it is straightforward to check that the morphism string
CTH—l = (h‘lv ) hi+17gi+17 v 7971) - (h17 ey hj-‘rlvgj-‘rla R 7971) (A3)

is composable and so that € N,,1C and that d;,+1;(nt1 = O, Snt1j+1Cn+1 = Wny2. The uniqueness of (41 is
guaranteed by the injectivity of s,,41;41.

From Equation (35¢), to demonstrate Equation (38) it suffices to prove that for 0 < 4,5 < n, i+ 1 < j, if
on € NpC, wp—2 € Nyp—2C and s, 2w, —2 = dyj0y,, then there is a unique ¢,,—1 € N,_1C such that s,,_1;(,—1 = oy,
dp—1j-1Cn—1 = wp—2. Write

Op = (917 e 7971)7 Wp—92 = (hl, N ,hn_g) (A4)
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in terms of morphisms gy, h; of C. The condition s,,_2;w,—2 = d,;o, implies that

hi=g1,...,hi = gi, giv1 = 1d, hix1 = giya,. ..,

(A5)
hj—2 = gj—1,hj—1 = gj+1° 95, hj = gj42,. .., hn—2 = gn
Using Equation (A5), one checks readily that the morphism sequence
Cn—l = (hl, N 7hiygi+27 . ,gn) = (hl, Ceey hj_g,gj, N ;gn) (A6)

is composable so that € N,,_1C and that 5,_1;(r—1 = 0y, dp—1j—1(n—1 = wn—2. The uniqueness of (;,—1 is guaranteed
by the injectivity of s,,_1;.

By virtue of Equation (35a), to show Equations (39) and (40), it is sufficient to show that for 0 < 4,5 < n,t < j,if
On,wn € NpC and dyiw,, = dyjoy, then there is a unique ¢, 11 € Ny, 1C suchthatdy, 1 1;Cor1 = 0n, dpg1j41Cn+1 = W
Let

Jn:(glu~-'7gn)7 wn:(h17~"7hn) (A7)
in terms of morphisms gy, h; of C. The condition d,;w, = d,jo, implies that

hi=g1,...,hi-1 = gi—1, hix1 0 hi = gi, hito = git1, .-,

(A8)
hj =gj—1,hjt1 = gj+1 095, hjra = gjr2,- -, hn = gn
fori < j and
h1=g1,...,hi-1 = gi—1,hit1 0 hi = git1 0 gi, hive = Giv2,- -, hn = gn (A9)
fori = 5. When ¢ < j, it is simple to check exploiting Equation (AS8) that
Cn+1 = (h17 s 7hi+17gi+17 cee ;gn) = (h17 SRR hjvgja s 7gn) (AIO)

is composable and so (41 € Np41C and that d,,11;(rr1 = 0n, dnt1j+1Cur1 = wp as claimed. Letting (41 =
(21,..., 2Zny1) for generic morphisms zj;, and imposing that d,,1;(n+1 = On, dnt1j+1Cn+1 = wy we find further that
Cn+1 1s precisely of the form Equation (A10), showing the uniqueness of (1. When ¢ = j, provided C is a groupoid,
one similarly verifies from Equation (A9) that, setting f; 11 = g; o h;~l = giﬂ_l o h;4+1 and

Cat1 = (P1y - his fig1: Gig1s -+ Gn)s (A11)

Cn+1 € Npt1C and that dpt1;Gur1 = Ony dpt1j+1Gn+1 = wp again. When ¢ = 0, only the second expression of
fi+1 holds and when ¢ = n only the first. The equality of the two expressions of f;;; for 0 < ¢ < n is guaranteed
by the ith Equation (A9). Writing (,+1 = (21,...,2n4+1) for generic morphisms zj and imposing that d;, 1;(pt1 =
Ons dnt1j41Cn+1 = wp we find further that ¢, is precisely of the form of Equation (A1l), showing once more the
uniqueness of (1.

We suppose next that the relevant simplicial set X considered is the simplicial set of an ordered finite simplicial
complex &, X = K& (cf. Subsection 2.1). We have to verify whether Equations (37)—(38) are fulfilled.

Below, analogously to what was done earlier, we shall adopt the convention that any sequence vy, Up11 . . ., Vs—1, Us
of vertices or identities between vertices of & displayed in the analysis is tacitly assumed to be absent whenever r > s.

Because of Equation (35b) again, verifying Equation (37) reduces just to demonstrating that for 0 < 4,5 < n,¢ < j,
ifo, € Ki,§, wni2 € Kyp28 and dy 4 0iwn 12 = Spjoy, then there is a unique (41 € K18 such that dy41;Gur1 = on,
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Sn+1j4+1Cn+1 = Wrpyo. Write
on = (ag,...,an), wWpt2 = (b, ..., bpt2) (A12)
in terms of vertices ag, b; of &. The condition d,, {2;wp 12 = Sp;0, implies that
bo = ag,...,bi—1 = a;—1,bix1 = a;,...,bj11 = aj,bj12 =aj,...,bpp2 =ay (A13)
Using Equation (A13), it is straightforward to check that
Cnt1 = (bo, ..., bi,ai, ... an) = (bo, ..., bj41,0541,...,0n) (Al14)

does the job. Since (41 = (bo,...,bj41,0j43,...,bnt2), it holds that (11 € Kyi1S. Further, dypi1iCnt1 = on,
Sn+1j+1Cn+1 = w2 as is readily checked. The uniqueness of (41 is guaranteed by the injectivity of s, 1j41.

By Equation (35¢), showing Equation (38) amounts to proving that for 0 < 4,5 < n,i1+ 1 < j, if o, € K8,
Wpn—2 € Kp—28 and s,_ojw,_2 = dp;oy,, then there exists a unique (,—1 € K,—1& such that s,_1;(,—1 = op,

dp-1j-1Cn—1 = wp—2. Write
on = (ag,...,an), wWn—2 = (bg,...,bp—2) (A15)
in terms of vertices ay, b; of &. The condition s,,_2;w;,,—2 = dy;o, implies that
bo = ap,...,b; = a;,b; = aj11,...,bj_2 =a;_1,bj_1 = ajy1,...,bp_2 =ay, (A16)
Owing to the Equation (A16), it is straightforward to check that

Cn,1 == (bo, e ,bi,ai+2, e ,an) == (bo, .. .,bj,g,aj, e ,an) (A17)

has the required properties. As (,—1 = (ao, ..., @i, Ait2,...,0p), Cn—1 € Kn—18. Further, the identities s,,—1;(—1 =
On» An—1j—1¢n—1 = wp—2 hold. The uniqueness of ¢, is guaranteed by the injectivity of s,,_1;.

Though the above analysis completes the proof of the perfectness proposition for the simplicial set K&, it may be
interesting to get an intuition of the reason why K& fails to be quasi perfect or perfect. By Equation (35a), showing
Equations (39) and (40) would require proving that for 0 < 4,5 <n,i < j, if oy, w, € K,,C and dp;w, = dyjo,, then
there is a unique (1 € K118 such that dy,11;Gor1 = o, drg1j41Gar1 = wp. Let

on = (ag,...,an), wp, = (boy .-, bn) (A18)
Then, considerations analogous to those carried out above would yield for ¢ < j

CnJr]_ = (bo,...,bi,ai,...,an) = (bo,...,bj,aj,...,an) (A19)

This simplex, however, cannot be written in terms of either the aj or the b, only, so there is no guarantee that

Cnt1 € Knt+18 by lack of increasing vertex ordering.

III. The simplicial Hilbert Hodge theorem

The proof of the simplicial Hilbert Hodge Theorem 4 follows immediately from the following proposition.
Proposition 6. (Finite dimensional Hodge theorem) Let J¢,, n > 0, a sequence of finite dimensional Hilbert spaces. Let
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further

Ko (A20)

be a Hilbert cochain complex and

) (A21)

be its adjoint chain complex. For n > 0, denote by H"(#,Q) = kerQ,/ranQ,_1 and H, (¢ ,Q") =
kerQ,_1"/ranQ, " their (co)homology spaces, where by convention ranQ_1 = 0 and kerQ_1+ = ¥ as usual.
Then,

H" (¢, Q) ~ ker Hy, (A22)
H,(#,Q") ~ ker H, (A23)

forany n > 0, where Hy, : &, — £, are the Laplacians

Hn = QnJrQn + Qn—lQn—lJra (A24)

the second tern being missing when n = 0

We show the theorem. Let n be fixed. We notice that H,, is a Hermitian operator. So is then any real valued function
of H,,. Two operators of this kind will be relevant for the proof. The first is the orthogonal projector P,, onto the kernel
of H,. The second is the generalized inverse H,, ' of H,. They satisfy the following basic identities which will be
employed repeatedly in the proof:

H, 'H, =1, — P, (A25)
H,P, =0, H, 'P,=0 (A26)

where 1, = 1 .
The kernel of H,, is contained in that of ),, and the range of (), is orthogonal to the kernel of H,,, 1, since forn > 0

QnPpn = n+1Qn =0 (A27)
Indeed, owing to the first Equation (A26),
0= P,H,P, (A28)
= Pn(Qn+Qn + Qn—lQn—lJr)Pn (A29)
= (QnPn)JrQnPn + PnQn—l(PnQn—l)Jr (A30)

AS (QunPn)TQnPp, PrQn-1(PnQn—1)" > 0 as operators, we find that @, P, = 0, P,Q,—1 = 0, the second
relation being missing for n = 0.

From Equation (A24), using that Q,,Q,—1 = 0, it is immediate to verify that

Qan = Hn—i—lQn (A31)
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for n > 0. From Equation (A31), it follows that

Qanil = n—i—lilQn (A32)

Indeed, on account of Equations (A25), (A27),

Hn—&-lilQn - Qanil = n—&-lilQn(ln - Pn) - (1n+1 - Pn-H)Qanil (A33)
= n+1_1QanHn_1 - Hn+1_1Hn+1Qan_1

= Hpi1 H(QnHy — Hy1Qn)H, ™t =0
Using Equation (A32), we can show that for n > 0
Ly = Po+ Qu Ho1 ' Qn+ Qu1Hy 1 'Qn ™ (A34)
where for n = 0 the third term is missing. Indeed,

Qn+Hn+1_1Qn + Qn—lHn—l_lQn—1+ - (Qn+Qn + Qn—lQn—1+)Hn_1 (A35)
- H,H, ' '=1,-P,

whence Equation (A34) follows.
We have already observed that ker H,, C ker Q),,, since @), P, = 0 by Equation (A27). As a consequence, a linear
map fy, : ker H,, — H"(, Q) is defined given by

fin|tn) = [Pn) +1an Q, (A36)

with [¢,,) € ker H,,. We are going to show that x,, is an isomorphism. We prove first that (., is injective. Suppose that
[n), |dn) € ker Hy, and |tp,) — |dn) = Qun—1|xn—1) for some |x,_1) € H#n_1, where Q_1|x_1) = 0 by convention.
Then, by the second Equation (A27),

|wn> - |¢n> = Pn(|¢n> - ’¢n>) = PnQn—1|Xn—1> =0 (A37)

proving the stated injectivity of 1,,. We demonstrate next that 1, is a surjective map. If Q,|1,) = 0, then by Equation
(A34)
|wn> = Pn’¢n> + Qn—lHn—lilQn—l+W}n> (A38)

and consequently
|¢n> + ran Qn—l = Pan) + ran Qn—l = ,U/nPn’wn> (A39)

showing the stated surjectivity of w,,. So, i, is an isomorphism as claimed. The isomorphism Equation (A22) follows.
The isomorphism Equation (A23) is shown similarly. We have that ker H,, C kerQ, 1, by the relation
Qn_11P, = 0 from (A27) if n > 0 or trivially if n = 0. As a consequence, a linear map v, : ker H,, — H, (¢, Q™)

Vn|tn) = |thn) + ran Q™ (A40)

with |¢,,) € ker H,, is defined. v, can be shown to be an isomorphism by verifying its injectivity and surjectivity as
done earlier for p,.
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IV. Triviality of the kernel of the degeneracy simplicial Hodge Laplacian

Combining Equations (51), (64) and (61)

Hssn= 2. |Jn>(n+1— > |5n,u(an)|)<an| (A41)

on€Xn 0<i<n—1

Since |S,,—1i(0n)| < 1, we have Hgg,, > 1,,. Consequently, ker Hggs,, = 0 as required.

V. The normalized Hilbert homology theorem

We begin with showing identity Equation (77) providing an expression of the orthogonal projector II,, on the
degenerate n-simplex space %7, C ¢, shown in Equation (75). Recall that the orthogonal projectors on the ranges
ran S, _1; of the degeneracy operators S, _1; are the operators I1,; given in Equation (60). Recall also that the I1,;
commute pairwise. Now, from Equation (75), the space °7;, can be expressed as

= () ran i) (A42)

Now, the projectors onto the subspaces ran S,,_; are the operators 1,, — IT,,;. By the commutativity of the I7,,;, the
projector onto the subspace ﬂ?;ol ran S, _q;+ is then H?;(]l (1, — II,,;). Equation (A42) then implies that the projector
11, is given by Equation (77) as claimed.

Next, we demonstrate the homological relation

CQanlcQDn =0 (A43)

To that purpose, the relations
(lnfl - anl)QDan =0 (A44)

valid for n > 1 are required. The proof of Equation (A44) runs as follows. Let 0 < k& < n. From Equation (60), using
Equations (33b)—(33d) yields

QDank:: Z (_1)2'1)711‘Snflk:Snflk+

e (A45)
= 2 (=1)Sp ok 1Dp1iSu-k T+ 2= (=1)'Sp_orDn1i 1Skt
0<i<k k+1<i<n

where the first and second terms are 0 when respectively & = 0 and k£ = n. This expression shows that ran Q) p,, I1,,x; C
ran S, _op_1 + ran.S,_ox. Consequently,

<1n—1 - anlkfl)(ln—l - anlk)QDank =0 (A46)

By Equation (77), we can replace the first two factors by 1,,_; — I1,,_1. By Equation (77) again, I1,, is a polynomial
in the I1,,; with vanishing degree 0 term. Hence, we can replace the last factor by I1,,_1, Equation (A44) follows. Using
this latter, we can readily prove Equation (A43): from Equation (78),

CQanlcQDn = (]-n—2 - Hn—Q)Qanl(]-n—l - Hn—l)QDn
= (17172 - Hn72)QDn71QDn

<A,
<, (171*2 - Hn72)Qan1an1QDn

(A47)
0

A,

Next, we provide the details of the proof of Proposition 3. The design of the proof is already outlined in Subsection
3.5 and rests on the construction of a chain equivalence of the abstract and concrete Hilbert complexes (7, Qp)),
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(,°Qp) (see Subsection 3.5 for their definition). The chain equivalence is given by a sequence of chain operators
I, : ., — A, T, A — Hp,n > 0, with J,I,, I,,J,, chain homotopic to 1,, 1, respectively (cf. Equations
(80) and (81)). I, is the operator from 7, to %5, induced by the orthogonal projector 1,, — IT,, by virtue of the fact that
s/, = ker(1,, — II,). J, is the canonical projection of %%, onto 7,,.

We show first that the chain operator Equation (80) are fulfilled. By Equation (78), for |¢,,) € J,, we have

Li-1Qpn(|¥n) +°6,) = In—1(Qpu|tn) + H5,-1)
= (Ln—1 — IIn-1)Qpn|¥n)
= (In—1 — 1n—1)Qpn(1n — IIy)|n) (A48)
= “Qpn(ln — Iy)[thn)
= “Qonln(|tn) + °74)

showing Equation (80a). Similarly, by Equation (78) again, for |¢,,) € %,

In-1“Qpnltn) = Jn—1(1n-1 — In-1)QpDn|¥n)
= (In—1 = 1In-1)Qpn|vn) + 701
= Qpn|¥n) + 01 (A49)
= Qpu([tn) +94.),
= QpnJulthn)

proving Equation (80b).

We show next that the chain operator homotopy Equation (81) holds too. The proof is simple. The maps I,,, J,, turn
out to be reciprocally inverse to one another. So, Equations (81a) and (81b) hold trivially with W, = 0, W), = 0. The
isomorphism Equation (79) follows.
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