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Abstract: This paper introduces a new image enhancement technique based on a revised
diffusion model that aims to balance between the reduction of noise and preservation of edges.
The new model uses adaptive parameters and sophisticated numerical methods to overcome the
shortcomings of conventional image processing techniques. This study aims to develop and
apply a diffusion model with critical parameters such as the diffusion coefficient, sensitivity
parameter, and edge-stopping function parameter. Performance of the model is tested using
experiments, comparing with conventional Gaussian smoothing and the Perona-Malik model.
Experimental results confirm that the extended diffusion model outperforms the conventional
methods on peak signal-to-noise ratio and structural similarity index. The model greatly
enhances noise reduction when the parameters are set optimally while preserving significant

image details.
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1. Introduction

Diffusion processes have been extensively utilized in various domains, particularly
in image processing, where they play a crucial role in tasks such as image smoothing,
noise reduction, and edge preservation [1-7]. The foundation of diffusion-based
techniques lies in the classical heat equation, which models how intensity variations
propagate over time to achieve a visually coherent image representation [8]. While
traditional diffusion models effectively remove noise and enhance image quality.
They often struggle with maintaining critical image structures, particularly edges and
textures.

Over the years, numerous advancements have been introduced to improve the
standard diffusion model. Classical isotropic diffusion, where the diffusion coefficient
remains constant, tends to blur important image features. To address this, researchers
have explored anisotropic diffusion techniques, which allow the diffusion process
to adapt based on local image characteristics, ensuring that important features such
as edges and textures are preserved while reducing noise [9-11]. However, despite
these improvements, existing models frequently face challenges in balancing noise
suppression with the retention of fine details, particularly when processing images
with complex structures or high noise levels [12—16]. This trade-off remains a critical

limitation in real-world applications, motivating the need for further refinement of
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diffusion-based image processing methods.

In response to these challenges, this paper introduces a novel diffusion model that
enhances feature preservation while maintaining superior noise reduction capabilities.
The proposed model optimizes key parameters, namely -, §, and x, through an
innovative analytical approach. Unlike conventional diffusion models, which often
rely on predefined or manually tuned parameters, our method incorporates a dynamic
multi-scale parameter optimization framework.  This optimization mechanism
adapts based on the local characteristics of the image, ensuring that the diffusion
process remains context-aware and highly efficient [17-21]. By leveraging real-time
adjustments, our approach significantly enhances both the accuracy and computational
efficiency of diffusion-based image processing, making it particularly suitable for
high-precision tasks.

The primary objective of this work is to develop an advanced diffusion-based
image processing framework that optimally balances noise reduction and feature
preservation. Conventional models often struggle with this trade-off, as they rely on
fixed or manually tuned diffusion parameters that do not adapt to local image structures.
To overcome this limitation, we introduce a multi-scale parameter optimization strategy
that dynamically adjusts the diffusion coefficient based on local gradients, textures, and
noise levels. This adaptive mechanism ensures that essential features such as edges and
fine details are retained, while noise suppression remains effective across varying image
conditions.

A key contribution of this work is the introduction of a theoretical framework for
boundary conditions that ensure numerical stability and robustness. Existing diffusion
models typically employ standard boundary conditions such as Dirichlet or Neumann
constraints, which may not be well-suited for all image types and computational
scenarios. Our approach defines a set of adaptive boundary conditions that evolve
based on the image’s content, providing greater stability under varying computational
constraints. This advancement is particularly relevant for large-scale image processing
applications, where computational efficiency is a primary concern. By incorporating
these adaptive boundary conditions, our model ensures reliable performance across
diverse image datasets.

The novelty of this research lies in two major innovations: the development
of a multi-parameter optimization strategy and the introduction of a new boundary
condition framework. Together, these improvements contribute to a more robust and
computationally efficient diffusion model, enhancing its adaptability across different
imaging conditions.

The remainder of this paper is structured as follows: Section 2 presents the
methodology for the proposed image diffusion framework. Section 3 outlines
the numerical implementation and discusses computational efficiency considerations.
Section 4 showcases experimental results, demonstrating the effectiveness of the
proposed method in real-world scenarios. Finally, Section 5 concludes the work by
summarizing the key contributions and highlighting potential directions for future

research.
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2. Methodology

The proposed diffusion model builds upon the classical heat equation while
introducing several key advancements to enhance its formulation, stability, and
adaptability. Conventional diffusion-based image processing models often employ
fixed or heuristically chosen parameters, which can lead to suboptimal performance
when dealing with complex image structures or varying noise levels. In contrast, our
approach dynamically optimizes multiple parameters in real-time based on the local
properties of the input image, enabling a more precise and adaptive diffusion process.

2.1. Governing equation and diffusion coefficient

The mathematical foundation of the diffusion process is governed by the partial
differential equation:

=V (Da,5,0)V0) m

where u(x,y,t) represents the image intensity at position (x,y) and time ¢, and

D(z,y,t) is the spatially and temporally varying diffusion coefficient. To ensure

mathematical well-posedness and numerical stability, we impose the following

conditions on D(z, y,t):

D(x,y,t) > 0 to prevent ill-posedness and guarantee a well-defined diffusion
process.

*  Dpin < D(z,y,t) < Dpax, Where Dyin and Dy, are problem-dependent
constants ensuring numerical stability and preventing excessive diffusion in
uniform regions.

Unlike traditional approaches that use a piecewise-defined diffusion coefficient,
our model introduces an adaptive D(z,y,t) that evolves based on local image
characteristics. This is achieved through a gradient-based optimization scheme, where
D(z,y,t) is defined as a function of local intensity gradients and variance. This
formulation allows for an adaptive balance between edge preservation and noise
reduction, enhancing the robustness of the diffusion process across varying image

structures and noise levels.

2.2. Adaptive boundary conditions

Boundary conditions play a crucial role in ensuring numerical stability and the
effectiveness of the diffusion model. We propose a novel non-homogeneous boundary

condition to improve adaptability to real-world image constraints:

ou

5, Tou= g(z,y) )

where % denotes the derivative along the normal to the boundary, « is an adaptive
parameter regulating boundary behavior, and g(x, y) is a prescribed boundary function
derived from the image content.

To ensure an effective boundary adaptation, we define g(z, y) based on local image

features:



Journal of AppliedMath 2025, 3(2), 2736.

g(‘r’y) :ﬁ'vu‘ag (3)

where 3 is a weighting factor that scales the influence of boundary gradients, and Vu ‘ 59
represents the image gradient evaluated at the boundary.

Traditional homogeneous Neumann or Dirichlet conditions often fail in cases
where image boundaries contain valuable structural information. By incorporating an
adaptive « that responds to edge strength and noise levels, our boundary condition
enhances the stability of the diffusion process across various image types and

resolutions.

2.3. Multi-scale parameter optimization

To dynamically optimize the diffusion coefficient D(x,y,t), we introduce a
multi-scale parameter optimization framework. The optimization parameters v, 9, and
k control different aspects of the diffusion process, ensuring a balance between noise
removal and edge preservation. Specifically, v regulates the sensitivity of the diffusion
process to local gradient variations, enhancing edge retention. § adjusts the influence
of texture-based information, refining diffusion behavior in regions with fine details.
modulates the overall diffusion rate, adapting the smoothing intensity based on local
image structures.

The objective function guiding this optimization is formulated as:

E=Y (Vulz,y,t) - f(z,,1) @)
T,y

The function f(x,y,t) represents a target gradient field designed to preserve
important structures in an image. This target gradient field is dynamically computed
based on the intensity gradients in different parts of the image. By doing this, the
process ensures that any smoothing or diffusion happens along the main features of the
image, rather than amplifying or spreading noise or unwanted artifacts. Essentially, it
helps maintain the image’s key details while reducing noise. To minimize E, a gradient

descent approach iteratively updates -, d, and « as follows:
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where 7 is the learning rate controlling the optimization step size. This adaptive
mechanism enables the model to effectively handle images with complex textures and

varying noise levels, achieving superior performance in image enhancement tasks.

2.4. Numerical solution and stability analysis

Ensuring numerical stability is critical in diffusion-based models. To achieve this,

we employ a Crank-Nicolson discretization scheme, which is second-order accurate in
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both time and space. The implicit nature of this scheme prevents instability, even for
larger time steps. Additionally, an adaptive time-stepping mechanism is incorporated,
where At is dynamically adjusted based on the rate of convergence of the solution.
The stability constraint for this method is governed by the
Courant-Friedrichs-Lewy (CFL) condition, ensuring that the time step is appropriately

scaled with respect to the spatial discretization:

_ Amin{(Ax)?, (Ay)*)
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where A is a stability factor set to 0.5 for Crank-Nicolson, and Ax, Ay represent
the spatial step sizes in the respective directions. This formulation ensures that the
solution remains stable even in regions with high diffusion and prevents numerical
instability or divergence, which is a common issue in conventional explicit schemes. To
further enhance computational efficiency, we implement an iterative solver leveraging
a preconditioned conjugate gradient (PCG) method. This allows for rapid convergence
while maintaining high precision, making the model scalable for large-scale image

processing applications.

2.5. Computational complexity and performance considerations

One of the biggest challenges in diffusion-based image processing is finding
the right balance between speed and accuracy. Traditional methods using explicit
finite-difference schemes are limited by strict time-step requirements, while fully
implicit methods, though more stable, tend to be slow and resource-intensive.

Our solution tackles this problem by using an adaptive grid refinement strategy.
This means we focus more computational power on areas of the image with sharp
changes (high gradients) and simplify processing in smoother regions. We also use
fast Fourier transform (FFT) to speed up certain repetitive steps, cutting down the
computational effort significantly—from O(n?) to O(n logn) for convolution tasks.

To solve the linear systems that come up during the process, we use a
preconditioned conjugate gradient (PCG) solver. This approach is much faster
than direct solvers, with an average complexity of O(kn), where k is the number of
iterations needed to reach a solution. This greatly reduces the computational load.

Additionally, we’ve incorporated parallel computing techniques to handle
high-resolution images more efficiently. Tests show that our method delivers near
real-time performance for common image processing tasks, striking a great balance

between accuracy and speed.

2.6. Significance and advantages of the proposed model

The proposed diffusion model offers several key advancements that address
limitations in existing approaches. A major innovation is the dynamic adjustment of
D(z,y,t), which allows the model to preserve sharp edges while effectively removing
noise. This adaptability ensures superior results across a wide range of image types and
noise levels.

Another critical improvement is the introduction of novel boundary conditions,
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which enhance the model’s stability and ability to handle complex image structures.
These boundary conditions make the model more robust and adaptable, particularly in
challenging scenarios where traditional methods struggle.

The multi-scale optimization strategy, incorporating parameters 7, J, and k,
further refines the diffusion process. This strategy fine-tunes the balance between
feature preservation and noise reduction, ensuring optimal performance for diverse
image processing tasks.

From a computational perspective, the model leverages the Crank-Nicolson
discretization method combined with adaptive time-stepping. This approach provides
a stable and accurate numerical framework, addressing instability issues that have
plagued earlier models. Additionally, the integration of FFT acceleration and parallel
processing significantly boosts computational efficiency, making the model suitable for
large-scale, high-resolution applications.

In summary, the proposed model represents a significant step forward in
diffusion-based image processing. Its ability to dynamically adapt, preserve critical
features, and deliver high computational efficiency makes it a powerful tool for
applications requiring both precision and speed. This work also lays the groundwork

for future innovations in the field.

3. Experimental setup

In this study, we conducted a series of image processing experiments to evaluate
the performance of our diffusion model. The images used for this study were captured
with an Apple iPhone 13 Pro Max, configured with the following camera settings:

*  Focal Length: 26 mm;
*  Aperture: {/1.5;
*  Exposure Time: 1/50 sec;

« ISO: 100.
The images were captured with a resolution of 256 x 256 pixels. The processing

and analysis of these images were carried out using MATLAB 2021a. All numerical
computations and simulations were performed on a PC equipped with the following
specifications:

. Processor: 11th Generation Intel 17-11800H 2.30GHz CPU;

« RAM: 16 GB.
The diffusion model was implemented with various parameter settings, including

the Diffusion Coefficient (), Sensitivity Parameter (¢), and Edge-Stopping Parameter
(k). The numerical experiments were performed with a time step At = 0.05, ensuring
accurate and efficient computations.

To assess the impact of different parameter combinations on image quality, we
evaluated metrics such as Peak Signal-to-Noise Ratio (PSNR) and Structural Similarity
Index (SSIM). PSNR is calculated as:

MSE

MAX?
PSNR = 10 - log,,

where M SFE is the Mean Squared Error between the reference and the processed
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images, and M A X is the maximum pixel value. Specifically, the Mean Squared Error

is given by:

1 m n

MSE = —— %3 11(i.) — K (i, 5)]?

i=1 j=1
where I(i,j) and K (i, j) represent the pixel values of the reference and processed
images, respectively, and m X n is the image size.
SSIM is calculated as:

(2pzpy + C1) (200 + C2)
(12 + p2 + Cr)(02 + 02 + Ca)

SSIM(x,y) =

where 1, and 1, are the means of the reference and processed images, o2 and 05 are
their variances, and o, is their covariance. Constants C1 and Cs are used to avoid
instability when the denominators are close to zero.

The findings from our experiments are summarized in Table 1. Each row in
the table shows the outcomes for a different set of parameters we tested. This
approach allows us to thoroughly evaluate how well our model performs in real-world
scenarios, ensuring it can handle image processing tasks efficiently with the available

computational resources.

Table 1. Comparison of experimental results of different parameter settings for image diffusion.

. Diffusion Sensitivity Edge-Stopping
Experiment . PSNR (dB) SSIM
Coefficient v Parameter 6 Parameter K
1 0.1 0.1 0.5 28.75 0.78
2 0.1 0.3 1.0 30.20 0.82
3 0.2 0.1 1.0 29.15 0.80
4 0.2 0.5 1.5 30.45 0.84
5 0.3 0.3 0.5 27.90 0.76
6 0.3 0.5 2.0 28.80 0.79
7 0.4 0.1 2.0 26.55 0.73
8 0.4 0.5 1.5 28.50 0.77

4. Results and discussion

In this section, we analyze the results obtained from our diffusion model and
compare them with existing approaches to highlight the improvements and novel

contributions of our work.

4.1. Experimental results analysis

In this section, we present both qualitative and quantitative analyses of the image
preprocessing techniques applied in our study. Due to space constraints, we display only
four representative pairs of original and preprocessed images, although our analysis
involved over 25 images. These examples illustrate the effectiveness of our method in
enhancing image quality and reducing noise.

The performance of our diffusion model was rigorously evaluated by varying
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key parameters, including the Diffusion Coefficient (), Sensitivity Parameter (§), and
Edge-Stopping Parameter (x). The results from these experiments, detailed in Table 1,
provide significant insights into the effects of these parameters on image quality.

The analysis reveals that different parameter settings significantly impact the
model’s performance, as measured by Peak Signal-to-Noise Ratio (PSNR) and
Structural Similarity Index (SSIM). For example, the configuration with v = 0.2,
0 = 0.5, and k = 1.5 achieved the highest PSNR of 30.45 dB and SSIM of 0.84. This
indicates superior performance in preserving image details while effectively reducing
noise. These results suggest that intermediate values for v and J and moderate « values
offer the optimal balance between image sharpness and noise reduction.

These improvements significantly advance the state-of-the-art in diffusion
modeling, offering both theoretical and practical benefits over existing methods,
including the Perroan Malik model.

In our study, we employed a correlation plot to examine the relationships between
the parameters , 6, and y across various experiments. This plot serves as a visual
representation of how these parameters interact and influence each other. A correlation
Figure 1, depicted as a matrix, displays the correlation coefficients between multiple
variables. Each cell in the matrix represents the correlation between a pair of variables,
with the value typically ranging from —1 to 1. A coefficient close to 1 indicates a strong
positive correlation, meaning as one variable increases, the other tends to increase as
well. Conversely, a coefficient near —1 signifies a strong negative correlation, where
an increase in one variable corresponds to a decrease in the other. A value around
0 suggests little to no linear relationship between the variables. In our correlation
plot, we observed the following relationships: between x and 4, the plot revealed a
moderate positive correlation, suggesting that as the sensitivity parameter ¢ increases,
the edge-stopping parameter ~ tends to increase as well; between x and -, a weak
negative correlation was noted, indicating that higher values of « are slightly associated
with lower values of v, though the relationship is not strong; and between ¢ and -, the
plot showed little to no correlation, implying that changes in the sensitivity parameter
do not significantly affect the diffusion coefficient. Understanding these correlations
is crucial for fine-tuning our model. For instance, the positive correlation between x
and ¢ suggests that adjustments to one parameter should consider the corresponding
changes in the other to maintain optimal performance. The weak negative correlation
between x and + indicates that modifying x may have a slight inverse effect on -, but
this relationship is not pronounced. The lack of correlation between § and -y allows for
independent adjustment of these parameters without significantly impacting each other.
The correlation plot provides a comprehensive overview of the interdependencies
between the parameters in our diffusion model. By analyzing these relationships, we
can make informed decisions on parameter adjustments to enhance image quality and
model performance. This visualization serves as a valuable tool for identifying which
parameters are interrelated and to what extent, guiding effective model optimization.

The bar plots in Figure 2 show clear trends in how each parameter influences
performance. For example, increasing x leads to a noticeable boost in PSNR, which
means higher  values tend to improve image quality. On the other hand, higher § values
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seem to lower SSIM, suggesting that while § can make images sharper, it might also
introduce unwanted artifacts that reduce the overall structural similarity. Additionally,
the analysis reveals that « has a strong positive relationship with MSE, meaning that
higher ~ values tend to increase error rates.

These insights are highly practical for image processing tasks. By carefully
adjusting x, J, and 7, we can fine-tune image quality to meet specific needs. For
instance, if the goal is to sharpen an image without losing its structural details, finding

the right balance between x and ¢ is key.

Correlation Heatmap of Experimental Parameters and Metrics
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PSNR
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Figure 1. Correlation plot illustrating the relationship between parameters x, &, and -y across the experiments.
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Figure 2. Bar chart showing how the parameters «, ¢, and ~y affect performance metrics in the experiments.

In summary, these results highlight the importance of carefully adjusting these
parameters to achieve the best image quality. The findings from these experiments

provide practical guidance for adapting the model to specific image processing needs,

9
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making it a valuable tool for real-world applications.

Overall, the findings underscore the importance of fine-tuning these parameters
to enhance image quality. The insights obtained from these experiments are crucial
for practical applications, providing valuable guidance for adapting the model to meet
specific image processing requirements effectively.

Figure 3 illustrates the effectiveness of our PDE-based preprocessing technique.
Figure 3a,c present the original input images. Figure 3b,d display the corresponding
processed outputs after applying our algorithm, highlighting noise reduction and feature

enhancement.

-

© (d)

Figure 3. (a), (c¢) Original input images; and (b), (d) corresponding outputs after
applying our algorithm using PDE-based techniques.

4.2. Comparison with existing methods

To evaluate the effectiveness of the proposed method, we compare its performance
with existing diffusion-based approaches, including anisotropic diffusion [22] and
total variation (TV)-based methods [23]. Table 2 presents the quantitative results,
highlighting improvements in Peak Signal-to-Noise Ratio (PSNR), Structural
Similarity Index (SSIM), and computational efficiency.

Table 2. Quantitative comparison of different methods.

Computational Time

Method PSNR (dB) +  SSIM 1 ® 1 Key Strength

s
Anisotropic Diffusion [22] 28.5 0.89 4.2 Edge preservation
TV-based Method [23] 30.2 0.91 6.8 Noise reduction
Proposed Model 32.7 0.94 3.5 Adaptive optimization
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As seen in Table 2, our approach achieves a higher PSNR (32.7 dB) compared to
the anisotropic diffusion model (28.5 dB) and the total variation-based method (30.2
dB), demonstrating superior noise reduction while preserving fine details. Additionally,
our model achieves an SSIM of 0.94, which surpasses both conventional methods,
indicating improved structural integrity in processed images.

Furthermore, the computational time is reduced to 3.5 s, making our approach
more efficient than the TV-based method (6.8 s) and anisotropic diffusion (4.2
s). This speedup is attributed to our optimized multi-scale parameter selection and
adaptive boundary condition framework, which reduces redundant computations while
maintaining high-quality results.

Unlike traditional models that rely on fixed diffusion parameters, our multi-scale
optimization strategy dynamically adjusts parameters based on local image content,
leading to improved structural preservation. This adaptive approach enhances
numerical stability and reduces computational errors in high-noise scenarios.

Figure 4 further illustrates the visual benefits of our approach. While anisotropic
diffusion and TV-based methods tend to oversmooth textures, our method maintains
fine details while effectively reducing noise. The zoomed-in regions highlight how our

model outperforms traditional techniques in preserving edges and subtle textures.

Input Image Anisotropic Diffusion TV-based Method Proposed Method

Figure 4. Comparison of visual results between different methods.

Despite the valuable insights gained, this study has limitations. The sample size
of 25 experiments, while sufficient for preliminary analysis, may not capture the full
variability present in larger datasets. Additionally, the experiments were conducted
under controlled conditions, which may not fully represent real-world scenarios. Future
research should aim to include a larger and more diverse set of experiments to validate

these findings across different contexts.

5. Conclusion

In this study, we have introduced and rigorously evaluated a modified diffusion
model tailored for image enhancement, with a particular focus on balancing
effective noise reduction and edge preservation. Our approach, which integrates
adaptive parameters and sophisticated numerical techniques, has yielded substantial
improvements over traditional image processing methods.

The proposed model stands out due to several key advancements. Firstly, it
achieves enhanced accuracy and efficiency by incorporating adaptive parameters,
including specific values that significantly improve performance metrics like PSNR
and SSIM. This configuration not only enhances noise reduction but also ensures

11
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that critical image details are preserved. These features make the model particularly
well-suited for applications in medical imaging and other domains that require high
image fidelity.

Secondly, our work contributes new theoretical insights by developing novel
numerical techniques for diffusion processes. These advancements deepen the
understanding of image enhancement dynamics and establish a robust framework for
future research in the field.

Finally, the practical implications of our model are evident from the comparative
analysis against traditional methods, such as Gaussian smoothing and the Perona-Malik
model. The superior image quality achieved by our approach underscores its potential
for practical implementation across various imaging systems and applications.

In conclusion, our modified diffusion model significantly advances image
enhancement techniques. It addresses existing methods’ limitations while offering
improved performance and valuable theoretical insights. This work opens avenues for
further exploration and refinement, emphasizing the model’s potential impact on the
field.

Conflict of interest: The author declares no conflict of interest.
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