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Abstract: We develop an algorithm that allows us to construct the sequences of matrix
Pythagorean triples of any size. We prove that there exists an infinite number of galaxies of
sequences of matrix Pythagorean triples. We construct the semiring of sequences of matrix
Pythagorean triples called the astral body of the set M, (N) associated to a galaxy. We show
that every galaxy of sequences of matrix Pythagorean triples is associated with a semiring, and
every semiring is associated with a homomorphism of semirings. We construct the astral body
of the set of complex polynomials over the unit disk ). We construct the semiring of astral
bodies of the set M,, (N) associated with several galaxies. We also introduce the sequences of

completely Pythagorean maps over N3.
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1. Introduction and main result

The Pythagorean theorem states as follows: For any right-angled triangle, the
square of the hypotenuse 2z equals the sum of squares of the two (shorter) leg lengths
x and y, which is written as 22 4+ y?> = 22 [1-6]. It is well known that the equation
22+ 9% = 22 has many integer solutions, for instance (3, 4, 5) and (5, 12, 13). Around
1500 B.C., the Babylonians were aware of the solution (4961, 6480, 8161) and the
Egyptians knew the solutions (148, 2736, 2740) and (514, 66048, 66050). Also Greek
mathematicians were attracted to the solutions of this equation. We notice that this

equation has sequences of complex number solutions
(1+2ixak 2ixa*—2xa®* 14+2ixa"—2%xa®*),aeC,keN

and matrix solutions

1 2 46 8 20 28 18 9 20 28 18
2 5 0 2 8 16 8 14 8 17 8 14
047 2|6 2 28 14 || 6 2620 14
2 2 4 3 6 18 24 16 6 18 24 17

Pythagorean triples have been known and developed since ancient times with the
oldest record dating back to 1900 BC [7]. Finding methods for generating Pythagorean
triples has been of great interest to mathematicians since the Babylonians (from 1900 to
1600 BC). In the literature, there are three classical methods of generating Pythagorean
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triples. Namely, Pythagoras’ method (c. 540 BC), Plato’s formula (c. 380 BC) [8,9]
and Euclid’s formula (c. 300 BC) [10]. There are several post-classical methods
which are Stifel’s method (1544) [11] and Ozanam’s method (1694) [12]. There are
two modern methods which are Portia’s method and Dickson’s method [13]. Several
methods of generating Pythagorean triples have been introduced these recent years by
many authors [14,15]. In 2019, Overmars, Ntogramatzidis and Venkatraman introduced
a method that allowed them to generate all the Pythagorean triples by using a new
different perspective [16]. In 2021, Mouanda introduced a new method of generating
the galaxies of sequences of Pythagorean triples of positive integers. This led to the
introduction of the new theory called ”Galaxy Number Theory”. This new theory
provides us a better understanding of laws and structures of different universes [17]. In
1934, Berggren (1934) showed that there are 3 x 3 matrices that may be used to generate
one Pythagorean triple from another [18]. In 2019, Amold and Eydelzon introduced a
parametrization for the Pythagorean matrices, i.e., integer-valued matrices A, B, and C
such that A%2 + B? = C?[19].

Pythagorean triples have many applications in cryptography.

In this paper, we introduce a new method of generating matrix Pythagorean triples
of any size. Mouanda’s choice function for matrices allows us to construct matrix
Pythagorean triples.

Theorem 1. There exists an infinite number of sequences of galaxies
(Xk Yis Z)ken
of matrix triples with positive integers as entries such that
X24+Y2=22kmeN, Xy, Yy, Zi € My(N), X3,V Z) # 0.

We construct the semiring of sequences of matrix Pythagorean triples called
the astral body of the set M,,(N) associated to a galaxy. We show that every
galaxy of sequences of matrix Pythagorean triples is associated with a semiring
and every semiring of sequences of matrix Pythagorean triples is associated with a
homomorphism of semirings. We construct the astral body of the set of complex
polynomials over the unit disk . We investigate the motion of galaxies in terms
of jumps with no timing. We introduce, for the first time, the idea of completely
Pythagorean maps. We construct sequences of completely Pythagorean maps over N3.

2. Preliminaries

Definition 1. Let x,y, z € C be complex numbers. Denote by
(2,,2)" = (&",y", ") ,n =" p,g € N,g # 0.
q

The triple (z"™,y", 2™) is called the triple (x,y, z) to the power n.
Definition 2. Let x,y, z € C be complex numbers. Denote by

a(x7y7z):(ax7ay7az)7(w7y7z)+(a‘?b7c):($+a?y+b7z+c)'

Let f : N3 — N be a function of three variables. Define by
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FIN°) = {(z,y,2) : f(z,y,2) = 0}.

The set F(N?) is called the universe of triples of positive integers. Every element
of the set 7(N?) is called a planet. The equation f(z,y,2) = 0 is called the stability
law of the universe F(N?).

Example 1. Let fp, o 1 : N? — N be a function of three variables such that

(xa yvz) — fn,m,k(fﬂ,y, Z) = xn + ym - Zk‘

In this case,
‘Fn,m,k(Ng):{(l‘aya )GN fnmkxyv —0} {l'y, €N3§l‘n+ymzzk}.

Fermat’s Last Theorem allows us to say that F, , n(N®) = {}, withn > 3.
Definition 3. A universe of degree of the algebra B is the set Fr v »(B) of triples
a’q’q
(z,y, z) of elements of B that satisfy the law of stability

21 +ys =z, 2yz #0,p,q €N,q#0.

The element (x,y, z) is called a star (or a planet) of the universe Fr p »(B).
q’q

q’
Every sequence (T, Yk, 2k )n>0 of elements of the universe Fr » p (B) is called a planet
- a’°q9’q

system of elements of B.

Let
,
a1,1 a2 ai3 T a1,n—1 a1n
a1 a2 G23 as 4 - asn
MH(C) = aij € Co,
an-1,1 T - Op—1n—2 OGn—1n—1 QAan—1n
Qan 1 Qn,2 . . ann—1 Qn n )

be the set of n-by n complex matrices. It follows that

aing a2 613 . a1n—1 ain
a21 a2 423 a2 4 T a2.n
Mn(N) = tag € N 3,
Gnp—1,1 T v OGp—1n—2 OGn—1n—1 QAan—1n
Qn,1 an,2 T D an.n—1 an,n
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and
. 3\
a1 ar2 a3 T a1,n—1 a1n
a21 a2 423 a2 4 a2.n
Mn(Z) = Qi j cZ
an-1,1 . n—1,n—2 Qan—1n—-1 0an—1n
Gn,1 an,2 . . an.n—1 an,n
Therefore,
M, (N) C M,(Z) c M,,(Q) € M,(R) C M,(C).
The set

2 (M (C)) = {(X,Y,2) € M (C)* : X% 4 Y% = 20, XYZ £0},p,q €N.g £0,
q

is called the complex matrix universe of degree %. In particular, the set

Fomm(Mn(N)) = {(X,Y, Z) € Myp(N)* : X" +Y" = Z", XYZ # 0} ,n € N,n > 2,

is called the natural matrix universe of degree n. We are going to construct the elements
of the universe F3 2 2(M;, (N)).
Definition 4. A matrix triple (X,Y, Z) € M,,(N)? is said to be Pythagorean if X* +
YZ=22

The universe F 2 2( M, (N)) is the set of m x m-matrix Pythagorean triples, m €
N. Denote by

Ci(Mn(C)) = {h/h : My, (C) — C},

the set of functions over M, (C).

Let Q(F2,2.2(M,(C))) = {P : P C Fa22(M,;(C))} be the set of all subsets of
F2.2.2(My(C)).
Definition 5. Let B be an algebra. A choice (mo(k),no(k)) is said to be an appropriate
choice in B if 2mo(k)(mo(k) — no(k)) = b%,b € B.

Let us observe that the appropriate choice of the values of m(k) and ng(k) could
lead to the construction of the sequences of matrix triples with positive (or negative)

integers as entries that satisfy the equation
X?+Y?=2"%

In 2022, Mouanda proved that in the case of positive integers the terms of the
sequence (zx(mo(k), no(k)), yx(mo(k), no(k)), zx(mo(k), no(k)))k>o defined by

2(mo (k) —no (k))++/8mo (k) (mo (k) —no (k))
2

+ no(k)
+ mo(k})

(k) = 2(7”0(’@)—”0(’9))'1'\/82m0(k)(mo(k)—no(k))

(k), no(k)) = 2mo®=no(k)+/Bmo(k) (mo(k) —no (k)
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fu(mo(k),no(k))

satisfy @i (mo(k),n0(k))* + wyk(mo(k),n0(k))*> = zi(mo(k),no(k))? with
(mo(k),no(k)) as an appropriate choice [17]. In a similar way, we could generate
matrix Pythagorean triples by using matrix-appropriate choices.

Let O be an observer and let Ch(O) the set of the appropriate choices
(mo(k),no(k)) of the observer O. The elements of the set C'h(Q) depend on the
different appropriate choices of the observer O. For example, if the observer O chooses
(mo(k),no(k)) = (242 24%% — 1,,) € Ch(0),A € M,,(C), he can compute the
fraction

2(mo (k) — no(k)) = /Bmo(k)(mo(k) — no(k)) 21, + V1642
2 2

=1, + 24"

We can notice that the above choice allows us to construct the sequences
(Xk(A),Yr(A), Zk(A))ken defined by

Xi(A) = I, +24%
Yi(A) = Xk (A) + no(k)
Zi(A) = Xp(A) +mo(A)
\A € M, (C),k e N.

In other words,

Xi(A) = I, + 24*

Yi(A) = 2AF + 242
Zi(A) = I, + 2AF + 2A%F
Ae My,(C),keN.

We can check that X7 (A4) + Y2(A) = ZZ(A), A € M,,(C),k € N. It is now
possible to construct a choice function that depends on the appropriate matrix choices of
the observer O. Let fi1 : Ch(O) — Q(F22.2(M,,(C))) be the model galaxy-valued
function defined by

mo(k) = A°®) B(k), k € N, B € C.(N)
A,mo(k‘) — no(k‘) S Mm((C)
Xp(mo(k), no(k)) = 2(mo(k)fno(k))+\/82mo(k)(mo(k)fno(k)) € M,y (C)
Yk(mo(k‘),no(k‘)) — 2(m0(k)—no(k))‘*‘\/f-;mo(k)(mo(k)—no(k))
(k) = 2(mo (k)—no (k))++/8mo (k) (mo (k) —no (k))
- 2

+ no(k)
+ mo(k)

(mo(k),no(k)) € Ch(O). This type of function is called Mouanda’s choice function
for matrices [17].

Definition 6. Ler A be a unital Banach algebra. We say that a € A is invertible if there
is an element b € A such that ab = ba = 1. In this case, b is unique and written as a L.
The set

Inv(A)={acA:3be A ab=ba =1},
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is a group under multiplication. If a is an element of A, the spectrum of a is defined as
ola)={AeC:a—-A1¢Inv(A)},
and its spectral radius is defined to be

r(a) =sup{|\|: A€ o(a)}.

3. Proof of the main result

In this section, we develop an algorithm that allows us to construct sequences of
matrix Pythagorean triples of any size. Mouanda’s choice function is the main tool. The
structures of Pythagorean triples are not unique and some of them allow the construction
of the structures of matrix Pythagorean triples. For example, it is straightforward to
check that the triples of positive integers (z(«, a), y(a, a), z(«, a)) defined by

)
r(a,a) = ot + 2a%a

y(a,a) = 2aa + 2a?

z(a,a) = o* + 2a%a + 2a®

a,a €N

satisfy
2*(a,a) + (0, a) = 2(a,a).

It is now possible to construct matrix Pythagorean triples by using the construction
structure of Pythagorean triples. It is straightforward to notice that the above
construction structure of the triples (x(a, a), y(a, a), z(«, a)) allows the construction

of a matrix Pythagorean triples structure of any size. For example, suppose that

= o =k O
— N N
N W O N
—_ = =W

This matrix generates the construction of an infinite number of matrix Pythagorean
triples depending on the values of «. A small calculation shows that

0 2a2 402 6a2 8 18 24 12

202 402 0 202 6 12 8 12
224 = | 4 79 G oAz =

402 602 202 6 22 22 12

202 202 402 2402 4 16 20 14

Now, for every a € N, we can compute

X(a)=atly +2a%A
Y(a) = 2a%A + 24?2
Z(a) = oty + 202 A + 242,
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Therefore, for every @ € N, one has

ot 202 402 602
202 ot + 402 0 202
X(a) =
0 402 ot + 602 202
202 202 402 ot + 202
8 202 +18 4a?+24 60?2+ 12
202 +6 4a®+12 8 202 +12
Y(a) =
6 402 +22 6a2+22 202 +12
202 +4 202416 4a2+20 202+ 14
a*+8 202 + 18 402 + 24 602 + 12
202 +6 ot +4a%+12 8 202 +12
Z(a) =
6 402 + 22 o + 6a2 + 22 202 + 12
202 + 4 202 + 16 402 + 20 at + 202+ 14

The triples (X (), Y («), Z(«)) also satisfy
X%(a)+Y?*(a) = Z%(a),a €N.

e Suppose o = 1. Let us compute the triple (X (1),Y (1), Z(1)). In this case, we

have

B O
wW NN O

2
)
4
2
20 28 18
16 8 14
26 28 14
18 24 16
20 28 18
17 8 14

26 29 14
18 24 17

S S 0 O O O 0 0 NN

We can check that X (1)24Y(1)? = Z(1)2. We can now introduce some examples
of sequences of matrix Pythagorean triples and construct galaxies of sequences
of matrix Pythagorean triples by using the following galaxy of galaxies model of
Pythagorean triples introduced in 2021 by Mouanda [17].
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rp(a,a) = a + 2y/a x a*
yr(o,a) = 2\/a x a¥ + 2 x a?F
ze(a,a) = a + 2y/a x a® + 2 x a®
a=r%karecNa#0,r>2

Gala(N,N) =

For matrices of the set M,,(N), one has a galaxy model of matrix Pythagorean

triples

Xp(a, A) = al,y, + 2¢/a x Ak
Yi(a, A) = 2\/a x AF +2 x A%
Zp(o, A) = ol + 2¢/a x AF 42 x A%k
a=r%kreNr>2A4¢cM,N)

Gala(N, M, (N)) =

Example 2. Let us choose o = 4, A € M,,(N). The triples of the sequence
(Xk(4, A), Yi(4, A), Z1(4, A)) pony = (4L +4A% 4AF42A%F AT, +4AF+2A%F) oy,
satisfy
XE(4,A) +YV2(4,A) = ZE(4,A),k e N.
We can construct the galaxy

X1.(4, A) = 41, + 4AF
Yi(4, A) = 4AF 4242k
Zi(4,A) = 41, + 4AF 4 2A%F
k€N, A€ My (N),

Gala(4, M,,(N)) = ,m e N.

Example 3. Let us choose « = 9, A € M,,,(N). The triples of the sequence
(X5(9,A), Yi(9, A), Zk(9, A)) ey = (91, +6A", 647 +24%% 91,46 AF 4247 ) oy,
satisfy

X2(9,A) + Y2(9,A) = Z}(9,A),k € N.

We can construct the galaxy

X1(9,A) =9I, + 6A*
Yi(9, A) = 6AF 4 2A%F
Z1(9,A) = 91,,, + 6A* + 242
k€N, A€ M,(N)

)

Gala(9, M,,(N)) =

and its associated galaxy of eigenvalues

X1(9,\) =9+ 6)\F
Yi(9,\) = 6AF 42Xk
Zr(9,A) = 9 + 6AF + 222k
kEeN,Xe€o(A),Ae M,(N)

Gala(9,0(M,,(N))) =
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Example 4. Let us choose a = 16, A € M,,(N). The triples of the sequence
(X1 (16, A), Y, (16, A), Zk(16, A)) .oy = (161, + 8A*, 8A% + 24%% 161, + 8AF + 2A4%F), oy,
satisfy
X216, A) + Y2(16,A) = Z2(16, A), k € N.
We can construct the galaxy

X1 (16, A) = 161, + 8A*
Yi(16, A) = 8AF 242k
Z1(16, A) = 161, + 8AF + 2A%
k€N, A€ My(N)

Gala(16, M,,(N)) =

and its associated galaxy of eigenvalues

X1,(16,\) = 16 + 8\F
Yi(16,0) = 8\F 4 272k
Zi(16,)) = 16 + 8A\F + 2\%F
keN,Aeo(A),Ae M,(N)

Gala(16,0(M,,(N))) =

Example 5. Let us choose A € M,,,(N). The triples of the sequence
(Xi(A), Yi(A), Zu(A)) pen = (2In + 2A%, 24 + A% 21, + 2A% + A%F) e,

satisfy
XE(A) +Y2(A) = ZE(A), k €N.

We can construct the galaxy

X(A) =21, + 2A*
Fa(My(N)) Tuld) = 247+ 4%
a m - y
Zip(A) = 21, +2AF 4- A%

keN, Ae M,(N)
and its associated galaxy of eigenvalues

Xi(\) =2+ 2)\F
Yi(A) = 20F 4 N2
Zi(\) = 2+ 20k + 2\
ke N,Ae€o(A),Ae M,(N)

Fa(o(Mn(N))) =

Example 6. Let us choose A € M,,(N). The triples of the sequence
(Xk(A), Yi(A), Zi(A)) ey = (3214847 847 447" 32,4847 +47"),

satisfy
X2(A)+Y2(A) = Z2(A),k €N.
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Jur(mo(k), no(k))

We can construct the galaxy

X, (A) = 321, + 842"
Yi(A) = 842" 4 A2
Zi(A) = 321, + 8AZ" 4+ A2
keN,Ac My,(N)

Ha(M,(N)) =

and its associated galaxy of eigenvalues

X(\) = 32+ 8x%°
Yi(A) = 8A2" 4 A2
Zr(\) = 32+ 822 4 A2
ke N, Ae€o(A),Ae M,(N)

Ha(o(Mn(N))) =

We can now prove our main result.

Proof. Let O be an observer and let C'h(O) be the set of the appropriate matrix choices
(mo(k), no(k)) of the observer O. Let us consider Mouanda’s choice function

fur : Ch(O) —s Q(F2(M,,(C))),
defined by

mo(k) = AP®) k B(k) € N, B € C,.(N)

A,mo(k) — no(k) S Mm(C)
Xi(mo(k), no(k)) = Z(mo(k)—no(k))+\/82mo(k)(mo(kz)—no(k)) € M,,(C)
k) = 2(mo(k)—no(k))+\/82mo(k)(mo(k)—no(k))

Y5 (mo(k), no
k

( + no(k)
| Zi(mo(k), no(k)) = 2metb=no®) ey Bmo®)mo(k) —no ()

D) + mo(k})

Let us notice that for every (mgo(k),no(k)) € Ch(O), the matrix
8mo(k)(mo(k) — no(k)) can be written as a square of another matrix. The
appropriate choice of the values of mg(k) and ng(k) allows the construction of
the structures of sequences of matrix Pythagorean triples. Let us introduce several
structures of sequences of matrix Pythagorean triples.

e Let us choose mg(k) = 24%% mg(k) — no(k) = I, with A € M,,(N). The

triples of the sequence
(Xi(A), Yi(A), Ze(A)) pen = (Inm + 247, 24F + 247 I, + 24" + 24%7) .y,
satisfy
X2(A) + Y2 (A) = ZE(A), k €N,
We can construct the galaxy

Xi(A) = I, +2AF
Yi(A) = 2A4F + 242
Zi(A) = I, + 2AF + 2A%
keN,Ae Mpy,(N)

Ta(Mn(N)) =



Journal of AppliedMath 2025, 3(3), 2609.

e Let o € N be a positive integer. Let us choose A € M,,(N) and
mo(k) = 18A% mo(k) — no(k) = a*1,,.
The triples of the sequence

(Xk(a7 A)7 Yk(a7 A)? Zk(a7 A))keN )

defined by

Xi(a, A) = a?1,, + 6aAF

Yi(a, A) = 6 AF 4 1842

Zi(a, A) = I, + 60 AF + 18A%F,
satisfy

XE(a,A) + Yi(a, A) = ZE(a, A), k € N.

We have an infinite number of sequences of matrix Pythagorean triples. We can

construct the galaxy

X (o, A) = o?1,, + 6aA*
Yi(a, A) = 6 AF 4 18A%F
Zi(a, A) = a®I,,, + 6aAF + 18A%
k€N, A€ M, (N)

Za(a, M, (N)) = ;o € N,

The number « is called the base of the galaxy Za(a, M,,(N)) and the elements
of M,,,(N) are called leads of the galaxy.
e Let o € N be a positive integer. Let us choose A € M,,(N) and

2k+1

mo(k) = A, mo(k) — no(k) = 20°1,,.
The triples of the sequence

(Xk(a’ A)7 Yk(a7 A)v Zk(Oé, A))kEN )

defined by

Xp(ov, A) = 2021, 4 20 A%

Yi(a, A) = 20:42" 4+ A2

Zi(o, A) = 2021, + 2aA%" + A2
satisfy

X2, A) + Y2 (o, A) = Z2(a, A), k € N.

We have an infinite number of sequences of matrix Pythagorean triples. We can

construct the galaxy

11
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Xp(a, A) = 2021, 4+ 2042
Yi(a, A) = 2a0A2" + A2
Zi(a, A) = 2021, + 20:42" 4+ A2
keN,Ae My,(N)

Qa(a, M, (N)) = ,a € N.

e Let a € N be a positive integer. Let us choose A € M,,(N) and
mo(k) = AZk,m()(k) — n()(k) = 2@2[m.
The triples of the sequence

(Xk?(a’ A)a Yk’(a7 A)> Zk(av A))keN )

defined by

Xp(a, A) = 2021, + 20 AF

Yi(a, A) = 20 AF + A%

Zip(a, A) = 2021, + 20 AF 4 A%F,
satisfy

X2 (a, A) + Y2 (o, A) = ZF (o, A), k €N,

We have an infinite number of sequences of matrix Pythagorean triples. We can

construct the galaxy

X (o, A) = 201, + 20 AF
Yi(o, A) = 20 AF 4 A%F
Zip(a, A) = 2021, 4+ 20 AF + A%F
ke N, A e M,(N)

Pa(a, M, (N)) = ;o€ N.

e Let o € N be a positive integer. Let us choose A € M,,(N) and
mo(k) = 24% mq(k) — no(k) = o*I,,.

The triples of the sequence

(Xk’(a’ A)> Yk(a7 A)7 Zk(av A))k;eN )

defined by

Xp(a, A) = oI, + 202 AF

Yi(a, A) = 202 AF 4+ 2A4%

Z(o, A) = oI, 4+ 202 AF 4 2A%F,
satisfy

XE(a,A) + Yi(a, A) = Z2(a, A), k € N.

We have an infinite number of sequences of matrix Pythagorean triples. We can

construct the galaxy
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Xp(a, A) = oI, + 202 AF
Yi(a, A) = 202 A% + 24%F
Z(a, A) = a* I, + 202 A% 242
keN,Ae My(N)

Wa(a, My, (N)) = ,a €N,

e Let a € N be a positive integer. Let us choose A € M,,(N) and
mo(k) = 20.A%* mg(k) — no(k) = 31,,.
The triples of the sequence

(Xk?(a> A)a Yk’(a7 A)> Zk(av A))keN )

defined by

Xi(a, A) = @31, + 202 AF

Yi(a, A) = 202 AF 4+ 20 A%

Zi(a, A) = 21, 4 202 AF 4 200A%F,
satisfy

X (o, A) + Y2 (o, A) = Z (o, A), k € N.

We have an infinite number of sequences of matrix Pythagorean triples. We can
construct the galaxy

Xi(a, A) = a1, + 202 AF
Yi(a, A) = 202 AF + 20A%F
Z(a, A) = o3I, + 202 AF + 20 A
ke N, A e M,(N)

Ma(a, My, (N)) = ;oo € N

This yields the desired result. 0
There are many ways of generating matrix Pythagorean triples. Matrix solutions

of the Diophantine equations
X4 y?m = 72 pom,k €N,

generate matrix Pythagorean triples.

4. Semirings of sequences of matrix Pythagorean triples and
homomorphisms

In this section, we show that every galaxy of sequences of matrix Pythagorean
triples is associated with a semiring and every semiring of sequences of matrix
Pythagorean triples is associated with a semiring homomorphism. Let us consider the
sequence of matrix Pythagorean triples

Q(a? A) = (Xk(a7 A)? Yk(av A)? Zk(av A))kEN7

of the galaxy
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Xp(a, A) = oI, + 202 AF
Yi(a, A) = 202 A% + 24%F
Zi(a, A) = oI, + 202 AF + 242k
keN,Ae My(N)

Wa(a, My, (N)) = ,a €N,

Let
Vam ={Q(a,A) : A€ M, (N)},

be the set of all sequences of the galaxy Wa(a, M, (N)). The set V, y, is called
the astral body of the set M,,(N) associated to the galaxy Wa(«, M,,(N)). Every
element (v, A) of the set V, p, is called an astral cell of V, ,,,. The universe is a
complex environment. There are births and deaths of galaxies (stars, planets). The
same phenomenon happens inside the body of every living creature. It is possible to
create genetic astral laws that could help us to generate new astral cells of the astral
bodies of M, (N) associated with different galaxies. Let

Q(a’ A) = (Xk(av A)7 Yk(a’ A)’ Zk(av A))kEN )
and

Qa, B) = (Xg(o, B), Yi(a, B), Zi(a, B)) e »

be two astral cells of the astral body V, ,, of the set M, (N) associated to the galaxy
Wa(a, My, (N)). Define two laws L and * in V, ,,, which act only on the leads of the
galaxy Wa(aly,, M, (N)) by setting

Qa, A)LQ(a, B) = Qo A+ B) = (Xp(o, A+ B), Yi(o, A+ B), Zi(a, A+ B)) jeny »
and
Qa, A) * Q(o, B) = Q(a, A x B) = (Xg(a, A x B),Yi(a, A x B), Zp,(o, A X B)) ey -
The sequence
Qat, I) = (X, L), Ye(@s L), Ze(0s In)) e
is the multiplicative identity element of (V, y, *). The sequence
Q(a,0) = (Xg(e, 0), Yi(e, 0), Zg(c, 0)) e »

is the additive identity element of (V, , L).
Definition 7. A semiring is a ringoid (S, *, o) in which:
1) (S, ) forms a semigroup.
2) (S, o) forms a semigroup.
That is, such that (S, x, o) has the following properties:
1) Va,beS:axbelS.
2)  Va,byce S:(axb)xc=ax(bxc).
3) Va,beS:aobeS.
4) Va,b,ce S:(aob)oc=ao(boc).
5) a,b,ceS:(axb)oc=(aoc)x*(boc).



Journal of AppliedMath 2025, 3(3), 2609.

6) abceS:ao(bxc)=(aob)x(aoc).
These are called the semiring axioms. The set (Vo m, L, *) satisfies the semiring

axioms. Indeed, let
Qa, A) = (Xp(, A), Yi(a, A), Zp(a, A)) pen » A € M (N),

Qa, B) = (Xy(o, B), Yi(, B), Zi(a, B)) pen » B € M (N),
and

Ua,C) = (Xp(, C), Yi(, C), Zi(, C) ) ey » C € M (N),

be three astral cells the astral body V, ,, of the set M, (N) associated to the galaxy
Wa(a, My, (N)).
) Qa, A)LQ(a,B) = Ua, A+ B) € Vam.
2) (Ao, A)LQ(a, B))LQ(a,C) = e, A+ B)LQ(a,C) = Q(a, A+ B+ C).
We know that
Qa,A+B+C) =Qa, A)LQ(a, B4+ C) = Q(a, A) L(Qcv, B) LQ (e, C)).

Therefore,
(Qa, A) L, B)) LQ(er, C) = Qav, A) L(2(ev, B) LQ(ev, C)).
3)  Qa,A) «Qa, B) = Qa, A X B) € Vo
4) (o, A) xQa,B)) * Qa,C) = Qa, A x B) x Qe, C) = Qa, A x B xC).
We know that
Qa, AxBxC)=Qa,A)*Q(a, Bx C) = Qa, A) % (U, B) * Q(ex, C)).
Therefore,
(Qa, A) * Q(a, B)) * Q(a, C) = Qev, A) * (e, B) * Q(ax, C)).
5 (o, A)LQ(a, B)) * Qc,C) = Qa, A+ B) x Qa, C) = Q(av, (A + B)C).
It is straightforward to see that
Qa, (A+ B)C) = Qa, AC + BC)) = Q(a, AC) LQ(cr, BC).
It is clear that
Qa, AC) = Qe, A) * (v, C), Q(a, BC) = Q(a, B) * Qx, C).
Therefore,
(U, A)LQ(a, B)) * Q(a, C) = (v, A) x Qcr, C)) L(Q(ev, B) * Q(ax, C)).
Qa, A) x (2, B) LQ(a, C)) = Q(er, A) x Q(cr, B4+ C) = Q(a, A(B+ C)).
It is straightforward to see that

Q(a, (A(B + C)) = Q(a, AB + AC)) = Q(a, AB) L, AC).

It is clear that

Q(a, AB) = Qa, A) % (Qa, B), U, AC) = Q(a, A) % Q(av, C).

Therefore,

Qa, A) x (2, B) L, C)) = (v, A) * (v, B)) L(Qev, A) * Q(cr, C)).
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Finally, the astral body V, ,,,, with the two laws L and x, is a semiring. In other
words, the set (Vo m, L, %) is a semiring of sequences of matrix Pythagorean triples
associated to the galaxy Wa(c«, M,,(N)). We can conclude that. These laws allow us
to study the astral genetics inside the astral body V, ;. It is well known that the set
(M, (N), 4, x) is a non-commutative semiring.

Theorem 2. Define the map @Y™ : (M (N), +, X) — Vam, L, ¥) via the formula

Sova’m (A) = (Xk(a7A>7Yk(a7A)7Zk<aaA))keNaa7m € N.

The maps @Y™ are homomorphisms of semirings.

Proof. Let A, B € M,,(N). It is straightforward to check that
p e (A+ B) = (Xp(a, A+ B), Yi(a, A+ B), Zi(a, A+ B)) ey = 97" (4) Lp¥(B)

@Va,m(A X B) = (Xk(Oé,AB),Yk(OZ,AB), Zk(avAB))keN = SOVa,m(A) * @Va,m(B)va’m eN

(Pva'm (Im) = (Xk(aa Im); Yk(aa Im): Zk:(aa Im))keN 5
and
Sova’m (O) = (Xk(a7 0)7 Yk(a7 0)7 Zk(a7 0))k€N :
U

Va.m is bijective for every a € N. Indeed, every

In fact, the homomorphism ¢
sequence of matrix Pythagorean triples of the set V, ,, is generated by a matrix of the
set M,,,(N). Therefore,

(Pva’m (M, (N>) = Va,m-

Also, two elements Q(c, A) and Q(a, B) of the set V, ,, are two different
elements if and only if the matrices A and B are different too.

5. Astral body of the set of complex polynomials over DD associated
to the galaxies of sequences of Pythagorean triples of complex
polynomials over D

We notice that, we can construct the semirings of sequences of Pythagorean
triples of many mathematical objects with their astral bodies. For instance, from the
construction structure of the galaxy Wa(«, M,,(N)), we can construct the galaxy of
sequences of polynomial Pythagorean triples

Xi(a, f) = o* + 202 f*
Yi(e, f) = 207 fF + 22
Zi(a, f) = ot 4+ 22 fF + 2%k
keN,feP(N)

Wa(o, P(N)) = ,a €N,

with

P(N) = {f(z) :Zakzk:ak,neN,zeD},

k=0
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the algebra of polynomials over D. It follows that
Vap(y) = {<a4 202k 202 FF £ 2% ot 4 20 fk 2f2k>k Life P(N} :
€

is the astral body of P(N) associated with the galaxy Wa(«, P(N)). In other words,

Va,P(N) = {Q(a7f) 1 fe P(N)} :

A simple calculation shows that if Q(c, f), Q(a, g) € V pqv) are two astral cells,
in general,
Qa, /)L, 9) = e, f + 9) € Vapav,
and
Qa, ) * U, g) = U, f X g) € Vo pvy-

In this case, we can deduce that (Va7’p(N),J_,*) is a semiring of sequences
of polynomial Pythagorean triples. = The same thing can be done for the
set C(X) of complex continuous functions on the compact set X. The map
@VeP® 1 (P(N), 4, x) — (Vo pv), L, *) defined by

@Yerm (f) = o, f) = (Xi(a, £), Yila, ), Zi(a, ) gen -

is the associated homomorphism of semirings.

6. Astral body of complex polynomials over [ associated to
the galaxies of sequences of Pythagorean triples of complex
polynomials over D

Let

n
flz) = Zakzk tag,n €N,
k=0
be a complex polynomial over D. From the structure of the galaxy Wa(«, P(N)), we
can construct the galaxy

Xi(a, f(2)) = a* + 222 f(2)k
Yi(ev, f(2)) = 202 f(2)F + 2 (2)**
Zy(a, f(2)) = a* + 207 f(2)F + 2f (2)**
keNzeD

Wa(a, f) = ;oo €N

Assume that
Qa. £(2)) = (o + 207 ()", 2021 (2)F + 20 ()0t 4+ 202 () + 20 (%) .

is the sequence of complex numbers associated with the complex polynomial f(z). It
follows that

Va,; ={Qe, f(2)) : z € D},

is the astral body of f associated with the galaxy Wa(«, f). Itis possible from the astral
cells of the astral body V,, ; of the complex polynomial f to create new astral cells that
are not astral cells of the astral body V, . Indeed, let Q(c, f(x)), (e, f(y)) € Va5
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be two different astral cells. In general,

e, f(2)) LU, f(y)) = Ua, f(2) + [(y)) & Va.s,

and

Qa, f(2)) * e, f(y) = Ua, f(x) X f(Y)) & Va,r-

In this case, (Va,f, L, *) is not a semiring of sequences of polynomial Pythagorean
triples. In conclusion, the astral body of a complex polynomial is not a semiring. This
phenomenon could be used to create new astral cells that never existed before or that
were never seen before. This is a great opportunity in chemistry. The properties of
the astral bodies of complex polynomials can be used to diversify our environment and
improve our lives. The property of adding or multiplying the leads of the galaxies of
sequences of complex polynomial Pythagorean triples could create new environmental
astral cells which can be used in agricultural farming, biology, chemistry, industry. For
example, the tree that gives the soap as a fruit does not exist but mixing banana leaf
powder and palm oil under the heat conditions could create the banana soap which has

many skin-healing benefits.

7. Semiring of astral bodies

The triples
r(a,a) = a* + 2a2a
y(a, a) = 2a%a + 2a?
2(a,a) = a* + 2a%a + 2a®
a,a €N
satisfy

% (a,a) +v*(a,a) = 2%(a, a).
Assume that a1, ag, a1, a2 € N. A simple calculation shows that
xz(al + oo, a1 + ag) + y2(a1 + a9, a1 + ag) = ZZ(Oq + ag,a1 + ag),

and

2?(onag, a1az) + ¥ (o ag, arag) = 2*(a102, a1a2).
Also, we have
2?(aq + ag, A1 + Ag) + ¥ (o1 + ag, A1 + Ag) = 2% (a1 + ag, A + A3),
and
2?(onag, A1Az) + y* (ar0g, A1 Ag) = 22 (a1ag, A1 As), A1, Ay € My, (N).
Recall that
Vo = {Q(a, A) : A € Mp(N)} = {(Xi(or, A), Yi(er, A), Zi(v, A)) ey + A € Min(N) }
is the astral body of M, (N) associated with the galaxy Wa(a, M,,(N)),a € N. Let

Vin = {Vam : @ € N},
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be the set of astral bodies of M,,,(N) associated with the galaxies Wa(a, M,,(N)), «a €
N. Let

Vor,m ={Qa1,A): Ae M,(N)} = {(Xk(al,A),Yk(al,A),Zk(al,A))keN A€ Mm(N)} ,
and
Vaom = {Q(az, B) : B € My (N)} = {(Xi (a2, B), Yi(az, B), Zi(a2, B))yey : B € My (N)},

be two astral bodies of the set V,,,. Define two laws © and ® in V,, that operate on the
bases and leads of the associated galaxies by setting

Voal,m @ Vag,m = {Q(al + a27A + B) : AvB € Mm(N)}’

and
Val,m ® Vag,m = {Q(Oq X Of2,A X B) : A,B S Mm(N)} .

It is very simple to check that
Val,m %) Vag,m’ Val,m ®© Vag,m S Vm
Therefore, (V,,, ©, ®) is also a semiring of astral bodies. These two laws © and
© allow us to investigate the astral genetics of astral bodies of the set M, (N).

8. Motions of galaxies of sequences of matrix Pythagorean triples

The semiring of astral bodies allows us to observe the motion of galaxies. In this
section, we describe how to travel from one galaxy to another. Let us consider the
galaxy of sequences of triples of positive integers

rp(a,a) =a? +2 x a x a?*
k k+1
yr(a,a) =2 x a x a® +a?
H(a,N) = ,a e N.
(o) z(a,a) =2 +2x axa? +a2"
k,aeNja+#0
The triples of this galaxy satisfy
(o, a) + yi (o, a) = 22 (a,a), k,a € N. (D)
The model
H(a,N
H(N,N) (a,N) ’
aeN

can be considered as the galaxy of galaxies. We can construct the galaxy

Xp(o, A) =02 4+2x a x A
Yi(a, A) =2 x a x A2 4 A2
Zp(a, A) = a? + 2 x a x A2 4 42"
keN,Ae My,(N)

H(a, M,,(N)) = ,aeN.

A small perturbation of the constant o allows the motion of one galaxy to another
galaxy in terms of jumps. The map 7 : N — Q(F3 2 2(M,,,(C))) defined by & —
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() = H (o, M, (N)) with
Q(F222(Mp(C))) ={P: P C Fa22(Mn(C))},
determine the motions inside the galaxy

H(ar, M (N))

H(N, M (N)) = aeN

The motions inside these galaxies occurred in the form of jumps with no timing.

9. Sequences of completely Pythagorean maps

In this section, we introduce, for the first time, the idea of completely Pythagorean
maps over N3, Let A and BB be two C*-algebras. Let M,,(A) be the C*-algebra of n x n
matrices with entries from .A. Given a map ¢ : A — B. Define the map

On : Mp(A) — M, (B),
via the formula
¢n([ai,j]2j=1) = [Qs(ai,j)]?,j:l-

The map ¢ is positive if it maps positive elements of .4 to positive elements of 5
and ¢ is called completely positive if every ¢,, is a positive map. In a similar fashion,
if ¢ is a bounded map, then every ¢,, will be bounded and when sup,, ||¢y, || is finite, we
call ¢ a completely bounded map [20].

Definition 8. Let ¢ : N3 — N3 be a map. The map ¢ is Pythagorean if

(p(a, b, C) S ‘FQ’Q,Q(N), V(CL, b, C) S .7'—2,272 (N)

In the case of matrix Pythagorean triples, the definition of Pythagorean map is
slightly different. The mapping set here is M,,(N)? not M,,(N?®). Define the map ¢, :
M, (N)? — M,,(N)? via the formula

on(A,B,C) = (A, B,C),Y(A,B,C) € M,(N)3.

Definition 9. Let o, : M, (N)?> — M,,(N)3 be a map. The map ¢ is n-Pythagorean
if
(pn(A, B, C) S .FQQQ(Mn(N)), V(A, B, C) S f27272(Mn(N)).

We call ¢ completely Pythagorean if every @y, is a Pythagorean map.

Finding methods for generating matrix Pythagorean triples is not an easy task at
all. On the other hand, completely Pythagorean maps are important mathematical tools
capable of allowing the construction of matrix Pythagorean triples of any size. Let
Va,m be the semiring associated to the galaxy Gala(c, M,,(N)) of matrix Pythagorean
triples. Define the map

Yem Mm(N)3 — Vams

via the formula

Vem (4, B,C) = (Xi(a, A+ B+ C), Ya(a, A+ B+ C), Zy(a, A+ B+ C)) ey

20
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with (4, B, C) € Mp,(N)? and (Xj(av, A), Yi(ev, A), Zg(c, A))pery € Vaym. The map
Va,m
Ir : Mm(N)3 — Mm(N>37
defined by
FT¥ (A, B,C) = (Xg(o, A+ B+ C),Yi(a, A+ B+ C), Zp(a, A+ B+ C)),

is Pythagorean. There exists an infinite number of completely Pythagorean maps.
Theorem 3. There exists an infinite number of sequences (py),cy of completely
Pythagorean maps.

Proof. Let « € N be a positive integer. Mouanda’s choice function, with
mo(k) = 2aa?* and mo(k) — no(k) = o2, allows us to construct the sequences
(xk(aa Cl), yk’(a> a)? Zk(Oé, a))keN defined by
rp(a,a) = a3 + 2a%d*
yr(a, @) = 2a%a* + 2aa?
ze(a,a) = o + 202a” + 2aa®*.
It is straightforward to check that
(o, a) + i (o, a) = 22 (a,a), a, k,a € N.
Define the map ¢f : N? — N3 by

©2(a,b,c) = (a® 4 202d*, 20%d" + 20d**, 0 + 20°2d* + 2ad?%), k € N,

withd = a + b+ ¢,¥(a,b,c) € N3. The choice of d is not unique, we could choose

d = abe. A simple calculation shows that
¢r(a,b,c) € Fa22(N),V(a,b,c) € Nk € N.

Finally, for every a € N, the sequence (), is a sequence of Pythagorean
maps over F222(N). For every VA € M,,(N), the triples of the sequence

(X (e, A), Yi(e, A), Zi(a, A)) pen »

defined by

Xi(a, A) = 31, + 222 AF

Yi(a, A) = 202 AF + 20A%F

Zi(a, A) = 1, + 202 AF 4 200A%F,
also satisfy

X2 (a, A) + Y2 (o, A) = Z2 (o, A),m, k € N.
Define the map ¢, : M (N)? — M, (N)? by

ohm(A,B,C) = (6*In,+20°X* 20° X +20 X%, 0 I, +20° X +2aX7%)  k € N,

with X = A+ B + C,¥(A, B,C) € M,,(N)3. The choice of X is not unique. We
could even choose X = 2A + 2B + C. A simple calculation shows that
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o m(A, B,C) € Fo(My(N)),¥(A, B,C) € My (N)* k € N.

Therefore, for every o € N, the sequence (90%7771) Len is the sequence of
Pythagorean maps over M,,(N)3,m € N. In other words, for every a € N, the
sequence (7)), cn 18 @ sequence of completely Pythagorean maps over N3, (|

There exist Pythagorean maps that are not completely Pythagorean. For example,
the maps ¢f : N3 — N2 defined by

©2(a,b,c) = (a® 4 2a2d*, 20%d" + 20d**, 0 + 20°2d* + 2ad?%), k € N,

withd = (¢ — a) + (¢ — b),V(a,b,c) € N3, a < ¢,b < c, are Pythagorean maps but
we cannot define the maps ¢y ., m € N because if (4, B, C) € M,,(N)3, the matrix
D = (C — A) + (C — B) is not necessarily an element of M,,,(N)3,
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