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Abstract: A representation of the solutions to the Burgers’ equation by the Wronskiens is
given. For this, we use particular polynomials and we obtain a very efficient method to construct
solutions to this equation. We deduce rational solutions from the latter equation. We explicitly

build solutions for first orders.
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1. Introduction

The following Burgers’ equation:
U + Ugpr + vty =0 )]

is considered.

This equation was introduced in 1915 by Bateman [1] as formulated in Equation
(1). The Equation (1) is used in different areas of physics. The article [2] studies the
different methods of statistical analysis and statistical mechanics related to the problem
of turbulent fluid motion. In the paper [3], it is treated of problems of initial value
for the Equation (1). The article [4] gives an algebraic method for solving partial
differential equations including Equation (1) using infinitesimal transformations. In
book [5], the author reports his results about fluid turbulence from 1939 to 1954. In [6],
simple examples have been developed to illustrate some general characteristics of the
interaction between non-linearity and viscosity. The book [7] covers all major ideas
well established in differential equations, but at the same time emphasizes non-linear
theory from the beginning and introduces the very active research areas in this field.

In 1915 Bateman [1] proposed a first resolution of Equation (1). Different types
of methods have been used to solve this equation. Using the exp-function method [8],
exact solutions in particular for the Burgers’ equation are obtained. In the work [9], in
particular solutions to the Burgers’ equation are constructed using the tanh-coth method
and the Cole-Hopf transformation. The group actions on coset bundles are used in [10]
to study families of Burgers’ equations. The Cole-Hopf method is used in the works
[11-13]. In [14], the homotopic perturbation method, the adomian decomposition
method and the differential transformation method are used to obtain solutions of the
Burgers’ equation.

Some recent results in connection with this study have been given in the following
works. The work [15] proposes analytical solutions for the two-dimensional and
three-dimensional Burgers’ equation. In the paper [16], the method of the local
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fractional differential equation of Riccati is used to study a family of Burgers-type
equations. The Burgers’ equation is considered in [17], in dimensions (2 + 1), (3 + 1)
and (4 + 1) where explicit exact solutions are given. In [18] a new semi-analytic method
is given for analytic and bounded series solutions of the Burgers’ equation. In the
paper [19] an initial boundary value problem for the Burgers’ equation on the positive
quarter-plane is investigated. Recent developments of the mathematical modeling of
the Burgers’ equation are discussed in detail in [20]. A new approach for the study of the
Burgers’ equation is given in [21], describing the asymptotic behavior of the solution in
the cauchy problem for a viscous equation with small parameters. A modified Burgers’
type equation with a quadratically cubic nonlinear term is studied in [22] as a new model
of perfectly soluble mathematical physics. The Hopf-Cole transformation is used in
the article [23] to transform the Burgers’ equation into a heat equation and the Fourier
transformation then allows to obtain an exact solution of the Burgers equation.

Recently, deep learning methods [24] especially physics-informed neural
networks, have emerged as a new approach to solving, in particular, the hierarchy
of Burgers’ including the Burgers’ equation. More generally, the bilinear residual
network method [25] can be proposed to solve non-linear evolution equations.

Using some particular polynomials, we get a new representation of these solutions.

The solutions to the Burgers’ equation are given by means of Wronskians. With
this method, we can construct very easily and efficiently some solutions for the first
orders.

2. Solutions to the Burger’s equation by means of Wronskian

Polynomials expressed as

n —1
por(z,t) Z —— fork >0
= 0
no2+1 kel
t) fork >0
Paky1(, lz TG R
pn(z,t) =0forn <0 ?2)

are considered.
We use the classical notation W (f1, ..., f,) for the Wronskian of the functions
fis- -+, fn defined by

det (07" f3) jepin)iefin])

the notation 92 f; meaning f;.
Then we have the statement:

Theorem 1. v, expressed as

on(,t) = 20z (InW (pn, ..., p1)) (©)
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pr, being given by Equation (2), is a solution to Equation (1).
Ut + Ugy + Uty =0

Remark 1. We will call v,,, the solution of order n to the Burgers’ Equation (1).
Remark 2. For example, we give the first expressions of these polynomials for n = 0
to 10.

po(%‘,t) =1
pi(z,t) =
Lo
pa(z,t) = g%+t
1 3
p3(x,t) = i +tx

1 1 1
pa(x,t) = — 2t + —ta? + 12

24 2 2
ps(z,t) = %m + étaz + ;ﬁ
pe(x,t) = %x + itm -+ it%z + ét?’
pr(z,t) = 50140 T+ % tad + 1127523:3 + ét?’
ps(z,t) = ﬁ;m 5+ %tz + %t%f* + 11275%2 + 21—4754
po(,t) = zeoesa? + ot + sgta® + 316153353 + it‘lm
puo(e,1) = 362&13800 O 40:1320t$ * ﬁtz i 1314t3x4 * %tw * T;o 3

Proof. For simplicity, we denote W the Wronskian W (py,, ..., p1).

The function:
vn(x,t) = 20, (In W (pp,...,p1))

is a solution to Equation (1) if
A=2(InW)y +2(In W)z, + 4(InW)ay In W), =
or if
A= W)+ (InW)g + (InW),)* =0
This can be written as:

AW WouW —W, Wy
W W2 W2
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Thus, the equality A = 0 is obtained if

Wi+ Wor =0
Taking into account that
(pn)z = Pn—1
and
(pn)t = Pn—2

we can write

Wt = W(p’na o 7p37p07p1)

and

W?a: = (W(pna o 7p37p27p0))m = W(pna R 717372717190) = _W(pna v 7p37p07p1) = _Wt

Thus
Wi+ Wy =0

which give A = 0 and the result. [J

3. First order solutions

These rational solutions are all singular. In the following, we see the appearance
of curves of singularities. We observe the patterns of singularities. We get lines or
horseshoe type depending on the order of the solution (as presented in the following
Figures 1-20).

3.1. Case of order 1

Proposition 1. v, expressed as

vi(z,t) = C))

is a solution to Equation (1).

Figure 1. Modulus of v;.
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3.2. Case of second order

Proposition 2. vy expressed as

va(2,t) = —5——- )

is a solution to Equation (1).

Figure 2. Modulus of vs.

3.3. Case of third order

Proposition 3. v3 expressed as

—a? + 2t

t) =6 —75—— 6
Ug(l', ) J)(—l‘2 + Gt) ( )

is a solution to Equation (1).

Figure 3. Modulus of v3.
3.4. Case of fourth order
Proposition 4. v, expressed as
z (—2? + 61t

(1) = —8 ) %

zd — 1222t + 12¢2

is a solution to Equation (1).
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Figure 4. Modulus of v.

3.5. Case of fifth order

Proposition 5. vs expressed as

xt — 1222t + 1242
(x* — 2022t + 60 ¢2)

vs(x,t) =10 .

is a solution to Equation (1).

Figure 5. Modulus of vs.

3.6. Case of sixth order

Proposition 6. vg expressed as

4 -202% +60t2
ve(x,t) = —12 z v )

is a solution to Equation (1).

—x8 4+ 3024t — 180 22¢2 + 1203

@®)

)
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Figure 6. Modulus of vg.

3.7. Case of seventh order

Proposition 7. v; expressed as

—2% 4+ 30 2% — 180 222 + 1203

t)=14 10

vrles ) = M S T — 490 2217 1 840 19) (19)
is a solution to Equation (1).

Figure 7. Modulus of v7.
3.8. Case of eighth order
Proposition 8. vg expressed as
6 4 242 3
—z° + 42 2%t — 420 x°t“ + 840t
vg(x,t) = —16 v (e - - ) (11

x8 — 56 26t 4 840 24¢2 — 3360 223 + 1680 t*

is a solution to Equation (1).
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Figure 8. Modulus of vg.

3.9. Case of ninth order

Proposition 9. vg expressed as

8 — 56 25t + 840 z*t% — 3360 22t3 + 1680 t*

t) =18 12
voles 1) = 18 e 6 T 1512 01 — 10080226 1 15120 ) (12)

is a solution to Equation (1).

Figure 9. Modulus of vg.
3.10. Case of tenth order
Proposition 10. vg expressed as
8 — 72205 4 1512 2%% — 10080 2%3 + 15120 ¢*

vio(z,t) = 20 ’ (;13 ° ’ ’ ) (13)

—x10 + 90 28t — 2520 2642 + 25200 243 — 75600 x2t* + 30240 t5

is a solution to Equation (1).
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Figure 10. Modulus of v1.

3.11. Case of eleventh order

Proposition 11. vy, expressed as

—210 4 90 28t — 2520 2642 + 25200 243 — 75600 22t* + 30240 ¢°

t) =22
o1 (z, t) z (=210 + 110 25¢ — 3960 2612 + 55440 z13 — 277200 22t* + 332640 t5)

is a solution to Equation (1).

Figure 11. Modulus of v1;.

3.12. Case of twelfth order

nio ($, t)

Proposition 12. vi2 expressed as via(x,t) = (e D)
12(,

nia(x,t) = —24a(—2'% + 110 2% — 3960 25t + 55440 243 — 277200 2%t* 4 332640t°)

dia(z,t) = 22 — 132210 4 5940 t22® — 110880 325 + 831600 1zt — 1995840 t°22 + 665280 t°

is a solution to Equation (1).

3.13. Case of thirteenth order

ni3(z,t)

Proposition 13. vy3 expressed as vi3(z,t) = IR
13\ L,

nig(x,t) = 26(x'% — 13220 + 5940 2% — 110880 325 + 831600 t*2* — 1995840 t522 + 665280 t°)

diz(x,t) = z(z'? — 156 tz'0 + 8580 t22® — 205920 325 + 2162160 t12* — 8648640 t°2% 4 8648640 °)

(14)



Journal of AppliedMath 2025, 3(1), 2285.

is a solution to Equation (1).

Figure 13. Modulus of v;3.

3.14. Case of fourteenth order

nia(x,t)

Proposition 14. vy4 expressed as vis(x,t) = (e D)
14\,

nig(z,t) = —28x(x? — 156 20 + 8580 1225 — 205920 328 + 2162160 t1z*
— 8648640 t922 + 8648640 °)

dia(z,t) = —z™ 4+ 182212 — 12012 221° + 360360 t328 — 5045040 t*2:°
+ 30270240 t°z* — 60540480 522 + 17297280 ¢7

is a solution to Equation (1).

Figure 14. Modulus of v14.
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3.15. Case of fifteenth order

nis (:L', t)

Proposition 15. v5 expressed as vi5(x,t) = m
15\,

nis(x,t) = 30(—x' 4 182tx'? — 12012220 + 360360 t32® — 5045040 t*2.°
+ 30270240 t°z* — 60540480 t%22 + 17297280t")

dis(z,t) = z(—z' + 210 t2'? — 16380 t%2'° + 600600 t32® — 10810800 t*2:°
490810720 t°z* — 302702400 t°2% 4 259459200¢7)

is a solution to Equation (1).

Figure 15. Modulus of v15.

3.16. Case of sixteenth order

nlﬁ(xv t)

Proposition 16. v expressed as vig(x,t) = do(m )’
16\,

nig(z,t) = —32z(—z + 210 t2*? — 16380 t221° 4+ 600600 t32° — 10810800 t1z°
+ 90810720 t°z* — 302702400 t°2% + 259459200¢7)

dig(z,t) = 2% — 240tz + 21840 2212 — 960960 3210 + 21621600 t*2°
— 242161920 t°25 + 1210809600 t52* — 2075673600 ¢" 22 + 518918400 3

is a solution to Equation (1).

Figure 16. Modulus of vy¢.
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3.17. Case of seventeenth order

n17($, t)

Proposition 17. vi7 expressed as vi7(x,t) = iz D)
17\Z,

ni7(x,t) = 34(x'® — 240t + 21840 2212 — 960960 320 + 21621600 t*2°
— 242161920 225 + 1210809600 t%2* — 2075673600 ¢ 22
+ 518918400 t%)

dy7(x,t) = x(2' — 272t 4 28560 12212 — 1485120 32! + 40840800 t*2.®
— 588107520 925 + 4116752640 t%2% — 11762150400 ¢ 2>
+ 8821612800 %)

is a solution to Equation (1).

Figure 17. Modulus of v;7.

3.18. Case of eighteenth order

nlg(x, t)

Proposition 18. vig expressed as v1g(x,t) = (D)
18\,

nig(x,t) = =36z (2% — 272t + 28560 t221% — 1485120 3210 + 40840800 t*2®
— 588107520 t°x% + 4116752640 t°z* — 11762150400 ¢ 2
+ 8821612800 %)
dig(x,t) = —x'® + 306 t2'0 — 36720 t%2' 4 2227680 321 — 73513440 t121°
+ 1323241920 t°2% — 12350257920 25 + 52929676800 " 2
— 79394515200 t*z? + 17643225600 t”

is a solution to Equation (1).
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Figure 18. Modulus of v;g.

3.19. Case of nineteenth order

nig(z,t)

Proposition 19. vig expressed as vig(z,t) = m
19,

nig(x,t) = 38(—x® 4 306t — 36720 22 + 2227680 3212 — 73513440 4210
+ 1323241920 t°2® — 12350257920 525 + 52929676800 " 24
— 79394515200 322 + 17643225600 )

dio(z,t) = x(—z'® + 34220 — 465121221 4 3255840 t3212 — 126977760 t* 20
+ 2793510720 t°2% — 33522128640 t°2° 4 201132771840 " 2*
— 502831929600 t322 + 335221286400 ¢°)

is a solution to Equation (1).

Figure 19. Modulus of vyg.

3.20. Case of twentieth order

_ n2o (:E,t)

Proposition 20. vy expressed as voo(z,t) = Tl

n(oox,t) = —40z(—2'® 4 342126 — 46512 2214 + 3255840 3212
— 126977760 t12'° + 2793510720 t°2° — 33522128640 t52°
+ 201132771840 ¢ z* — 502831929600 322 + 335221286400 t7)
doo(z,t) = 220 — 380 tx'® 4 58140 t22'% — 4651200 3z + 211629600 t 212
— 5587021440 t°2° + 83805321600 t52° — 670442572800 "
+ 2514159648000 t32* — 3352212864000 t°2% + 670442572800 ¢°

13
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is a solution to Equation (1).

Figure 20. Modulus of vag.

4. Conclusion

We have given a new formulation of rational solutions to the Burgers’ equation by
means of Wronskians.

Explicit solutions to the Burgers’ equation are constructed for the orders n = 1
until n = 20.

The singularities of these solutions depend on the orders of the solutions.

For odd orders, the singularities of the solutions are always lines z = 0. In the
case of even order solutions n = 2p, the singularities form horseshoe patterns with p
branches.

This method easily gives different solutions to the Burgers’ equation.

We can compare this method with, for example, the exp-function method. This
last one requires performing a change of variable in n dependent on = and ¢ allowing
to transform the given equation dependent on x and ¢ into a differential equation
depending only on the variable n. A solution in the form of a quotient of finite sums of
exponential is sought. This expression is derived and replaced in the different quantities
of the differential equation. By identifying the different terms, a system of equations is
obtained that allows us to determine the various coefficients of the quotient of the sum
of the exponentials. So solutions of the given equation are obtained. But, this method
is unfortunately not straightforward and requires a lot of calculation. The advantage of
the Wronskian method is that it gives a direct expression to all possible orders and that
one single determinant is sufficient to obtain the solution.

Future research should focus on stability analysis and convergence of solutions.
This could involve the use of mathematical techniques such as perturbation analysis or
numerical simulations to study the behavior of solutions under different conditions.

It will be relevant to construct solutions of this equation depending on some real

parameters.
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Journal of AppliedMath 2025, 3(1), 2285.

References

1. Bateman H. Some recent researches on the motion of fluids. Monthly Weather Review. 1915; 43(4): 163-170.

2. Burgers JM. A mathematical model illustrating the theory of turbulence. Advances in Applied Mechanics. 1948; 1:
171-199.

3. Sugimoto N. Burgers’ equation with a fractional derivative: hereditary effects on nonlinear acoustic waves. Journal
of Fluid Mechanics. 1991; 225: 631-653.

4. Bluman GW, Cole JD. The general similarity solution of the heat equation. Journal of Mathematics and Mechanics.
1969; 18(11): 1025-1042.

5. Burgers JM. The non-linear diffusion equation: Asymptotic solutions and statistical problems. Springer; 1974.

6. Cole JD. On a quasi-linear parabolic equation occuring in aerodynamics. Quarterly of Applied Mathematics. 1951;
9(3): 225-236.

7. Whitham GB. Linear and nonlinear waves. John Wiley & Sons; 2011.

8. Ebaid A. Exact solitary wave solution for some nonlinear evolution equations via exp-function method. Physics Letters
A.2007; 365(3): 213-219.

9. Wazwaz AM. Multiple-front solutions for the Burgers’ equation and the coupled Burgers equations. Applied
Mathematics and Computation. 2007; 190(2): 1198-1206.

10. Wolf KB, Hlavaty L, Steinberg S. Nonlinear differential equations as invariants under group action on coset bundles:
Burgers’ and Korteweg de Vries equation families. Journal of Mathematical Analysis and Applications. 1986; 114(2):
340-359.

11. Hopf E. The partial differential equation w; + uuy = ug,. Communications on Pure and Applied Mathematics. 1950;
3(3): 201-230.

12. Ohwada T. Cole-Hopf transformation as numerical tool for the Burgers’ equation. Applied and Computational
Mathematics. 2009; 8(1): 107-113.

13. Vaganan BM. Cole-Hopf transformation for higher dimensional Burgers’ equation with variable coefficients. Studies
in Applied Mathematics. 2012; 129(3): 300-308.

14. Srivastava VK, Awasthi MK. (1 4+ n)-Dimensional Burgers’ equation and its analytical solution: A comparative study
of HPM, ADM and DTM. Ain Shams Engineering Journal. 2014; 5(2): 533-541.

15. Gao Q, Zou MY. An analytical solution for two and three dimensional. Applied Mathematical Modelling. 2017; 45:
255-270.

16. Yang XJ, Gao F, Srivastava HM. Exact travelling wave solutions for the local fractional two-dimensional Burgers-type
equations. Computers and Mathematics with Applications. 2017; 73(2): 203-210.

17. Xia FL, Hashemi MS, Inc M, Ashraf P. Explicit solutions of higher dimensional Burger’s equations. Journal of Ocean
Engineering and Science. 2022. doi: 10.1016/j.joes.2022.04.032

18. Reijers SA. A sequence approach to solve the Burgers’ equation. Available online:
https://doi.org/10.48550/arXiv.1903.05916 (accessed on 10 December 2024).

19. Hanag E. On the evolution of solutions of Burgers’ equation on the positive quarter-plane. Demonstratio Mathematica.
2019; 52(1): 237-248.

20. Bonkile MP, Awasthi A, Lakshmi C, et al. A systematic literature review of Burgers’ equation with recent advances.
Pramana-Journal of Physics. 2018; 90(69): 1-21.

21. Bendaas S. Periodic wave shock solutions of Burgers equations. Cogent Mathematics & Statistics. 2018; 1-11.

22. Rudenko OV, Hedberg CM. The quadratically cubic Burgers equation: An exactly solvable nonlinear model for shocks,
pulses and periodic waves. Nonlinear Dynamics. 2016; 85: 767-776.

23. Kurt A, Cenesiz Y, Tasbozan O. Exact Solution for the Conformable Burgers Equation by the Hopf-Cole Transform.
Cankaya University Journal of Science and Engineering. 2016; 13(2): 18-23.

24. Kaltsas DA, Magafas L, Papadopoulou P, Throumoulopoulos GN. Multi-soliton solutions and data-driven
discovery of higher-order Burgers’ hierarchy equations with physics informed neural networks. Available online:
https://doi.org/10.48550/arXiv.2408.07027 (accessed on 10 December 2024).

25. Zhang RF, Li MC. Bilinear residual network method for solving the exactly explicit solutions of nonlinear evolution

equations. Nonlinear Dynamics. 2022; 108: 521-531.



	Introduction
	Solutions to the Burger's equation by means of Wronskian
	First order solutions 
	Case of order 1
	Case of second order 
	Case of third order 
	Case of fourth order 
	Case of fifth order
	Case of sixth order 
	Case of seventh order
	Case of eighth order 
	Case of ninth order 
	Case of tenth order 
	Case of eleventh order
	Case of twelfth order 
	Case of thirteenth order
	Case of fourteenth order 
	Case of fifteenth order 
	Case of sixteenth order
	Case of seventeenth order 
	Case of eighteenth order 
	Case of nineteenth order 
	Case of twentieth order 

	Conclusion

