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W4-curvature tensor

1. Introduction

Z. Olszak outlined a few requirements that must be satisfied for a structure to be almost cosymplectic for it
to be virtually contact metric. They proved that there are no practically cosymplectic manifolds with non-zero
constant sectional curvature in dimensions greater than three. Fortunately, cosymplectic locally flat manifolds
with zero sectional curvature do exist. In addition, they investigated a number of restrictions on essentially

cosymplectic manifolds with conformally flat surfaces or constant ¢-sectional curvature(!].

The most obvious examples of almost cosymplectic manifolds are the constructions of almost Kaehler
manifolds, the real R line, and the circle S1. S. I. Goldberg and K. Yano developed integrability conditions
for almost cosymplectic structures on almost contact manifolds. Besides, they studied an almost cosymplectic

manifold is cosymplectic only in the case it is locally flat!?].

I. Kiipeli Erken researched almost a—cosymplectic manifolds. They studied, respectively, projectively
flat, conformally flat and concircularly flat almost aa—cosymplectic manifolds (with the n—parallel tensor field

¢h). They focused on the almost n-parallel tensor field’s characteristics, ¢h .

In 2022, M. Atceken studied at the invariant submanifolds of an almost a-cosymplectic (k, 1, /)-space
that matched certain geometric requirements so that (o, R) = 0,
Q(S,0) = 0,Q(5,Vo) =0, Q(S,R-0) = 0,Q(g,C - R) = 0and Q(S,C - ) = 0. They showed that
under certain circumstances, these conditions are identical to totally geodesic[*].In the following periods, many

authors have studied various submanifolds!® 7 10. 13-15, 18]

Our paper aim is on invariant submanifolds of an almost a-cosymplectic (k, p, v)-manifolds, which is in-
spired by the works mentioned above. In addition, we demonstrate several prerequisites for an a-cosymplectic
(k, pt, v)-manifolds invariant submanifold to be totally geodesic. Then, certain classifications and characteriza-

tions have been developed.
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2. Preliminaries

A field ¢ of endomorphisms of the tangent spaces, an odd-dimensional manifold, a 1-form 7 fulfilling
M?"*+1 and a characteristic or Reeb vector field are all components of an almost contact manifold and a vector
field &

¢*=-T+n®E nE) =1, (1)

in which I : TM?"*t! — TM?**! indicates a mapping of identities. Because of (1), it follows

no¢ =0, ¢¢ =0, rank(¢)=2n. 2)

An almost contact manifold M?"F1(¢, &, 7) is noted to be normal if the tensor field N = [¢, ¢] +2dn®¢€ =
0, where [¢, ] denote the Nijenhuis tensor field of ¢. Any almost contact manifold M?"+1(¢, ¢, ) is known
to have a Riemannian metric like that

9(¢X1,0X2) = g(X1, X2) — n(X1)n(X2), 3)

for all vector fields X1, Xy € I'(TM)[l. A metric of this type, g, is known as an equipped metric, and the
structure (¢, 1, £, g) and manifold M2+ (¢, n, €, g), associated with it, are known as an almost contact metric
manifolds and are written as M2"*1(¢,n, &, g). It is defined for M2+ (4,7, €, g) to have a 2-form ®. It is
known as the fundamental form of M?"1(¢,n, &, g) when (X1, X2) = g(#X1, X2). An almost contact
metric manifold is referred to as a cosymplectic manifold if 7y and ® are closed, that is, dn = d® = 0%,

The definition of an almost a--cosymplectic manifold for every real number « is!!!]

dn =0, d® =2an A ®. 4)

The term a—cosymplectic refers to a normal almost o—cosymplectic manifold['®l. It’s commonly known
that the following equality holds for the tensor h on the contact metric manifold M2"*1(¢ 7, &, g), described
by 2h = L¢ ¢,

V& = —¢X1 — ¢hX1, he + ¢h = 0, trh = tr¢h = 0, he =0, (5)
in this case,V is the Levi-Civita connection on M?2n+1[5],

The following presented the notation of the (k, i, ¥)—contact metric manifold, which expands above gen-

eralized (k, j1)-spaces:
R(Xy1, X2)§ = n(Xa) [kI + ph +voh] X1 +n(X1) [kI + ph + véh] Xo, (6)

R is the Riemannian curvature tensor of M2"*! and certain smooth functions &, x and v on M?"+1, where

X1, X are vector fields['?.

Lemma 1. Given M?"*(¢,n, ¢, g) is an almost a—cosymplectic (k, i, ) —space, so

h? = (k+a?)¢?, 7

(k) =2(k + o®)(v — 2a), (8)
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R(§, X1) X2 = klg(X1, X2)¢ —n(X2)X1] + pu[g(hX1, X2)§ — n(X2)hX1]

+v[g(phX1, X2)& — n(X2)phX1], )
(Vi) Xz = glagas + hay, Xo)€ — n(Xa)(adzr + har), (10)
Vx, € = —ad? X1 — ph X, (11)

for any vector fields X, X5 on A/27 18],

Let M be an immersed submanifold of A 2n+1 which is an almost a—cosymplectic (k, u1, v)-space. We
describe the tangent and normal subspaces of M in M by I'(TM) and T'(T-M). After that, the Gauss and
Weingarten formulas are provided, respectively, by

Vix, Xo = Vx, Xo + 0(X1, X3), (12)
and
Vx, X5 = —Ax; X1 + Vx, X5 (13)

for all X1, Xy € T'(TM) and X5 € T'(T+M), o and A are referred to as the second fundamental form and
shape operators of M, respectively, V and V- are what caused the relationship on M and I'(T+M). T(T M)
stands for the set of differentiable vector fields on M. They are associated by

9(Ax; X1, X2) = g(0(X1, X2), X5). (14)

The second fundamental form ¢ is first covariant derivative is provided by
(Vx,0)(Xo, X3) = V,0(Xo, X3) — 0(Vx, Xo, X3) — 0(Xa, Vx, X3), (15)
for all X1, X9, X3 € I'(TM). If Vo = 0, the second fundamental form is parallel, which is considered to be

submanifold.

The following Gauss equation results from denoting the Riemannian curvature tensor of the submanifold
M by R.

R(X1,X2)X3 = R(X1,X2)X3+ As(x, x5)X2 — Ax(x,,x5) X1 + (Vx,0)(Xa, X3)
_(€X2O—)(X1aX3)? (16)

for all X, Xo, X3 € I'(TM).

R - o is determined by

(R(X17X2) ’ U)(X47X5) = RJ-(XLXQ)U(XAL,XE,) — O'(R(Xl,XQ)X4,X5)
—0(Xy, R(X1, X2)X5), (17)

where
RJ_(Xl,XQ) = [VJX17V§(2] - V[JA;(1,X2]’

indicate the normal bundle’s Riemannian curvature tensor.
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In fact, for the Riemannian manifold (M?"*1, g), the W3 curvature tensor is prescribed by
1
W3 (X1, X2) X3 = R(X1, X2) X5 — o~ [S(X1, X3) X2 — 9(X2, X3)QX1], (18)

for all X1, Xo, X3 € I'(T M),

Similarly, the tensor W3 - ¢ is defined by

(W3(X1,X2)-0)(Xs, X5) = RYHX1,Xo)o(Xy, Xs5) — o(Wa(X1, X2) Xy, X5)
—0 (X4, W3(X1, X2)X5), (19)

for all X, Xo, X4, X5 € T'(TM).
Furthermore, the Wj-curvature tensor for Riemannian manifold (M?"+1, g) is given by
1
Wa(X1, X2) X3 = R(X1, X2) X5 + o -[9(X1, X35) QX2 — g(X1, X2)QX3] (20)

for all X1, Xo, X3 € T'(T' M),

Fora (0, k)-type tensor field (0, k)-type tensor field 7" and (0, 2)-type tensor field A on a semi-Riemannian
manifold (M, g), a (0, k + 2)-type tensor field Tachibana Q(A, T') is defined as

QA T)(X11, X12s oo, X1i; X1, Xo) = —T((X1 A4 X2)X11, X120, X11)
— T(X11, (X1 Aa X2)X13, ..., X1k)

— T(X11, X12, -, (X1 A4 X2) X11), (21)
for all X171, X12, ..., X1k, X1, X2 € x(M), where

(X1 A Xo)Xs = A(X9, X3) X1 — A(X1, X3)Xo. (22)

3. Invariant Submanifolds of an almost «—Cosymplectic (%, i, v)-Space

Let M be an almost a-cosymplectic (k, i, v)—space and M be an immersed submanifold of M?2+1_ For
any point at X1 € M, if ¢(Tx, M) C T'x, M, M is said to be an invariant submanifold of M ntl(g ¢ n, g)
with regard to ¢. Following, it will be clear that a submanifold that is invariant with regard to ¢ is likewise
invariant with respect to h.

Proposition 1. A/ is an invariant submanifold of an almost a-cosymplectic (k, p, v)-space M ntl(p €m,9)
if is tangent to M. Hence, M is equivalent to the following equality;
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R(X1,X2)¢ = k[n(X2)X1 —n(X1)Xa] + pn(X2)h X1 —n(X1)hXo]

+v[n(X2)phX1 — n(X1)phXo] (23)

(Vx,0) X2 = g(apX1 + hX1, X2)& — n(X2)(apX1 + hX,) (24)
Vx, € = —a¢’X| — ohX, (25)

¢U(X1,X2) = O-(nglaXZ) = U(X17 ¢X2)7 O'(Xl,é') = 05 (26)

where V, o and R stand for M’s shape operator, Riemannian curvature tensor, and the induced Levi-Civita
connection on M, respectively.

Proof 1. As the proof is a consequence of straightforward math, we omit it.

We shall assume for the remainder of this work that M is an invariant submanifold of an av—cosymplectic
(k, pt, v)-space M>?"+1(¢, €, m, g). From (5), we have in this instance

¢hX, = —heXq, (27)

for all X; € I'(T'M), in other words M is also invariant in relation to the tensor field h. O

Theorem 1. Let M be an invariant submanifold of an almost a—cosymplectic (k, u, v)-space M2+l (9,€,m,9).
Then Q(g, W5 - o) = 0 if and only if M is either totally geodesic or [4k?* + (u? + v?)(k + o?)] = 0.

Proof 2.We suppose that Q(g, W3 - o) = 0. This means that
(W3(X1, X2) - 0)((X3 Ag X6) X4, X5) + (W3(X1, X2) - 0) (X4, (X3 Ag X6)X5) =0,
for all X1, Xo, X4, X5, X3, Xg € I'(T'M), which implies that

(W3(X1, X2) - 0) + (9(Xa, X6) X3 — 9(X3, X4) X6, X5) + (W3(X1, X2) - 0)
+(X4, 9(X5, X6) X3 — 9(X3, X5)Xp) = 0. (28)

In (28), putting X9 = X4 = X3 = X5 = £ and using (18), (19),(23), we observe

(W3(X1,8) - 0)(n(Xe)€ — X6, 8) = (W3(X1,§) - 0)(n(X6)E, §)
—(W3(X1,€) - 0)(Xe, )
= RH(X1,)0(n(Xe)E, &) — o(n(Xe)Ws(X1,£)E,€)
—a(n(X6)&, Wa(X1,6)€) — R (X1, €)0(Xe,€)
+0(W3(X1,£) X, &) + (X6, W3(X1,£)E) = 0. (29)

Non-zero components of the (29) vectors give us (6) and (16),

o(W3(X1,8)§, Xe) = 0(Xe, 2kX1 + ph X1 + vophXy) = 0. (30)
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Also taking ¢ X instead of X in (30) and by virtue of lemma 2.1 and proposition 1, we have
—2ko(phX1, Xg) — p(k + o2)o(pX1, Xg) + v(k + a?)o (X1, X6) = 0. (31

(30) and (31) implies that
[4k2 + (u? + ) (k + a2)] =0oro=0.

The proof is finished as a result. O

Theorem 2. Let M be an invariant submanifold of an almost c—cosymplectic (k, u, v)-space M2nt1 (¢,€,1m,9).
Then Q(S,W3-0) = 0ifand only if M is either totally geodesic or 2nk [4k* + (p* + v*)(k + o?)] = 0.

Proof 3.We believe that Q(S, W3 - o) = 0, resulting in that
Q(S, W3(X1, X2) - 0)(X4, X5; X3, Xg) = 0,
for all X1, Xo, X4, X5, X3, X¢ € ['(T'M), by virtue of (19) and (21), we obtain
S(X3, Xq)(W3 (X1, Xo) - 0)(Xe, X5) — S(Xe, Xa)(W3(X1, Xo) - 0)(X3, X5)
+5(X3, X5)(W3(X1, X2) - 0)(X4, Xe) — S(X¢, X5)(W3(X1, X2) - 0)(X4, X3) =0. (32)
Expanding (32) and putting X, = X4 = X3 = X5 = &, non-zero components is

2nko (X, W3(X1,)E)- (33)

As a result, by combining the previous equation and applying (20), we determine that

2nko(Xe, 2kX1) + 2nko(Xe, phX1) 4+ 2nkvo(Xe, phX1) = 0. (34)

On the other hand, substituting . X; for X; and taking into account (7) and (26), we conclude that
2nk [4k* + (p* 4+ v2)(k + o?)] 0(hX1, X6) = 0,which follows that, 2nk [4k* + (u? + v*)(k + o?)] =0 or
c=0.0

Theorem 3. Let M be an invariant submanifold of an almost c—cosymplectic (k, u, v)-space M2nt1 (0,€,1m,9).
Then Q(g, Wy - o) = 0 if and only if M is either totally geodesic or [k* + (p* + v?)(k + )] = 0.

Proof 4.We suppose that Q(g, Wy - o) = 0. This means that
(Wa(X1, X2) - 0) (X3 Ag Xo) X4, X5) + (Wa(X1, Xa) - 0)(Xa, (X3 Ay X6)X5) =0,
for all X1, Xo, X4, X5, X3, X¢ € I'(T'M), it suggests that

(Wa(X1, X2) - o) + (9(X4, X6) X3 — g(X3, X4) X6, X5) + (Wa(X1, X2) - 0)
+( X4, 9(Xs5, X6) X3 — g(X3, X5)X6) = 0. (35)
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In (35), putting Xo = X4 = X3 = X5 = £ and using (6), (20), we observe

(Wa(X1,8) - 0)(n(X6)§ — X6,8) = (Wa(X1,§) - 0)(n(X6)E, §)
—(Wy(X1,8) - 0)(X6,§)
= RH(X1,8)0(n(X6)&, &) — o(n(Xe)Wa(X1, €)E, €)
—o(n(Xe)&, Wa(X1,6)€) — RH (X1, §)o (X, &)
+o(Wi(X1,€)Xs,8) + o(Xe, Wa(X1,6)E) = 0. (36)

Non-zero components of the vectors (36) provide us (17) and (20) as a reference.

o(Wys(X1,6)E, Xo) = 0(Xe, kX1 + phXy + vohXy) = 0. (37)

Substituting X for X7 in (37) and considering the equations (1) and (7), then we get

ko(Xe, ¢ X1) — po(Xe, ohX1) + vo(Xe, hX1) = 0. (3%)
From (37) and (38), we conclude that
[k:2 + (u+ v (k+ oz2)] o(Xe,hX1)=0

So, the proof is finished. O

Theorem 4. Let M be an invariant submanifold of an almost c—cosymplectic (k, u, v)-space M2n+L (0,€,1,9).
Then Q(S,Wy-0) = 0if and only if M is either totally geodesic or 2nk [k* + (u* + v*)(k + a?)] = 0.

Proof 5. Let us assume that Q(S, Wy - o) = 0. Thus, it follows
Q(S, Wy(X1, X2) - 0)(X4, X5; X3, X6) =0,
for all X1, Xo, X4, X5, X3, X¢ € I'(T'M), by virtue of (17) and (20), we deduce that

S(Xs3, X4)(Wa(X1, Xa) - 0)(Xe, X5) — S(Xe, Xa)(Wi(X1, X3) - 0)(X3, X5)
+5( X5, X5)(Wi(X1, Xa) - 0) (X4, Xe) — S(Xg, X5)(Wa(X1, Xo) - 0)(X4, X3) =0.  (39)

By setting Xo = X4 = X3 = X5 = £ in the last equation and non-zero components is
2nko (Xe, Wy(X1,£)E). (40)
On the other hand (40) can be written as follows:
2nko(Xe, kX1 + ph X1 + vophXy) = 0. 41

In the same way, by using (37) and (38), we get 2nk [kQ + (p? + v?)(k + a2)] o(hzy, Xg) = 0, this
means that, 2nk [k* + (p* + v?)(k + o?)] =0 or o = 0.

7
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This supports our claim. O

Example 1. Let M = {(X1, Xa, X3, X4, X5)R%, X5 # 41,0} and we take

0 1 0 1 5 O
e = (X5+1)87X17 62—m37X27 63—§(X5+1) TX;J,’
5 0 0
€4 = X, 10X, 65—(X5—1)67X5

are vector fields on M that are linearly independent. Additionally, we define the (1, 1)-type tensor field ¢ by
pe1 = eg, ey = —eq, peg = ey, pey = —eg and ges = 0.

The Riemannian metric tensor g is further provided by

glee5) ={1,i=7j; 0, i#j}.

Direct calculations make it simple for us to realize that

¢* X1 = —X1 +n(X1)E, n(X1) = g(X1,¢)

and
9(0X1, 0 X2) = g(X1, X2) — n(X1)n(X2).

Thus M>(¢, &, n, g) is an almost contact metric manifold in five dimensions. We have the components that

are not zero from the Lie-operatory.
[e1,e5] = —(X5—1)er, leg,e5] = (X5 +1)eg, [es,e5] = —(X5 — 1)es,
[es,e5] = (X5 + 1es.
Additionally, by V denoting the Levi-Civita connection on M with, we may achieve the non-zero compo-
nents using Koszul’s formula.

v61€5 = —(X5 — 1)61, V62€5 = (X5 + 1)62, Ve365 = —(X5 — 1)63,
Vees = (X5+1)ey,

Putting the relationships from above to

Vx,es = X1 —n(X1)es — ph X,

what we can see

he; = —X5ea, hes = —Xsey, hes = —Xseq, heys = —Xsegand hes = 0.
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and

By direct calculations, we get

R(€1,€5)65 = ]{761 + ,uhel + V¢h€1 = 2(X5 — 1)61,
R(eg,e5)es = keg + phey + vohey = —2X5(X5 + 1)ea,
R(eg, 65)65 = kes + phes + vohes = 2(X5 + 1)63,

R(eq, e5)es = key + phey + vohey = —2X5(X5 + 1)ey,

which imply that k = —(X5 + 1), py=0and v = 2 — X%s + Xs.
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