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1. Introduction

A fairly large number of works are devoted to the solvability of nonlinear differential equations
and systems, in which, in particular, the existence of positive solutions, their behavior, asymptotic
behavior, etc., are considered, as are the methods of functional analysis based on the use of the
technique of nonlinear analysis, the theory of which is associated with the names of F. Riess, M. G.
Kreina, L. V. Kantorovich, G. Freudenthal, G. Birkhoff, and others. Subsequently, they were
developed by M. A. Krasnoselsky and his students, L. A. Ladyzhensky, I. A. Bakhtin, V. Y. Stetsenko,
Y. V. Pokorny, and others.

Boundary value problems with boundary conditions in integral form constitute a very interesting
and important class of boundary value problems and arise in various fields of applied mathematics and
physics, in particular heat conduction, groundwater flows, thermoelasticity, and plasma physics. Such
problems were considered; for example, see the study of Cabada and Iglesias!!!, Benchohra et al.”?),
Ahmad and Nieto?!, Belarbi et al."!, Abdelkader and Benchohra®®. However, there are relatively few
works devoted to directly positive solutions of integral boundary value problems for nonlinear
functional-differential equations.

In this article, an attempt is made to fill this gap, sufficient conditions for the existence of at least
one positive solution for a second-order nonlinear functional-differential equation with an integral
boundary condition at one end of the research segment are obtained. In a similar formulation, the
problems were previously considered by Abduragimov®’l. The results obtained continue the author’s
research on this topic.

2. Main results

Denote by C the space C [0,1], L, (1 <p < ) the space L,(0,1) and W? the space of real
functions on [0, 1] with an absolutely continuous derivative.
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Consider the boundary value problem

x"(O) + f(t,(T)() =0, 0<t<l1 (1)
x(0) =0 2)
x'(1) = [, g(s)x(s)ds 3)

where T: C — Ly, is a linear positive continuous operator, g(t) is a non-negative summable function on
[0,1] such that fol sg(s)s <1, the function f(t,u) is non-negative on [0, 1] X [0,0), satisfies the
Carathéodory condition, and f (-, 0) = 0.
Definition 1. By a positive solution to problem (1)—(3) we mean a function x € W2, positive in the interval (0, 1),
satisfying Equation (1) and boundary conditions (2), (3) almost everywhere on the specified interval.
Consider the equivalent of problems (1)—(3) integral equation
x(t) = fol G(t,$)f (s, (Tx)(s))ds + ﬁ fol g(™) [fol G(T,9)f(s, (Tx)(s))ds] dr,0<t<1 4)

where,

S, 0<s<t,
G(t’s)_{t, t<s<l,

1
w=J, sg(s)ds.
It is easy to see that the function G (t, s) has the properties

1)G(t,s) >0, t,s € (0,1);
2)ts < G(t,s) <s, t,s €[0,1].

Let us rewrite Equation (4) in the form
x(®) = [} G(t,)f (s, (Tx)(s))ds, 0<t <1 (5)
where G(t, s) is the Green’s function of the operator — ;—:2 with boundary conditions (2), (3)
~ t (1
G(t,s) =G(t,s) + Efo G(t,s)g(t)dr.
Suppose that f (¢, u) in the domain [0, 1] X [0, o) satisfies condition
P
f(t,uw) < bui, p,q € (1,0) (6)
where b > 0.
Condition (6) ensures the action of the Nemytsky operator N: L, = L,, defined by the relation
(Ny)(t) = f(t,y(t)) foreach y € L,.

In operator form, Equation (5) can be represented as follows
x=GNTx
where G:L, - C, (Gu)(t) = fol G (t, s)u(s)ds is the Green operator.
Let’s put
A=GNT,
where the A is defined by the equality
(AX)(©® = [} G(t,)f (s, (Tx)(s))ds, 0 <t < 1.
Denote by K the cone of nonnegative functions x(t) of the space C satisfying the condition

. 1
min x(t) = tl|x
min x(6) = = tlixllc,

where a = fol g(s)ds.
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It is easy to verify that the operator A acts in the space of non-negative continuous functions, is
invariant under the cone K, and is completely continuous due to the Arzela-Ascoli theorem.

In what follows, to prove the existence of at least one positive solution to problems (1)—(3), we will
need the well-known Go-Krasnoselsky theorem®®!.

Theorem 1. Let X be a Banach space, and let P € X be a cone in X. Assume 04, 2, are open subsets of X with
0 €02, € ,, andlet A: P > P be a completely continuous operator such that either

@) NlAull < [ull, v € Pnan,, ||Aull = |lull, u € P nan,, or
@) NAull = llull, w € P naony, lAull < llull, uw€ P naon,.
Let A has a fixed point in P N (12,\12,).
Let us introduce the notation
Q, = {u € K: lullc < r}, Qp = {u € K: |lull; < R},
00, ={uek:|lullc =7}, 00z ={uek:|lull =R}
Q0= ﬁR\Qr,
where 0 < r < R.

In addition, we need the following notation

o ftw
fo = lim max ,
u-0ttef0,1] u

o f(tu)
foo = lim max .
u—-+oo tef0,1] U

Theorem 2. Let us assume that inequality (6) and the conditions
) p>q>1

2)  fo =0
3) tTer[l(l;Ti](TQ)(t) >0, 6(t) =t.

Then the boundary value problems (1)—(3) has at least one positive solution.

Proof. Let us check the fulfillment of condition (i) of Theorem 1. To do this, we show the existence of a
number r > 0 such that for x € K n 9Q,.
lAxllc < llxll¢ (7

Indeed, due to (6) and property 2 of the function G(t, s), for x € K N 99, we have
(Ax)(t) = fol G(t,)f (s, (Tx)(s))ds + ﬁ fol g(@ [fol G(t,s)f(s, (Tx) (s))ds] dt

< b [} s(Txa(s)ds + 2% [ s(Toya(s)ds < (b +22) [} s(T)a(s)ds

1 P Zp P
< (o0 2 1t < 0 25) (o) o

q'+1 q'+1
b 1 \g 2. Bl b(1-p+a) B-1
a 7= —u+a —
= (b+25) ()" ol Ml = — e el

A-w(q'+1)7’

. 1,1
where 7 is the norm of the operator T, o + pi 1.

Now choosing for r any positive number such that
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1
1-w( + 1D

P
b(1—u+ a)td

obviously ensure the fulfillment of (7).

Let us now find a number R > 0 such that for x € K N 004

lAxlc = llxllc €))
By virtue of condition (2) of the theorem, there exists a number L > 0 such that
> >
tren(a)\)l(]f(t ,u) = 6u, u=L )
where § satisfies the condition § > w
fo s(T6)(s)ds

L(1-pu+a)

Choosing R = max{ min (TG)(t)

) Zr}, for x € K n 00y we get

min (T)(0) 2 = Il (TO)(O) 2 e R min (TO)() 2 L.

By virtue of (9) and the corresponding properties G(t, s), we have
(Ax)(t) = fol G(t,)f (s, (Tx)(s))ds + ﬁ fol g(@ [fol G(t,s)f(s, (Tx) (s))ds] dt
> té fol S(Tx)(s)ds + ﬁué‘ fol s(Tx)(s)ds = (6 + ﬁ(?) t fol s(Tx)(s)ds

1) 1 _ 1) 1 .
- ||x||Cf S(TQ)(S)dS = mt_fo S(TQ)(S)dSt ”.XHC .

T 1-pu (1 u+a)
Having normalized both sides of the last inequality, taking into account the restrictions on §, we

arrive at the required relation (8).

Therefore, a completely continuous operator A has at least one fixed point in K N Q such that r <
[[x]l; < R, which in turn is equivalent to the existence of at least one positive solution of the boundary
problem (1)—(3) with the above property.

Remark 1. In the case 0 < s < 1 and fy = oo we have the fulfillment of condition (i) of Theorem 1, which
guarantees the existence, at least one positive solution to problems (1)—(3).

Example 1. Consider the following problem

x"(t)+et (folx(s)ds)2 =0, 0<t<1 (10)
2(0) = 0 1)
x'(1) = fol sx(s)ds. (12)

where f(t,u) = e~tu?, g(t) = t. In the future, for convenience and simplicity by calculation, we set
p =4, q = 2. The first two conditions of Theorem 2 are obvious. It is easy to verify the validity of the
third condition for the linear integral operator T: C — L, defined by equality

(Tx)(®) = [ x(s)ds
(T6)(t) = [, sds =35> 0.

To find the numbers r and R, we use the corresponding inequalities given in the course of the
proof of Theorem 2. In particular, we choose r from the condition
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I\p—q
1-w@ +D7 (13)

0<r< 5
b(1—u+a)rd

Let us find the components of inequality (13)
1 1 1
a= [ g(s)ds= [, sds= >

Taking b = 1, taking into account the fact that T = 1 and q' = 2, we finally obtain
0<r<*?

The value of R is calculated, respectively, by the formula

- LA-pta)
R = max {tg[%g](m)(t),Zr}.

To determine L, we use the inequality (9)
u?>6u, u>L, (14)

(1-w)(-u+a)

where § = — .
fo s(TO)(s)ds

After performing simple calculations, we have
1 11 1
J, s(TO)(s)ds = Efo sds = <.

It is easy to see that in inequality (14), as L, one can take any number § > ? =~ 3.1, for example,

L = 4. Finally, we get
R = max{%s,Zr} = %.

Thus, according to Theorem 2, problems (10)—(12) have at least one positive solution such that r <
[lx|l; < R, where r and R are fixed updated above.
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