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Abstract: In this manuscript, the primary objective is to analyze a ¥-Caputo fractional
pantograph implicit differential equation using the W-Caputo fractional derivative.
We employ a newly developed method based on fixed-point theorems to explore the
existence and uniqueness of the solution to our proposed problem. Furthermore, we
investigate the stability of the proposed problem. Finally, we provide an example that
illustrates the application of our newly obtained results, confirming their practical

significance.
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1. Introduction

The branch of mathematics known as fractional calculus deals with integrals and
derivatives of non-integer orders. Numerous renowned mathematicians, such as Abel,
Letnikov, Laplace, Riemann, Liouville, and Fourier, have shown significant interest in this
field of study. For a comprehensive review of the fundamental concepts and physical or
geometric interpretations of fractional calculus, see [1-3].

Fractional differential equations have attracted considerable attention from researchers in
various fields, including chemistry, physics, biology, engineering, and economics, in recent
decades due to their broad applicability, and more (refer, for instance, to [4—8]). Numerous
scholars have employed diverse techniques within fixed-point theory to yield intriguing findings
concerning the existence and uniqueness of solutions across a range of initial and boundary
value predicaments. For further elaboration, we direct the reader to [9—16].

Fractional-order derivatives and integrals are defined in several ways, including the
Hadamard, Riemann-Liouville, and Caputo variants. As researchers try to maintain specific
characteristics of these operators, these definitions are generally different from one another,
with a few exceptions. Almeida [17] proposed the W-Caputo fractional derivative, which
employs a kernel function. This work expands upon the contributions of various renowned
researchers, including those highlighted in [1, 18, 19]. Subsequently, the ¥-Caputo fractional
derivative has garnered significant attention, with several studies exploring its applications.
We refer to reviewing some of these works, such as [20-22]. Additional articles employ
various definitions of established fractional derivatives to investigate theoretical inquiries
regarding the existence, uniqueness, and Hyers-Ulam stability of solutions within fractional
differential equations. These investigations are elaborated upon in the following works:
[23-28].

The pantograph delay equation has become a valuable instrument for understanding
various contemporary topics across fields such as quantum mechanics, probability theory,
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number theory, control systems, and electrodynamics. Considerable investigation has been
conducted to explore the characteristics of this particular category of fractional differential
equations, employing both analytical and numerical methodologies. The outcomes of this
study have been documented in published works, as referenced in [29-31].

The standard formulation of the pantograph equation is presented as follows:

V'(t) = () + cov(dr), 0 <t <p

1
v(0) =g M

such that0 < § < 1.
Balachandran and Kiruthika [29] investigated the use of the Caputo operator for the

fractional adaptation of the pantograph equation, which is formulated as follows:

Dry(r) = flr,v(r),v(r), 0<t<p
v(0) =g

2

where 0 < p<land0 < d < 1.

Motivated by previous work, we present the W-Caputo fractional pantograph implicit
differential equation. Here, we apply a fixed-point theorem to examine the existence,
uniqueness, and stability of solutions to the given problem:

O DR +Ou(e) = Fle (@) (00, D), v e T=lad]l

v(@) =0, v(p)+0I7Yv(p) =0, “DIFv(n) +6v(n) = 0, 1€ (a,p)
where C]D)g ;‘P and C]D);l’\p represent the U-Caputo fractional derivatives with respective orders
p and ¢*, where p € (0,1] and ¢* € (1,2]. The ¥-Riemann-Liouville integral is denoted by
Iﬂ’l’f'. For § € (0,1), the function f : J x R® — R is continuous.

Preliminaries

The definitions and findings in this section are needed later.
The notation € = C(J,R) represents the Banach space of continuous functions. The
norm on this space is defined as:

[[v[| = sup [v(x)]
ted

Let 4 = {v: v(r),v(ov), CD;:_’\PV € €}. The norm on the Banach space il is defined as
follows:

'*,\I/
[/l = (] + @0 + 1D w0l
= sup |u(x)| + sup [v(3)| + sup | “D v (v)|
ted red

ted

Definition 1. [1] The fractional integral of order p > 0 for the V-Riemann-Liouville operator,
applied to an integrable function v : I — R, is defined as:
v 1 ‘
10 = g | VO - W) o) @
“ I'(p) Jq
where the Gamma function is denoted by T'.

Definition 2. [1] For a function v of order p, where p € (m—1,m) andm € N, the U-Riemann-
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Liowville fractional derivative is defined as follows:
1 a\"
P, ¥ _ “ m—p,¥
D) = (i) o) 0

where m = [p] + 1.
Definition 3. [17] A function v of fractional order p, where p € (m—1,m) and ¥ € C™(J,R),
has the following definition for its Y- Caputo fractional derivative:

wherem = [p] + 1 for p ¢ N, m = p for p e N.
In Figures 1 and 2, the dynamical behavior of the W-Caputo fractional derivative can be
abserved on given functions v(t) = %, v(r) = % respectively.
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Figure 2. v(t) = %.

Lemma 1. [1][fv € C(3,R) and p,s* > 0, then we get

I () = 107V u(r), ved
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Lemma 2. [22] Let’s say p > 0. Assuming that x € C(J,R), then
DI () = v(x), teD

and if v € C"~Y(3,R), then

3
|
A

SIS

U Cyp,
Ig’+ C]DZ:Jr v(t) =v(r) —

ol
Il
<]

Lemma 3. [1,17] Let Y(v) = (¥(x) — U(p)) and the following conditions: v > a, p > 0,
¢* >0, then

TP ¢F—1 _ F(§*) *+p—
(@) 0¥ (P(x) " = NCEw) (C(x))s

.CmyP> o1 1) ¥ —p—1
(b) DY (Y(x))* T = Tl =) (Y(x)) ;

(c) :C’W}]])Z;\p('f(t))’f =0, forallk=0,...,n—1,n¢eN.

Theorem 1. [32] Let B be a non-empty closed subset of a Banach space 3, and let M : B — B
be a contraction. Then, M has a unique fixed point.

Theorem 2. [33] Let ‘B be a non-empty, closed, convex subset of a Banach space .. If M :
B — ‘B is a compact operator, then N has at least one fixed point.

2. Main results

We investigate the existence and uniqueness of the solution for Problem (3).
Lemma 4. Assuming ¢* € (1,2] and p € (0, 1], the problem

D (OB + 0)u(r) = v(r). e (ab),
v(q) =0,

v(p) + 81 v(p) =0,

DY v(n) + Sv(n) =0, n € (a,b)

(6)

has a solution given by:
v(e) + 010 v (x) = 177w (e) + 0 I v(n) + w () 107 v(p) (7)

where

(p+DIVI IV

)
(

_ () —¥(0))” (IV1| (W(r) — \I/(O))IVzI)
( V] (p+ DIV

- v(0)” ((\I'(t) —V(0)lrs| 1 )

with

V1_<\If<t%([)i<g)>>P*, vy = O ZXO) )~ w0,

V:VQ—I/1V37£O.




Journal of AppliedMath 2024, 2(6), 1977.

Proof. When we apply the integrator operator I ;;\Ij and utilize Lemma (3), we obtain:
(“Dfs + () = e + 2 (L() = L(0) + I ¥u(0), v e (0.0) ®)

Next, by applying the operator 1 qp fj once more and incorporating the outcomes of Lemma
(3), we arrive at the general solution representation for problem (7).

(T(r) —w(0)" | (¥(r) —¥(0))"
I'(p+2)

v(t) = Igf*"py(t) - 6I§+u(t) +

Here, let ¢, ¢1, co € R. By incorporating the boundary conditions specified in problem
(7) along with the equation mentioned above, we can deduce that

U(x) = w(0) 1 (B(r) — ¥(0)”

= d 15 Yy (p) = 10
=0, and ¢ e et oy v(p) =0  (10)
Furthermore, we derive:

¢ + €1 (T (n) — U(0)) + It iv(n) =0 (1)

We can express Equations (11) and (12) as follows:

cov1 + v =0

¢ +civ3 =0

After resolving the final two equations for ¢y and ¢; we arrive at the following solution:

T3 rps*, 0 _ T2 g+
C[):?Iq+ —$Iq+y(’l])
Ty

x 1 *
6 = DISu(n) — S I ()

v oat voat

After substituting ¢y and ¢; into Equation (10), we obtain the desired solution
representation as shown in Equation (8). Additionally, leveraging the outcomes from Lemmas
(3), it becomes evident that Equation (8) effectively addresses problem (7). This concludes the
proof. [

The functions ¥ and w exhibit continuity over the interval J and adhere to the following
properties.
Remark 1. The following characteristics of the continuous functions ¥ and w over the interval
J are as follows:

b I* = maXo<e<bp |’l9(t) B
*  w* = maxp<i<p |w ()]
We show that a solution to Problem (3) exists iff the operator 9t has a fixed point. The

operator 91 : 1 — 4l is defined as follows:

+0() [ G (0, 0)f (9, v(9), v(59), O v(9)d (12)

p “ *
+a(r) [ MG (b, 0) F, v (), v(0p), “D5  v(p))d
q

We propose the following assumptions:

(IT1;) : Let f be a continuous function.
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(ITz) : When v € J and v, v; € R, there exists a Ky > 0 such that:
|f(v,v1,v2,v3) — f(v,01,02,03)| < Kp(|vr —vi| + [v2 — v2| + 3 — v3])

For simplicity

Q:(Kf<w<n>—w<q>ﬂ+<*+l+|6|< (b) = W(@)+

L(p+¢*+2) T(p+2)
Ko™ (¥(p) — W(q)Pts L Kot (¥ (n) — U(q )”“)
Llp+s*+2) (¢ +2)

and

I(T+ 1) , T>0
Also note that ) ( )T+1
‘ U(p) —U(q
T
<
/qmp(t,p)d@_ T 12

(13)

(14)

Theorem 3. If conditions (111)-(I1s) are satisfied and Q < 1, then problem (3) has a unique

solution.

Proof. Let us define the operator 9t as given in Equation (13). Define the set Be = {v € 4l :
[lv|]u < €}. We will demonstrate that 90t exhibits contraction. Given any v, v € B, for every

t € J we obtain
1My () — My(v)]

= / NG (5, )10, (0), 1(09), D () — (9, 0(), 039), D () ldy

11 [ B vt - vl

+ /qtm@“*(bm)If(@ v(p), v(09), “D5 v (p)) — f(p,v(p), v(6p), “D5 Y u(p)ldp

+ " / "I (0, )1 (9, (9), v(59), CDE 1)) — Fl,0(9), v(59), OB Fu(p))lde

< / KM (5, 0) (w(9) — ()] + [9(09) — v(F9)| + DT (9) — CDY (e )

1] [ D)) ~ (oo

+w" /thfim@“* (b, 9) (1v(p) — v(p)| + [v(5p) — v(dp)| + DY (9) — DY v(p)|)dp
v / "KM (0,9 ([0(9) — v(9)| + [1(59) — v(E9)| + D) () — DI () ) dp

v * * n *
= ||VU|u</ (KpIMG™ (v, 0) + |0]90G, (v, ) + ="K MG™ (b, p))dw/ VUK I, (1, @)d@)

q q

Therefore, we obtain

Ky (0(p) — (@) (0(p) — ()"
o — o < (LR Z SIS T g (208
Ky (V(p) — (@) Ky (W) — ()"
R VY M V) )W_““

— Qv — o]
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Consequently, 901 is a contraction since {2 < 1. Thus, according to Theorem (1), Problem
(3) has a unique solution, which concludes the proof. J

Furthermore, we will use the following assumptions:

(IT3): There exists a non-decreasing function ¢ € C'(J,R) such that

£, v(9),v(30), “DE, " v(p)] < d(p)([v]la)

and

¢" = sup [¢(p)|

©eT

For simplicity

() () () — T(p)) (T(p) — ¥(q))”
Agf)( ToTo £2) (w*+1)+7 T +2) >+|5|

Theorem 4. Assuming that conditions (11,)-(I13) are met, if A < 1, then Problem (3) has at
least one solution.
Proof. Define the set

Be={ves:||v|lu <e}

Clearly the subset B, is evidently convex, closed, and bounded. We will show that 9t
meets the requirements outlined in Theorem (2) by providing a proof in three distinct steps.
Step 1: First, we demonstrate that 918, C B.. Consider v € B.. For each v € J, we have:

D) < [ MG (o)l (0 (0),100), CD M vlpldo 5 [ (e luo)ld
q q
"7 * *
0 [ 0,91 (0. (0),1(60), D5 (0) o
q
p ) .
v TG 0, 0)| (0. (0), 00), O3 u(0))do
q
< [ 0 )o@ vlado +5 [ D (wo)ulo)lde
q q
400 [ o)o@)lade+ = [ D 0. 0)o(0)vadp
q q
<o [ W (o) (Ddo + 8 [ M (e 0) (Do
q q
F0rge [ W (m o) (Vdo+ = oe [ MG () (Ddp
q q
< ¢*e((‘ll(p) — U(q)"t

L(p+¢*+2)

o ((B(p) — W(q)rt Y
6(¢ ( T(p+er+2)

(W(p) — ‘I’(q)p“)
I'(p+2)
<e
Thus, we get ||Mv|| < €, which implies that MB,. C B..
Step 2: We prove the continuity of 9)1.

In the set &, let’s consider the sequence v,, converging to v. Consequently, for any v € J,
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99822 () = ()|
< [ O 5,00 [£(0 (00,10 (09), O3 ¥ vn(0) — £, (), 1(00). OB ()] d
q
5 [ (e, ) — (o)
q
o / LI (1, 6) | (01 (9), 70 55), D v (9)) — Tl 0), 50), D )|

+o / MG (5,0) 10, vn(0), 0 (59), D v () = F(, (), (B9), D w()) | dp

< ((\IJ(IJ) — U(gq)rteH (w* +1) + 9" (‘I’(n%— \IJ(PQ))C*H)H% — ||

L(p+¢*+2) (¢ +2)
(P(p) — (g)*
+5 F(erZ) Hl/n_x”
(W(p) — W(q)rrsrt | L(W(n) —W(p))t((p) — W(q)PT
= ( F(p+§*+2) (LTJ +1)+19 F(§*—|—2) +|(5‘ F(p—i-Q) )Vn_VH

Thus, according to the Lebesgue dominated convergence theorem, the norm of | |9, (tv) —
Muv(r)|| — 0. Hence, M is continuous.
Step 3: This clearly shows the uniform boundedness of the operator 9Jt. Now, we present the
equicontinuity of 9)t. For this, we suppose t1,to € J such that t; < vo. We have

) = Do) < (97 (12,) = WG (1,)) (0. 080, Do)l
0 [ (M (2,0) - 9 (0100 ol
+ 10(e2) — 9(x1) / M (1, 9)1f (9, (), 1(69), D () dp

+ leo(e2) — (e1)| / MG (b, 0)1F (9, 1(0), v(50), O () ldp
q

P()|[V|]u(¥(ra) = W(e1)) " Se(W(ry) — U(ry))"H!

— pts*+1 v
T leo(en) — w(en)| L) 1%’(<pq>+ - ;)(gon In
— ¢ +1 v
T (o) — ()| L qfr<5§>3+2)¢<m|| I

Then |Mv(ry) — Mr(t1)|| — 0 as va — vq. Therefore, M is equicontinuous and, as a
result, relatively compact. By the Arzela-Ascoli theorem, the operator 9 is relatively compact
on B.. Therefore, applying Theorem (2) confirms that Problem (3) has at least one solution,
thus concluding the proof. O

3. Stability

The purpose of this section is to analyze the stability of Problem (3).
Assume ¢ > 0. Next, we examine the following inequality:

Dy (D4 +8) () = £e,v(6). (00, “D () [ <6 veT (1)

Definition 4. For each ¢ > 0 and any solution v € € to inequalities (15), there exists a
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corresponding solution v € € to Equation (3). Under these conditions, problem (3)
demonstrates Hyers-Ulam stability, if v > 0 such that

[T(r) —v(v)| <ev, veT

Definition 5. If there exists a function o € C(R*,R™) with ©(0) = 0, then Problem (3) is said
to exhibit generalized Hyers-Ulam stability. In particular, for any solution v € € of inequality
(15) and for every € > 0, the following holds true: there exists a solution v € € to Problem (3).

7(v) —v(e)| < ple), veT

Remark 2. A4 function represented as U in the set € fulfills inequality (15) iff there is a function
v in the set € such that

. [F(t)| <e € abl.
VR (Cmgfp(t) - 5;@)) = F(e.7(0), 7(80), “ D5 (1)) + F(v), v € 7.

Theorem 5. If conditions (111)-(I1s) hold, problem (3) demonstrates Hyers-Ulam stability and
is consequently generalized Hyers-Ulam stable.

Proof. Suppose € > 0. Assume that v € € is a solution satisfying inequality (15). Letv € €
denote its unique solution. For each t € [a, b], we have:

|7(t) — v(v)]

< [ 95 6 (6. 7(0),750), D516 ~ S5, (80, D o)l
+19] /qtsm@(t, P)lP(p) — vip)ldp
-+afultﬂngﬁ*®7@Nf%%u@ﬂ,vw@%CT%lWV(@D'—f(@ﬁ4@%”0%ﬂﬂcmﬁlwywﬂﬂdp
+ 9 /;7 My, (0, )1 £ (0, 7(9), 7(59), D5 7(9)) — f(p, (), v(9p), “D5 v(p)) g

<wa—wmww (T(n) = ¥(p))* (W@—@mﬁ>w_w|
S\ T+ +1) T(c* +1) T(c* +1) .

(@ + 1) + 0"

+ 19|
applying remark (2), we get

(U(p) — W(q)Pte"*
L(p+c*+2)

(@ +1) + 0"

) (W) — W (p))s" !
Hmo—uwns( e

We set

n:<ww—wwﬁ¢“
L(p+¢*+2)

(T(n) = (p)
I'(¢* 4+ 2)

(" +1) +0*

+ ‘(5| (\I/(p) — \I/(q)g*-i_l)

I'(¢* 4+ 2)

then the condition for Hyers-Ulam stability holds. In general, when considering

B W (p)—W(q)PTs +1 " « (T(n)—T S* 41 (U (p)—T s* 41
elo = (HHGEE— (@ + ) + SO — o+ T —

©(0) = 0, it has been observed that the criterion for generalized Hyers-Ulam stability is also
met. This confirms the conclusion of the proof.

> € with

4. Application

This section provides an example to demonstrate how to apply and verify the conclusions
drawn earlier. To illustrate the application of the theoretical concepts discussed in this work,
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we outline a specific scenario.

Example

Let’s discuss the boundary value problem presented below:

C FRY C 1, 1 . 1 v (¥)|+2 v(Lv) O3
D;‘F ( D;‘F + §) V(t) ~ 19+4cos(v) <l/(t‘)|+1 + 1+V?%t) + D;+ y(t)

1
5.7

(16)
: 5
v(0) =0, (1) + 3150 +2(1) =0, D7 (3) + 52 (3) =0, n € (0,1)

Clearly f is continuous,
*,\I/ v 2 x(% %,\I’
F (e (), v(8), D5 (1) = ke (},,Eiiil + Tty + DG v<t>)

where
1 1 1
I=01] F=-, p=z, p=1 a9=0, ¥Y()=r, d=5, n=7
0,1] < p=x, B q (v)=r 3 =3
Now
1 |V1|—‘r2 |’U1‘—|—2 12 Vg
T, v, Vo, v3) — f(t,v1,v2,03)| < — - - + Vs —v
£, 01,02, v5) = £ (v, v1, 02, v5)] 20(|u1|+1 1| +1] |14+ 1400 [vs = vs|

1
20<|V1 —v1| + |v2 —v2| + |3 —UB|>

IN

So we have Ky = 5, we find that V = vy — 1115 &~ 0.1815 # 0.

Thus, the conditions (II;) — (II3) hold with Ky = 5. Furthermore, using the provided
data, it is simple to determine 2 ~ 0.435193 < 1. By Theorem (3) has a unique solution to
problem (17). Additionally, A = 0.418032 < 1. Consequently, according to Theorem (4),
problem (17) possesses at lest one solution. Additionally, Theorem (5) verifies that problem

(17) exhibits both Hyers-Ulam stability and generalized Hyers-Ulam stability.

_Solution of the Fractional Differential Equation for Different p

0.145
p=02 P
p=09 /

L ~

0.135 o

¥
s
0.13} o
//
0.125 | ot .
P .
= // P
0.12 P -
7 | e?
0.115 / —
011} / .

0.105 | /

0.1 = 1 1 1 L ]
0 0.2 0.4 0.6 0.8 1

¢

Figure 3. Graph represents the dynamical behavior of the solutions to the fractional
differential equation.
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5. Conclusion

In this research work, we investigated the existence, uniqueness, and stability of
solutions for Problem (3). By employing fixed point theorems, we explored the corresponding
theoretical insights. To our knowledge, this methodology has not been previously applied to
such problems. Our goal is to enhance the literature by offering a thorough exploration of
diverse dynamical processes and their practical applications within fractal environments. In
future work, the fractional boundary value problem could be extended to include additional
types of fractional derivatives, such as the ABC (Atangana-Baleanu in the Caputo sense)
fractional derivative and the mABC (modified Atangana-Baleanu in the Caputo sense)
fractional derivative.
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