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Abstract: The present research explores the existence of positive solutions for the iterative
system of higher-order differential equations with integral boundary conditions that include a
non-homogeneous term. To address the boundary value problem, the solution is expressed as
a solution of an equivalent integral equation involving kernels. Subsequently, bounds for these
kernels are determined to facilitate further analysis. The primary tool employed in this study is
the Guo-Krasnosel’skii fixed-point theorem, which is utilized to establish the existence of
positive solutions within a cone of a Banach space. This approach enables a rigorous
exploration of the existence of at least one positive solution and provides insights into the
behavior of the differential equation under the given boundary conditions.
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1. Introduction

Differential equations are useful for formulating mathematical models to analyze
real-world phenomena. These models are frequently expressed as either initial or
boundary value problems. The problems with integral boundary conditions are
commonly encountered in various fields of science and engineering, such as
thermoelectricity, thermoelasticity, plasma physics, underground water flow,
hydrodynamic problems, chemical engineering, and many more; see Cannon [1],
Ionkin [2], Chegis [3]. We refer to the study on differential equations of third order,
fourth order, and higher order with integral boundary conditions [4—10].

Complex structures with multiple degrees of freedom are frequently described by
systems of differential equations under specific conditions. The main challenge is to
analyze mathematical models for such structures and to determine the positive
solutions using various mathematical techniques. Due to the theoretical and practical
significance of this topic, researchers have shown considerable interest in studying
positive solutions for iterative systems of nonlinear boundary value problems by
determining the parameter intervals. A few papers along these lines include Henderson
etal. [11], Henderson et al. [12], Prasad et al. [13], and Oz and Karaca [14] for second-
order systems; Bouteraa et al. [15] for fourth-order systems; and Henderson and
Ntouyas [16], Prasad et al. [17], and Namburi et al. [18] for nth-order systems. In
particular, iterative differential equations provide a novel approach to studying
functional differential equations [19,20]. However, only a few studies in the literature
address the existence of positive solutions for iterative systems of nonlinear boundary
value problems that do not involve parameters [21,22]. In this work, we extend these
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results to iterative systems of higher-order boundary value problems involving sets of
equations.

Based on the above literature, we investigate the presence of positive solutions to
the following iterative system of nonlinear boundary value problems,

wl@(se) + ai(oe)ﬁ(wi+1(oe)) =0, 1<i<mxE€ [0,1],} ()
Win1() = wy (o), 2 € [0,1],
fulfilling conditions with non-homogeneous term
wi(0) = 0,w;(0) = 0,..., w™2(0) = 0,
2

1
W (D) -, f g@w’@ds=p, 1<ism,
0

where ¥ is a fixed value ranging from 1 to p — 2, p = 3, n; is a positive real constant,
B, (0,0) is a parameter for 1 <i<m, by fixed point theorem of Guo-
Krasnosel’skii. By giving different values to the constants f, 1; and B,, we get various
order problems, for instance [23,24]. Here, the integral kernel plays a key role in
establishing our results. The applications of integral equations are vast, spanning areas
such as signal processing, fluid flow, electromagnetics, quantum mechanics, and
population dynamics. However, solving integral equations presents challenges due to
kernel singularity, high computational costs for high-dimensional systems, and
convergence difficulties in nonlinear cases. Advancements in numerical methods
continue to expand the applicability of integral equations, providing new insights and
solutions to complex real-world problems [25-29].

For 1 < i < m, the below stated assumptions are valid in this paper:

(E1) g; € C([0,1], RY), f; € C(R*,R"), a;(=x) € €([0,1], R*) and a; () fails
to vanish identically on any closed subset of [0,1],

(E2)Y; = (p— D! (A —n;6;) > 0,where 6; = fol g (&P 1 de

Define the nonnegative extended real numbers f;; and f;, as fip = lir(r)1+M
w—

w

and fie = limm,forlﬁiﬁm.

w—oo W

1.1. Definition

By a positive solution of the problem (1) and (2), we mean that
(w1 (), Wy (), ..., wi (@) € (C p[O,l])m satisfying the Equations (1) and (2) with
wi(e) =0, i=12..,m for ®€[0,1] and (w;(ce),w,(®),...,wn(x)) #
(0,0, ...,0).

The remaining part of the paper is structured as follows: In section 2, the solution
for Equations (1) and (2) is represented as a solution of the related integral equation,
which includes kernels. Section 3 is devoted to studying the presence of positive
solutions to Equations (1) and (2) based on the Guo-Krasnosel’skii theorem. The
established results are verified by constructing the examples in section 4. The last
section presents the conclusion and future scope of the study.
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2. Inequalities for kernels

In this section, we represent the solution of the Equations (1) and (2) as a solution
of the related integral equation with kernels. We then derive some inequalities related
to these kernels.

2.1. Lemma [18]

Suppose that (E2) is true. Let Q(2) € C([0,1], R*). Then the solution of the
differential equation

wl@ () + O(x) =0, 1<i<m,ze€l01], )

fulfilling the Equation (2) is expressed uniquely as

B b—r—Dlxft 1 bt 1
wi () = m + fo [R(:Je, ) + v fo S(& v)9:(8) d& | O(v)dw, 4)
1 [ 11— = (e—v)P], O<v<x<i,
o) == { 2011 — )L, Osx=vsl v
and
P — )bt - (B — )P, 0<vr<i<l,
SEv) = {ép—xq(l — )bt 0<i<svr <1, ©)

2.2. Lemma [18]

The functions R(ze, ) and S(ce, ) satisfy the below:
(1) R(ze,v) and S(ze, v) are nonnegative, for every 2, v € [0,1],
(2) R(ee,v) <R(1,v), for every =, v € [0,1],
3) 45—1_1R(1, v) < R(ze,v), for every o € [ and v € [0,1], where [ = E,ﬂ.
We can see that the solution for the Equations (1) and (2) is an m-tuple
(wi(x), wa(®), ..., wau(2e)) if and only if w; (o) fulfills the subsequent equations

Bl(b - = 1)' :Eb_l
Yi

ni

1
w;(x) = +f [R(oe, v)+ ai(v)fi(wiﬂ(/u))dv,
0

p—1 1
‘;L_ fOS(é;,v)gi(a)da

1<i<m,x€[0,1],
and
W41 (@) = wy (), € [0,1].
Therefore,

B,(p—r— Dlxh?
Y1

x b~

p-1 (1
- fos&m)gl(a)d&]

1
wy () = +_[ [R(Oe"lﬁ) + i
0

-1
772"’5

Y2

B,6—¥— Do b +j1
0

“1(”1)f1< Y,

1
fo S(E,v2)g5 (&)d&]
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-1

B (f) X_1)| 1
¥m

ay(v2) o fm-1 (

R(wpm—1,m)

1
f
0

+ "m_ml f N ’U’m)gm(é)dé] A (V) fn (1. (01) ) A ) v )dm

To establish main outcomes, we shall use the Guo-Krasnosel’skii fixed point

theorem, which is described below.

2.3. Theorem [30,31]

Let p be a cone in a Banach Space B. Let the two open subsets be A; and A, of
Banach space B such that 0 € A; and A; € A,. If the function T: p N (A;\A;) = p

satisfy the below subsequent inequalities:

() T2l < |||, for e € p N A, and ||Tw|| = |||, for w € p N dA,, or
(i) |ITee]| = ||eell, forw € p N dA; and || Tw|| < |||, for «w € p N dA,,

then there is a fixed point in p N (A;\A;).

3. Positive solutions

This section contains the presence of positive solutions to the Equations (1) and
(2). For construction, let the set B = {w : w € C([0,1], R)} be a Banach space with

lIwll = maxcfo,17lw(ze)l.

Let p be a cone in a Banach space B and is defined as

p={weB:w(x)=0,forevery x € [0,1] with mei?w(ae) > 4;—_1”W”}.
x

For wy € p, define a function D: p —B as

B, (b —r—1)leh™?
¥1

a(v)fi (

Dwy () =

1 p-1 r1
+ f [R(oe, vy) + B f S, vl)gl(z)dz]
0 1 0

Bo(p—w— D! o)
Yz

[

az(v2) - fm—1 (

R(vy,v7) + 122 1 f SGE, ”z)gz(E)dEI

Bm([)—r— DI P
¥m

[

R(vm_l,vm>+"’" nes f NE vm>gm(é>d£]

a’m("fm)fm(wl("fm)) dvy, ) Ldv, )d’Ul

3.1. Lemma

The function D: p — B stated in Equation (7) is a self-map on p.

(7
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Proof. For w; € p, Dwy(e) = 0 on = € [0,1] by the nonnegativity of
R(ze, v) and S(oe, 7). Using Lemma 2.2, we see that for w, € p,

Oy () = B M RGar 0) + 22 [ 55 00)g, (2]
—¥— !vﬁ_l v
ar(op)fi (MO g PR Co, 0) + 220 [ (6 0)g (D]

B, (b—¥— el ™t
Ym

ay(v2) o fm-1 (

1
f
0

o () fo (1. (0)) A ) . ) oy

p—-1 .1
R (U1, ) + ’7"3‘(’—:—1 fo e %)gm(ada]

(p—v—1)!
”Y—’ j [R(l o)+ f s&«a)gl@da]
-1 v 151 1
a,l(«rl)fl(B (P XY ) + j R(wy, vy) + 2 f S(ivz)gz(é)dil
2 0
( ~ D!
a,z(’lfz)...fm—1<B [5 TY U —

1
+ f
0

o (V) fon (91 (05)) dr ) oy ) .

p-1 1
7’)m/ulm—l
R(’U'm—li/v'm) + Yo fo S(éi ’Vm)gm(é)dé]

Then

||z>w1<ae)||<81“3 v f [Ru o)+ f s@mgl(@da]

Bp—r—-D! v
Y2

9 s e (é)dél

a,(v)f (

[

az(v2) . fm-1 (

R(vq, v5) +

¢ (8)
B,,(p—x—1)! ’lfm_l
Ym

[

p—1 1
R(Wm1, ) +"’";’—m-1 f S(&, vm>gm(é>d§]
m 0

a’m("fm)fm(wl("fm)) dvm ') o dvy)duy. )

Next, if w; € p, we have from Lemma 2.2 and Equation (8) that

B, (p—¥—1)leeP~?
Y1

[R((ﬁ ’Ul) + 1’]113[5 f S(&_,:’Ul)gl(&)d&]

min Dw, () = min
x€E€ 1 1( ) erI{
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B (—r—11of

Y, + f [R(’lﬁ,’lfz) +—— nzvl f S v2) 92 (&)di]

ﬂv1("’1)f1(

-1

BB —¥— D! vy
¥m

ay(v2) o fm-1 (

1
+ f
0

o (V) o (W1 (050)) ) oy )

R(vm—1,4fm)+nm et f SE Vm)gm(é’;)dé’;]

1 (Bp—»—1)!
4 { v f [R(l vy) + f S(&, 4’1)91(&)614
—1) f’ 1 1
a(v)fi (Bz(ﬁ i v +f0 R(vq,12) +772 1 f S, Vz)gz(i)dél
B, (b—¥— D! v}

a,(v7) ---fm—1< Y

1
f
0

G () fn (W1 (03)) A ) . dry )}

R(”m—l:”m)"'nm m 1 f SE, ’U/m)gm(é)dél

> o oW @)l

Hence, © : p = p. This completes the proof.
In addition, we can see that the function © is completely continuous by applying
the Arzela-Ascoli theorem [32].

3.2. Theorem

Suppose that (E1) and (E2) are met. If f;; = 0 and f;,, = oo are true, then the
Equations (1) and (2) has at least one positive solution and 3; € (0, o) small enough
for1<i<m

Proof. For 1 < i < m, by using the definition of f;; = 0, there exist g; > 0 and
H; > 0 such that

filw) < o;w, for0 <w < Hy,

where p; satisfies

1
o f Z[R(l,vi)+ j S «n)gl(a)da]a(m)dm_ ©)
0

For 1 < i <m,let B; be chosen

Yi Hy
0<B _—(f) —TeY

Let w; € p with ||w;|| = H;. Then using Lemma 2.2 and for 0 < v,,_; < 1, we
have
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-1

B (f’ ¥ = 1)' U -1
Ym
1 n f) 1
+ f R(vm-1,vm) +% f S vm)gm(€) dg ] A (V) fin (W1 (0) ) dry
0 m
B!
Ym

1 1
. fo [R(1,vm)+;’(—: f SE Vi) g (©) dE

am (U)dvyy, llwyl

< 4om f [R(l o)+ f S(E, ) g () dE

Hy | Hy
_+_:H1
2 2

IA

It comes in the same way as Lemma 2.2 and for 0 < 9,,,_, < 1,

By (b7~ Dol 1
.

¥Ym-1 ¥Ym-1

R(vm—2, ¥m-1) +77m1—m2-f S vm-1)Im- 1(§)d§]

—¥— !flrf)_1 vﬁ_l
Am-1(Um-1)fim-1 (% + fol [R(’Um—l:”m) + nmy—:_l fol SE ’v/m)gm(é;)dé]

am (’Um)fm (Wl (’U'm)) dviy, ') dvm_q

—1)! m-1 [
< m 1(5 - .f [R(l Um- 1)+;7( 1 .f S vm-1)gm-1(8)d|am_1(vm_1)dvm_10m_1H;
m— m— 0

Applying the similar argument, one can obtain, for 0 < & < 1,

B,(p—w— 1)1 b [ nyaeb=t (1
= " f Rz 0) + 1 f S(Ev1) g1 (©)dE
— ¥y =1 p-1 1 p—-1 1
a,1(4f1)f1<B (P "YZ Ny, fo R(m,vz)+nzylz jo S(é,vz)gz(é)dél
— bt 1 p-1 .1
m(vZ)...fm_l(B m P "Y Mo f R(vm_l,vm>+""§’—m-l j S(i,vm)gm(i)dil
m 0 m 0

a,m(vm)fm(wl(vm)) dv,, ) wdv, ) dvy, < Hy,
sothatfor0 < e <1,
Dw; () < H;.
Hence, ||Dw; || < H; = ||wq||. Take
A={w € B: |lw|l < H;}.
Then
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IDw1ll < llwyll,  forwy € pNOA,. (10)
Since fi, = 00,1 < i < m, there exist o; > 0 and H_z = 0, such that
f;(w) = oyw, for w = H,,
where o; satisfies

4%h- 2f

Vi el

[R(l v;) +Y S v1)gi(Odé| ai(v)dv; = 1. (11)
iJeer

Let
H, = max {2H,, 4P~1H,}.
Choose w; € p and ||wy|| = H,. Then

minwy (®) 2 5= —llw, || > H.

By Lemma 2.2 and for i S Vp-1 < Z’ we have

-1

B ([5 T_l)l/v/ -1
Ym

+| RQpos, ) + T2 not f S, vm>gm(a>d<: ) i (W1 (050 )i
0 L

.
> [ RQp-s, ) + T2 not f S(&, vm>gm(a>d<: i) fin (W1 (050 ) i
0 L

> | [Romm s @ antomamntonin,
4213 2 f"m 3 [R(l Un) + ﬁ e IS(% Um) Gm (8) dE| am (V1) A3 O | W4 ||

= |lwy |l = Hy.

-PIUJ

It comes in the same way as Lemma 2.2 and for - < Up1 <

P 1(155{:1 ?Wm 2 +f [R(’Um o Umet) 4 Mn=1Vim— ;Um L f S VY m_1)Gm- 1(§)d§]

By (b—r—1)! v,
Am-1(Um-1)fm-1 (Tl + fO [R(’U'm—l’ V) +

p-1
nm;f;n—l_ [y S vm)gm(© dé] A () fin (W1 (7)) d iy ) dv,_y

1
= FI [R(L’Vm—l)
Um-1¢€l
Nm-1
t+to— S(Z—:’ ’Um—l)gm—l(i) dé; afm—l("fm—l)d"ym—lo-m—lHZ
Ym-1 Jee
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1
2 425_2f |:'R(1,/U’m_1)
Um-1€l
Nm-1
+ SE vm-1)gm-1(8) d&|am_1 (vim_1)dvp_10m_1 Hy
Ym—l Eel

> H,.
Proceeding in a similar argument, we have

B, (p—r—1)lxbP1

2 [RGee) + 22 15 00 (@]

B, (p——1)! vl
¥2

<B S (B—r— 1>' bt

!

0
a’m(”m)fm(wl (’U’m)) dvm, ) Ldv, )d’l”l = H,,

awfs (P 4 [ RGon, ) + B [5G o) g O]

ay(v2) o fm-1

R(’U’m—li’v’m)‘l'nm m 1 f SEE ’U/m)gm(é)dél

so that, for0 < 2 < 1,
Dw, () = Hy = [lwq .
Hence, [[Dwy || = [lwyl.
Take A, ={w € B : |lw;|| < H,}, then
1Dwqll = llwyll, for wi € p N OA,. (12)

Using Theorem 2.3 to the Equations (10) and (12), the function D has a fixed
point w; € p N (A,\A;) and that point is the positive solution (wy, Wy, ..., Wy, ) of the
Equations (1) and (2) by taking wy,1 = wy. Therefore, the solution can be iteratively
expressed as

B (p—w—DlxP~t 1
wi (@ )—% fy [RGev) +

B2 [ 800 (©) e |ai@)fi (wiss () de,

i=mm-—1,...,1.

3.3. Theorem

Suppose that (E1) and (E2) are met. If f;; = oo and f;,, = 0 are true, then the
Equations (1) and (2) has at least one positive solution and 3; € (0, o) small enough
forl<i<m.

Proof. For 1 <i < m, by the definition of f;y, there exist & > 0 and Hz > 0
such that

filw) = gw, for 0 <w < Hj,

where &; = g; and o; is given in Equation (11).
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Choose w; € p and ||w,|| = Hs. Then, we have from Lemma 2.2 and for 1<

.[;

V-1 < , we have

B, (p—v—1! vl
Yom

R(vpm—1,m)

1
f
0

p-1 .1
-+Hﬂ§?ﬂ:lf‘S(@«nnxgm(a>délam(v%Jﬁm(wanmJ)d”w
m 0

Mmvhy (*
R("’m—l: ’Vm) + Y—m_f S(é' ”‘rm)gm (‘3) dé] Am (”fm)fm (Wl (”m))d”m
m 0

am (Vm)gmwl (’U'm)d’v'm

Hu@+— S(E ) g (&) dE
YmJe e

Am (V) AV e llw |l

Fﬂka S(E ) g (O)dE
Ym Je e

= |lwyll = Hs.

. 1
It comes in the same way as Lemma 2.2 and for " < Um-1 =

-le

s 1([53(:1 j) = +f [R(/er 20 Um-1) +an::m : f SE vm-1)gm- 1(§)d§]

B (P—r—1)! v,
aAm-1(Vm-1)fm-1 (Tl + f [R(’Vm 1 Um) +

nm;r;";;_ﬁ J; $(&vm)gm (é)dé] A (Om) fin (W1 () A ) Ay

1
= F f [R(l"v’m—l)
Um-1€l
Nm-1
+ Y1 S(é; ’l’m—l)gm—l(‘i) dg a'm—l(’v'm—l)d’v/m—lgm—lHB
m-1Jeg el
1
>oms | R
Um-1€l
Nm-1
+ ﬁ S(qu ’Um—l)gm—l(é) dg am—l("’m—l)d”m—lgm—lHB
m-1Je e

> Hs.

Using a similar argument, we have

B,(p—¥—DlxP?
¥1
1

G-v-Dley "
ai(v1)fi (BZ P XYz +-[0

1 p—1
+f [R(ae,vl) +
0 Yl

1
L&wmm@ﬁ]

7721

R(vy, 1) +

f&mmm®4

10
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-1

B (f) X_l)' -1
¥m

ay(v2) o fm-1 (

1
f
0

%%WM%W%)MMWM&

R(vm—1,4fm)+nm et f SE Vm)gm(é’;)dé’;]

so that
Dw; = Hy = [wyl.
Hence, [|Dw,]l = [lwq]l. If we put
Az={w € B : |[lwy|| < Hs},
then
IDw;ll = llw;ll,  forw; € pNaAs;. (13)
Since fie, = 0, for 1 < i < m, there exist {; > 0 and H, > 0 such that
fi W) < Gw, forw > H,,

where {; < p;and p;is given in Equation (9).
For1 <i<m,set

sup

frw) =y o f).

It is evident from the fact that for 1 < i < m, the real-valued function f;"(w) is
non-decreasing, f; < f;" and

lim fiw) _ 0.

w-oo W
As aresult, for 1 < i < m, there exists H, > max {2H3, H,} such that
fi W< fi'(Hy), 0 <w < H,.
Let B, 1 < i < m, fulfills

YiHy
O<ﬁ L= (p—r-1'12°

Choose w; € p and ||lwy || = H,. Apply same argument repeatedly, we have
B, (p—»—1Dlach?
¥1

Bz(p X_l)' f) ! L
Y, +L

1 p-1 (1
Dwy () = + f [R(:ﬁ,m)+mYl f S(&m)gl(&)di]
0 0

7721

R(vy, 1) +

@wm( f&m@wwﬁ

az(v2) ---fm(W1(’lfm)) dvm ) dr, )d"ﬁ

B(ﬁ ¥— 1!

Y. j [R(l 1) + o f N ¢S 4’1)91(&)614

11
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-1
772’1’1[)

Y2

R(vy,v2) +

B,(p—»—1)! vf_l 1
v g

1
alm)ff( f S5 v2)g (&)d&]
azovz)mfﬁ(mqﬂvm))dv%ﬁ)."diﬁf)dva

a,(vr)fy (Hy)dv

m !
RO w) + fo S(E )1 (&) de

H 1
si+f
2 0
H 1
Sf‘*‘f a,(vy)dvy G Hy
0

1 !
[R(L’lﬁ) +zf0 S v1)g:1(8) d&

<%y By,
Hence, ||Dw, || < |lwy|l. Thus, we choose
Ay={w € B : [lwyll < Hy},
then
1Dw, Il < llw;ll,  for w; € pnaA,. (14)

Using Theorem 2.3 to the Equations (13) and (14), it can see that D has a fixed
point wy € p N (A4\A3), that gives an m-tuple (wy,wy,...,wy,) fulfilling the
Equations (1) and (2) with wy,, .1 = wq.

4. Examples
Let us present the examples to support our conclusions.
4.1. Example

Consider the third order problem with r = 1,

wi' () + a,(®)fi(w;) =0, x€][0,1],
WIZH(w) + a'Z(w)fZ(W3) = 0; x € [0; 1]! (15)
wy' () + az(®)fs(w) =0, x€[0,1],

1

wi(0) = 0, W, (0) = 0, wi(1)—1 j WL (O)de = By,
0

1 1
w2(0) = 0, wh(0) =0, wh(D) — j Wy (O)dE = By, b (16)
0

1 1
ws(0) = 0, w(0) = 0, wi(D)— 3 | Ewi@de =y,
0
where

@@ =3m@ =56m=7.00=1 6O=t §O=F

filwy) = wi(1 4+ e73%2), fo(w3) = wi (1 —3e72%3), fa(wy) = wi(l + 4e™™1).

Then f;o = 0and f;, = o0 fori =1,2,3. So, all the assumptions of Theorem
3.2 are met, and hence, the problem (15)-(16) has at least one positive solution by
selecting 51, B, and S5 that are sufficiently small.
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4.2. Example
Consider the third order problem with r = 1,

wi'(®) + a,(e)fi(wz) =0, € [0,1],
wy () + az () fa(ws) = 0, € [0,1], (17)
wy' (%) + az(®)f3(w1) =0, € [0,1],

wi(0) =0, wi(0) =0, w,(1)—1 f W, (E)dE = By,
0

Wy (0) = 0, Wh(0) = 0, wh(1) 2 f Ewh(E)dE = B, (18)
0

w3(0) =0, wi(0) =0, wh(1) — 3f0 Ews(9)de = Bs.)

where

a,(®) = ® a,(x) = ®%,a3(®) =x°, g1 =1, g,(O =¢ g3(&) = &2:
2 3 1
filwy) = w3, folws) = w3, fa(wy) = wi.
Then f;y = o and f;,, = 0 fori = 1,2,3. So, all the assumptions of Theorem
3.3 are met, and hence, the problem (17) and (18) has at least one positive solution by
selecting 1, B, and B5 that are small enough.

5. Conclusion

This study employs the Guo-Krasnosel’skii fixed point theorem as a central tool
to investigate the existence of positive solutions for an iterative system of higher order
boundary value problems associated with non-homogeneous integral boundary
conditions. This theorem, foundational in nonlinear analysis, provides conditions
under which a compact operator has at least one fixed point within a cone in a Banach
space. By applying this theorem, the study aims to rigorously establish criteria that
guarantee the existence of positive solutions for the boundary value problems under
consideration. It may be interesting that the researchers extend the results to multipoint
boundary value problems and obtain multiple positive solutions by using various new
fixed-point theorems.
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