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Abstract: In this paper we discuss the dynamic effects of the varying frames. The differential
of frame or basis vectors is always equivalent to a linear transformation of the frame, and the
linear transformation is not the same in different contexts. In differential geometry, the linear
transformation is the connection operator. While in quantum mechanics, the operator algebra
corresponds to the differentials of matrices. Corresponding to the variation of the metric, the
variation of the frame contains a unusual fourth-order tensor. We also derive the Lie differential
of the frame corresponding to the Lorentz transformation group. The definition of differential
of the frame is different, so the corresponding linear transformation is also different. In this
paper, the unified point of view to deal with the variation of frame or basis vectors will bring

great convenience to the research and application of Clifford algebras.
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1. Introduction

Professor W. K. Clifford defined his geometric algebra [1] by combining and
extending the Grassmann’s exterior algebra [2] and Hamilton’s quaternions [3] into
a more general algebraic framework, which is a direct and intuitive generalization of
vector algebra, with an explicit geometric interpretation [4] and clear relations with
linear algebra [5,6]. Geometric algebra has developed steadily over the past century
and has gained popularity by discovering many applications in different scientific fields.
It brings new perspectives to multiple mathematical disciplines, and many properties
have been derived in new forms [7-9]. An attractive feature of Clifford algebras is that
they unify various branches of mathematics. Clifford geometric algebra has gradually
become a unified language and effective tool for modern science and is widely used in
different fields of mathematics, physics and engineering [10-13]. Geometric algebra
is visualized and easily accessible. Some of its recent applications in high-tech are
introduced in [14]. The great practical value of standardized geometric algebra in
current mathematics and physics courses is evident.

Clifford algebra has many applications in differential geometry [15-17]. In [18]
the authors reviewed and discussed a generalization of the Einstein theory of gravity,
where the spin of matter and its mass play a dynamical role. The spin of matter in
space-time is coupled to a non-Riemannian structure, the Cartan’s torsion tensor. Nester
made the Clifford algebraic decomposition of the spinor connection [19]. The Cartan’s
differential forms and Dirac-y matrices are simultaneously employed to concentrate
the relations in differential geometry, resulting in very neat forms [20]. This formalism

of “double frames” is used to derive a class of spin curvature identities existing in the
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Riemann or Riemannian-Cartan geometry in the study of Nester [21]. Each identity
involves a quadratic expression of the covariant derivatives of the spinor field, which
is a linear combination of the curvature and an exact differential form.

In differential geometry, the basis and coframe of a manifold vary from point to
point. In this paper, we focus on the dynamic effects of the basis vector or generator
of the Clifford algebras, which reflects the differentials of basis vector. This problem
arises from the discussion on the relations between the variations of basis vector and
metric with Professor J. M. Nester, and this issue seems to be neglected by the academic
community. A detailed calculation for the case of 1+ 3 dimensional space-time was
made in paper [22], and some unusual formulas were derived. The following analysis
shows that these formulas, such as Equations (21) and (25), may hold for all space-times.
There are many different dynamic effects of the basis vector, such as the change of
coordinate or coordinate system, moving frames, operator action, etc., which lead to
different differential of the basis. Therefore, this paper makes a special survey on this

topic, aimed to attract the attention of colleagues in the field.

2. Clifford representation of Riemann Geometry

We consider the n-dimensional pseudo-Riemannian manifold equipped with

metric

(guv) >~ (Map) = diag(lp,—ly),  (n=p+q). (1

In what follows, unless the dimension is specified, we discuss the manifold R" with

arbitrary (p,q). The element of the space-time is described by
dx = yudx* = ytdx, = 7,0X = y*6X,, 2)

in which {7, } is a covariant basis vector or frame, and {7, } is a set of orthonormal basis
vectors in the tangent space-time at any fixed point, and {y* = n%y,, y* = g"Vy} are
the coframes. dx" and 60X are variables that represent the coordinate increments in
the tangent space-time, and 6X“ can be determined only to a Lorentz transformation.
We use the Latin characters a, b, - -- for the Minkowski indices, and Greek characters
(i, Vv) for the curvilinear indices. We have transformation

Yu :fpa'}/aa ,},ﬂ :flé')ﬂv (3)

where f,* € R and f% € R are the frame coefficients. The frame and basis satisfy the
following Clifford relations

1 1

5(70717 +WYa) = Yar Yol = Navl, E(Yu?’v + W) =Y Wl = guvl, 4)
where v,%, and y, % are Clifford products of vectors, and / is the identity element of
Clifford algebra. In the case without confusion, we can directly use 1 to replace /. By
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Equations (3) and (4) we have the relations between (%, /") and metric as
LA =8 fifo=81 farm®=g"", £ Naw=guv. (5)

The space-time R”"9 defined with Clifford product of vectors form a Clifford
algebra C/(RP*9). By Clifford algebra we know that {,} is isomorphic to a set of
special matrices constructed by Pauli matrices [15]. Thus, in the case without confusion,
we no longer distinguish between the basis 7, and its matrix representation.

There are several definitions of Clifford algebra [13]. However, it is best to treat
it as a hypercomplex system with addition, subtraction, multiplication and division
operations [23-25]. Geometric algebra brings great convenience to study geometry

and physics [16,17]. By Equation (2) we have

1

dVi, = dxl/\dxz/\---/\dxkzyuv...wdx’fdxg---dx,f’, (1<k<n),

in which ds = |dx| is the distance element and dV is the oriented volume, Yuv-o =
YuAWA- ANV € A¥(RP4) is the unit of oriented volume, and A is the Grassmann’s
exterior product, which is defined by

1
Yor Moo+ Nax = 17 L Oatarea ¥ Yoo~ Yo (1 <k <)
el

where a; # a; if j# 1, Gfllfzzf.fff is permutation tensor, and if b1b;--- by is an even
permutation of aja;---ay, it is equal to 1, for odd permutation it is equal to —1,
otherwise equal to 0. The above formula is a sum over all permutations; that is, it
is anti-symmetric for all indices. Then the following Clifford-Grassmann numbers

C = Col + Cut* +Car " + -+ Crany®™" ©

form a 2"-dimensional hypercomplex system over R according to matrix algebra, in
which Cy,Cy,--+,Ci2.., € R. The Calvet’s norm is defined by ||C|| = {/|det(C)],
where m is the order of matrix C. The Calvet’s norm is a scalar under similarity
transformations, and satisfies ||[AB|| = ||A|| - ||B|| for any Clifford-Grassmann numbers
A, B. The transformation law of || - || is studied in details in the study of Calvet [26].
For the 1+ 3 dimensional realistic space-time, the lowest-order complex matrix

representation of the generators of Clifford algebra C/(R'?) is Dirac-y matrices

. . 0 12 . 0 —Oy
’yo_yo_<12 0)7 }ﬂ_ ya_((fa 0 )7

which generate the Grassmann basis elements of C/(R'*) as

147 7/&7 ,},ab = }ﬂ N yba },abc = _8ab6d’)/d’y01237 70123 = _1}/57 (7)
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where o, stand for Pauli matrices, y° = diag(l>, —1) and €°'?> = 1. We have the

Clifford-Grassmann number as follows,

K = sly +AsY" 4+ Hap Y + Qo V" Y"'2 + py*1%, @®

where (s,p,Aq,--- €R). sl € A is a scalar, A,y € Al is a true vector, H,, 7™
(E, E) € A% isa2-vector, Q,7*Y"1?* € A3 is a pseudo vector and py°!?* € A*is a pseudo
scalar. In general, any Clifford algebra C/(IR?*) is a system of hypercomplex numbers.

3. Various differentials of basis

3.1. Directional differential of frame

In differential geometry, for a vector field A = y,A* we define its absolute
differential as

dA = Alin}I [A(x+Ax) — A(x)]
X—dX

where Ax — dx means the linearization of Ax in the above equation [27, Ch.1]. We call
0o the connection operator. According to its geometric significance, the connection

operator should meet the following axioms [15]:

1) It is a real linear transformation in the tangent space 0y : TV — TV, so we have
a7y = K- (K", €R) (10)
a¥B ap T af .
2)  For any differentiable function ¢ (x) we have
2a(0Y5) = (9a®) Vs + P (0a¥p)- (1mn

3)  For any bilinear product of the vectors or Clifford-Grassmann numbers A o B, it

satisfies the Leibniz formula
0q(AoB) = (0gA)oB+Ao(04B), (12)
or in the form of basis elements
(Vo) = (0a ) 0¥+ P 0 (067, (13)
Here the bilinear product means for arbitrary a,b € R we have

(aA+bB)oC=aAoC+bBoC,
Co(aA+bB)=aCoA+bCoB.

In the study of Cartan [27, Ch.1], the differential dA is directly defined as

dA =o'y, dy=0ly, (0 =Tdx o =T.dx). (14)
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Clearly, both Equations (14) and (9) are logically equivalent. The difference
between them is that the geometric and physical meanings of Equation (9) is more
intuitive and easier for operation. We can define different connection operators for
different applications, which will be illustrated by the several application examples.
We have the following conclusions [15].

Theorem 1. For metric g = guvy* @ Y" = Yu ® Y*, where ® is the tensor product, we

have the metric consistent condition dg =0, as well as

V¥ = —Kéﬁﬁ}’ﬁ’ doguv = 8vﬁKgu +guﬁng- (15)

For the connection coefficients

o _ 1@ o n M Ho_ H
Ruy =Muy +Tyy, - Mo =Igg,  Top =T,
we have solutions ITf, = I', + 7\, in which I}, is the Christoffel symbol. For the
contortion ng B = ﬂg o and torsion Tg g = —Tg o> denoting
_ B T — o TP
Tylva = 8uplvas ulvae = 8uptva;

we have the following relations

Tulvee = Tv|au+Ta\vua

Tyya = 3(”a\uv_”vma)+Tuvm

as well as the consistent condition

Tulva + Tojpy + Tvjap = 0-

T= Tﬂvw yHV® ¢ A3 is an arbitrary skew-symmetric tensor.
By the above theorem we obtain the absolute differential (9) of vector A. In the

case 7, = 0, the absolute differential of vector A is given by

dA =V Aty dx® = VoA yHdx®, (16)
where V denotes the absolute derivatives of vector defined as follows

VoAl = Aly + T AP Al = 9pAM + T4, AY,

B
VaA‘u :Au;a - Tg”Aﬁ7 A'u7a = aaA'u _F&IJ.AV7

where Al and A ;e are usual covariant derivatives of vector without torsion. Torsion
Tuve € A is an antisymmetrical tensor of C; independent components.

By Equation (15) and Equation (11), we have the second order differential of y*
as

0u0a = — (oKl — KiyKl5) Y.
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Thus we have

(awaa - Dabw)Y” = R”aw)/ﬁ,
in which

R#

Bow

— KK

i i 1Y
= Kl — OuKlg + KbyK! s — Koy Kl .

In the case of K* ap = =T B’ g e 18 just Riemann curvature tensor. Similarly, we
can calculate the absolute differential for any tensor. It is easy to check the following
results.

Theorem 2. For the basis (7) of the Clifford algebra C{(R'?), we have connection

calculus

DaY0123 - aa'}/s - O
07" = a0 = — (a1

For the skew-symmetric tensor S = Sy Y*¥” = Sa7*7123, we have
123
VoS = (VaSu) "7 VaSu = daSp — (T +Ths)Su-

For the torsion S = T we have VT, = 8aTl; IR [3
For k-vector

1

Mol
F= k;F/JINZ lJl\’yHl " k

the exterior differential d and co-differential 0 are defined as

1 1
dF = EV(X“IHZ ”kaaF.ulllT“ﬂk’ OF = (k— 1) ,}/Vl\/z Ve 1805 ViVaVi—t®
Then we have the following beautiful results [16, Ch7.1].
Theorem 3. In the case of torsion-free, we have

’F=8’F=0,
VF = (d+ d)F, V2F = (d§ + 8d)F,

where V = y*V .

3.2. Algebraic derivatives of Basis

In order to find the eigenfunctions of Dirac equation Hy = Ey in curved
space-time, we need to compute the commutative operators [24]. In this case, the 7, are
only regarded as matrices of numbers rather than basis vectors, and the derivatives of
the operator-valued Clifford numbers are normal partial derivatives. Here (7, 7" ) have
no longer geometric meanings, and they are different from the basis vectors (7, ") in
Equation (3).
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We introduce the following Christoffel-like connections Cg g= F40af 2, then for
the matrices (y,7"), the algebraic derivatives are given by

aoc?’ﬁ = ?’aaocf/sa = '}’uflf;aafﬁa = }’ngﬁ,
da¥" = V'aft =1 f'ufl = —1PCly.

In this case, we have 04Y* = 0 and (dpdg — Iy dw)Y* = 0.
Similarly to Equation (16), we can define the covariant algebraic derivatives V.

for Clifford numbers as

= QulAu?") = ¥ Vary = ¥ (Juhy — Clug )
IuN = YuvVaN*¥ =1y <a°‘Nuv + CgﬁNﬁv +CX¢BNHB)

= VﬂvﬁaNuv =y (aaN“" - CE‘P‘NﬁV o Cng“ﬁ> ’

and so on. The computing rules of V, is quite similar to that of V, in Equation (16),
which also satisfies conditions (10)-(13).

3.3. Variations of frame and metric

In spinor theory in curved space-time, we need the variation of frame 67, instead
of dguv in some cases [22]. By Equation (5) or guy = ¥ - % we know that map
(Yus W) = &uv is a single valued and continuous mapping. However, for g,y — Ya,
equation (5) has multiple roots for ¥y, and ¥, can only be determined to an arbitrary
Lorentz transformation 6X’ = A6X. For a fixed Lorentz transformation, the map
guv — Yo has continuous and bijective branches, and each branch is somewhat similar
to the quotient group. Thus the map g,y <+ Yo is a bijection in a connected injective
domain D for a fixed A, and 6g,,v <+ 6 ¥y is a linear transformation. Now we determine
one of such linear transformations for a bijective branch. By Sylvester inertial theorem
(8uv) =~ (Nap) and Gram-Schmidt orthogonalization process, under some arrangement
of the order of coordinates, we have

Theorem 4. Let us suppose for matrix (guy) that
(gliV) = L(nab)LT7 (g/.LV) = U(nab)UTa U= L_T, (17)

where L is a real lower triangular matrix and U an upper one

L' 0 - 0 v, v, - U},
Ll L2 ... 0 0o U: ... U?

L=| 7> 7 , U= ? ", (18)
Ln] an R 0 0o - U®

and (L,U) have positive diagonal elements L >0, U% > 0. The map guv <> Ly € R



Journal of AppliedMath 2024, 2(4), 1700.

is a bijective and continuous map in a connected domain D. We have
X =L"dx, (e,)= (W)U,
where 6X and dx are column vectors, (e,) and (y,) are raw vectors, namely
85X = (6X',6x2,.-.,8xMT, (es) = (e1,€2,-++ ,€,).

We take e, = ¥, to avoid confusion with ,, the corresponding metric is given by
(D).
Proof. The decomposition (17) is equivalent to transforming ds* = guvdx*dx" into
the sum of squares ds> = 1,,6X“8X” by completing squares. In matrix form, we have

8X=L"dx, dx* = guvdi'dx’ =n,86X°8X". (19)

Eq(18) is a direct result of Equation (19), but Equation (19) manifestly shows the
geometric meanings of the frame coefficients L. By a fixed order of coordinates for
completing squares and taking L > 0, we get a unique solution of L and U = L.
The solution L' = f (gap) 1s analytic in D, so guy <+ Ly is bijective and continuous.
The proof is completed. [

Theorem 5. For any solution of frame (S) in matrix form (f,{') and ( 1Y), there exists
a local Lorentz transformation X' = A% 5X" independent of gy, such that

(fH =LA, () =UATY = =AY (20)

where A = (A%) is the matrix of Lorentz transformation.

Proof. For any solution (5) we have

(8uv) = L(Map)L" = (£ ) (Ma) (KT & L7 () Map) (L™ ()T = (M)
So we have a Lorentz transformation matrix A = (A%, such that

LY =A" & (fH=LA"  or  fI=LJAY.

By Equation (5) we have (f%) = ( L T=U A~!. The proof is finished. [J
For any variation of frame 8y, = €,vY", by Equation (4) we have a variation of

metric
Oguv = OVu-W+Yu 0% =€y +Evyu.
Thus in the bijective domain D, we have solution
euw = 5 (g + K Sgap),  Ki = K = K3

where Kﬁf should be determined by frame coefficients ( s ).
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For LU decomposition (18), we define a spinor coefficient table by

o vy -vituy ... —vluy
vty 0 vy .~y
uv o o uv
S = vyt vl 0 R A A NP3 )
vite? oty oty o o
in which
vituy = Z(U“Uv—i—UVU“) vituy.
Sgbv =U {a“ U ‘Z;}sign(a —b) = —Sgav is symmetrical for Riemann indices (u,Vv) but

anti-symmetrical for Minkowski indices (a,b). For any local Lorentz transformation

06X’ = Ad6X, if taking (21) as the proper values and setting Lorentz transformation
(St = AT (SEHAT, (22)

then SZ‘,)V becomes a tensor for indices (a,b). Definition (21) fixes the Lorentz
transformation.
Theorem 6. In the 1 < p+ g < 4 dimensional space-time (RP4,g,), for frame (20)

we have

1
0Ye = 57’3(5&1[3 +K§E5guv)7 (23)
1
87" = —5&"Pv"(8gap +KipSguv), 24)
in which
Ky =St LyLy = Su) [ g 25)

is independent of any Lorentz transformation.

Proof. By symbolic calculation we can check Equation (25) for the cases of 1 < p+¢ <
4, so Equation (23) holds. By y* = g*®7, and

oghe 1
(.)i -=—5( HAgvar | gVhgha),
u
we have
A a ro
57/1 8 aéYa"‘?’aa Sguv— OCSYa g Yﬁagaﬁ (26)

Substituting Equation (23) into Equation (26) and using K|, B = —K g o We obtain
Equation (24). The proof is completed. [J

In the case of p + ¢ > 4, Theorem 6 should be also valid, but it seems difficult to
generally prove Equations (21) and (25).

9
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3.4. Lie differentials of frame

The most commonly used groups in physics are the continuous transformation
groups, such as the rotation transformation group SO(3) on R?, the proper Lorentz
transformation group SO(1,3) on Minkowski space-time, and so on. These groups are
Lie groups with infinite orders. We take SO(1,3) as example to show how to define the
Lie differentials of fields and frame. Let

X:(I,X,%Z)T, n:diag(17_17_15_1)7 38:(a,b,c,u,v,w)—>0,
then we have infinitesimal Lorentz transformation

X' =AX, ATnA=n+0(|8¢*),

in which
1 a b ¢ ax+by-+cz
a 1 w —v p at+wy—vz
A= =1+0(|d¢]), X=X -X=
b —w 1 u bt +uz —wx
v —u 1 ct+vx—uy

The infinitesimal generator of SO(1,3) is defined by

J = 6xfdy = K*a+ Kb+ K%c + Ju+J'v+ Jow,
K= (30 —1dy), K = (3 —1d), K = (20 —1d),
J = (20y—yd;), J = (xd;—z0y), J' = (yox—x9y).

In the flat Minkowski space-time, we have the corresponding Lie algebra satisfying

K/, K¥] = [J7,J%] = My, J; = S Jk,
[K/,J* = &Mk, [K/,J7]=0.

In which the subalgebra {J*} corresponds to the rotation group SO(3).
For a scalar field ¢ (x), its Lie differential is defined as

§¢(x) = lim (¢(x') — #(x)) = (8599 (x) = J9 (x).

5e—0

For a vector field A(x) <+ A = (A°,A!, A% A%)T | its Lie differential is defined as

SA(x)

% Jim (4(x') ~A%(x)) <> Jim (4'(X) ~ A(x))

= lim (A'(X) —A'(x)) + (A'(x) — A(x)))

5e—0

= (6x4)AX)+(A—DA= (J+A—-DA(x). (27)
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On the other hand, by

lim (A'(x) —A(x)) < (aA'+bA? +cA?)p + (aA® + wA? —vA®)y; +

6e—0

(bA® +uA® —wA" )y + (cA® +vA! —uA?)p,
we can take it as A“g Y., thus we have the Lie differentials of frame as
(8%) = (a1 + b+ c¥s,a¥o +v¥s — Wi, bTo + wh —ups,clo+up —vii).  (28)
Substituting (28) into (27) we obtain the universal form
SA(x) = (JA) Y, +A*SY,. (29)

3.5. Differentials of moving frame

The Frenet-Serret frame in an n-dimensional Euclidean space is derived in the
study of Snygg [17, Ch7.1] and in the study of Hestenes and Sobczyk [28, pp.27-28]. In
pseudo-Euclidean spaces or in spaces embedded in pseudo-Euclidean spaces, there are
vectors with length zero. If any such vectors occur in the original basis, then the method
outlined will not work. In the next we generalize the results to the pseudo-Euclidean
space-time.

In the tangent space with a fixed point X, there is a set of orthonormal basis vectors

e, constructed by Theorem 4. In the neighborhood U (xp) = {x;

X —Xg| < €}, there is
a null hypersurface 1,,6X*8X? = 0, Separating U into the time-like region {U’ C
UlNap8X*8X? > 0} and space-like region {U* C U |, 6X48X” < 0}. In the time-like
region U’, C is a smooth curve segment cross Xg. For all points on C, if g,vdx*dx" > 0
hold, then the curve segment is called a time-like curve. The length element of the arc
C is given by ds = /guvdx*dx”. For a parameter t with x(r = 0) = xo, the arc length
is calculated by
_dx*

t
S(t):/ \/guvxﬂxvdt, XIJ'—W
0

Now we examine the moving frame attached on C. For convenience we take the

arc length s as parameter, then we have n vectors constructed by derivatives of C

d*x

= ﬁ’k: 1,2,"' ,l’l}.

{T

If Ty A A--- AT, # 0 at Xg, then ;s are linearly independent, and they are equivalent
to the basis vectors {e,}. Thus we can constructed a natural or intrinsic frame {E,}
from {7} by means of the Gram-Schmidt process.

Theorem 7. If pq# 0 and ©y AT A--- AT, # O, then the following sequence of vectors
T T ATy 1 T, N\ ANTOA Ty

Ei =By = B By = E'E*---E", (30)
7] 2 A "t AT AT

forms the orthonormal basis vectors of the tangent space-time at Xg. In which the metric

11
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is given by
hay = Eq-Ep = diag(1,£1,--- ,+1) = b, E* = hE,.

|| - || is the Calvet s norm of Clifford-Grassmann number.

Proof. We prove it by induction. For E;, by the definition (30) we have
hiy =E;-E; =1, =1, E'=E,.

For E,, by

2= = ||t — (r2-Ei)7) € Al
ool ||T2/\‘L'1||( T[] = ( )T1)

we have ||Ez|| = 1 and
hyp =E;-Ey = =1, hi2 =hy1 =E;-E; =0,

where hy; = +1 means hy; = 1 or hyy = —1, which is determined by the values of z,.
Assuming for given k < n the conclusions hold. For expression of E¢, by E, - E? =

8! and Clifford calculus we have
TN ATNAT <EE;_1---El =EA---ANEy) AE;. 31

For the case E;, according to Gram-Schmidt process, let
k
X =T — Y, 7 (Tp1-Eo)Eq € Al
a=1

then for a < k we have X - E, = 0. By using Equation (31) we have
Tkt1 N\ (Tk/\"'/\fz/\fl) o< Tyt /\(Ek/\'-'/\Ez/\El) =XE;---E;E;. (32)
Solving Equation (32) for X, we obtain

X o (Tk+1/\Tk/\---/\‘cz/\rl)ElEz...Ek’

X T 1 AT N ATOAT
Ei = _ Ukt k 2 1 E1E2~-'Ek,
X Nl A A A AT

and Ayp1 g1 = 1, hagr1 = Egy1 - Eqo =0, (a <k). The proof is completed. [
Theorem 8. The Frenet-Serret frame satisfies

0 ki 0 - 0 0
E; —Ki 0 K - 0 0 El
d | E» 0 -1 0 -~ 0 0 E?
ds : - : : T : : : ’ (33)
E, 0 0 o -- 0 Kn_1 E"
0 0 0 —Ky—1 0
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where K,(s) € R are the characteristic quantities of the curve C. By selecting the sign

of £Ex, we can set all K, > 0. The hypercomplex formalism of Equation (33) becomes

dE* k k U
K:E M — ME*, MEEZK‘“EE . (34)
a=1

Proof. Since {E,} are orthonormal basis vectors, we have

dE,

b
= wabE ’ Wyp = — Wpg-
ds

For 1 <k < n denoting

dx d*x dkx)

Vi = span(El,Ez,... ’Ek) = span (ds’dSZ’ 7@

By the definition of E, we find %Ea € V1 for a < n, thus we have

dEa a+1 b dEn n b
ds = ds =

Noticing @y, = — 0y, We obtain Equation (33) by taking @y 1 = K.
For 1 < k < n, by Clifford calculus we have

(35)

EkEaEa+l — Ek(Ea /\Ea+1) _ hkaEaJrl _hk7a+lEa —I—Ek/\Ea /\EaJrl’
EaEa-HEk — (Ea /\Ea-l-l)Ek — hk,a-‘rlEa _ hkaEa-H +Ek/\Ea /\Ea-i-l.

Substituting Equation (35) into Equation (34), we find Equation (34) holds for
1 < k < n. In the case k = 1, we should have a > 0 in Equation (35), thus Equation
(34) holds for k = 1. In the case k = n, we should have a < n in Equation (35), thus
Equation (34) holds for k = n. The proof is completed. [

If the space-time is flat, then the moving frame {E,} and the fixed frame {e,}
can be transformed each other. At this time, the change of the moving frame can
be regarded as the change of the Lorentz transformation matrix A with the parameter
s. Thus, the evolution equations of A(s) can be established from Equation (33), so
that the equations of motion (33) can be simplified. This method can be extended to
the cases of high-dimensional surfaces, associated with the equivariant moving frame,
computing the symmetry groups of partial differential equations and solving the group
classification problem [29]. The new equivariant formulation of moving frames has led
to a wide variety of novel and unexpected applications in pure and applied mathematics
[30,31].

4. Covariant differentials of quaternion

The connection operators can be also defined for general hypercomplex numbers.
In this section we take quaternion as example to show the covariant differentials. If
taking the quaternions H as Clifford algebra C/(R%2) and (i,j) as the generators,
by the above procedure we can get a 2-dimensional differential geometry. But this

treatment is obviously unnatural, because the intrinsically symmetric coordinates will

13
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be artificially graded. Therefore, we should introduce the coordinate transformation
and the connection coefficients in a new way [23].
Let (e, = b,i,j,k), we should have transformation rules of basis and coordinate

as
dx =dxtey, = O6x"e,, ey =fles, e,=fley, x=fLox"
Denoting the multiplication rules of basis vectors as

€q€p = Csbeca €uly = C/ﬁ)vea)a Cﬁ)\/ = f“afvbfcgcgba (36)

we get the multiplication matrix and the matrix form of the structure coefficients as

€0 €1 € €3

€ —¢€ €3 —€ m oM
M:(ejek): s C :( 7;():78 .

e —e3 —¢ e ’ €m

€3 € —€ —€

The structure coefficients matrices read C° = diag(1,—1,—1,—1) and

01 0 0 001 0 0 0 01
ol 10 0 0 o 000 —1 oo 0 0 1 0
00 0 1]’ 1 oo o |’ 0 -1 0 0
00 —1 0 010 0 1 0 00

For given m we have (C}; = 0,+1) and |det(C™)| = 1. The matrix form of
Equation (36) is given by

CO=F(feCOF", F=(£), (fO=@F)"
The determinant of the quaternion is a scalar, so we have
||dx||* = det(dx) = 8,,6x*8x" = gydx*dx", Suv = 5abfu“fvb.

The above equations clarify the geometric meaning and the computing method of f/".
For an arbitrary quaternionic function q = ¢*(x)e,, the absolute derivative is defined

as
_ B u B o _ B
dq = (duq" + q" Kgy )epdx”, 0gey = Kguep.

Substituting g€y = Kg nep into Equation (36), We obtain the consistent condition
for the connection coefficients Kg“ as

cry Kb, +C} Kb, —CB.K! 5 = aClly.

We have the following solution.

Theorem 9. Suppose a = 0,1,2,3 and k = 1,2,3, pa" € R are any given smooth



Journal of AppliedMath 2024, 2(4), 1700.

functions. Let

0 0 0
0 0 3 _p2
Pa — pa pa , (37)
0 _pa3 0 pal
0 pa2 _pal 0
then we have
Kby = f1H0ufs + /12 5 (Pa) (38)

Proof. By the properties of connection operator (10)-(13), we have
Kb geu = 0aep = da(fg'es) = (Fufy’)es+ fo 5 Vuth. (39)
Denoting 9,e, = (P,), e, by multiplication relation (36) we have
(Pa)y Cop + (Pa)y Coe = Cop(Pa).
or in the form of matrix
P,CC+CPl =C*(Py)~. (40)

The solution of Equation (40) can be easily found. By straightforward calculation we
obtain (37). Substituting the solution P, into d,e, = (P,) e, and then into Equation
(39), we obtain Equation (38). P, is similar to the torsion in a space-time. The proof is

completed. [

5. Discussion and conclusion

In recent years, it has been strongly suggested that theoretical physicists should
be all familiar with the differential forms. However, in the context of the Clifford
algebra, the differential forms and the co-forms can be greatly simplified. In differential
geometry, dx* and dy are presented as coordinate basis vectors of dual spaces in
abstract significance. Indeed, dx* and y* have the same coordinate transformation laws,
because (2) is independent of coordinate system. Thus taking dx* as a basis vector
usually does not lead to contradictory conclusions. But the true geometric meaning
of dx* is the coordinate increment, which is just a real variable rather than a vector.
The double roles of dx* in differential geometry leads to unnecessary complexity and
confusion. A manifold is essentially a generalization of the vector space in curved
space-time, so the direct introduction of the basis {y*} at each point will greatly
simplify the description.

The differentials of frame are always equivalent to a linear transformation of the
frame, and the linear transformation is distinct in different contexts. In Riemannian
geometry, the linear transformation is the connection operator (10). Corresponding to
the variation of metric, the variation of the frame is given by Equation (23) or Equation

(24). In a different context, the definitions of differential of the frame are different, so

15
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the corresponding linear transformation is also different. This unified view of the frame
or basis vectors will bring great convenience to the research and application of Clifford

algebra.
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