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Abstract: Imperfect adherence to antiretroviral therapy (ART), virological failure, and the
emergence of drug-resistant human immunodeficiency virus (HIV) strains continue to limit
the long-term effectiveness of HIV control programmes. Existing deterministic models
generally treat these mechanisms separately, so the pathway linking imperfect adherence to
acquired resistance is seldom represented explicitly. We formulate a seven-compartment HIV
transmission model in which stage-structured progression, ART initiation, adherence-mediated
treatment failure, and acquired drug resistance appear as sequential, mechanistically linked
transitions within a single tractable system. The model is shown to be well-posed: solutions
remain non-negative and bounded, and a biologically feasible region is positively invariant.
The basic reproduction number ℛ0 is obtained in closed form by the next-generation matrix
method and separates into progression-driven and acquired immunodeficiency syndrome
(AIDS)-mediated contributions, which makes the weight of each transmission pathway explicit.
The disease-free equilibrium is locally and globally asymptotically stable when ℛ0 <

1, whereas a unique endemic equilibrium exists whenever ℛ0 > 1. Local asymptotic
stability of the endemic equilibrium is conditional on the associated Routh–Hurwitz criteria
and is verified numerically for the baseline parameter set through direct computation of
the Jacobian eigenvalues. Normalised sensitivity indices rank the transmission rate first,
followed by parameters governing the treatment-failure and drug-resistant compartments. An
optimal control problem combining prevention, treatment uptake, and adherence support is
characterised through Pontryagin’s Maximum Principle and solved by a forward–backward
sweep; the combined strategy lowers the infected burden relative to the uncontrolled case over
the horizon considered.

Keywords: HIV dynamics; nonlinear systems; antiretroviral therapy adherence;
treatment failure; acquired drug resistance; stability analysis; optimal control

1. Introduction
Human immunodeficiency virus (HIV) infection remains one of the most

significant global public-health challenges of the modern era. Despite remarkable
advances in HIV prevention, diagnosis, and treatment, the disease continues to pose
a substantial epidemiological and socioeconomic burden worldwide. According to
recent estimates reported by the Joint United Nations Programme on HIV/AIDS
(UNAIDS), approximately 40.8 million people were living with HIV in 2024, with
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1.3 million new HIV infections and approximately 630,000 AIDS-related deaths
recorded globally [1, 2]. The widespread use of antiretroviral therapy (ART) has
substantially reduced HIV-related mortality, improved life expectancy among people
living with HIV, and transformed HIV infection from a fatal disease into a manageable
chronic condition [3]. Nevertheless, the long-term effectiveness of ART-based control
strategies is increasingly threatened by suboptimal treatment adherence, treatment
failure, and the emergence of drug-resistant HIV strains. HIV transmission dynamics
are inherently nonlinear and involve multiple biological and epidemiological stages [4].
Following infection, individuals typically progress through the acute, chronic, and
AIDS stages of the disease, each characterized by distinct levels of viral activity,
infectiousness, and immune response [5, 6]. Since transmission potential varies
considerably across these stages, incorporating such heterogeneity is essential for
accurately describing HIV transmission dynamics. Although ART substantially
reduces viral load and the risk of onward transmission, its effectiveness depends
critically on sustained adherence to the prescribed treatment regimen. Poor adherence
can compromise treatment success, promote virological failure, and facilitate the
emergence of drug-resistant HIV strains [7,8].

Mathematical modelling has become an indispensable tool for understanding
the dynamics of infectious diseases and evaluating intervention strategies. The
compartmental epidemic models introduced by Anderson and May [9] and subsequently
refined by Hethcote [10] provide the foundation for modern mathematical models of
HIV transmission. Over the past several decades, numerous mathematical models
have been developed to investigate HIV transmission, treatment dynamics, behavioural
interventions, and the emergence of drug resistance [7,8]. Fractional-order formulations
have also been employed to incorporate memory effects and nonlocal dynamics
into epidemiological systems [11]. In the context of HIV modelling, Kongson et
al. [12] investigated a fractal-fractional HIV infection model in the Atangana–Baleanu
sense to evaluate the effects of drug therapy, while Khan et al. [13] formulated a
fractional-order HIV–TB coinfection model with a nonsingular Mittag–Leffler kernel.
Related fractional modelling based on a power-law-type kernel has also been applied
to co-abuse dynamics [14]. In addition, delay-differential formulations have been
used to account for the time lags inherent in disease progression and treatment
response [15]. Liu et al. [16] studied global stability in a within-host HIV pathogenesis
model with a cure rate, whereas Huo and Feng [17] examined an HIV/AIDS
epidemic model with different latent stages and treatment. Recent work has also
developed optimal-control and fractional-order HIV frameworks with stage structure
and treatment dynamics [18, 19], as well as stochastic, syndemic, and data-driven
extensions [20–22]. Although these models have provided valuable insights into
HIV transmission and disease progression, most existing studies investigate treatment
adherence, treatment failure, and drug resistance separately, rather than integrating
these mechanisms within a unified epidemiological framework. From the perspective
of mathematical epidemiology, one of the central objectives is to characterize the
threshold dynamics of disease transmission through the basic reproduction number,
ℛ0. Among the available analytical techniques, the next-generation matrix approach
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developed by Diekmann et al. [23] and van den Driessche and Watmough [24]
remains one of the most widely used methods for deriving ℛ0 and investigating
disease persistence. Stability analysis establishes the conditions under which either
the disease-free or endemic equilibrium governs the long-term behaviour of the
epidemic [25–27], as applied in recent stage- and age-structured HIV models using
the next-generation matrix and Routh–Hurwitz criteria [28]. Furthermore, sensitivity
analysis identifies the epidemiological parameters that exert the greatest influence on
disease transmission and persistence [29]. In addition, optimal control theory, based
on Pontryagin’s Maximum Principle [30, 31], provides a systematic framework for
designing intervention strategies that minimize disease prevalence while balancing
implementation costs, as demonstrated in recent HIV optimal-control studies using
forward–backward sweep implementations [32].

Despite the considerable progress made in HIV modelling, important gaps
remain in the existing literature. Current deterministic HIV transmission models
generally fall into three broad categories: models that describe detailed disease
progression while neglecting adherence-driven resistance dynamics; models
that investigate drug resistance without explicitly incorporating infection-stage
transmission and treatment-failure pathways; and simplified optimal-control models
that do not separately account for treatment adherence, treatment failure, and resistance
emergence. For instance, recent unified frameworks combine drug resistance with
treatment saturation and vertical transmission [33], and others incorporate treatment
failure as a return flow to the aware-infected class [34] or model adherence-driven
resistance across multiple strains with treatment switching [35], yet they do not
resolve adherence-mediated treatment failure into a distinct compartment linked to
a dedicated adherence-support control, which is the mechanism the present model
isolates. Consequently, existing modelling frameworks may underestimate the
long-term epidemiological consequences of imperfect adherence and the potential role
of adherence-support interventions in limiting treatment failure and the emergence of
acquired drug resistance [30, 31]. Motivated by these challenges, the present study
develops a nonlinear seven-compartment HIV transmission model that simultaneously
incorporates infection-stage progression, ART initiation, adherence-mediated treatment
failure, and acquired drug resistance within a unified mathematical framework. Unlike
previous HIV transmission models, the proposed framework integrates rigorous
mathematical analysis, bifurcation analysis, sensitivity analysis, and optimal control
within a single epidemiologically consistent and mathematically tractable system.

Specifically, the proposed model is formulated to capture the key epidemiological
mechanisms governing HIV transmission, including disease progression, ART
initiation, imperfect treatment adherence, treatment failure, and the emergence
of drug-resistant HIV strains. The mathematical well-posedness of the model is
established by proving the positivity and boundedness of solutions together with the
existence of a positively invariant feasible region. The basic reproduction number,
ℛ0, is derived to characterize the threshold dynamics of disease transmission, while
the local and global stability properties of the disease-free and endemic equilibria
are investigated to describe the long-term behaviour of the system. In addition,
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normalized sensitivity analysis is performed to identify the parameters that most
strongly influence disease persistence. To evaluate effective intervention strategies,
an optimal control framework incorporating treatment initiation, adherence-support
programmes, and transmission-reduction measures is formulated and analysed using
Pontryagin’s Maximum Principle. Finally, numerical simulations are performed to
provide computational illustrations consistent with the analytical results, examine the
qualitative behaviour of the model, and evaluate the proposed intervention strategies
under the parameter regimes considered.

The remainder of the paper is organized as follows. Section 2 presents the
formulation of the HIV transmission model together with its underlying assumptions.
Section 3 establishes the model’s mathematical well-posedness. Section 4 derives
the basic reproduction number and determines the equilibrium points. Section 5
investigates the local and global stability properties of the equilibria. Section 6 presents
the bifurcation and sensitivity analyses, while Section 7 provides numerical simulations
illustrating the effects of key epidemiological parameters on the system dynamics.
Section 8 formulates and analyzes the optimal control problem. Finally, Section 9
summarizes the main findings and outlines directions for future research.

2. Model formulation
The mathematical HIV-modelling literature reviewed in Section 1 has provided

important insights into disease progression, treatment dynamics, and resistance
evolution. However, most existing deterministic HIV transmission models investigate
these processes separately, and only a limited number of studies simultaneously
integrate infection-stage progression, ART uptake, adherence-mediated treatment
failure, and acquired drug resistance within a single mathematically tractable
framework. Moreover, relatively few existing models are sufficiently comprehensive to
permit rigorous stability, bifurcation, sensitivity, and optimal control analyses within a
unified mathematical framework. Motivated by these limitations, we develop a unified
nonlinear compartmental framework that explicitly captures the interactions among
infection-stage progression, ART initiation, adherence-mediated treatment failure, and
the emergence of acquired drug resistance within a single epidemiological system.

The proposed framework is designed to balance biological realism with
mathematical tractability. Its construction is guided by three principal epidemiological
considerations. First, HIV infectivity and disease-induced mortality vary substantially
across different stages of infection, necessitating the explicit representation of both
early and chronic infectious stages. Second, the framework distinguishes among
successful ART treatment, adherence-mediated treatment failure, and acquired drug
resistance to mechanistically describe the progression pathway linking imperfect
adherence to resistance emergence. Third, a separate AIDS compartment is included
to account for advanced disease progression and HIV-related mortality arising from
all infected classes. Collectively, these epidemiological considerations naturally
motivate a seven-compartment representation of the host population that preserves the
principal biological mechanisms while remaining sufficiently tractable for rigorous
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mathematical analysis.
The total host population at time 𝑡, denoted by 𝒩(𝑡), is partitioned into seven

mutually exclusive compartments. Susceptible individuals, 𝒮(𝑡), are HIV-negative and
at risk of infection. Newly infected individuals enter the acute class ℐ1(𝑡), in which
high viraemia raises the per-contact transmission probability well above its subsequent
levels [5,6], and they later progress to the chronic class ℐ2(𝑡), comprising individuals
in the established stage of infection who have not yet initiated ART. Those who
begin suppressive therapy move into 𝒯(𝑡), where viraemia is effectively suppressed
and onward transmission is substantially reduced, in line with the “undetectable =
untransmittable” (U = U) principle [3].

The three remaining compartments trace the pathway from imperfect adherence
to resistance and advanced disease. Individuals in ℱ(𝑡) experience treatment failure,
that is, virological rebound while still receiving first-line ART, arising primarily from
imperfect adherence and, to a lesser extent, from biological breakthrough. Sustained
failure allows resistant variants to become established, and the individuals harbouring
them constitute the class ℛ(𝑡). Finally, 𝒜(𝑡) collects individuals with clinical AIDS,
representing the advanced stage of infection and aggregating progression from all
infected compartments.

The epidemiological interactions among the seven compartments are illustrated
schematically in Figure 1, where each transition corresponds directly to one of the
mechanisms represented in system (2).

𝒩(𝑡) = 𝒮(𝑡) +ℐ1(𝑡) +ℐ2(𝑡) +𝒯(𝑡) +ℱ(𝑡) +ℛ(𝑡) +𝒜(𝑡). (1)

Figure 1. Schematic representation of the proposed seven-compartment HIV transmission
model. Solid arrows denote transitions between epidemiological compartments governed by the
rate parameters listed in the following table, whereas the dashed arrow represents the force of
infection 𝜆, to which all infected compartments contribute with relative infectiousness weights
{1, 𝜂1, 𝜂2, 𝜂3, 𝜂4, 𝜂5}.

Under the above assumptions, the dynamics of HIV transmission are governed by
the following system of nonlinear ordinary differential equations:
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

𝑑𝒮

𝑑𝑡
= Λ − 𝜆𝒮 − 𝜇𝒮,

𝑑ℐ1

𝑑𝑡
= 𝜆𝒮 − (𝜅 + 𝜇 + 𝛼1)ℐ1,

𝑑ℐ2

𝑑𝑡
= 𝜅ℐ1 − (𝜏 + 𝜇 + 𝛼2)ℐ2,

𝑑𝒯

𝑑𝑡
= 𝜏ℐ2 − (𝜎 + 𝜇 + 𝛿1)𝒯,

𝑑ℱ

𝑑𝑡
= 𝜎𝒯 − (𝜌 + 𝜇 + 𝛿2)ℱ,

𝑑ℛ

𝑑𝑡
= 𝜌ℱ − (𝜇 + 𝛿3)ℛ,

𝑑𝒜

𝑑𝑡
= 𝛼1ℐ1 + 𝛼2ℐ2 + 𝛿1𝒯 + 𝛿2ℱ + 𝛿3ℛ − (𝜇 + 𝑑)𝒜,

(2)

subject to the initial conditions

𝒮(0) > 0, 𝒩(0) > 0, ℐ1(0), ℐ2(0), 𝒯(0), ℱ(0), ℛ(0), 𝒜(0) ≥ 0.

The force of infection is defined as

𝜆 =
𝛽 (ℐ1 + 𝜂1ℐ2 + 𝜂2𝒯 + 𝜂3ℱ + 𝜂4ℛ + 𝜂5𝒜)

𝒩(𝑡) , (3)

where 𝛽 denotes the baseline effective transmission rate associated with early-infected
individuals, while 𝜂𝑖 > 0 (𝑖 = 1, . . . , 5) are dimensionless modification factors that
scale the relative infectiousness of the remaining infected compartments. The term
𝛼1ℐ1 represents rapid progression from acute HIV infection to AIDS, which occurs
relatively infrequently compared with progression through the chronic stage.

Two epidemiologically important features of Equation (3) deserve particular
attention. First, 𝜂2 � 1 reflects the substantial reduction in infectiousness achieved
through successful ART, consistent with the U = U principle [3]; consequently,
individuals receiving effective treatment contribute only minimally to the force of
infection. Second, 𝜂4 ≈ 1 reflects the empirical observation that resistance-associated
mutations generally do not substantially reduce transmissibility relative to the
wild-type virus, allowing drug-resistant individuals to continue contributing to disease
transmission at nearly pre-treatment levels.

To clearly define the scope of the subsequent analysis, the assumptions underlying
model (2) and the force of infection (3) are stated explicitly. These assumptions are
grouped into three categories: structural assumptions, which define the demographic
and mixing framework; biological assumptions, which describe the treatment and
resistance mechanisms represented; and analytical assumptions, which specify the
temporal behaviour of the model parameters.

1. The host population is assumed to mix homogeneously, without explicit age, sex,
sexual-risk, or geographical stratification. Behavioural heterogeneity is therefore
implicitly incorporated into the aggregate transmission rate 𝛽 and the relative
infectiousness factors 𝜂𝑖 . Extensions incorporating population stratification
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represent a natural direction for future research.
2. The force of infection 𝜆 in Equation (3) is normalized by the total population𝒩(𝑡),

consistent with sexual contact patterns in which an individual’s contact rate is
assumed to be largely independent of population density.

3. Demographic recruitment occurs exclusively through the susceptible
compartment 𝒮. Vertical (mother-to-child) transmission is neglected, which is a
reasonable approximation for adult-population dynamics but excludes paediatric
HIV transmission.

4. The model does not account for viral re-suppression following salvage therapy,
treatment re-initiation after disengagement from care, or waning treatment
effects that would return individuals to earlier compartments. This assumption
considerably simplifies the mathematical analysis and is most appropriate for
first-line ART, where spontaneous reversal of treatment failure is relatively
uncommon without explicit intervention [36].

5. Drug-resistant variants arise exclusively through treatment failure (ℱ → ℛ).
Although individuals in ℛ contribute to the force of infection in Equation (3),
newly infected individuals are not stratified according to resistance status at
infection; consequently, transmitted drug resistance is not explicitly represented.
In settings where transmitted drug resistance exceeds 10%, this assumption may
lead the model to underestimate the overall burden of resistance. Accordingly,
the present framework is most applicable to settings in which acquired drug
resistance remains the predominant resistance mechanism. Incorporating
resistance-stratified infection classes represents an important direction for future
model development.

6. The parameter 𝜎 combines the two clinically distinct mechanisms responsible for
treatment failure, namely imperfect adherence and biological breakthrough, with
imperfect adherence assumed to be the dominant mechanism in most empirical
settings [7]. This aggregation provides the mechanistic link between 𝜎 and the
adherence-support control variable 𝑢3 introduced in Section 8.

7. Individuals within each compartment are assumed to experience identical
transition rates. In particular, adherence behaviour among treated individuals is
considered homogeneous, with individual-level variability incorporated into the
parameter 𝜎.

8. All parameters appearing in model (2) and the force of infection (3) are
assumed constant over time. Seasonal variation, long-term epidemiological
trends, and time-dependent intervention intensities are therefore not considered
in the uncontrolled model.

These assumptions represent standard simplifications widely adopted in
deterministic compartmental models of HIV transmission [16, 17, 36]. Although
each assumption may be relaxed in more detailed modelling frameworks, the present
formulation provides a suitable balance between biological realism and mathematical
tractability while remaining amenable to rigorous analytical investigation. The
analytical properties of the proposed model are examined in the subsequent sections.

For the numerical experiments, the baseline parameter set is obtained by taking
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the midpoint of each interval reported in Table 1, except for parameters represented by
a single value. Thus, the simulations use

Λ = 1, 𝛽 = 0.016, 𝑑 = 0.03, 𝜅 = 0.035, 𝜏 = 0.06, 𝜎 = 0.0125, 𝜌 = 0.0065,

together with

𝜂1 = 0.65, 𝜂2 = 0.20, 𝜂3 = 0.55, 𝜂4 = 0.85, 𝜂5 = 0.65,

and the remaining midpoint or fixed values listed in the table. This selection provides
a reproducible baseline parameter set while remaining consistent with the biologically
plausible ranges reported in the literature and facilitates direct comparison among the
numerical experiments presented in subsequent sections.

Table 1. Epidemiological parameters of model (2), together with the biologically plausible
ranges used to define the baseline parameter set and their corresponding references. Unless
stated otherwise, the midpoint of each reported range is used in the numerical simulations.
Unless otherwise indicated, all transition and mortality parameters are expressed in day−1, the
recruitment rate Λ is measured in persons per day, and the infectiousness modifiers 𝜂𝑖 are
dimensionless.

Parameter Description Range or baseline value References

Λ Recruitment rate into the susceptible compartment 𝒮 0.5–1.5 UNAIDS [1]; World Health Organization [2]
𝜇 Natural mortality rate 3.9 × 10−5 World Health Organization [2]
𝑑 Disease-induced mortality rate in 𝒜 0.01–0.05 World Health Organization [2]
𝛽 Baseline effective transmission rate 0.012–0.020 Liu et al. [16]; Huo and Feng [17]
𝜂1 Relative infectiousness of ℐ2 with respect to ℐ1 0.5–0.8 Nowak and May [5]; Kirschner and Webb [6]
𝜂2 Relative infectiousness of 𝒯 0.1–0.3 Granich et al. [3]
𝜂3 Relative infectiousness of ℱ 0.4–0.7 Brauer [36]
𝜂4 Relative infectiousness of ℛ 0.7–1.0 Blower et al. [7]
𝜂5 Relative infectiousness of 𝒜 0.5–0.8 Kirschner and Webb [6]
𝜅 Progression rate from ℐ1 to ℐ2 0.02–0.05 Nowak and May [5]; Kirschner and Webb [6]
𝛼1 Progression rate from ℐ1 to 𝒜 0.0003–0.001 Kirschner and Webb [6]; Huo and Feng [17]
𝛼2 Progression rate from ℐ2 to 𝒜 0.001–0.003 Kirschner and Webb [6]; Huo and Feng [17]
𝛿1 Progression rate from 𝒯 to 𝒜 0.0005 Granich et al. [3]
𝛿2 Progression rate from ℱ to 𝒜 0.004–0.01 Brauer [36]
𝛿3 Progression rate from ℛ to 𝒜 0.005–0.01 Brauer [36]
𝜏 ART initiation rate (ℐ2 → 𝒯) 0.04–0.08 Granich et al. [3]
𝜎 Treatment-failure rate (𝒯 → ℱ) 0.005–0.02 Blower et al. [7]
𝜌 Acquired drug-resistance rate (ℱ → ℛ) 0.003–0.01 Blower et al. [7]

The baseline parameter values are derived from literature-reported ranges and were
not estimated by fitting the model to a specific epidemiological dataset. Accordingly,
the numerical results presented below should be interpreted as qualitative, model-based
illustrations of the system dynamics under biologically plausible parameter values
rather than as calibrated quantitative predictions for any particular population or
geographical setting.

3. Positivity and boundedness

Theorem 1 (Positivity and boundedness). For non-negative initial conditions of
the state variables, system (2) admits a unique global solution. Furthermore, the

8



Advances in Differential Equations and Control Processes 2026, 33(3), 4725.

non-negative orthant is positively invariant, and all solutions are ultimately bounded.
In addition, the feasible region

Ω =

{
(𝒮,ℐ1,ℐ2,𝒯,ℱ,ℛ,𝒜) ∈ R7

+ : 0 < 𝒩 ≤ Λ
𝜇

}
is positively invariant for all solutions that originate within it.

Proof. Consider the force of infection, given by

𝜆 =
𝛽
(
ℐ1 + 𝜂1ℐ2 + 𝜂2𝒯 + 𝜂3ℱ + 𝜂4ℛ + 𝜂5𝒜

)
𝒩

.

For 𝒩 > 0, this expression is continuously differentiable. Hence, the right-hand side
of system (2) is locally Lipschitz in the region

R7
+ ∩ {𝒩 > 0}.

It therefore follows from the Picard–Lindelöf theorem [37] that system (2) possesses a
unique local solution defined on a maximal interval [0, 𝑡max).

We now establish the positivity of the solutions. On the boundary hyperplanes of
the non-negative orthant, the vector field satisfies

𝑑𝒮

𝑑𝑡

����
𝒮=0

= Λ ≥ 0,
𝑑ℐ1

𝑑𝑡

����
ℐ1=0

= 𝜆𝒮 ≥ 0,

𝑑ℐ2

𝑑𝑡

����
ℐ2=0

= 𝜅ℐ1 ≥ 0,
𝑑𝒯

𝑑𝑡

����
𝒯=0

= 𝜏ℐ2 ≥ 0,

𝑑ℱ

𝑑𝑡

����
ℱ=0

= 𝜎𝒯 ≥ 0,
𝑑ℛ

𝑑𝑡

����
ℛ=0

= 𝜌ℱ ≥ 0,

and
𝑑𝒜

𝑑𝑡

����
𝒜=0

= 𝛼1ℐ1 + 𝛼2ℐ2 + 𝛿1𝒯 + 𝛿2ℱ + 𝛿3ℛ ≥ 0.

These inequalities show that, on each boundary face of R7
+, the vector field is

directed toward the non-negative region or is tangent to its boundary. Consequently,
Nagumo’s positive invariance theorem for ordinary differential equations [37]
guarantees that R7

+ is positively invariant.
To establish boundedness, we sum all equations of system (2) to obtain

𝑑𝒩

𝑑𝑡
= Λ − 𝜇𝒩 − 𝑑𝒜 ≤ Λ − 𝜇𝒩.

Applying the comparison theorem [38] to the auxiliary equation

¤𝑌 = Λ − 𝜇𝑌,

we obtain
𝒩(𝑡) ≤ 𝒩(0)𝑒−𝜇𝑡 + Λ

𝜇

(
1 − 𝑒−𝜇𝑡

)
.
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This implies that

lim sup
𝑡→∞

𝒩(𝑡) ≤ Λ
𝜇
.

Therefore, if

𝒩(0) ≤ Λ
𝜇
,

then
𝒩(𝑡) ≤ Λ

𝜇
,

If instead

𝒩(0) > Λ
𝜇
,

the comparison estimate gives

𝒩(𝑡) ≤ Λ
𝜇
+

(
𝒩(0) − Λ

𝜇

)
𝑒−𝜇𝑡 .

Thus, for every 𝜀 > 0, there exists 𝑡𝜀 > 0 such that

𝒩(𝑡) ≤ Λ
𝜇
+ 𝜀, 𝑡 ≥ 𝑡𝜀 .

As a result, every trajectory approaches the region Ω asymptotically, and all
solutions are ultimately bounded. Moreover, if a trajectory originates in Ω, then

𝒩(𝑡) ≤ Λ
𝜇

for all 𝑡 ≥ 0,

continues to hold throughout its evolution. Therefore, a solution starting in Ω cannot
leave this region, which establishes the positive invariance of Ω.

The non-negativity of the state variables, together with their boundedness over
every finite time interval, rules out the possibility of finite-time blow-up. It follows that
the maximal existence time satisfies

𝑡max = ∞.

Consequently, the unique local solution obtained above continues uniquely for
every 𝑡 ≥ 0, and is therefore a global solution. □

4. Basic reproduction number

We now determine the equilibrium configurations associated with the HIV
transmission system. Particular attention is given to the basic reproduction number ℛ0,
which is obtained through the next-generation matrix (NGM) framework. The stability
behavior of the corresponding equilibrium states is subsequently examined from both
local and global perspectives.
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In the absence of infection, system (2) possesses the disease-free equilibrium,
denoted by E0, with the form

E0 =
(
𝒮0, 0, 0, 0, 0, 0, 0

)
=

(
Λ
𝜇
, 0, 0, 0, 0, 0, 0

)
, (4)

and this equilibrium is located on the boundary of the biologically admissible region
Ω. At E0, all infected compartments vanish, so the entire population belongs to the
susceptible class. Accordingly,

𝒩0 = 𝒮0 =
Λ
𝜇
,

and consequently, we have
𝒮0

𝒩0 = 1.

The basic reproduction number, ℛ0, is derived using the next-generation matrix
(NGM) approach developed by Diekmann et al. [23] and van den Driessche and
Watmough [24]. For the application of the next-generation matrix method, the infected
subsystem consists of the six epidemiologically infected compartments

x = (ℐ1,ℐ2,𝒯,ℱ,ℛ,𝒜)>,

whose dynamics can be written as

¤x = F (x) − V(x),

where

F (x) =

©­­­­­­­­­­«

𝜆𝒮

0
0
0
0
0

ª®®®®®®®®®®¬
, V(x) =

©­­­­­­­­­­«

(𝜅 + 𝜇 + 𝛼1)ℐ1

(𝜏 + 𝜇 + 𝛼2)ℐ2 − 𝜅ℐ1

(𝜎 + 𝜇 + 𝛿1)𝒯 − 𝜏ℐ2

(𝜌 + 𝜇 + 𝛿2)ℱ − 𝜎𝒯
(𝜇 + 𝛿3)ℛ − 𝜌ℱ

(𝜇 + 𝑑)𝒜 − 𝛼1ℐ1 − 𝛼2ℐ2 − 𝛿1𝒯 − 𝛿2ℱ − 𝛿3ℛ

ª®®®®®®®®®®¬
,

with the force of infection 𝜆 given by Equation (3). The vector F represents the
rates at which new infections enter the infected subsystem, whereas V accounts
for all other transition processes, including disease progression, treatment initiation,
treatment failure, resistance emergence, and disease-induced removal within the
infected subsystem.

Linearizing the infected subsystem about the disease-free equilibrium E0 and using

𝒮0

𝒩0 = 1,

the Jacobian matrices
𝐹 = 𝐷xF

��
E0
, 𝑉 = 𝐷xV

��
E0
,

11
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are given by

𝐹 =

©­­­­­­­­­«

𝛽 𝛽𝜂1 𝛽𝜂2 𝛽𝜂3 𝛽𝜂4 𝛽𝜂5
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

ª®®®®®®®®®¬
, 𝑉 =

©­­­­­­­­­«

𝑎1 0 0 0 0 0
−𝜅 𝑎2 0 0 0 0
0 −𝜏 𝑎3 0 0 0
0 0 −𝜎 𝑎4 0 0
0 0 0 −𝜌 𝑎5 0

−𝛼1 −𝛼2 −𝛿1 −𝛿2 −𝛿3 𝑎6

ª®®®®®®®®®¬
, (5)

where
𝑎1 = 𝜅 + 𝜇 + 𝛼1, 𝑎2 = 𝜏 + 𝜇 + 𝛼2, 𝑎3 = 𝜎 + 𝜇 + 𝛿1,

𝑎4 = 𝜌 + 𝜇 + 𝛿2, 𝑎5 = 𝜇 + 𝛿3, 𝑎6 = 𝜇 + 𝑑.

The basic reproduction number is defined as

ℛ0 = 𝜚(𝐹𝑉−1),

where 𝜚(·) denotes the spectral radius. Because𝑉 is lower triangular, 𝑉−1 is also lower
triangular with diagonal entries 1/𝑎𝑖 , and the entries of its first column are obtained
by forward substitution. Since only the first row of 𝐹 is non-zero, the product 𝐹𝑉−1

also has only its first row non-zero and is therefore a rank-one matrix. Consequently,
its only potentially non-zero eigenvalue is equal to its trace, namely the (1, 1) entry,
which is obtained as the inner product of the first row of 𝐹 with the first column of 𝑉−1.
Consequently, we have

ℛ0 = 𝛽
(
ℛprog +ℛAIDS

)
, (6)

where the progression and AIDS-mediated contributions are

ℛprog =
1
𝑎1

+ 𝜂1𝜅

𝑎1𝑎2
+ 𝜂2𝜅𝜏

𝑎1𝑎2𝑎3
+ 𝜂3𝜅𝜏𝜎

𝑎1𝑎2𝑎3𝑎4
+ 𝜂4𝜅𝜏𝜎𝜌

𝑎1𝑎2𝑎3𝑎4𝑎5
, (7)

ℛAIDS =
𝜂5

𝑎6

(
𝛼1

𝑎1
+ 𝛼2𝜅

𝑎1𝑎2
+ 𝛿1𝜅𝜏

𝑎1𝑎2𝑎3
+ 𝛿2𝜅𝜏𝜎

𝑎1𝑎2𝑎3𝑎4
+ 𝛿3𝜅𝜏𝜎𝜌

𝑎1𝑎2𝑎3𝑎4𝑎5

)
. (8)

Grouping each AIDS-mediated pathway with its corresponding disease-progression
pathway yields the equivalent compact representation

ℛ0 = 𝛽

[
1
𝑎1

(
1 + 𝜂5𝛼1

𝑎6

)
+ 𝜅

𝑎1𝑎2

(
𝜂1 +

𝜂5𝛼2

𝑎6

)
+ 𝜅𝜏

𝑎1𝑎2𝑎3

(
𝜂2 +

𝜂5𝛿1

𝑎6

)
+ 𝜅𝜏𝜎

𝑎1𝑎2𝑎3𝑎4

(
𝜂3 +

𝜂5𝛿2

𝑎6

)
+ 𝜅𝜏𝜎𝜌

𝑎1𝑎2𝑎3𝑎4𝑎5

(
𝜂4 +

𝜂5𝛿3

𝑎6

)]
.

(9)

Each term in Equations (7) and (8) admits the standard interpretation of

transmission rate × probability of reaching the compartment × mean residence time,

scaled by the relative infectiousness of the corresponding compartment through the
modification factor 𝜂𝑖 .

12
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The derived basic reproduction number has the following epidemiological
interpretation.

• The term 𝛽
𝑎1
, represents the contribution from early-infected individuals. An

individual entering compartment ℐ1 remains there for an average duration of 1/𝑎1

and transmits infection at the baseline rate 𝛽.

• The term 𝛽𝜂1𝜅
𝑎1𝑎2

, represents the contribution from the chronically infected
compartment. The factor 𝜅

𝑎1
, is the probability that an individual in ℐ1 progresses

to ℐ2 before leaving the compartment through other routes, while 1
𝑎2
, denotes the

average residence time in ℐ2. The modification factor 𝜂1 scales the infectiousness
of chronically infected individuals relative to those in the early stage of infection.

• The remaining terms in ℛprog describe successive disease progression through the
treated (𝒯), treatment-failure (ℱ), and drug-resistant (ℛ) compartments. Each
additional factor represents the conditional probability of progressing to the next
compartment together with the corresponding mean residence time.

• The quantityℛAIDS accounts for transmission arising from individuals in the AIDS
compartment. Individuals may enter𝒜 from any infected compartment through the
progression rates 𝛼1, 𝛼2, 𝛿1, 𝛿2, and 𝛿3. Each corresponding pathway contributes
according to the cumulative probability of reaching the AIDS compartment and the
average residence time 1/𝑎6, scaled by the relative infectiousness factor 𝜂5.

For biologically plausible parameter values, the chronic-stage contribution 𝛽𝜂1𝜅
𝑎1𝑎2

,

is generally expected to constitute one of the dominant components of ℛ0, primarily
because individuals typically remain in the chronic stage considerably longer than in the
acute stage. By contrast, the treatment-related contributions are substantially attenuated
by the reduced infectiousness of effectively treated individuals (𝜂2 � 1), reflecting the
suppressive effect of ART on viral transmission.

5. Stability analysis

In this section, we investigate the stability of the disease-free and endemic
equilibria of the proposed model.

Theorem 2. The disease-free equilibrium E0 of system (2) is locally asymptotically
stable whenever ℛ0 < 1 and unstable whenever ℛ0 > 1.

The local stability of the disease-free equilibrium follows directly from the
next-generation matrix construction presented in Section 4. We now extend this local
result to establish the global asymptotic stability of the disease-free equilibrium.

Theorem 3. The disease-free equilibrium

E0 =

(
Λ
𝜇
, 0, . . . , 0

)
,

of system (2) is globally asymptotically stable in the biologically feasible region

13
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Ω =

{
x ∈ R7

+ : 0 < 𝒩 ≤ Λ
𝜇

}
,

whenever ℛ0 < 1.

Proof. We establish global asymptotic stability using the framework of
Castillo–Chavez, Feng, and Huang [26]. Decompose the state variables as

𝑋 = 𝒮, 𝑍 = (ℐ1,ℐ2,𝒯,ℱ,ℛ,𝒜)>,

and rewrite system (2) as

¤𝑋 = F1(𝑋, 𝑍), ¤𝑍 = G(𝑋, 𝑍).

The Castillo-Chavez theorem guarantees the global asymptotic stability of E0

provided that the following conditions hold.

Hypothesis 1 (H1). For
¤𝑋 = F1(𝑋, 0),

the equilibrium
𝑋∗ =

Λ
𝜇
,

is globally asymptotically stable.

Hypothesis 2 (H2). The infected subsystem satisfies

G(𝑋, 𝑍) = 𝐴𝑍 − Ĝ(𝑋, 𝑍),

where
Ĝ(𝑋, 𝑍) ≥ 0,

for all
(𝑋, 𝑍) ∈ Ω,

and
𝐴 = 𝐷𝑍G(𝑋∗, 0),

is a Metzler matrix.

Verification of H1. Setting 𝑍 = 0 yields

¤𝑋 = Λ − 𝜇𝑋,

whose unique equilibrium

𝑋∗ =
Λ
𝜇
,

is globally asymptotically stable.

14
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Verification of H2. A direct computation yields

𝐴 = 𝐹 −𝑉,

where the matrices 𝐹 and 𝑉 are defined in Equation (5). Because 𝐹 has non-negative
entries and 𝑉 is a nonsingular 𝑀-matrix, the matrix 𝐴 has the Metzler property.
Furthermore, Theorem 2 of van den Driessche and Watmough [24] implies that

𝑠(𝐴) < 0

if and only if
ℛ0 < 1.

The residual vector

Ĝ = 𝐴𝑍 − G(𝑋, 𝑍),

has only one non-zero component,

Ĝ1(𝑋, 𝑍) = 𝛽 (ℐ1 + 𝜂1ℐ2 + 𝜂2𝒯 + 𝜂3ℱ + 𝜂4ℛ + 𝜂5𝒜)
(
1 − 𝒮

𝒩

)
,

with
Ĝ𝑖 = 0, 𝑖 = 2, . . . , 6.

Within the biologically feasible set Ω, every state variable is non-negative. In
addition, the susceptible population cannot exceed the total population, so that

𝒮 ≤ 𝒩,

it follows that
1 − 𝒮

𝒩
≥ 0,

and consequently,
Ĝ ≥ 0.

Thus, both conditions H1 and H2 required by the Castillo–Chavez theorem are
fulfilled. It follows that, whenever ℛ0 < 1, the disease-free equilibrium E0 is globally
asymptotically stable throughout the feasible region Ω.

□

Endemic equilibrium

Next, we investigate the endemic equilibrium of the system. When ℛ0 > 1, the
disease-free equilibrium loses stability, and a positive endemic equilibrium

E∗ = (𝒮∗,ℐ∗
1 ,ℐ

∗
2 ,𝒯

∗,ℱ∗,ℛ∗,𝒜∗)

may exist. The equilibrium solutions are obtained by setting the right-hand side of
system (2) to zero, the lower-triangular structure of the infected subsystem allows us to

15
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express every infected compartment in terms of ℐ∗
1 :

ℐ∗
2 = 𝑞2ℐ

∗
1 , 𝒯∗ = 𝑞3ℐ

∗
1 , ℱ∗ = 𝑞4ℐ

∗
1 , ℛ∗ = 𝑞5ℐ

∗
1 , 𝒜∗ = 𝑞6ℐ

∗
1 , (10)

where

𝑞2 =
𝜅

𝑎2
, 𝑞3 =

𝜅𝜏

𝑎2𝑎3
, 𝑞4 =

𝜅𝜏𝜎

𝑎2𝑎3𝑎4
, 𝑞5 =

𝜅𝜏𝜎𝜌

𝑎2𝑎3𝑎4𝑎5
, (11)

𝑞6 =
1
𝑎6

(𝛼1 + 𝛼2𝑞2 + 𝛿1𝑞3 + 𝛿2𝑞4 + 𝛿3𝑞5) .

Here, each 𝑞𝑖 > 0 represents the equilibrium size of the corresponding downstream
infected compartment relative to ℐ∗

1 . These coefficients are determined by the
sequential progression rates and the average residence times within the intermediate
compartments.

The total equilibrium population is

𝒩∗ = 𝒮∗ +𝑄ℐ∗
1 ,

where
𝑄 = 1 + 𝑞2 + 𝑞3 + 𝑞4 + 𝑞5 + 𝑞6 > 0,

and the equilibrium force of infection is

𝜆∗ =
𝛽𝑃ℐ∗

1
𝒩∗ , 𝑃 = 1 + 𝜂1𝑞2 + 𝜂2𝑞3 + 𝜂3𝑞4 + 𝜂4𝑞5 + 𝜂5𝑞6. (12)

Substituting the definitions of 𝑃 and 𝑎1 into Equations (6)–(8) yields

ℛ0 =
𝛽𝑃

𝑎1
. (13)

Together with

𝒮∗ =
Λ

𝜇 + 𝜆∗ , ℐ∗
1 =

𝜆∗𝒮∗

𝑎1
,

Equation (12) reduces to the linear consistency condition

𝑎1 +𝑄𝜆∗ = 𝛽𝑃,

whose unique solution is

𝜆∗ =
𝛽𝑃 − 𝑎1

𝑄
=
𝑎1(ℛ0 − 1)

𝑄
. (14)

Theorem 4. System (2) admits a unique endemic equilibrium E∗ ∈ Ω̊ if and only if
ℛ0 > 1. The components of E∗ are determined by Equations (10) and (11), together
with

𝒮∗ =
Λ

𝜇 + 𝜆∗ , ℐ∗
1 =

𝜆∗𝒮∗

𝑎1
,

where 𝜆∗ is given by Equation (14).
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Theorem 4 establishes the existence and uniqueness of the endemic equilibrium
E∗ ∈ Ω, with all infected compartments remaining positive whenever ℛ0 > 1. We
next investigate its local asymptotic stability by means of direct linearization and the
Routh–Hurwitz criterion applied to the full 7 × 7 Jacobian matrix.

This approach is adopted in place of a Volterra–Lyapunov argument because the
force of infection (3) is frequency dependent through the factor 1/𝒩(𝑡), preventing the
standard telescoping cancellation from producing an explicitly non-positive remainder
without a complete derivation of all cross terms. Moreover, the chain structure of
system (2) does not simplify such a derivation sufficiently to obtain a tractable Lyapunov
function.

Local stability of the endemic equilibrium

Theorem 5. Suppose that ℛ0 > 1, and let E∗ ∈ Ω̊ denote the unique endemic
equilibrium of system (2). Let

Φ(𝜉) = 𝜉7 + 𝑏1𝜉
6 + 𝑏2𝜉

5 + 𝑏3𝜉
4 + 𝑏4𝜉

3 + 𝑏5𝜉
2 + 𝑏6𝜉 + 𝑏7,

be the characteristic polynomial of the Jacobian matrix 𝐽∗ = 𝐽 (E∗). Then E∗ is locally
asymptotically stable if and only if

Δ𝑖 > 0, 𝑖 = 1, 2, . . . , 7,

where Δ𝑖 denotes the 𝑖th leading principal minor of the Hurwitz matrix associated with
Φ(𝜉).

Proof. Order the state variables as

(𝒮,ℐ1,ℐ2,𝒯,ℱ,ℛ,𝒜).

The local dynamics of system (2) in a neighbourhood of E∗ are governed by the
linearized system

¤𝑋 = 𝐽∗𝑋,

where 𝐽∗ is the 7 × 7 Jacobian matrix of system (2) evaluated at E∗.
Define the equilibrium total population by

𝒩∗ = 𝒮∗ +ℐ∗
1 +ℐ∗

2 +𝒯∗ +ℱ∗ +ℛ∗ +𝒜∗.

For notational convenience in the linearization below, define the stage-specific
transmission rates

𝛽1 := 𝛽, 𝛽2 := 𝛽𝜂1, 𝛽3 := 𝛽𝜂2, 𝛽4 := 𝛽𝜂3, 𝛽5 := 𝛽𝜂4, 𝛽6 := 𝛽𝜂5,

so that the equilibrium force of infection can be written as

𝜆∗ =
𝛽1ℐ

∗
1 + 𝛽2ℐ

∗
2 + 𝛽3𝒯

∗ + 𝛽4ℱ
∗ + 𝛽5ℛ

∗ + 𝛽6𝒜
∗

𝒩∗ > 0, (15)
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which coincides with the force of infection (3) evaluated at the endemic equilibrium E∗.
Let 𝜆̃ denote the force-of-infection function and define

Λ𝑘 := 𝒮∗ 𝜕𝜆̃

𝜕𝑋𝑘

����
E∗
,

for each compartment 𝑋𝑘 . A direct computation using the quotient rule yields

Λ𝒮 = −𝜆
∗𝒮∗

𝒩∗ < 0, Λℐ𝑗 =
(𝛽 𝑗 − 𝜆∗)𝒮∗

𝒩∗ , 𝑗 = 1, 2, (16)

Λ𝒯 =
(𝛽3 − 𝜆∗)𝒮∗

𝒩∗ , Λℱ =
(𝛽4 − 𝜆∗)𝒮∗

𝒩∗ , (17)

Λℛ =
(𝛽5 − 𝜆∗)𝒮∗

𝒩∗ , Λ𝒜 =
(𝛽6 − 𝜆∗)𝒮∗

𝒩∗ . (18)

The Jacobian matrix 𝐽∗ admits the partitioned representation

𝐽∗ =

(
𝐵 q
r 𝐶

)
, (19)

where 𝐵 ∈ R2×2 governs the variables (𝒮,ℐ1), 𝐶 ∈ R5×5 governs (ℐ2,𝒯,ℱ,ℛ,𝒜),
and q ∈ R2×5 and r ∈ R5×2 represent the coupling matrices arising from the
frequency-dependent force of infection. Since both q and r are generally non-zero, the
full Jacobian matrix 𝐽∗ is not block triangular. Consequently, no spectral factorization
of the form

det(𝜉𝐼 − 𝐽∗) = det(𝜉𝐼2 − 𝐵) det(𝜉𝐼5 − 𝐶),

is valid. Therefore, the stability of the diagonal blocks alone is insufficient to establish
the stability of 𝐽∗, and the analysis must instead be carried out using the full 7 × 7
characteristic polynomial.

Explicitly,

𝐵 = ©­«
−(𝜆∗ + 𝜇) − Λ𝒮 −Λℐ1

𝜆∗ + Λ𝒮 −𝑎1 + Λℐ1

ª®¬ , (20)

where 𝑎1 = 𝜇 + 𝜅 + 𝛼1 denotes the total outflow rate from ℐ1. The coupling matrices
are

q =

(
−Λℐ2 −Λ𝒯 −Λℱ −Λℛ −Λ𝒜

Λℐ2 Λ𝒯 Λℱ Λℛ Λ𝒜

)
,

and

r =

©­­­­­­­«

0 𝜅

0 0
0 0
0 0
0 𝛼1

ª®®®®®®®¬
.

𝐶 =

©­­­­­­­«

−𝑎2 0 0 0 0
𝜏 −𝑎3 0 0 0
0 𝜎 −𝑎4 0 0
0 0 𝜌 −𝑎5 0
𝛼2 𝛿1 𝛿2 𝛿3 −𝑎6

ª®®®®®®®¬
, (21)
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where 𝑎 𝑗 are the corresponding total outflow rates defined in Section 2. The endemic
equilibrium E∗ is locally asymptotically stable if and only if all eigenvalues of 𝐽∗ have
strictly negative real parts. These eigenvalues are precisely the roots of the characteristic
polynomial

Φ(𝜉) = det(𝜉𝐼 − 𝐽∗) = 𝜉7 + 𝑏1𝜉
6 + 𝑏2𝜉

5 + 𝑏3𝜉
4 + 𝑏4𝜉

3 + 𝑏5𝜉
2 + 𝑏6𝜉 + 𝑏7.

The coefficients 𝑏1, . . . , 𝑏7 depend explicitly on the model parameters and the
endemic equilibrium coordinates. Their closed-form expressions are algebraically
lengthy and therefore omitted for brevity. By the Routh–Hurwitz criterion, all roots
of Φ(𝜉) have strictly negative real parts if and only if all leading principal minors of
the associated Hurwitz matrix

𝐻 =

©­­­­­­­­­­­­«

𝑏1 𝑏3 𝑏5 𝑏7 0 0 0
1 𝑏2 𝑏4 𝑏6 0 0 0
0 𝑏1 𝑏3 𝑏5 𝑏7 0 0
0 1 𝑏2 𝑏4 𝑏6 0 0
0 0 𝑏1 𝑏3 𝑏5 𝑏7 0
0 0 1 𝑏2 𝑏4 𝑏6 0
0 0 0 𝑏1 𝑏3 𝑏5 𝑏7

ª®®®®®®®®®®®®¬
, (22)

are strictly positive,
Δ𝑖 > 0, 𝑖 = 1, 2, . . . , 7. (23)

Under conditions (23), every root of Φ(𝜉) lies in the open left half-plane. Hence,
all eigenvalues of 𝐽∗ have strictly negative real parts, and the classical linearization
theorem implies that E∗ is locally asymptotically stable. □

Remark 1. The symbolic expressions for the Hurwitz determinants Δ1, . . . ,Δ7 are
algebraically lengthy and are therefore omitted. For the baseline parameter set used
in the numerical analysis, the eigenvalues of the Jacobian matrix 𝐽∗ were computed
directly and were found to have strictly negative real parts. Hence, the Routh–Hurwitz
stability criterion of Theorem 5 is satisfied for this specific parameter set. This
numerical verification should not be interpreted as a proof of local asymptotic stability
for every parameter set satisfying ℛ0 > 1.

Remark 2. The preceding analysis establishes only local asymptotic stability of the
endemic equilibrium. Since the conclusion follows from the linearization of the system
at E∗, it guarantees convergence only for initial conditions lying in a sufficiently small
neighbourhood of the equilibrium. Establishing global asymptotic stability for ℛ0 > 1
remains an open problem for the present model. The frequency-dependent incidence
with the time-varying denominator 𝒩(𝑡) precludes the direct application of existing
graph-theoretic Lyapunov methods [39]. Nevertheless, the numerical simulations
presented in Section 7 show convergence toward E∗ for the initial conditions examined.
This provides parameter-specific numerical evidence of attraction toward the endemic
equilibrium but does not establish global attraction. A rigorous global stability analysis
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therefore remains an open problem for the present model.

6. Bifurcation and sensitivity analysis
In this section, we investigate the local bifurcation behaviour of the proposed

HIV transmission model and subsequently perform a sensitivity analysis to identify
the parameters that most strongly influence disease transmission.

Theorem 5 provides a Routh–Hurwitz criterion for the local asymptotic stability
of the endemic equilibrium E∗ when ℛ0 > 1. For the baseline parameter set
considered below, local stability is verified numerically through direct computation
of the Jacobian eigenvalues. A complementary question concerns the nature of the
bifurcation at the threshold ℛ0 = 1. Specifically, we determine whether the endemic
equilibrium emerging as ℛ0 crosses unity appears continuously (forward bifurcation)
or exhibits a discontinuous transition with possible bistability (backward bifurcation).
The Routh–Hurwitz criterion establishes stability away from the threshold but does
not determine the type of bifurcation. Therefore, we employ the centre-manifold
theorem of Castillo-Chavez and Song [25], which provides the standard framework for
characterizing local bifurcation behaviour in compartmental epidemic models.

Taking the effective transmission rate 𝛽 as the bifurcation parameter, the critical
value 𝛽∗ = 𝑎1

𝑃 , obtained by setting ℛ0 = 1 in Equation (13), corresponds to the
bifurcation point. At (E0, 𝛽

∗), the Jacobian matrix possesses a simple zero eigenvalue,
while all remaining eigenvalues have negative real parts. Let

w = (𝑤1, . . . , 𝑤7)>, v = (𝑣1, . . . , 𝑣7),

represent the corresponding right and left eigenvectors, respectively, normalized such
that vw = 1.

To determine the local dynamics near the threshold ℛ0 = 1, we employ the
centre-manifold approach developed by Castillo-Chavez and Song [25]. Using this
approach, both the direction of the bifurcation and the local stability of the resulting
endemic equilibrium can be determined.

A =
7∑

𝑘,𝑖, 𝑗=1
𝑣𝑘𝑤𝑖𝑤 𝑗

𝜕2 𝑓𝑘
𝜕𝑥𝑖𝜕𝑥 𝑗

(E0, 𝛽
∗),

and

B =
7∑

𝑘,𝑖=1
𝑣𝑘𝑤𝑖

𝜕2 𝑓𝑘
𝜕𝑥𝑖𝜕𝛽

(E0, 𝛽
∗),

where 𝑓𝑘 denotes the 𝑘-th component of the vector field associated with system (2).

Computation of B
The coefficient B involves the mixed second-order partial derivatives 𝜕2 𝑓𝑘/𝜕𝑥𝑖𝜕𝛽

evaluated at (E0, 𝛽
∗). The transmission parameter 𝛽 appears in system (2) only through

the new-infection term

𝛽 (ℐ1 + 𝜂1ℐ2 + 𝜂2𝒯 + 𝜂3ℱ + 𝜂4ℛ + 𝜂5𝒜) 𝒮

𝒩
,
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in the ℐ1 equation (𝑘 = 2). At the disease-free equilibrium the weighted infected sum
vanishes, so 𝜕2 𝑓2/𝜕𝒮 𝜕𝛽 = 0, and the only non-zero mixed derivatives are

𝜕2 𝑓2
𝜕ℐ1 𝜕𝛽

����
E0

= 1,
𝜕2 𝑓2
𝜕𝑥 𝑗 𝜕𝛽

����
E0

= 𝜂 𝑗−2, 𝑥 𝑗 ∈ {ℐ2,𝒯,ℱ,ℛ,𝒜},

where 𝜂0 := 1 and we have used 𝒮0/𝒩0 = 1. Hence

B = 𝑣2 (𝑤2 + 𝜂1𝑤3 + 𝜂2𝑤4 + 𝜂3𝑤5 + 𝜂4𝑤6 + 𝜂5𝑤7) .

With the standard normalization in which the infected components of the right
eigenvector are non-negative (𝑤2, . . . , 𝑤7 ≥ 0, not all zero) and 𝑣2 > 0, it follows that
B > 0.

Computation of A

The coefficient A characterizes the second-order nonlinear behaviour of the
vector field at (E0, 𝛽

∗). The only source of nonlinearity in system (2) is the
frequency-dependent incidence term

𝜆 =
𝛽(· · · )
𝒩

.

Differentiating 𝑓2 = 𝜆𝒮 − 𝑎1ℐ1 twice with respect to the state variables and
evaluating the resulting expressions at (E0, 𝛽

∗) yields the second-order contributions
computed below.

Because the incidence is frequency dependent, the second-order derivatives of 𝜆𝒮
with respect to 𝒮 vanish at the disease-free equilibrium,

𝜕2(𝜆𝒮)
𝜕𝒮 𝜕𝑥 𝑗

����
E0

= 0,

and the only non-zero contributions arise from pairs of infected variables through the
denominator 𝒩. Writing 𝜂0 := 1, a direct computation gives

𝜕2(𝜆𝒮)
𝜕𝑥𝑖 𝜕𝑥 𝑗

����
E0

= −
𝛽∗(𝜂𝑖−2 + 𝜂 𝑗−2)

𝒩0 , 𝑥𝑖 , 𝑥 𝑗 ∈ {ℐ1,ℐ2,𝒯,ℱ,ℛ,𝒜},

all remaining second derivatives vanishing because the other equations are linear.
Substituting into the definition of A and using 𝒮0 = 𝒩0 yields the closed form

A = −2𝛽∗

𝒩0 𝑣2
©­«

7∑
𝑗=2
𝜂 𝑗−2𝑤 𝑗

ª®¬ ©­«
7∑
𝑗=2
𝑤 𝑗

ª®¬ .
Since 𝑣2 > 0, 𝑤 𝑗 ≥ 0 for 𝑗 = 2, . . . , 7 (not all zero), and 𝜂 𝑗−2 > 0, both sums are

strictly positive, so A < 0. Hence A < 0, B > 0. Therefore, the hypotheses of the
centre-manifold theorem of Castillo–Chavez and Song [25] are satisfied, and Theorem 6
follows immediately.
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Theorem 6. Suppose that the centre-manifold coefficients satisfy

A < 0, B > 0.

Then, at the threshold ℛ0 = 1, system (2) undergoes a forward transcritical bifurcation.
Furthermore, the bifurcating endemic equilibrium E∗ is locally asymptotically stable
for values of ℛ0 slightly greater than unity.

The sign combination A < 0 and B > 0 establishes a forward transcritical
bifurcation locally at ℛ0 = 1; consequently, no backward endemic branch arises in
a neighbourhood of the threshold. Thus, near the threshold, reducing ℛ0 below unity
restores the disease-free regime predicted by the local bifurcation analysis.

For values of ℛ0 sufficiently greater than unity, the local asymptotic stability of
the endemic equilibrium E∗ is further verified numerically through direct computation
of the eigenvalues of the Jacobian matrix 𝐽 (E∗) using the baseline parameter values
listed in Table 1. For the baseline parameter set, the seven computed eigenvalues are
{−0.0654, −0.00298 ± 0.00283 𝑖, −0.0188 ± 0.00910 𝑖, −0.0195, −0.0329}, all
of which lie strictly in the open left half-plane, so the Routh–Hurwitz conditions of
Theorem 5 are satisfied for this parameter set and the endemic equilibrium is locally
asymptotically stable. We emphasise that this is a numerical verification for the specific
baseline values of Table 1, not a proof of stability for all ℛ0 > 1.

Figure 2 provides a numerical illustration consistent with the centre-manifold
analysis in Theorem 6. As the effective transmission rate 𝛽 passes through its critical
value 𝛽∗, the endemic branch emerges continuously from the disease-free equilibrium,
with no backward branch observed over the parameter range examined. This numerical
behaviour is consistent with the forward transcritical bifurcation established analytically
near ℛ0 = 1.

Figure 2. Bifurcation diagram of system (2) with the effective transmission rate 𝛽 as the
bifurcation parameter. For ℛ0 < 1 (equivalently, 𝛽 < 𝛽∗), the disease-free equilibrium is
locally asymptotically stable. As 𝛽 crosses the critical value 𝛽∗, a positive endemic branch
emerges continuously from the disease-free equilibrium. Local stability of the bifurcating
endemic equilibrium near the threshold follows from the centre-manifold analysis, while
stability at the baseline parameter set is verified numerically from the Jacobian eigenvalues.
The continuous transition is consistent with a forward transcritical bifurcation and provides no
evidence of bistability in the parameter range examined.
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Sensitivity analysis
Identifying which parameters carry the most weight in ℛ0 serves two purposes: it

indicates which biological mechanisms the disease is most responsive to, and it guides
the choice of control variables in Section 8. We use the normalised forward sensitivity
index, defined for a parameter 𝜃 as

Υℛ0
𝜃 =

𝜕ℛ0

𝜕𝜃

𝜃

ℛ0
,

which gives the percentage change in ℛ0 produced by a one-percent change in 𝜃, and
is the standard tool in epidemiological modelling for this purpose [29].

Two of the indices follow immediately from the structure of ℛ0 in Section 4.
Because ℛ0 = 𝛽𝑃/𝑎1 depends linearly on 𝛽,

Υℛ0
𝛽 = 1,

so a one-percent rise in the transmission rate translates directly into a one-percent rise
in ℛ0. The relative-infectivity modifiers 𝜂1, . . . , 𝜂5 enter 𝑃 additively and therefore
have uniformly positive indices, the index of 𝜂𝑖 being 𝜂𝑖𝑞𝑖+1/𝑃 (since 𝜂1, . . . , 𝜂5

multiply 𝑞2, . . . , 𝑞6 in 𝑃). The remaining indices were computed by differentiating
the closed-form expression for ℛ0 at the baseline parameter set, taking the midpoint
of each range listed in Table 1 (with Λ excluded because ℛ0 does not depend on the
recruitment rate). The full list of seventeen indices is collected in Table 2, sorted by
decreasing absolute value, and displayed graphically in Figure 3.

Table 2. Normalised forward sensitivity indices of ℛ0 at the baseline parameter set of Table 1,
sorted by decreasing absolute value.

Parameter 𝜽 𝚼𝓡0
𝜽

𝛽 +1.000
𝜂4 +0.307
𝛿3 −0.305
𝛿2 −0.277
𝜂3 +0.230
𝜅 −0.158
𝜂5 +0.134
𝑑 −0.133
𝜂2 +0.091
𝜂1 +0.064
𝜎 −0.064
𝜌 +0.049
𝜏 −0.041
𝛿1 −0.024
𝛼2 −0.022
𝛼1 −0.016
𝜇 −0.008

A few patterns in Table 2 are worth pulling out. The transmission rate 𝛽

dominates the ranking, as expected from its linear appearance in ℛ0. The next four
largest indices, in absolute value, all belong to parameters of the treatment-failure and

23



Advances in Differential Equations and Control Processes 2026, 33(3), 4725.

resistance pathway: 𝜂4 (+0.307), 𝛿3 (−0.305), 𝛿2 (−0.277), and 𝜂3 (+0.230). Two
readings of this fact are mutually consistent. First, the model is highly responsive to
how infectious the late-stage compartments ℱ and ℛ are. Second, slow progression
from these compartments to AIDS (small 𝛿2, 𝛿3) inflates ℛ0 by extending the time
individuals spend transmitting. Together these parameters identify the treatment-failure
→ resistance pathway as the dominant non-acute driver of transmission in the model.

Figure 3. Tornado plot of the normalised sensitivity indices Υℛ0
𝜃 . Bars to the right indicate

parameters that increase ℛ0; bars to the left indicate parameters that decrease it.

The moderate negative sensitivity of the acute-stage progression rate 𝜅 indicates
that shortening the residence time in the highly infectious acute compartment reduces
the overall transmission potential of the disease. The AIDS class is responsible for an
additional pair of mid-sized indices, 𝜂5 (+0.13) and 𝑑 (−0.13), which act in opposite
directions through infectivity and mortality, respectively. The treatment uptake rate
𝜏 has a modest negative index (−0.04), reflecting the direct effect of ART initiation
on shortening the time spent in ℐ2. Although the remaining parameters exhibit
comparatively smaller local sensitivity indices, their cumulative influence along the
𝒯 → ℱ → ℛ progression pathway remains epidemiologically important. In
particular, the treatment-failure rate 𝜎 and the resistance-emergence rate 𝜌 influence
the movement of infected individuals through the treatment-failure and drug-resistant
compartments. Consequently, even modest changes in these parameters can indirectly
alter disease transmission by affecting the duration of infectiousness and the distribution
of individuals across the later stages of infection.
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The analytical bifurcation analysis, the numerical bifurcation diagram, and the
sensitivity analysis all support a common epidemiological conclusion. The model
undergoes a forward transcritical bifurcation at the threshold ℛ0 = 1, with no
evidence of backward bifurcation for the parameter regimes considered. Moreover,
the parameters exerting the greatest influence on ℛ0 correspond directly to the
intervention mechanisms incorporated into the optimal control framework developed in
the following section, thereby providing a clear analytical justification for the selected
control strategies.

7. Numerical results
This section presents numerical simulations of system (2) to provide computational

illustrations consistent with the analytical findings, examine the qualitative dynamics of
the model, and investigate its response to variations in key epidemiological parameters.
We begin by simulating the system (2) using the baseline parameter values listed in
Table 1, with initial conditions 𝒮(0) = 1, 000, ℐ1(0) = 10, ℐ2(0) = 5, 𝒯(0) = 0,
ℱ(0) = 0, ℛ(0) = 0, and 𝒜(0) = 0.

The system was integrated using MATLAB’s variable-step stiff solver ode15s
with relative and absolute tolerances of 10−10 and 10−12, respectively. For the baseline
parameter set the basic reproduction number is ℛ0 = 2.57, and the trajectories
converge to the endemic equilibrium E∗ = (𝒮∗,ℐ∗

1 ,ℐ
∗
2 ,𝒯

∗,ℱ∗,ℛ∗,𝒜∗) ≈
(174.1, 27.8, 15.7, 72.3, 66.7, 57.5, 32.8). The disease-free scenario (ℛ0 < 1) shown
below was obtained by reducing the transmission rate to 𝛽 = 0.006, with all other
parameters unchanged.

Figure 4 illustrates the baseline dynamics of the seven-compartment HIV
transmission model in the absence of control interventions. Several features of the
trajectories are noteworthy. The susceptible population 𝒮 initially remains close to its
initial level before gradually declining as the number of infected individuals increases.
Following this transient phase, the susceptible population stabilizes at a lower endemic
level. The early-infected compartmentℐ1 increases rapidly during the initial stage of the
epidemic, reaches a peak, and then declines as individuals progress from the acute stage
to the chronic-infected compartment ℐ2. In contrast, the chronic-infected compartment
increases more gradually before approaching its endemic equilibrium. This behaviour
is expected, since progression through the chronic stage occurs over a longer timescale
than that of the acute infection.
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actionable parameters, the prevention control 𝑢1 targets 𝛽 (leverage +1.00), the
treatment-uptake control 𝑢2 targets 𝜏 (leverage −0.04), and the adherence-support
control 𝑢3 targets 𝜎 (leverage −0.06). Although the local sensitivity index of 𝜎
is negative at the baseline parameter set, this should not be interpreted as implying
that treatment failure reduces disease burden. Rather, it reflects the local balance
of residence times and infectiousness weights in the closed-form expression for ℛ0.
Biologically, reducing treatment failure remains important because it limits movement
into the failure and resistance compartments, whose downstream parameters 𝜂3, 𝜂4, 𝛿2,
and 𝛿3 have relatively large influence on ℛ0.
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Figure 4. Baseline trajectories of the seven compartments of model (2) over a 5, 000-day
horizon, starting from a predominantly susceptible population. For the baseline parameter set
(Table 1, corresponding to ℛ0 > 1), the susceptible class 𝒮 rises to an early peak and then
declines as infection spreads, while the six infected compartments ℐ1,ℐ2,𝒯,ℱ,ℛ,𝒜 grow
and subsequently settle at strictly positive steady levels. After an initial transient, the trajectories
approach the endemic equilibrium with no sustained oscillations over the simulated horizon.
This behaviour is consistent with the parameter-specific stability verification obtained from the
eigenvalues of the Jacobian matrix at the endemic equilibrium.

The treated compartment 𝒯 also increases before reaching a steady level,
indicating that a proportion of infected individuals remain on treatment throughout
the simulation period. The treatment-failure compartment ℱ and the drug-resistant
compartmentℛ emerge more gradually because they are reached only after progression
through earlier disease stages. Although their growth is slower, both compartments
eventually stabilize at non-negligible levels, indicating that drug-resistant infections
continue to contribute to the long-term epidemic dynamics. The AIDS compartment 𝒜
likewise increases over time before approaching a positive endemic equilibrium. This
behaviour is consistent with the persistent disease-progression pathways included in the
uncontrolled model.

These findings predict that all infected compartments converge to strictly positive
equilibrium levels rather than declining to zero, confirming the persistence of HIV
under the baseline parameter set. This behaviour agrees with Theorem 4, which
establishes the existence of a unique endemic equilibrium, and with the local stability
criterion of Theorem 5, whose Routh–Hurwitz conditions were verified numerically
for this parameter set. The numerical trajectories are therefore consistent with the
theoretical analysis and illustrate convergence toward the endemic state for the baseline
parameters considered.

7.1. Threshold dynamics
The analytical results of Sections 4 and 5 establish global asymptotic stability of

the disease-free equilibrium when ℛ0 < 1 and the existence of a unique endemic
equilibrium when ℛ0 > 1. Local asymptotic stability of the endemic equilibrium is
conditional on the Routh–Hurwitz inequalities stated in Theorem 5. For the baseline
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parameter set with ℛ0 > 1, local stability is verified numerically through direct
computation of the Jacobian eigenvalues. The simulations should therefore be regarded
as parameter-specific numerical evidence supporting the predicted threshold behaviour
rather than as a proof of endemic-equilibrium stability for every ℛ0 > 1.

Figure 5a corresponds to the case ℛ0 < 1. All infected compartments
gradually approach zero, indicating convergence to the disease-free equilibrium. The
early-infected compartment ℐ1 declines rapidly immediately after the start of the
simulation, whereas the drug-resistant compartment ℛ requires a longer time to
approach zero. This slower decline is expected because the drug-resistant class
is reached only through the treatment-failure pathway and therefore responds more
gradually to the reduction in transmission. Figure 5b illustrates the opposite case,
ℛ0 > 1. The infected compartments initially increase before converging to positive
endemic equilibrium levels. Likewise, the remaining epidemiological compartments
approach stable positive steady states, indicating that the disease persists at an endemic
level. In particular, the chronic-infected, treated, and drug-resistant compartments
attain relatively large equilibrium values under the baseline parameter regime.

(a) ℛ0 < 1: decay of all infected compartments
and convergence to the disease-free equilibrium.

(b) ℛ0 > 1: persistence of infection and
convergence to the endemic equilibrium.

Figure 5. Threshold behaviour of the six infected compartments ℐ1,ℐ2,𝒯,ℱ,ℛ,𝒜 over a
5, 000-day horizon for parameter sets on opposite sides of ℛ0 = 1. When ℛ0 < 1, the infected
compartments decay toward zero, in agreement with the global stability of the disease-free
equilibrium. For the parameter set with ℛ0 > 1, the trajectories approach the corresponding
endemic equilibrium. The latter constitutes parameter-specific numerical evidence consistent
with the conditional local stability criterion of Theorem 5, rather than a proof of stability for
every ℛ0 > 1.

Another important feature illustrated in Figure 5 is the continuous transition
between the disease-free and endemic regimes as the effective reproduction threshold
is crossed. As ℛ0 approaches unity from above, the endemic equilibrium moves
continuously toward the disease-free equilibrium without exhibiting bistability or
hysteresis. This numerical behaviour is entirely consistent with the forward transcritical
bifurcation established analytically in Theorem 6.

7.2. Effect of epidemiological parameters
To identify the parameters that exert the greatest influence on the disease dynamics,

four key epidemiological parameters are varied individually over biologically plausible
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ranges, while all remaining parameters are maintained at their baseline values. The
corresponding responses of the most directly affected infected compartments are
presented in Figure 6.

(a) Effect of the transmission rate 𝛽 on ℐ1 (𝑡). (b) Effect of the ART initiation rate 𝜏 on ℐ2 (𝑡).

(c) Effect of the progression rate 𝛼1 on ℐ1 (𝑡). (d) Effect of the progression rate 𝛼2 on ℐ2 (𝑡).

Figure 6. Response of the early- and chronic-infected compartments of model (2) to variations
in four key epidemiological parameters over a 3, 000-day horizon. In each panel a single
parameter is swept across five values spanning its range in Table 1, while all remaining
parameters are held at their baseline values. (a) Increasing the effective transmission rate 𝛽
raises the peak of ℐ1 and shifts it earlier, confirming 𝛽 as the dominant driver of infection.
(b) Increasing the ART initiation rate 𝜏 sharply lowers the peak and endemic level of ℐ2,
reflecting the protective effect of earlier treatment. (c) Varying the fast-progression rate 𝛼1 and
(d) the progression rate 𝛼2 produce only small changes in ℐ1 and ℐ2, respectively, consistent
with the low sensitivity indices of these parameters in Table 2.

The transmission rate 𝛽, varied in Figure 6a, has the most pronounced influence
on the model dynamics. Because 𝛽 enters both the force of infection 𝜆 and the
expression for ℛ0 linearly, increasing 𝛽 substantially raises the equilibrium level of
the early-infected compartment ℐ1 and produces a considerably larger epidemic peak.
Although the overall shape of the trajectory remains similar, the magnitude of the
outbreak increases noticeably. This observation is consistent with the normalized
sensitivity analysis, which identifies 𝛽 as the parameter with the largest positive
sensitivity index. The treatment uptake rate 𝜏, shown in Figure 6b, has the opposite
effect. Increasing 𝜏 from 0.04 to 0.08 accelerates the movement of individuals
from the chronic-infected compartment into treatment, thereby reducing the size of
ℐ2. The reduction is not proportional to the increase in 𝜏, however, because the chronic
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compartment continues to receive new individuals from the acute infection class.
Consequently, increasing treatment uptake produces progressively smaller marginal
reductions in the chronic-infected population. This observation is consistent with the
optimal control analysis presented in Section 8, where treatment expansion forms one
component of the combined intervention strategy.

Figure 6c,d illustrates the influence of the progression-to-AIDS rates 𝛼1 and 𝛼2,
which appears as additional removal terms in the ℐ1 and ℐ2 equations, respectively.
Increasing 𝛼1 reduces the size of the early-infected compartment because infected
individuals progress more rapidly to the AIDS compartment. The same interpretation
applies to 𝛼2 in Figure 6d. This reduction should not be interpreted as an improvement
in disease control, since infected individuals are not recovering but are instead
progressing more rapidly to AIDS. Consequently, the apparent decrease in the infected
compartments reflects disease progression rather than successful treatment. From
an epidemiological perspective, smaller values of 𝛼𝑖 are preferable because they
correspond to slower disease progression and a longer period during which infected
individuals can benefit from treatment and clinical care.

Taken together, the four panels present a coherent picture of the relative importance
of these epidemiological parameters. The model is most sensitive to the transmission
rate 𝛽, followed by the treatment uptake rate 𝜏, while the effects of 𝛼1 and 𝛼2 require
careful epidemiological interpretation. This ordering agrees well with the normalized
sensitivity indices presented in Section 6 and further justifies the selection of prevention
measures (targeting 𝛽) and treatment expansion (targeting 𝜏) as key components of the
optimal control strategy developed in Section 8.

7.3. Dependence on initial conditions
Figure 7 illustrates the influence of different initial population distributions on

the transient dynamics of ℐ1(𝑡) and ℐ2(𝑡). For this simulation, all model parameters
were fixed at the baseline values of Table 1, and the system was integrated over
0 ≤ 𝑡 ≤ 3, 000 days using MATLAB’s variable-step solver ode15s with relative
and absolute tolerances 10−10 and 10−12, respectively. The four initial conditions,
in the component order (𝑆,ℐ1,ℐ2, 𝑇, 𝐹, 𝑅, 𝐴), were IC1 = (4, 000, 15, 8, 5, 3, 2, 1),
IC2 = (4, 000, 60, 37, 10, 5, 3, 2), IC3 = (4, 000, 100, 78, 15, 8, 4, 3), and IC4 =

(4, 000, 140, 90, 20, 10, 5, 4). Although the four solutions follow noticeably different
trajectories during the early stages of the simulation, these differences progressively
diminish. At 𝑡 = 3, 000 days, the four simulations yield ℐ1 = 27.901, 27.882,
27.871, and 27.866, while the corresponding values of ℐ2 are 15.741, 15.731, 15.725,
and 15.722, respectively. These values are close to the baseline endemic-equilibrium
components ℐ∗

1 ≈ 27.8 and ℐ∗
2 ≈ 15.7. Thus, for these four initial states and the

baseline parameter set, the simulations provide parameter-specific numerical evidence
of attraction toward the same endemic equilibrium. This observation is consistent with
the local stability analysis but should not be interpreted as a proof of global asymptotic
stability.
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Figure 7. Dependence of the early- and chronic-infected compartments ℐ1 (𝑡) and ℐ2 (𝑡) on
four distinct initial conditions over a 3, 000-day simulation horizon, with all model parameters
fixed at the baseline values of Table 1. The four initial states, in the component order
(𝑆,ℐ1,ℐ2, 𝑇, 𝐹, 𝑅, 𝐴), are IC1 = (4, 000, 15, 8, 5, 3, 2, 1), IC2 = (4, 000, 60, 37, 10, 5, 3, 2),
IC3 = (4, 000, 100, 78, 15, 8, 4, 3), and IC4 = (4, 000, 140, 90, 20, 10, 5, 4). Despite different
transient responses, the trajectories approach essentially the same endemic state for the baseline
parameter set.

7.4. Phase-plane analysis
To further examine the qualitative dynamics of the model, Figure 8 presents

three phase-plane projections of the trajectory obtained for the baseline parameter set.
The displayed projections exhibit a strongly damped oscillatory approach toward the
endemic equilibrium, consistent with the complex-conjugate eigenvalue pairs having
negative real parts together with the remaining negative real eigenvalues reported in
Section 5. Although no closed curve is observed over the simulated trajectory, these
two-dimensional projections do not constitute a proof that periodic solutions are absent
from the full seven-dimensional system.

Figure 8. Phase-plane projections of the state trajectory of model (2) onto three pairs of
compartments: the early- versus chronic-infected classes (ℐ1 vs. ℐ2), the treated versus
treatment-failure classes (𝒯 vs. ℱ), and the treatment-failure versus drug-resistant classes (ℱ
vs. ℛ), for the baseline parameter set of Table 1, for which ℛ0 > 1. In each projection,
the displayed orbit approaches an interior endemic equilibrium through a strongly damped
oscillatory transient. This behaviour is consistent with the complex-conjugate eigenvalue pairs
having negative real parts, together with the remaining negative real eigenvalues reported in
Section 5. None of the displayed projections form a closed curve over the simulated trajectory.
However, a two-dimensional projection of a seven-dimensional system cannot by itself establish
the absence of periodic orbits in the full system.
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7.5. Sensitivity heatmap
To complement the normalized sensitivity analysis presented in Section 6,

Figure 9 illustrates the joint dependence of the basic reproduction number on the
effective transmission rate 𝛽 together with two intervention-related parameters: the
treatment-failure rate 𝜎 and the treatment uptake rate 𝜏. These graphical results provide
additional insight into how simultaneous changes in key epidemiological parameters
influence the disease transmission threshold.
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Figure 9. Joint dependence of the basic reproduction number ℛ0 of model (2) on the effective
transmission rate 𝛽 and two control-relevant parameters, the treatment-failure rate 𝜎 and the
ART uptake rate 𝜏, with all remaining parameters fixed at the baseline values of Table 1. (a)
heatmap of ℛ0 (𝛽, 𝜎), showing that ℛ0 increases sharply with 𝛽 but is almost insensitive to 𝜎,
so the level curves are nearly vertical. (b) heatmap of ℛ0 (𝛽, 𝜏), showing that raising 𝜏 lowers
ℛ0 and bends the contours, so increased treatment uptake partially offsets a higher transmission
rate. (c) contour plot of ℛ0 (𝛽, 𝜏) with the critical threshold ℛ0 = 1 marked in black; this curve
separates the disease-free region (ℛ0 < 1, left) from the endemic region (ℛ0 > 1, right).
Together the panels confirm 𝛽 as the dominant driver of ℛ0 and 𝜏 as the more effective control
lever, in agreement with the sensitivity ranking in Table 2.

Across the parameter ranges examined, the effective transmission rate 𝛽 emerges
as the parameter with the greatest impact on ℛ0. As 𝛽 increases, the basic reproduction
number rises rapidly, whereas comparatively smaller changes are observed when either
𝜎 or 𝜏 is varied over their respective ranges. These observations are consistent with the
normalized sensitivity analysis, which identified 𝛽 as the most influential parameter
governing HIV transmission. From a public-health perspective, this highlights the
importance of interventions that reduce transmission, such as behavioural modification,
condom use, and other preventive measures.

The heatmap of ℛ0(𝛽, 𝜎) further shows that the basic reproduction number is
considerably more sensitive to changes in 𝛽 than to variations in the treatment-failure
rate 𝜎. Under the baseline parameter regime considered in this study, increasing 𝜎
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produces only a modest reduction in ℛ0, consistent with the analytical sensitivity
results. This behaviour is consistent with the combined influence of the transition
pathways represented in the model and indicates that the overall effect of 𝜎 on the
transmission threshold is relatively small compared with that of the transmission rate
itself.

Similarly, the heatmap and contour plot of ℛ0(𝛽, 𝜏) demonstrate that increasing
the treatment uptake rate 𝜏 reduces the basic reproduction number, although its effect
remains less pronounced than that of 𝛽. The contour plot clearly identifies the
combinations of 𝛽 and 𝜏 for which ℛ0 < 1, thereby illustrating the threshold required
for disease elimination under the assumptions of the model. The nearly vertical contour
lines indicate that reducing the transmission rate produces a substantially larger impact
on ℛ0 than comparable changes in treatment uptake alone. The results presented in
Figure 9 reinforce the analytical sensitivity results and demonstrate that reducing the
effective transmission rate remains the most influential strategy for lowering the basic
reproduction number. At the same time, increasing treatment uptake and improving
treatment outcomes provide valuable complementary benefits by further reducing the
transmission potential and supporting long-term HIV control.

7.6. Summary of numerical findings
The numerical simulations presented in this section are consistent with the

analytical threshold results and provide parameter-specific evidence for attraction
toward the endemic equilibrium when ℛ0 > 1. They also illustrate the influence
of key epidemiological parameters on the qualitative dynamics of the model. These
computations should not be interpreted as a proof of global attraction or as calibrated
predictions for a particular population. The numerical experiments further identify the
effective transmission rate as an important driver of disease persistence, while treatment
uptake, treatment failure, and resistance-related parameters influence the distribution of
individuals among the infected compartments. These findings are consistent with the
normalized sensitivity analysis and motivate the intervention mechanisms incorporated
into the optimal control framework developed in the next section.

8. Optimal control analysis
To investigate the combined impact of prevention, treatment initiation, and

adherence support, we introduce three time-dependent control functions representing
feasible public-health interventions. The control 𝑢1(𝑡) ∈ [0, 1] represents preventive
effort and reduces the effective transmission rate from 𝛽 to (1 − 𝑢1)𝛽. This control
aggregates condom-promotion campaigns, pre-exposure prophylaxis coverage, and
behavioural interventions into a single dimensionless measure.

The control 𝑢2(𝑡) ∈ [0, 1] represents enhanced treatment uptake and increases the
ART initiation rate from 𝜏 to 𝜏(1+𝑢2), thereby modelling expanded access to ART. The
control 𝑢3(𝑡) ∈ [0, 1] represents adherence-strengthening interventions and reduces the
treatment-failure rate from 𝜎 to 𝜎(1−𝑢3). Such interventions may include counselling,
peer-support programmes, and electronic adherence monitoring. Here, 𝜆 denotes the
baseline force of infection defined in Equation (3); under the prevention control, the
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effective force of infection becomes (1 − 𝑢1)𝜆.
Substituting the three controls into system (2) yields the controlled system



¤𝒮 = Λ − (1 − 𝑢1)𝜆𝒮 − 𝜇𝒮,

¤ℐ1 = (1 − 𝑢1)𝜆𝒮 − (𝜅 + 𝜇 + 𝛼1)ℐ1,

¤ℐ2 = 𝜅ℐ1 −
(
𝜏(1 + 𝑢2) + 𝜇 + 𝛼2

)
ℐ2,

¤𝒯 = 𝜏(1 + 𝑢2)ℐ2 −
(
𝜎(1 − 𝑢3) + 𝜇 + 𝛿1

)
𝒯,

¤ℱ = 𝜎(1 − 𝑢3)𝒯 − (𝜌 + 𝜇 + 𝛿2)ℱ,

¤ℛ = 𝜌ℱ − (𝜇 + 𝛿3)ℛ,

¤𝒜 = 𝛼1ℐ1 + 𝛼2ℐ2 + 𝛿1𝒯 + 𝛿2ℱ + 𝛿3ℛ − (𝜇 + 𝑑)𝒜.

(24)

The force of infection is

𝜆 =
𝛽 (ℐ1 + 𝜂1ℐ2 + 𝜂2𝒯 + 𝜂3ℱ + 𝜂4ℛ + 𝜂5𝒜)

𝒩
,

and the control set is defined by

U =
{
(𝑢1, 𝑢2, 𝑢3) ∈

(
𝐿∞(0, 𝑇)

)3 : 0 ≤ 𝑢𝑖 (𝑡) ≤ 1 for a.e. 𝑡 ∈ [0, 𝑇], 𝑖 = 1, 2, 3
}
.

The objective is to minimize the cumulative epidemiological burden over a fixed
planning horizon while simultaneously accounting for the costs associated with
implementing the control measures. We therefore define the quadratic cost functional

J (𝑢1, 𝑢2, 𝑢3)

=
∫ 𝑇

0

[
𝐶1ℐ1 + 𝐶2ℐ2 + 𝐶3ℱ + 𝐶4ℛ + 𝐶5𝒜 + 1

2

(
𝐷1𝑢

2
1 + 𝐷2𝑢

2
2 + 𝐷3𝑢

2
3

)]
𝑑𝑡.

(25)

The positive weights 𝐶1, . . . , 𝐶5 quantify the per-capita burden associated with
the corresponding infected compartments, whereas 𝐷1, 𝐷2, 𝐷3 > 0 represent the
implementation costs of applying each control at unit intensity. A quadratic control
cost is standard in epidemiological optimal control models and reflects the increasing
marginal cost associated with higher intervention intensity. The numerical values of the
state and control weights used in all optimal-control simulations are listed in Table 3.

Table 3. State and control weight coefficients used in the objective functional Equation (25)
for the optimal-control simulations.

Coefficient Description Value

𝐶1 Burden weight, early-infected ℐ1 1
𝐶2 Burden weight, chronic-infected ℐ2 1
𝐶3 Burden weight, treatment-failure ℱ 5
𝐶4 Burden weight, drug-resistant ℛ 5
𝐶5 Burden weight, AIDS class 𝒜 10
𝐷1 Cost weight, prevention control 𝑢1 50
𝐷2 Cost weight, treatment-uptake control 𝑢2 8
𝐷3 Cost weight, adherence-support control 𝑢3 20
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The treated compartment 𝒯 is not included in the state cost because individuals
receiving successful suppressive therapy represent a desirable treatment outcome rather
than an epidemiological burden targeted for reduction. Penalizing 𝒯 would therefore
introduce an unintended disincentive against the treatment uptake control 𝑢2. The
optimal control problem is to determine (𝑢∗1, 𝑢∗2, 𝑢∗3) ∈ U such that

J (𝑢∗1, 𝑢∗2, 𝑢∗3) = inf
(𝑢1,𝑢2,𝑢3 ) ∈U

J (𝑢1, 𝑢2, 𝑢3),

subject to the controlled state system (24) and biologically admissible initial conditions.

8.1. Existence of an optimal control
Before characterizing the optimal controls, we establish the existence of at least

one minimizing control triple using the classical existence framework of Fleming–
Rishel [40].

Theorem 7. The optimal control problem admits at least one admissible control triple

(𝑢∗1, 𝑢∗2, 𝑢∗3) ∈ U

for which the objective functional J in Equation (25) attains its minimum, under the
dynamics prescribed by the controlled system (24).

Proof. We verify the standard conditions required for the existence of an optimal
control.

(i) Existence of admissible state–control pairs. The admissible control class U is
non-empty, since the identically zero control

(𝑢1, 𝑢2, 𝑢3) ≡ (0, 0, 0)

is an element of U. For any control chosen from this set, the vector field associated
with system (24) is measurable with respect to time, continuous in the control variables,
and locally Lipschitz in the state variables. Consequently, the Carathéodory existence
theory applies, ensuring the existence of a unique local solution that is absolutely
continuous.

Summing the equations of the controlled system gives

𝑑𝒩

𝑑𝑡
= Λ − 𝜇𝒩 − 𝑑𝒜 ≤ Λ − 𝜇𝒩.

Therefore, the positivity and boundedness arguments established in Theorem 1
remain valid for every admissible control. In particular, the controlled solution exists
on the entire interval [0, 𝑇], and the set of admissible state-control pairs is non-empty.

(ii) Properties of the admissible control set. The set U is non-empty, closed,
convex, and bounded in

(
𝐿∞(0, 𝑇)

)3. The pointwise control set [0, 1]3 is compact and
convex, and the admissible controls satisfy the required measurability and boundedness
conditions.

(iii) Affine dependence on the controls and linear growth of the state system. For a
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fixed state, the right-hand side of system (24) depends affinely on (𝑢1, 𝑢2, 𝑢3). Moreover,
the population bound established above implies that all state variables remain bounded.
Consequently, there exist constants 𝐾1, 𝐾2 ≥ 0 such that

‖ 𝑓 (𝑥, 𝑢, 𝑡)‖ ≤ 𝐾1 + 𝐾2‖𝑥‖, uniformly for 𝑢 ∈ U .

(iv) Convexity and coercivity of the integrand. The running cost

L(𝑥, 𝑢) = 𝐶1ℐ1 + 𝐶2ℐ2 + 𝐶3ℱ + 𝐶4ℛ + 𝐶5𝒜 + 1
2

(
𝐷1𝑢

2
1 + 𝐷2𝑢

2
2 + 𝐷3𝑢

2
3

)
is affine in the state variables and strictly convex in the controls because 𝐷𝑖 > 0 for
𝑖 = 1, 2, 3. Since the state variables and the weights 𝐶𝑖 are non-negative,

L(𝑥, 𝑢) ≥ 1
2

min{𝐷1, 𝐷2, 𝐷3} ‖𝑢‖2.

Thus, the integrand satisfies the required coercivity condition.
All the requirements of the Fleming–Rishel existence theorem are thus fulfilled.

Consequently, the optimal control problem admits at least one solution

(𝑢∗1, 𝑢∗2, 𝑢∗3) ∈ U .

□

8.2. Characterization of the optimal controls

The necessary conditions for optimality are derived using Pontryagin’s Maximum
Principle [30,31], which provides first-order necessary conditions for an optimal control
and its corresponding state trajectory. To avoid a notational conflict between the force
of infection 𝜆 and the adjoint variables, we denote the latter by 𝜓1, . . . , 𝜓7.

Let
𝑥 = (𝒮,ℐ1,ℐ2,𝒯,ℱ,ℛ,𝒜),

denote the state vector, while 𝑓 = ( 𝑓1, . . . , 𝑓7) denotes the vector field corresponding
to the right-hand side of the controlled system (24). By applying Pontryagin’s
Maximum Principle, the necessary optimality conditions are formulated in terms of
the state system, the corresponding adjoint system, and the condition minimizing the
Hamiltonian. We therefore introduce the Hamiltonian for the control problem before
deriving these necessary conditions. The Hamiltonian is given by

H = 𝐶1ℐ1 + 𝐶2ℐ2 + 𝐶3ℱ + 𝐶4ℛ + 𝐶5𝒜

+ 1
2

(
𝐷1𝑢

2
1 + 𝐷2𝑢

2
2 + 𝐷3𝑢

2
3

)
+

7∑
𝑖=1

𝜓𝑖 𝑓𝑖 .

(26)

Theorem 8 (Pontryagin characterization). Let (𝑢∗1, 𝑢∗2, 𝑢∗3) be an optimal control triple,
and let

𝑥∗ = (𝒮∗,ℐ∗
1 ,ℐ

∗
2 ,𝒯

∗,ℱ∗,ℛ∗,𝒜∗),
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be the corresponding optimal state trajectory. Then there exists an adjoint vector

𝜓(𝑡) = (𝜓1(𝑡), . . . , 𝜓7(𝑡)),

satisfying
¤𝜓𝑖 (𝑡) = −𝜕H

𝜕𝑥𝑖

����
𝑥∗,𝑢∗

, 𝜓𝑖 (𝑇) = 0, 𝑖 = 1, . . . , 7.

Moreover, for almost every 𝑡 ∈ [0, 𝑇], the optimal control (𝑢∗1, 𝑢∗2, 𝑢∗3) minimizes
the Hamiltonian over the admissible control set [0, 1]3 and is characterized by

𝑢∗1 = min
{
1,max

[
0,

(𝜓2 − 𝜓1)𝜆∗𝒮∗

𝐷1

]}
, (27)

𝑢∗2 = min
{
1,max

[
0,
𝜏ℐ∗

2 (𝜓3 − 𝜓4)
𝐷2

]}
, (28)

𝑢∗3 = min
{
1,max

[
0,
𝜎𝒯∗(𝜓5 − 𝜓4)

𝐷3

]}
. (29)

Here, 𝜆∗ denotes the force of infection evaluated along the optimal state trajectory.

Proof. The existence of the adjoint variables and the transversality conditions

𝜓𝑖 (𝑇) = 0, 𝑖 = 1, . . . , 7,

as a consequence of Pontryagin’s Maximum Principle [30]. To obtain explicit
expressions for the optimal controls, the Hamiltonian is differentiated with respect to the
corresponding control variables, after which the pointwise minimization requirement is
imposed over the admissible control set. In particular, for the control 𝑢1, the terms of
the Hamiltonian that depend explicitly on 𝑢1 are

1
2
𝐷1𝑢

2
1 + 𝜓1𝑢1𝜆𝒮 − 𝜓2𝑢1𝜆𝒮.

Hence,
𝜕H
𝜕𝑢1

= 𝐷1𝑢1 + 𝜆𝒮(𝜓1 − 𝜓2).

Similarly,
𝜕H
𝜕𝑢2

= 𝐷2𝑢2 + 𝜏ℐ2(𝜓4 − 𝜓3),

and
𝜕H
𝜕𝑢3

= 𝐷3𝑢3 + 𝜎𝒯(𝜓4 − 𝜓5).

Equating these partial derivatives to zero gives the corresponding unconstrained
expressions for the control variables

𝑢̃1 =
(𝜓2 − 𝜓1)𝜆𝒮

𝐷1
, 𝑢̃2 =

𝜏ℐ2(𝜓3 − 𝜓4)
𝐷2

, 𝑢̃3 =
𝜎𝒯(𝜓5 − 𝜓4)

𝐷3
.

Projecting these expressions onto the admissible interval [0, 1] gives the control
characterizations (27)–(29). □
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The adjoint equations are obtained from

¤𝜓𝑖 = −𝜕H
𝜕𝑥𝑖

, 𝑖 = 1, . . . , 7,

explicitly,

¤𝜓1 = 𝜇𝜓1 + (1 − 𝑢1)
(
𝜆 +𝒮

𝜕𝜆

𝜕𝒮

)
(𝜓1 − 𝜓2), (30)

¤𝜓2 = − 𝐶1 + (𝜅 + 𝜇 + 𝛼1)𝜓2 − 𝜅𝜓3 − 𝛼1𝜓7

+ (1 − 𝑢1)𝒮
𝜕𝜆

𝜕ℐ1
(𝜓1 − 𝜓2), (31)

¤𝜓3 = − 𝐶2 +
(
𝜏(1 + 𝑢2) + 𝜇 + 𝛼2

)
𝜓3 − 𝜏(1 + 𝑢2)𝜓4 − 𝛼2𝜓7

+ (1 − 𝑢1)𝒮
𝜕𝜆

𝜕ℐ2
(𝜓1 − 𝜓2), (32)

¤𝜓4 =
(
𝜎(1 − 𝑢3) + 𝜇 + 𝛿1

)
𝜓4 − 𝜎(1 − 𝑢3)𝜓5 − 𝛿1𝜓7

+ (1 − 𝑢1)𝒮
𝜕𝜆

𝜕𝒯
(𝜓1 − 𝜓2), (33)

¤𝜓5 = − 𝐶3 + (𝜌 + 𝜇 + 𝛿2)𝜓5 − 𝜌𝜓6 − 𝛿2𝜓7

+ (1 − 𝑢1)𝒮
𝜕𝜆

𝜕ℱ
(𝜓1 − 𝜓2), (34)

¤𝜓6 = − 𝐶4 + (𝜇 + 𝛿3)𝜓6 − 𝛿3𝜓7

+ (1 − 𝑢1)𝒮
𝜕𝜆

𝜕ℛ
(𝜓1 − 𝜓2), (35)

¤𝜓7 = − 𝐶5 + (𝜇 + 𝑑)𝜓7 + (1 − 𝑢1)𝒮
𝜕𝜆

𝜕𝒜
(𝜓1 − 𝜓2), (36)

subject to the transversality conditions

𝜓𝑖 (𝑇) = 0, 𝑖 = 1, . . . , 7. (37)

Differentiating the standard-incidence force of infection

𝜆 =
𝛽 (ℐ1 + 𝜂1ℐ2 + 𝜂2𝒯 + 𝜂3ℱ + 𝜂4ℛ + 𝜂5𝒜)

𝒩

with respect to the state variables gives

𝜕𝜆

𝜕𝒮
= − 𝜆

𝒩
,

𝜕𝜆

𝜕ℐ1
=
𝛽 − 𝜆
𝒩

,
𝜕𝜆

𝜕ℐ2
=
𝛽𝜂1 − 𝜆

𝒩
,

𝜕𝜆

𝜕𝒯
=
𝛽𝜂2 − 𝜆

𝒩
,

𝜕𝜆

𝜕ℱ
=
𝛽𝜂3 − 𝜆

𝒩
,

𝜕𝜆

𝜕ℛ
=
𝛽𝜂4 − 𝜆

𝒩
,

and
𝜕𝜆

𝜕𝒜
=
𝛽𝜂5 − 𝜆

𝒩
.

The complete optimality system consists of the controlled state Equation (24),
the adjoint Equations (30)–(36), the transversality conditions (37), and the control
characterizations (27)–(29). This coupled system is solved numerically using the
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forward–backward sweep algorithm.

8.3. Numerical solution of the optimality system
To compute the optimality system numerically, we employ the forward–backward

sweep method. The procedure starts with an initial approximation of the control
functions. Using these controls, the state system (24) is solved forward over the interval
[0, 𝑇] from the prescribed initial data. The resulting state trajectories are then used to
solve the adjoint systems (30)–(36) backward in time, beginning at 𝑡 = 𝑇 and satisfying
the terminal conditions in Equation (37).

Once the state and adjoint variables have been obtained, new control profiles
are computed from the optimal-control expressions stated in Theorem 8. These
updated controls are subsequently used in the next forward integration of the state
system. Because the state, costate, and control variables depend on one another,
this forward–backward process is carried out repeatedly rather than in a single pass.
The iterations are terminated when the changes in the state, adjoint, and control
approximations between two consecutive iterations are smaller than a prescribed
tolerance [31].

For all optimal-control simulations, the forward–backward sweep was
implemented on a uniform time grid over the horizon 𝑇 = 300 days with 2, 000
subintervals. The state and adjoint systems were integrated by a fourth-order Runge–
Kutta scheme, and the sweep was iterated with a relaxation factor of 0.5 until the relative
change in successive control iterates fell below 10−4. The initial conditions were
(𝒮,ℐ1,ℐ2,𝒯,ℱ,ℛ,𝒜) (0) = (2.0 × 104, 50, 30, 10, 5, 2, 2), all model parameters
were fixed at the baseline values of Table 1, and the objective weights were set as
listed in Table 3.

Figure 10 compares the epidemic dynamics generated by the uncontrolled
model with those obtained under the optimal three-control strategy. Simultaneous
implementation of the prevention, treatment-initiation, and adherence-support controls
substantially reduces the total infectious burden throughout the intervention horizon.
Although the infection is not eradicated within the finite simulation period, the
controlled solution consistently remains well below the uncontrolled trajectory,
demonstrating the effectiveness of the combined intervention strategy. A substantial
reduction in the total infected population is observed throughout the intervention
horizon when the three controls are implemented simultaneously. Although the
epidemic is not eliminated within the finite simulation period, the combined strategy
consistently suppresses disease transmission and produces a markedly lower infectious
burden than the uncontrolled scenario. This demonstrates the complementary nature
of prevention, treatment initiation, and adherence support, whose simultaneous
implementation provides a considerably greater epidemiological benefit than allowing
the epidemic to evolve without intervention.

The optimal control trajectories obtained from the analysis are displayed in
Figure 11. In particular, the prevention strategy 𝑢∗1(𝑡) remains relatively intensive
at the beginning of the control period, indicating that early preventive efforts play
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a key role in limiting the emergence and subsequent spread of new HIV infections.
Its gradual relaxation towards the terminal time is consistent with the finite planning
horizon and the transversality conditions𝜓𝑖 (𝑇) = 0, under which the marginal benefit of
preventing future infections decreases as the terminal time is approached. The treatment
initiation control 𝑢∗2(𝑡) remains active throughout the intervention period, although at
a lower intensity, indicating that continuous expansion of ART uptake contributes to
limiting disease progression. In contrast, the adherence-support control 𝑢∗3(𝑡) remains
close to its upper bound over most of the simulation horizon, suggesting that sustained
adherence interventions are a highly effective mechanism for reducing downstream
disease progression. As above, this conclusion is specific to the state and control
weights adopted here and to the form of the objective functional, and no economic
cost-effectiveness analysis is implied.

Figure 10. Comparison of the total infected population under the uncontrolled scenario
and the optimal three-control strategy (𝑢1, 𝑢2, 𝑢3). The simultaneous implementation of
prevention, treatment initiation, and adherence support substantially reduces the infectious
burden throughout the intervention horizon. Although the epidemic is not eliminated within
the finite time interval considered, the combined strategy consistently suppresses disease
transmission relative to the uncontrolled case, demonstrating the overall effectiveness of the
proposed optimal intervention framework.

The robustness calculations shown in Figures 12 and 13 examine independent
±20% perturbations of the control-cost coefficients around the baseline weighting
scheme. Within this tested range, the controlled trajectories and cumulative infected
burden change only modestly, while the main qualitative behaviour of the optimized
three-control strategy is preserved. These numerical results therefore suggest
local robustness with respect to moderate perturbations of the chosen control-cost
coefficients.
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Figure 11. Optimal time-dependent control profiles obtained using the forward–backward
sweep algorithm. The prevention control 𝑢∗1 (𝑡) is initially implemented at a high intensity
and is gradually relaxed as the infectious burden decreases. The treatment initiation control
𝑢∗2 (𝑡) follows a moderate intervention schedule, whereas the adherence-support control 𝑢∗3 (𝑡)
remains close to its upper bound for most of the intervention period. This suggests that sustained
adherence support is a highly effective component of the control strategy for limiting treatment
failure and the emergence of drug resistance. We stress that this conclusion is specific to the
state and control weights adopted here (Table 3) and to the form of the objective functional;
different weightings may alter the relative prominence of the individual controls.

Figure 12. Robustness analysis of the optimal three-control strategy under±20% perturbations
of the control-cost coefficients. Within the tested range, the controlled trajectories retain
qualitatively similar behaviour. These computations provide local numerical evidence of
robustness around the baseline weighting scheme and do not imply insensitivity to arbitrary
choices of the objective-function weights.
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Figure 13. Sensitivity of the cumulative infected burden to independent±20% variations in the
control-cost coefficients 𝐷1, 𝐷2, and 𝐷3. The relatively modest changes observed within this
range provide local numerical evidence of robustness around the baseline weighting scheme.
Substantially different weighting choices may lead to different optimal control profiles and
intervention rankings.

This finding should not be interpreted as independence from the weighting
parameters in general. Substantially different state or control weights may alter
the optimal control profiles and the relative prominence of the three intervention
mechanisms. Accordingly, the present results establish robustness only within the range
of weight perturbations examined numerically.

9. Conclusion
In this study, we developed and analyzed a nonlinear seven-compartment HIV

transmission model that incorporates stage-wise disease progression, ART uptake,
adherence-mediated treatment failure, and acquired drug resistance. The proposed
model was shown to be mathematically well-posed through the establishment of
positivity, boundedness, and the existence of a biologically feasible invariant region.
The basic reproduction number, ℛ0, derived using the next-generation matrix approach,
serves as the principal threshold parameter governing the disease dynamics. The
disease-free equilibrium was shown to be locally and globally asymptotically stable
for ℛ0 < 1, whereas a unique endemic equilibrium exists whenever ℛ0 > 1.
Local asymptotic stability of the endemic equilibrium is conditional on the associated
Routh–Hurwitz criteria and is verified numerically for the baseline parameter set
through direct computation of the Jacobian eigenvalues. Furthermore, the bifurcation
analysis established the existence of a forward transcritical bifurcation at the critical
threshold ℛ0 = 1. The analytical findings were supported by numerical simulations,
which illustrated the qualitative behaviour of the system under different epidemiological
scenarios. Sensitivity analysis identified the effective transmission rate as the most
influential parameter governing HIV persistence, while the parameters associated with
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treatment failure and resistance progression were also found to contribute substantially
to sustained disease transmission. These findings underscore the epidemiological
importance of reducing treatment failure and limiting progression toward drug-resistant
infection classes.

An optimal control framework incorporating prevention measures, ART uptake,
and adherence-support interventions was formulated and analysed using Pontryagin’s
Maximum Principle. For the state and control weights specified in Table 3, the
combined three-control strategy reduced the cumulative infectious burden relative to
the uncontrolled case over the simulated intervention horizon. The resulting control
profiles also indicate an important role for sustained adherence support under the
particular objective functional considered here. Because the present simulations
do not provide a complete head-to-head comparison of every individual control
with every combined strategy, no general ranking of individual versus integrated
interventions is claimed. A systematic comparison of alternative control combinations,
together with formal economic cost-effectiveness analysis under different weighting
schemes, is left for future investigation. Although the proposed model captures several
important epidemiological mechanisms, it does not explicitly incorporate transmitted
drug resistance, heterogeneous adherence behaviour, treatment re-initiation, or viral
re-suppression following salvage therapy. Future extensions may incorporate these
mechanisms together with stochastic effects, population heterogeneity, and data-driven
parameter estimation.
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