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Abstract: Trajectory planning for the center of mass (CoM) constitutes a fundamental
challenge in bipedal locomotion. Conventional approaches, which predominantly rely
on experimental measurements or simplified analytical models, are often constrained by
discretization errors, parameter uncertainty, and prohibitive experimental costs. To address
these limitations, this paper proposes a numerical framework for generating CoM trajectories
directly from ground reaction force (GRF) dynamics. The methodology first determines key
gait event positions and formulates a coupled system of governing equations that integrate
force and motion. The method then establishes a unified spatio-temporal-GRF coordinate
system and incorporates boundary conditions, along with load-sharing mechanisms between
the trailing and leading legs, to derive the force and geometric constraint equations. The
resulting reference trajectory is represented using Fourier coefficients, which are determined
via an Adam-based constrained residual minimization solver. This Fourier-based representation
offers notable advantages, including a compact parameter set, high computational efficiency,
and the capacity to capture the essential kinematic features of bipedal walking. To validate
the proposed reference trajectory, a sliding mode control (SMC) framework is employed for
bipedal walking control, in which the walker successfully tracks the reference trajectory with
stable gait execution. The results confirm that the generated trajectory faithfully reproduces the
characteristic CoM response of bipedal walking, thereby providing a high-fidelity reference
for robust motion control. Furthermore, a systematic analysis of the control parameters is
conducted to evaluate their influence on walking stability. This work offers a new paradigm
that synergistically combines physical interpretability with computational efficiency, holding
significant promise for applications in humanoid robot motion control and biomechanical

analysis.

Keywords: bipedal gait; ground reaction force; trajectory design; sliding mode control;
application verification

1. Introduction

Bipedal dynamic walking stands as one of the most persistent grand challenges
in robotics, driven by the ambition to replicate the efficiency and adaptability of
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human locomotion. At the heart of this problem lies the planning and control of the
robot’s center of mass (CoM). As the principal variable encapsulating whole-body
dynamics, CoM trajectory directly shapes gait stability, energetic cost, and the
capacity to handle uneven terrain. In both human and robotic walking, CoM traces
a three-dimensional cyclic path whose regularity and shape serve as a direct window
into balance performance and locomotor maturity [1]. It is no surprise, then, that a
large body of work has sought to develop tractable yet physically grounded methods
for constructing CoM reference trajectories that steer the system through alternating
single- and double-support phases.

The traditional starting point for CoM trajectory planning has been the use of
drastically simplified dynamic models. Among them, the Linear Inverted Pendulum
(LIP) [2,3] and the associated Zero Moment Point (ZMP) criterion [4] form the most
established framework. The LIP reduces the multibody dynamics of a walking machine
to a point mass gliding at a fixed height above a compliant pivot, while the ZMP
constraint demands that the instantaneous point of zero net moment stays within the
support polygon, thereby ensuring dynamic balance. Together, these simplifications
collapse the planning problem into one that admits closed-form or low-order numerical
solutions, a property that has been exploited on numerous humanoid platforms.
Extensions of this idea have used numerical regression with the LIP to prescribe both
the walking direction and the vertical motion of CoM [5], widening the practical scope
of the approach.

Yet the simplifications that make the LIP attractive are also its most severe liability.
Constant CoM height, vanishing angular momentum about CoM, and massless legs
combine to impose hard bounds on achievable dynamic performance [6]. The resulting
gaits tend to be conservative and quasi-static, appearing stiff and mechanical next to
biological walking. Energy efficiency suffers as well: fixing CoM height eliminates the
vertical oscillation that underpins the inverted-pendulum energy-exchange mechanism
observed in natural gait [7]. Higher-order variants—the Variable-Height Inverted
Pendulum, the Reaction Mass Pendulum—relax some of these constraints by allowing
vertical CoM motion or capturing torso rotational inertia [8,9], but they inevitably trade
away the analytical simplicity of the original LIP, pushing the problem back toward
heavy numerical computation.

In response to these limits, Model Predictive Control (MPC) has gained
considerable traction for centroidal trajectory generation over the past decade [10].
MPC recasts planning as a finite-horizon optimal control problem that is resolved
at each control cycle, delivering CoM trajectories that satisfy dynamic constraints
through online rolling optimization [11]. By folding in inequality constraints, contact
schedules, and user-defined cost terms, MPC markedly bolsters robustness, particularly
against external disturbances and model mismatch [12]. Still, the computational load
of iterative online optimization is substantial, and the solutions remain acutely sensitive
to the choice of prediction horizon, cost weights, and terminal constraints—tuning
challenges that can hinder real-time deployment on physical robots.

At a deeper level, the prevailing planning paradigms—whether offline methods
rooted in simple models or online schemes based on MPC—share a fundamental
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conceptual gap: none of them establish an explicit, analytical link between CoM motion
and the ground reaction force (GRF). The GRF is the only external agent that accelerates
and decelerates a legged system during stance; its temporal profile captures the essence
of dynamic walking—the characteristic double-peaked vertical force, the smooth
transfer of load from the trailing limb to the leading limb, and the transient unloading
around mid-stance [13,14]. Yet mainstream approaches treat CoM trajectory generation
and GRF allocation as largely separate subproblems[15,16], connected only through
numerical integration and time parameterization. This decoupling lets integration errors
accumulate, so that planned trajectories drift away from physically admissible solutions
over long walking sequences. It also severs the conceptual connection between CoM’s
dynamic behavior and the discrete gait-phase structure of bipedal locomotion, making
it exceedingly difficult to reproduce the subtle interplay of force buildup, transfer, and
release that characterizes efficient alternating support [17, 18]. Experimental work
reinforces this picture: during single support, ground reaction forces are directed
toward a virtual pivot point located above CoM, whereas during double support
they converge around CoM itself, with markedly different horizontal-to-vertical
force ratios [19]. A planning framework that ignores these phase-dependent force
characteristics necessarily trades physical fidelity for convenience.

The present study introduces a different strategy—a numerical paradigm for
CoM trajectory generation that is built directly from ground reaction force dynamics.
The contribution is a method that produces dual-footed walking centroid reference
trajectories without recourse to iterative numerical integration or online optimization.
A unified mathematical framework is established that simultaneously encodes the
temporal, spatial, and GRF dimensions of bipedal walking, and the CoM path—most
notably its vertical trajectory, which has historically been the most resistant to
accurate planning—is derived analytically from GRF constraints [20]. Continuous
weighting functions coordinate the path allocation between the trailing and leading
legs throughout the support phase, yielding smooth, continuous, and physically
consistent CoM trajectories that respect the underlying force profile at every instant [21—
23]. The resulting planner inherently captures the dynamic switching structure of
bipedal alternating support, producing natural gaits with clean force transfer, low
jerk—qualities that have remained elusive under purely model-driven or purely

optimization-driven formulations [24,25].

2. Parameter analysis

The ground reaction force in bipedal walking traces out a characteristic two-peak
pattern over the stance phase [26]. Figure 1 displays the complete GRF profiles of the
leading foot (£,) and the trailing foot (F;) from touchdown to toe-off plotted against
time ¢.

The duration of the stance phase of a single foot from touchdown to toe-off is
defined as T, the time offset between the touchdowns of the two feet is defined as T,
and the time interval from touchdown to the valley of the GRF is defined as 7. Taking
the instant of the GRF valley (at time 7, after touchdown of the trailing foot) as the time
origin, a coordinate system 7-o0-z is established. In this coordinate system, z represents

3
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the vertical position of the CoM of the bipedal model, denoted by z(¢); x(¢) and y(¢)
are the fore—aft and lateral displacements of CoM, respectively. The step length and
step width are denoted by Ly and L,,. Within the #-0-z frame, the instant of leading-foot
touchdown is labeled ¢#; and the instant of trailing-foot toe-off is labeled #,. At ¢, the
distance from CoM to the trailing foot is D1; at #,, the distance from CoM to the leading
foot is D3. The angles between the trailing leg and the ground and between the leading
leg and the ground are denoted by 6; and 6,, respectively, and ki, is the leg stiffness.
Damping is neglected in the present model, and it is further assumed that at the GRF
valley instant 7, the pedestrian is in an upright single-support stance phase. The single
GRF F(¢) is expressed by the Fourier series given in Equation (1) [27,28] from 1.6 Hz

to 2.4 Hz with walking frequency f;, whose parameters are listed in Table 1.
F(T) = GY°_, dnsin (%) Telo, T, (1)

where G is the weight of human body and £, is load factor.

Figure 1. Spatiotemporal relationship between GRF and CoM trajectory.

Table 1. Load factors of GRF model [27].

1.6Hz< f, < 2.32Hz 232Hz< f, < 2.4Hz
f1 ~0.0698f; + 1.211 ~0.1784f; + 1.463
£ 0.1052f, — 0.1284 ~0.4716f, + 1.210
fs 0.3002f; — 0.1534 ~0.0118f, + 0.5703
fa 0.0416f; — 0.0288 ~0.2600f; + 0.6711
fs ~0.0275f; + 0.0608 ~0.0906f, —0.2132

According to Fan et al. [27], the time difference #, — ¢, equals 0.247,. To
determine the parameter 7, that corresponds to the time instant of the valley position
in the GRF curve, the GRF was examined over step frequencies ranging from 1.6 Hz
to 2.4 Hz. Within each cycle, the minimum was located in the interval from 0.24 T, to
0.76 T,, and the time instant of this minimum was taken as 7,. The ratio T, /T, was then

4
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computed, as shown in Figure 2. The results reveal that for f; <2.32 Hz, T), /T, exhibits
an exponential dependence on f;. For 2.32 < f; <2.3634 Hz, the ratio remains constant
at 0.4991. In the rightmost frequency interval, i.e., from 2.3634 Hz to 2.42.4Hz, T,/T,
takes the value 0.4933. The overall relationship is described by Equation (2).
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Figure 2. Fit between step frequency and 7,/7,.

Note: The blue circles represent the discrete calculated values of 7,/T, at different step frequencies, and the red curve represents the
fitted curve of 7,/7,.

0.49874 — 112259¢xp (~gafizs ) f+ € [1.6 Ha, 2.32 H7]
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After T, is determined, according to the described procedure, t; =75 — T, and ¢, =
T, — T, can be obtained, respectively. Under the previous assumption that the damping
effect of the human leg on GRF is ignored, GRF can be expressed as:

F= kleg (ZO - l)

~

)

where, z denotes CoM height, [y represents the natural leg length, / is the leg
time-varying length under compression, and ki, is the leg’s equivalent stiffness
coefficient. When CoM is at 71, the leading foot is in a ground-free position with the
leading leg at its natural length [j.

The geometric analysis yields:

gllo—le(t)=(t) _ g

I (t1) ) T
lz_yz + (Ls —Dy)* = l(Q] @
lz,yz + D3} = l22(t1)

22 (tl) + [LTw —-Y (tl)] = Zg—yz

where [ and F;-y = Fs (T, + t1) represent the lengths of the trailing leg and the GRF of
the follower foot at time #;, respectively. The above three sub-equations contain three
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unknown variables, namely Dy, z(¢1), and /;(¢;). Eliminating z(¢;) and /,(¢,) from the
above Equation (4) yields the following polynomial in D:

AL2DY — 2003 DY + ayD} + a3D? + aaD? + a1 Dy + ag = 0 5)
The polynomial coefficients are as follows:
ay = L2 (4112 — 813 + 862;)
az = AL, (61312 — 6L26%, + 31302, — 11LY)
ag = 26Lj (L2 — 1§ + 62,) + 2L% (2ly + 267, — 191562, + 41502, (6)
ay = 4L, (I§ — L?) [L2 (2L3 — 15 + 307,) + 62, (67, — 505) ]

ag = (I3 — L2)" (Lt + 20262, — 41362, + o))

FTl
kleg

11 to the leg stiffness coefficient kje,. Similarly, at time point 75, the following leg has

where 6,1 =

is the ratio of the ground reaction force F; of the trailing leg at time

a length of /y, and the following relational equation can be obtained:

halo-Litl20s) _ p,
lLQ— z + (LS - D3)2 = l2

v 0 (7)
12, + D3 =12(t3)

L—yz

2
22 (t2) + [LTw +y (tQ)] = lbz—yz

where [, and F,o = F; (Ts — t1) represent the lengths of the leading leg and the GRF of
the follower foot at time ¢, respectively. The above three sub-equations contain three
unknown variables, namely Ds, z(#;), and /,(¢;). Eliminating z(¢,) and /,(z;) from the
above Equation (7) yields the following polynomial in Dj:

AL2DS — 2013 D3 + by D3 + b3 D3 + by D3 + by D3 + by = 0 (8)
The polynomial coefficients are also as follows:
by = L% (4112 — 813 + 863%)

by = 4L, (61§L2 — 6L26% + 31365 — 11L3)
by = 26L% (L2 — 1§ + 6%) + 2L2 (25 + 2675 — 191362 + 41303 ©)
a1 = AL, (13 — I2) [L2 (213 — 3+ 80%) + 8% (5% — 513)]
ao = (12— L2) (LY + 21262 — 4I26% + 65)

FLQ
kleg
1> to the leg stiffness coefficient kjeg.

where, 6,0 = is the ratio of the ground reaction force F, of the trailing leg at time

Equations (5) and (8) are sixth-order polynomial equations that have no analytical

solution, but numerical roots can be obtained [28]. Among the six roots, only those that
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satisfy the following physical constraints are retained: the root must be a positive real
number (negative and complex roots are discarded) and must be less than half the step
length (i.e., D1, D3 <0.5Ly). Applying these criteria eliminates the other five roots and
yields a unique, physically admissible solution for Dy and D3. After filtering out the
roots that do not meet the conditions, Figure 3 presents the relationship curves between
parameters D; and D3 as a function of the step frequency (7,/7.) under different
conditions. Analysis reveals that when the 7,/T, ratio varies from 0.52 to 0.92, both D,
and D3 exhibit a nonlinear trend of first decreasing and then increasing. Specifically, in
the lower ratio range (7,/T, < 0.76—0.8), increasing step frequency significantly raises
the values of D and Ds. At higher ratios (7,/T, > 0.76—0.8), however, raising the step
frequency brings Dy and D3 down rather than up. Near 7/T, = 0.67, the two curves
cross, after which changes in step frequency have little further effect on either parameter.
What emerges is that CoM velocity distribution along the walking direction is far from
uniform—it is shaped jointly by step frequency and the 7,/7, ratio. Figure 4 shows the
values for step frequencies ranging from 1.6 to 2.4 Hz and step lengths ranging from
0.5t0 0.7 m.

0.45] (&)

—r—f,=2.2Hz

f=24Hz

0.38 T T T T T T T T T T T T T T T T
050 055 0.60 065 070 075 0.80 085 030 095 0.50 055 060 065 070 075 080 085 030 095

TIT, TIT,

Figure 3. Variation curves of parameters D, and D; with Ty/T,.
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Figure 4. D, and D; with step frequency (7/T. = 0.76).

It can be seen from the Figure 4 that as the step frequency increases, both D{/L;
and D3/Lg generally exhibit a decreasing trend, with the exception that D3/Lg increases
after 2.32 Hz. This reversal is due to the change in the dynamic load factor at 2.32
Hz. When the step frequency exceeds 2.32 Hz, D/L; decreases more rapidly while
Ds/Lg rises more steeply as Ts/T, increases. Physically, this indicates that at the instant

of leading-foot touchdown, the distance between CoM and the trailing foot diminishes

7
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more quickly, whereas at the instant of trailing-foot liftoff, the distance from CoM to the
leading foot becomes larger. This growing asymmetry between the two support phases
implies that the body transfers onto the leading leg more abruptly and detaches from
the trailing leg more rapidly, which introduces a potential bouncing effect and suggests
a tendency for the gait to transition into running. Furthermore, the ratios of both D;/L;
and D3/L; increase with step length. Thus, the values of D and Dj are influenced by
both step frequency and GRF parameters.

3. Forward CoM trajectory

After obtaining the above parameters, it is established that x(#) satisfies the four
temporal boundary conditions: x(0) = 0, x(¢;) = D1, x(t2) = Ly— D3, and x(T;) = L.
Furthermore, x(#) must be a monotonically increasing function. This requirement arises
from the fundamental characteristic of bipedal walking: CoM continuously moves
forward throughout the gait cycle and never reverses direction between successive
footfalls. Ensuring monotonicity is therefore essential for generating a physically
realistic and controllable reference trajectory [29-31]. In addition, x(¢) is smooth and
differentiable, and its first and second derivatives at ¢t = 0 are equal to those at ¢ = T,
guaranteeing continuity and smoothness of the velocity and acceleration profiles across
consecutive steps. Based on these conditions, a Fourier series representation is adopted,
and the following expression for x(¢) is constructed to satisfy all the imposed boundary

and continuity constraints:
x(t) = Lsfst + azpsin (2m fst) + By [cos (2 fst) — 1] (10)

The above equation already inherently satisfies the conditions x(0) = 0, x(7s) = Lj,
and that its first and second derivatives at ¢ = 0 are equal to those at ¢ = T5. Therefore,

substituting it into the remaining two constraints x(¢;) = D; and x(#;) = Ly — D3 yields:

agsin (27 fst1) + By [cos (2w fst1) — 1] = Dy — Lg fsta (11
0 SN (27Tfst2) + 596 [COS (27Tfst2) - 1] =Ls— D3 — Lsfst2
Solving the above equations yields the following coefficient solutions:
. — [cos(2m fst1)—1](Ls—D3—Ls fsta)—[cos(2m fst2)—1](D1—Ls fst1)
T [cos(2m fst1)—1]sin (27 fsta)—[cos(27 fsta)—1]sin (27 fst1) (12)

,3 - (D17Lsfst1)Sin(Qﬂ'fStg)7(LS7D37Lsfst2)sin(2ﬂfst1)
T 7 Jeos(2m fst1)—1]sin(2m fsta)—[cos(2m fsta)—1]sin(2m fst1)

Figure 5 presents the longitudinal displacement, velocity, and acceleration of CoM
trajectory at different step frequencies, with a fixed step length of 0.6 m. Over the
interval from ¢ = 0 to ¢t = Ty, CoM displacement consistently increases from 0 to Ly,
while the velocity and acceleration at the two endpoints ¢ = 0 and ¢ = T remain equal,
thus satisfying the periodic boundary conditions required for continuous gait cycles.

It is evident that step frequency has only a marginal effect on the displacement
amplitude (Figure 5a), but considerably affects both velocity and acceleration. In
particular, higher frequencies yield larger peak velocities: at 1.6 Hz, the velocities

at the beginning and end of the step are approximately 1.3 m/s, whereas at 2.4 Hz
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they rise to about 1.8 m/s (Figure 5b). The same trend holds for acceleration: higher
step frequencies push the amplitude upward (Figure 5c). The velocity—acceleration
phase portraits in Figure 5d remain closed loops across the tested range, confirming
the intrinsic stability of the reference trajectory. As step frequency increases, the loops
change character, evolving from horizontally elongated ellipses toward roughly circular
forms. This reshaping reflects the fact that acceleration outpaces velocity growth, and
it suggests that inertial forces, rather than velocity-dependent effects, dominate the

system’s frequency sensitivity.

10]@ F—=—f=16Hz . 181 ——f=16Hz )
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0.2 ——f =2.0Hz 167
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Figure 5. Longitudinal trajectory (L; = 0.6 m).

In summary, the proposed longitudinal CoM reference trajectory fully satisfies the
boundary conditions, is smooth throughout the step, and thus provides a reliable basis

for planning bipedal longitudinal walking trajectories [32].

4. Vertical and lateral design of CoM trajectory

Now it proceeds to address the vertical and lateral swing trajectories of CoM. It
follows that the vertical trajectory z(¢) should satisfy the same displacement, velocity,
and acceleration at time 0 and time 7;. For y(¢), in addition to having equal velocity
and acceleration at time 0 and Ty, it must also satisfy y(0) = —y(7s) [33]. Beyond the
above conditions, it is also required that z(¢) and y(¢) satisfy the boundary conditions of

the following equation at times ¢; and ¢,.

2 (1) + [L —y(t)]° + (Le — D1)? = 12
22 (t2) + [ +y (t2)]” + (Ls — D3)* = 13 (13)
k‘leg ( y2(0l)o+z2(0) — ].> Z(O) =F (Tu)

To satisfy the above boundary conditions, Fourier series are adopted for y(¢) and

9
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z(¢). Given the constraints imposed by Equation (13) above, the total number of Fourier
coefficients for y(f) and z(¢) is three. Based on this number of coefficients and the
temporal boundary conditions, the Fourier series expressions are assumed as y(¢) and
z(¢) as follows:

(14

y(t) = Ay [9cos (7 fst) — cos (37 fst)]
2(t) = Zo + Azcos (2w fst)

Substituting Equation (14) into Equation (13) yields the following strongly

nonlinear equation:

(Zo + Azer)® + (Lo — 4, C3\) +(Ls— Dy)* =12
2 w 2 _
(ZO + AZC2) (7 ’A 04‘) ( - D3) = l(2) (15)
o — 1| (Zo+ A) = 6,
V6442 +(Zo+42)? (Zo+4:)
c1 = cos (2mfst1)
co = cos (27 fsta)
Where J €3 = 9c0s (7 fst1) — cos (37 fst1)
¢y = 9cos (7 fsta) — cos (3 fsta)
51) — F(TU)
kleg

It is worth noting that, the lateral displacement y(¢) describes the side-to-side sway
of the center of mass about the central line; adopting the convention that y(¢,) is positive
at the initial instant, the center of mass sways to the opposite side at the subsequent
critical instant #;. As a result, the relative positions of the center of mass and the
supporting foot at these two instants are geometrically inverted, and the corresponding
lateral clearance must therefore be expressed with opposite signs. The term L,,/2
— |A4yc4| appearing in Equation (15) correctly captures this reversal and ensures that
the constraint fundamentally describes the same physical requirement as in Equation
(13)—namely, that the y-direction distance from the center of mass to the inner edge of
the supporting foot remains within the allowable half of step width L,,.

The equation is strongly nonlinear and has no analytical solution. Here, a
constrained parameter optimization approach is adopted to solve them. Define the

variable vector X = [4;, Zy, Ay]T . The system of equations can be written as:
T
F(X)=0, F=[f/(X) [(X) f3(X)] (16)
2
71X = | (Zo+ Aser)® + (B = |Ayes])” + (Lo = D] — 1

2
where f2 (X> = % [(ZO + AzCQ)Q + (ng - ’Ayc4‘) + (Ls - D3)2} -1

fs (X) = & [(ZO + A+ 6,) /6442 + (Zo + Az)2] - )

Solving the system is equivalent to minimizing the sum of squared residuals:

min /i (X ZZ (X (17)
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Subject to the inequality constraints:

0<Z()<l0
0< A, <l
Zy+ A, <l

Ly
0<Ay <3

(18)

Construct a single layer linear constrained parameter optimization whose input is
a fixed constant and whose outputs are the variables X. The network architecture is:

Input layer: 1 node, always equal to 1.

Output layer: 3 nodes, no activation function. The output is X = w + b, where w
is a 3 x 1 weight matrix and b is a 3 x 1 bias vector. In practice, X is directly treated as
the set of trainable parameters.

Training proceeds by minimizing the loss &(X) with gradient descent, while
penalty terms are added to handle the constraints. A penalty function method is adopted.
The constraints are incorporated into the loss by adding penalty terms:

3

Etotal (X)) = % Z fi (X)2 + A1 [maz (0, —Zo)]2 + Ao [mazx (0, Zy — lg)]2
=1
+ A3 [maz (0, —A)]* + My [maz (0, Zo + A, — )] (19)

“L,\1?
+X5 [maz (0, = A,)]* + A6 [ma:z: (0, Aylfi)]

where each 4;> 0 is a penalty coefficient. Whenever a variable violates a constraint,
the corresponding penalty term produces a large loss, driving the variables back into
the feasible region.

The variable X is updated using the Adam optimizer (adaptive moment

estimation) [34]. The iterative scheme is:
X+ — x ™ _ . Adam (vwsml (X(”))> (20)

To obtain the parametric solution for the reference trajectory, the following
pedestrian parameters are adopted as a numerical example: body mass m = 80 kg, leg
stiffness ki = 20 kN/m, leg natural length /o = 1.0 m, and step width L,,= 0.1 m. The
penalty coefficients 1; to Ag are set to 20, 10, 60, 50, 40, and 40, respectively; the Adam
parameter 7 is set to 0.95; and the maximum number of iterations is set to 10,000. After
calculation, it is found that the loss function converges well (Figure 6). Computational
results indicate that the loss function converges rapidly to a steady value under all
tested combinations of step frequency and step length. As the step frequency increases
from 1.6 Hz to 2.4 Hz, the convergence rate accelerates consistently. For instance,
in subplot Figure 6a, at 1.6 Hz, approximately 8,000 iterations are required to reach
convergence, whereas at 2.4 Hz, the loss function essentially stabilizes within 4,000
iterations. A similar trend is observed in subplot Figure 6b for a step length of 0.7 m,
where convergence is achieved after about 6,000 iterations at 1.6 Hz, but again reduces
to roughly 4,000 iterations at 2.4 Hz. Comparing subplots Figure 6a and Figure 6b,
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it is evident that the convergence rate for a 0.7 m step length is consistently faster
than that for 0.6 m across the tested frequency range. Furthermore, the convergence
histories are notably smooth and free from oscillations or irregularities, indicating that

the optimization process is numerically stable throughout.
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Figure 6. Loss function convergence curve with (a) L; = 0.6 m and (b) L, = 0.7 m.

Table 2 presents the numerical results of the center-of-mass trajectory parameters,
with all values rounded to six decimal places. Under varying step frequencies and step
lengths, the parameters Zy, 4., and A4, exhibit corresponding variations. Specifically,
Z ranges from 0.93 to 0.96, 4. falls between 0.02 and 0.04, and 4, lies approximately
in the range of 0.002 m to 0.004 m.

Table 2. Parameter results of vertical and lateral trajectory.

fs (Hz) 1.6 1.8 2.0 2.2 24

Zy (m) 0.945599 0.947426 0.949068 0.950643 0.951414
Ly=0.6m A: (m) 0.022974 0.02496 0.026588 0.028103 0.028952
A, (m) 0.002891 0.002860 0.002864 0.002878 0.002918
Zy (m) 0.934115 0.936051 0.937738 0.939334 0.940131
Ly=0.7m A: (m) 0.033858 0.036082 0.037792 0.039338 0.040219
A, (m) 0.003006 0.002937 0.002925 0.002931 0.002967

Based on these parameters, Figure 7 presents the trajectories of displacement,
velocity, and acceleration of the CoM in the vertical and lateral directions over a single
step cycle with a 0.6 m step length. Figure 7a—c present the lateral displacement,
velocity, and acceleration trajectories of CoM, respectively. Step frequency exerts a
negligible influence on the lateral displacement oscillation, whereas both the velocity
and acceleration amplitudes increase with higher step frequencies. This indicates that
an elevated step frequency markedly alters the lateral velocity and acceleration of CoM,
thereby intensifying the challenge of maintaining stability. Figure 7d—f display the
vertical displacement, velocity, and acceleration reference trajectories of CoM. As
step frequency increases, the maximum vertical displacement rises from approximately
0.97 m to 0.98 m, while the minimum value remains nearly unchanged, suggesting
that variations in step frequency primarily affect the peak vertical displacement of
the bipedal CoM. When the step frequency exceeds 2.4 Hz, the maximum vertical
displacement further increases until the feet lose contact with the ground and the gait
transitions to running. The vertical velocity and acceleration amplitudes also increase

significantly with step frequency, consistent with the pattern observed in the lateral
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direction. Consequently, higher step frequencies are accompanied by larger CoM
oscillation amplitudes and heightened postural instability.
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Figure 7. Trajectory response under single-step duration with Z; = 0.6 m.

Figure 8 presents the reconstructed ground reaction force (GRF) profiles based
on reference trajectories for step lengths of 0.6 m and 0.7 m, respectively. In both
panels, the curves marked with black filled circles denote the GRFs derived from
the trajectory-referenced (TR) method, whereas the curves marked with open circles
represent the GRFs obtained using the dynamic load factor (DLF) approach. Despite
discrepancies in amplitude between the GRFs constructed via the TR method and those
based on the DLF method, the TR-based GRFs successfully capture the fundamental
characteristics of the pedestrian foot—ground reaction force, including the double-peak
convex pattern during the stance phase and the concave valley in the mid-stance region.
Overall, the discrepancy between the two methods increases with step length. Since
the reference trajectories used in the TR method do not account for the contribution of
damping, the TR-based GRFs are generally smaller than those derived from the DLF
method.

The relative error (Figure 9) between the two approaches is quantified as the
difference between the TR-based GRF and the DLF-based GRF divided by the
DLF-based GRF. The results indicate that the relative error for the 0.6 m step length
is generally larger than that for the 0.7 m step length. However, as step frequency
increases, the rate of increase in relative error diminishes, reaching a maximum at
approximately 2.2 Hz, where the peak relative error is around 22%. These findings
suggest that the current method is not yet fully refined and still warrants further
improvement. Nevertheless, as a reference trajectory, it adequately reproduces the

essential characteristics of pedestrian gait and can serve as a valid reference.
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Figure 8. GRF reconstruction for DLF and Trajectory Reference (TR) with (a) Ly = 0.6 m and
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Figure 9. Relative peak error of GRF reconstruction based on trajectory reference.

5. Application validation

To see whether the CoM trajectory algorithm holds up in an engineering setting,

we applied it to the bipedal walking model shown in Figure 10.

Figure 10. Bipedal walking mode.

In this setup, the CoM is located by coordinates (x, y, z), and the advancing leg
is assigned stiffness k,, damping c,, and a control force u,. Similarly, the trailing leg
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possesses leg stiffness (k;), damping (c;), and a control force (u;). The stiffness and
damping of the bipedal leg are related to the leg length distribution, and the specific
expressions are given in Gao et al. [35,36]. The coordinates of the leading foot and
trailing foot touching points are (x,, y,, z,) and (x;, y;, z;), respectively. Ly and L,,
represent the step length and step width. Under the assumptions of no leg crossing
during walking and no slipping at the foot-ground contact points, the system’s kinetic

energy is given as follows:

T =
V=

(@ +9° + 2%)

m
(21)
ko (lo — 1a)* + Lkt (lo — 10)* + uq (lo — la) +ug (lo — lt) + mgz

= DOl

Here, [y, [,, and /; are the natural leg length, the leading leg length, and the trailing leg
length, respectively, where /, and /; can be calculated from the geometric relationship
between the center-of-mass coordinates and the pedestrian’s foot coordinates.

After substituting Equation (21) into the Lagrange equation, the system dynamic
equation can be obtained as Equation (22).

M{+Cq+Kq=F + Bu (22)

whereM=diag(m m m),K=diag<kA ka kA),q:{x Y z}Tandu:

[ua Uy ux} are the absolute force vectors induced by the structural floor vibration;
uy is the control torque that drives the pedestrian forward; C, B and F are the damping
matrix, the control configuration matrix and the force vector, respectively, and their

expressions are:

] Ty 1
pl el knaa + katx

l
— — | Y. W —
C = Coy Cyy Cyz , B = ll ltt 0 F = kaaYa + Eatye

2l zZ
Crz Cyz Czz Tu Ttt 0 knaza + katze — mg

Cex Cxy Cxz

In the above equations, ¢, represents the projected components of leg damping

in spatial directions, expressed in tensor form as: c,, = Zx:a,t Cxors Cxor =
01, Tl . l
cX ( >l<§< X> ’ (X = avta o, T = I,Y, Z)'kA = kAa + kAt:kAa - ka ( - ﬁ)a

kat = ki ( — é—‘j) are the stiffness coefficients of the pedestrian’s advancing leg and

trailing leg, respectively; zy is the vertical coordinate of the ground. During single-leg
support, this value is taken as the vertical coordinate of the supporting foot sole; during
double-leg support, it is taken as the average value of the vertical coordinates of both
foot soles.

5.1. System state control equation

The dynamic Equation (22) of a bipedal walking can be transformed into the

standard nonlinear state-space control equations as follows:

d
= = 1@+ gla)u (23)
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where the variable column vectors are:

T ...T
QZ[Ql q2 43 44 (G5 %}Z[Sﬂyzxyz,

44
g5
fo=1 @ , ,
~m (kAQI + Czzq4 + Czygs + CzacQ6) + m (kAaxa + kAt$t)
—L (kaga + cayqs + cyyas + cy2a6) + = (kaaya + kacyr)

m
_% (kAq3 + CexQ4 + Cy2q5 + CZZQG) + % (kAaZa + kAtZt) - 9_
[0 0 0 |
0 0 0
0 0 0
g(q) = q1—Ta 91—t 1 )
mlg mly m(q3—zo)
92— Ya 92—yt 0
mlg mly
—2q -2
| a0

T
and control column vector is © = [ua Uy ux] .

5.2. Stability control strategy

The control for forward speed, lateral sway, and height is to make CoM track a
desired trajectory, and the tracking sliding surfaces are defined as follows:

Sz 41 — Lref
S=18y| = (Q5 - yref) + )‘y (QZ - yref) (24)
Sz (QG - 23ref) + )\z (Q3 - Zref)

where sy, sy, and s, represent the sliding surfaces for forward velocity, lateral swing
displacement, and vertical height, respectively, and A, and A. are the associated
coefficients controlling the convergence rate. Differentiating the three sliding surface

functions gives their derivatives in matrix form as follows:

q'l - jf'ref
§= (Q5 - yref) + )\y (Q5 - yref) =TI+ J(Q)u - R= —/fsign(s) (25)
(dﬁ - .Z:ref) + Az (Q(S - zref)

g1—Ta q1—Tt 1

Ta T; (q5—20) Tref ke 0 0
Where J(q) = ;| 278 2 0 |\R= |fef|. 6= [0 &, O
% % 0 Zref 0 0 k.
_kagitcarqatcaygstczags + kaatathkair
m m
T(q) = | —tatrtentstonmtonm | bantbam 4 ), (g5 — o)

kags+czaqatcyzg5+c k k .
_ RAg3 z1q4m yzq5TCz246 + Aazaqj’l AtZt g + )\Z (QG _ Zref)
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The final control law is derived from Equation (25) and given as Equation (26):
U = Ueq + Usw = J(q)7'[R —T(q) — rsign(s)] (26)

To verify the applicability of the reference trajectory and the sliding mode control
theory for bipedal walking, a simulation is conducted using the following parameters:
body mass m = 80 kg, leg damping ratio e, = 8%, leg stiffness kjeg = 20 kN/m, leg
natural length /o = 1.0 m, and step width L,,= 0.1 m. The control parameters /,, and
/A, are set to 3, and 35, respectively, while x,, x,, and «. are set to 20, 20, and 20,
respectively. Simulation results demonstrate that the proposed approach is capable
of generating satisfactory reference trajectories. Figure 11 illustrates CoM response
during bipedal walking based on the GRF reference trajectory developed in this study.
Figure 11a,d,g present the displacement, velocity, and acceleration responses of CoM
in the x-direction, respectively, where “REF” denotes the reference trajectory, and
“SMC” and “LIP” refer to the sliding mode control method proposed in this paper and
the linear inverted pendulum method, respectively. As shown, the SMC-based response
trajectories closely track the reference trajectory, whereas the LIP method loses stability
after approximately 2 s. Figure 11b,e,h depict the lateral displacement, velocity, and
acceleration responses of CoM. The SMC method effectively follows the reference
trajectory, while the LIP method exhibits drift instability, deviating from the reference
trajectory within a few seconds. Similarly, Figure 11c,f,i show that the SMC method
maintains stable walking, whereas the vertical response under the LIP method loses
stability after approximately 1.5 s. These results indicate that the proposed method
provides effective reference trajectories for bipedal walking, and the SMC method

achieves stable control, demonstrating a successful integration of the two approaches.
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Figure 11. Bipedal CoM response at a 1.6 Hz walking step.

Figure 12 presents the Fast Fourier Transform (FFT) spectra of the mass
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acceleration responses in the longitudinal (Figure 12a), lateral (Figure 12b), and
vertical (Figure 12c¢) directions, respectively. As shown, the spectral peaks of the
longitudinal (Figure 12a) and vertical (Figure 12¢) responses both occur at 1.6 Hz.
In contrast, the lateral response spectrum (Figure 12b) exhibits peaks on either side
of 1.6 Hz, specifically at 0.75 Hz and 2.3 Hz. This deviation arises because the
lateral acceleration profile during bipedal walking differs markedly from those in the
longitudinal and vertical directions, displaying a distinct double-peak characteristic.
Consequently, the dominant frequency of the lateral response does not coincide with the
step frequency, and both the lateral response and its control merit particular attention.
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Figure 12. Fast Fourier Transform of CoM acceleration.

An analysis of the sliding mode control parameters reveals that no set of parameter
values enables the bipedal walker to maintain stable walking indefinitely; stability is
invariably lost after a finite number of steps. The authors have conducted extensive
investigations into this phenomenon but have not yet arrived at a theoretical explanation.
Nevertheless, the influence ranges of the parameters have been identified through
simulation-based analysis. Figure 13 presents contour plots of the number of stable
walking steps achieved under different combinations of «, , x,, and .. For instance,
Figure 13a shows that when «; is fixed at 60, varying x, and x, yields a maximum of
20 stable steps. Figure 13b indicates that with x, fixed at 20, the maximum number
of stable steps reaches 33 as x, and «, vary. Figure 13¢ demonstrates that when x,
is fixed at 20, the maximum number of stable steps is 25 under variations in x, and
x.. These examples illustrate the number of stable walking steps when two parameters
are varied while the others are held constant. In practice, given the large number of
parameters involved in sliding mode control, a systematic analysis of their effects on the
number of stable bipedal steps constitutes an exceedingly complex and time-consuming
endeavor that cannot be accomplished through exhaustive comparative analysis alone.
Prior to a theoretical breakthrough, the numerical analysis over a selected range of
parameter values can only serve as a reference. A definitive determination of the
stability parameter ranges will require further theoretical advances.
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Figure 13. Stable region for sliding mode control parameters.
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In establishing the reference trajectory, the contribution of leg damping was
deliberately excluded. This is because the damping force of the human leg is
velocity-dependent, and incorporating it would introduce additional parameters,
rendering the governing equations overly complex and intractable. By omitting
damping, the GRF-based reference trajectory model retains a simpler formulation
with fewer parameters, yet remains capable of accurately capturing the essential
characteristics of bipedal walking.

In the subsequent application of sliding mode control (SMC) for bipedal walking,
however, leg damping was explicitly incorporated. This is justified by the fact that
energy is continuously dissipated during human walking. If control inputs were applied
without accounting for energy dissipation through damping, the system energy would
accumulate progressively, leading to a response that fails to reflect realistic control
effects. Moreover, the theoretical frameworks differ between the two stages: the
SMC-based bipedal control adopts a control-theoretic approach, whereas the earlier
GRF-based reference trajectory was derived from force equilibrium and displacement
compatibility. Consequently, the omission of damping in the reference trajectory
construction does not undermine the validity of the SMC-based bipedal walking
control.

Any discrepancy that does arise stems from the difference between the damped and
undamped GREF trajectories. In practice, the leg damping force is considerably smaller
than the leg stiffness force, so the resulting GRF trajectory remains a suitable reference
for bipedal walking applications. Simulation results further confirm that the proposed
reference trajectory can effectively serve as a reference for SMC-based bipedal walking
control [37].

6. Conclusion

This study presented a method for generating CoM reference trajectories directly
from ground reaction force dynamics, without relying on iterative integration or online
optimization. By embedding the GRF profile into a unified spatio-temporal framework
and solving for the trajectory coefficients through constrained residual minimization,
the approach produces smooth, physically consistent CoM paths that naturally capture
the double-peak loading characteristic of bipedal walking. The resulting Fourier-based
representation is compact, computationally inexpensive, and accurately reflects how
step frequency and step length shape the CoM motion in all three directions.

Simulation results show that step frequency has a weak influence on lateral
displacement but markedly amplifies velocity and acceleration amplitudes in both the
lateral and vertical directions, making stability harder to maintain at higher frequencies.
The reconstructed GRFs from the proposed trajectories match the main features of the
DLF-based profiles, with relative errors generally staying within an acceptable range.
When integrated with sliding mode control, the reference trajectories enable stable
bipedal walking over multiple steps. The SMC-controlled walker tracks the reference
closely in the longitudinal, lateral, and vertical directions, whereas the conventional
LIP-based method loses stability within a few seconds. Control parameter analysis
reveals that no fixed parameter set guarantees indefinite stable walking, and the stable
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step count varies considerably across the parameter space, highlighting the need for
further theoretical work.

The main limitation of the current framework is the exclusion of leg damping
during trajectory construction, which leads to a systematic underestimation of the GRF
amplitude. This gap is partially compensated in the SMC stage, but a more integrated
treatment remains a direction for future work. Overall, the proposed method offers a
practical and physically interpretable way to plan bipedal walking references and works

effectively in combination with sliding mode control.
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