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Abstract: In this paper, we investigate a tri-trophic predator-prey system with double fear effects,
where the prey is affected by fear induced by both the intermediate predator and the top predator.
The top predator is assumed to feed on both the basal prey and the intermediate predator. We
establish the positivity and boundedness of solutions and derive sufficient conditions for the
global asymptotic stability of axial equilibria. The possible interior equilibria are characterized
algebraically, and their local stability is analyzed. We further derive the Hopf bifurcation
conditions and compute the first Lyapunov coefficient to determine the direction of the bifurcation
and the stability of the bifurcating periodic orbit. Numerical simulations reveal several forms
of complex dynamics, including a period-three orbit in the associated return dynamics, the
coexistence of a stable equilibrium and a stable limit cycle, the coexistence of two stable
limit cycles, and chaotic behavior. The corresponding multistability is further illustrated by
basin-of-attraction diagrams. Numerical evidence for chaotic attractors in parameter regions
admitting different numbers of interior equilibria is provided by positive largest Lyapunov
exponents, parameter bifurcation diagrams, and bounded long-time trajectories. These results
show that, within the parameter regimes examined, the interaction between the two fear
mechanisms and the tri-trophic feeding structure can generate pronounced dynamical transitions,

multistability, and strong sensitivity to initial population densities.

Keywords: predator-prey system; double fear effects; equilibrium; stability; Hopf

bifurcation; coexistence; chaos

1. Introduction

Predator-prey interactions are fundamental components of ecological systems
and have long been used to understand species persistence, population regulation
and community complexity. Since the pioneering works of Lotka and Volterra,
classical predator—prey models have been extensively extended by incorporating various
ecological mechanisms, such as nonlinear functional responses, stage structure and time
delay [1-5]. More recent studies have further considered prey refuge, Allee effects and
harvesting [6—8], as well as spatial diffusion and other ecological mechanisms [9-11]. In
particular, tri-trophic food-chain models, consisting of a prey, an intermediate predator
and a top predator, provide a natural framework for describing energy transfer across
trophic levels. Such systems may exhibit richer dynamics than two-species models,
including multiple equilibria, periodic oscillations, multistability and chaos [12-15].

Classical predator-prey models usually emphasize the direct consumptive effect

of predators on prey. However, ecological evidence shows that predators may
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also influence prey populations through non-consumptive effects. For example,
Brown et al. [16] introduced the concept of the ecology of fear, Preisser et al. [17]
emphasized the importance of non-consumptive predator effects, and Zanette et al. [18]
experimentally showed that perceived predation risk may reduce reproductive output.
These ecological findings have motivated the development of mathematical models
incorporating fear effects into predator-prey dynamics. Since then, mathematical studies
of fear effects have developed rapidly. Wang et al. [19] proposed a predator-prey model
in which predator-induced fear reduces the prey birth rate and showed that fear can
alter the system’s stability and bifurcation properties. Kumar and Dubey [20] studied a
prey-predator system with a fear effect, prey refuge and gestation delay, and investigated
the corresponding stability and bifurcation phenomena. Wang and Zou [21] further
considered adaptive avoidance of predators and showed that the interaction between
fear and delay can produce complicated dynamical behavior. Pal et al. [22] studied a
Leslie-Gower predator-prey model with a fear effect and hunting cooperation, where
bistability and multiple limit cycles may occur. These works indicate that fear is not
merely a biological modification of predation, but also a key mechanism that changes
the qualitative dynamics of ecological systems.

Compared with two-species predator-prey models, tri-trophic systems with fear
effects are more subtle, because fear may occur at different trophic levels and
propagate through the food chain. Panday et al. [23] investigated a three-species
food-chain model with fear and showed that fear can significantly affect stability and
bifurcation structures. Cong et al. [24] formulated a three-species food-chain model
by incorporating the costs and benefits of anti-predator behavior and analyzed its
dissipativity, equilibria and long-term dynamics. Kumar and Kumari [25] studied the
control of chaos in a three-species food-chain model with a fear effect, showing that
the cost of fear may stabilize chaotic dynamics. Rana et al. [26] further considered
a three-species food-chain model with fear and an Allee effect and demonstrated the
occurrence of complex dynamical phenomena.

Another feature of many ecological communities is that the top predator may
not feed exclusively on the intermediate predator. Instead, it may also exploit other
lower trophic levels or alternative food sources. This type of feeding structure is
closely related to omnivory and intraguild predation, both of which are known to affect
food-web stability, persistence and species coexistence [27-31]. Although the present
paper does not focus on isolating the independent role of this feeding link, allowing
the top predator to feed on both the basal prey and the intermediate predator provides a
more flexible tri-trophic interaction structure. Related predator-prey models involving
alternative prey, generalist predators, group defense, prey refuge and other ecological
mechanisms have been shown to generate Hopf bifurcations, multiple limit cycles,
Bogdanov-Takens bifurcations and other complex dynamics [22,32-36].

Motivated by the above studies, we investigate a tri-trophic predator-prey system
with double fear effects. The model differs from many existing three-species fear
models in two respects. First, the growth of the basal prey is simultaneously reduced
by fear induced by the intermediate predator and by the top predator, rather than by
a single predator species or a single combined fear term. Second, the top predator
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consumes both the basal prey and the intermediate predator, so that the double-fear
mechanism is coupled with an omnivorous trophic interaction. This formulation
provides a framework for examining how predation risk originating from different
trophic levels jointly affects population persistence, oscillatory dynamics, and the
selection of alternative long-term states.

The main purpose of this paper is to study the stability, bifurcation and complex
dynamics of the proposed system. We first establish positivity and boundedness of
solutions. Second, we analyze the existence of axial equilibria and establish sufficient
conditions for their global stability. Third, we investigate the number and local
stability of interior equilibria. Since the interior equilibria cannot always be expressed
explicitly in terms of model parameters, the stability analysis is carried out by using
the Jacobian matrix and the Routh-Hurwitz criteria. We further determine the Hopf
bifurcation condition, verify the transversality condition along the equilibrium branch,
and calculate the first Lyapunov coefficient to determine the direction of the Hopf
bifurcation and the stability of the bifurcating periodic solutions.

In addition to local bifurcation analysis, we further explore the global dynamical
behavior of the system numerically. Our simulations show that the system may exhibit
a period-three limit cycle and a non-attracting chaotic set. Since the classical result
of Li and Yorke shows that period three implies chaos for one-dimensional continuous
maps [37], the observed period-three phenomenon is treated only as an indicator of
chaotic dynamics. Moreover, several coexistence phenomena are observed, including
the coexistence of a stable equilibrium and a stable limit cycle, as well as the coexistence
of two stable limit cycles. These coexistence phenomena are further illustrated by
basin-of-attraction diagrams on a two-dimensional section of the initial-condition space.
We also find that chaotic attractors may occur in parameter regimes with different
numbers of interior equilibria. Claims concerning chaotic sets are supported by phase
portraits, time series, positive largest Lyapunov exponents and parameter bifurcation
diagrams. These results suggest that double fear effects can induce rich dynamical
transitions and complex coexistence patterns in tri-trophic ecological systems.

The rest of this paper is organized as follows. In Section 2, we formulate the model
and discuss its basic properties, including positivity and boundedness of solutions. In
Section 3, the existence and global stability of axial equilibria are studied. In Section 4,
we investigate the number and local stability of interior equilibria. Moreover, we derive
the Hopf bifurcation conditions and the first Lyapunov coefficient. Section 5 presents
the numerical analysis, including bifurcation diagrams, largest Lyapunov exponents,
multistability, basin-of-attraction diagrams, period-three dynamics, and chaotic behavior.
Finally, Section 6 gives a brief conclusion and an ecological interpretation of the results.

2. Model

We consider the following tri-trophic predator-prey system

dx X 1
dT K’ 14+ MY +MZ

dy

o =C1F(X)Y — F5(Y)Z — DY, )]
dz

T =C2F2(X)Z 4+ C3F3(Y)Z — D2 Z.
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Here, X(T'), Y(T') and Z(T') denote the population densities of the basal prey,
intermediate predator and top predator, respectively. The variable 1" represents time.
The prey population grows logistically with intrinsic growth rate R and carrying
capacity K such that 0 < X(7) < K. The term [T 3LY 152 describes
the reduction in the prey growth rate caused by double fear effects induced by the
intermediate predator Y and the top predator Z, where M; and Ms measure the
corresponding fear intensities. The functions Fi(X), F5(X) and F3(Y') represent
functional responses. The constants C; (i = 1,2,3) are conversion rates, and Dy

and Dy are the natural death rates of the intermediate predator and the top predator,

respectively.
In Equation (1), we consider the same Holling type II functional response, namely,

M
F(M) = F,(M) = BL L where A denotes the maximally achievable attack rate

and B denotes the half saturation constant. Therefore, one obtains

dx RX(1 g) 1 AXY AXZ
aT K 1+MY+MZ B+X B+X’

Y AXY AYZ
W _a Dy, @)

dT ~ B+X B+Y
dZ  CAXZ C3AYZ

R — Dy 7.
dlT ~ B+X ' B+Y

Let
X Y Z

TERYSOR T OR

then Equation (2) becomes the following nondimensional system

t = RT,

dx (1 ) 1 c1xy CoTz

— =2 — ) - — —

dt 1+miy+mez B+Kx B+Kz’

dy c1xy C2Yz

— = — —d 3
it B+ Kr Btaky )
dz CoxZ c3yz

- = - dZ'Z?

dt B+ Kx B+caKy

where
mi = MlClK, mo = MQCQK, c1 = ClAK, Cy = CzAK,
R R
C3 = 7010314[( dl = & d2 = &
R R’ R

From 0 < X(T') < K, we have 0 < z(t) < 1 holds. Therefore, we consider the

dynamics of Equation (3) on the positive invariant region
Qp={0<z<1l,y>0,2>0.}

Theorem 1. All solutions are non-negative and bounded.

Proof. Itfollows from Equation (3) thatz = 0, y = 0 and z = 0 are invariant algebraic
surfaces. Therefore, any solution starting from (z(0), y(0), z(0)) is non-negative.

Next, we prove the all solutions are bounded. We divide into two cases: (I) ca3 >

c3; (ID) ¢ < cs.
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Case (I). Let d = min{d;,ds} and w = x + y + z. Then

dw (1 ) 1 oYz c3yz d d
—=x(l—2x)- — — —doz
dt 1+miy+mez B+cKy B4caKy 1y 2
<z(l—2x)—diy —dez
< —dr—dy—dz+ (d+ 1)z
=—dw+ (d+1),
which implies that
. d+1
< —.
tlggo supw(t) < y
. €2 c
Case (II). Let d = min{dy,ds} and w = 2 + —y + —52. Then
3 5
dw 1 (1-2)ewy (11— %)Cﬂz Co 2
dt =a(l-2) 1+ miy + moz  B+Kr = B+Kr adly—%dzz

2

Co C

<z - —dy— %dzz
C3 63

C2 C%
< —de —d—y— Sdz+ (d+ 1)z
C3 C3

=—dw+ (d+1),

which implies that
. d+1
< —.
i supult) < 5
From Cases (I) and (II), we know that w(t) is bounded. Therefore, all the solutions

are bounded. O

3. Global stability of axial equilibria
From Equation (3), we know that £ (0, 0,0) and F; (1,0, 0) are always equilibria.

If 5 j_l I > d, then Equation (3) has the equilibrium Fy(z2, y2,0), where zo =
d1B . —Cl-l-\/C%+4m101(1—$2)(B+K562)
C1 — dlK’ Y2 = 2m101 '
c
If I _f e > ds, then Equation (3) has the equilibrium E5(x3,0, z3), where 23 =
doB —co + \/C% + 4m202(1 — $3)(B + Kxg)
, 3 = .
Cy — dQK 2m262

Theorem 2. The equilibrium Ey(0,0,0) is a saddle.

Proof. The Jacobi matrix at the equilibrium Ej is

1 0 0
Jo=10 —dy 0o 1,
0 0 —ds

whose eigenvalues are

M =1, My =—di, A3 =—ds.
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Therefore, Ey is a saddle. ]

C1 ()]
Th 3. ] d d
eorem fB+K< 1 an B+ K

globally asymptotically stable on ().

< dy, then the equilibrium E1(1,0,0) is

Proof. The Jacobi matrix at the equilibrium £ is

1 C1 (&)
C1B + K B+ K
J=120 B+ R dq . 0 ,
0 0 —d
B+K ?
whose eigenvalues are
C1 ()]
A =—1 = —di, A3 = —ds.
1 N2 E B L= B 2
Therefore, if 5 j_l % < dq and 5 j_2 I7a < da, then Ej is locally asymptotically stable.

Next, we prove that F; is globally asymptotically stable.

dy  cazy coyz d
it B+ Kr Btaky WY

1
< | =———-d
- <B + Kz 1) Y
C1
< —d
~ <B T K 1) Y,
which implies that y(¢) is monotonically decreasing and satisfies

y(t) < y(0)exp [(Bi}( — d1> t} .

Therefore, 1t_1>1Jrz1oo y(t) = 0.

dz CcoxZ c3yz d
o — doz
dt B+Kr BtaKy °

C2 c3yz
< —d __ bz
_(B+K 2>Z+B+C1Ky
C2 3y
- AT —
(B—i—K 2+B+01Ky>z

Since \ lim y(t) = 0, there exists ¢y such that

—+00

2 g4 c3y(to)
B+ K B +01Ky(t0)

<0. )

Therefore, for t > tg, we have

2(t) < 2(to) - exp KBi72K - dg) (t— to)} -exp [ t: #ﬁmdr]

< 2(to) - exp {(Bi—K —da + #ﬁ%) (t— to)} : )
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Therefore, we have lim z(t) = 0.
t——+o00

To prove lim x(t) = 1, we first prove limsup z(¢) = 1. We claim that for any
t—+o0 t—00

0 <@ < 1,anyt > 0, there exists t; > ¢ such that z(¢1) > @ holds. If not, then there
exist 0 < Q < 1and to > 0 such that 0 < z(¢) < Q holds for t > 5. Since

dx (1 ) 1 1Ty Coxz
= (1 —2) - _ _
dt 1+miy+mez B+Kx B+ Ka’
we have
_ _ c1y . c2z it
lfx N 1+m1y+m2z (1—-2)(B+Kzx) (1-2z)(B+Kzx)
c1y CoZ
2<1 miy = ’mz_(1—@3’(1—m3)dt
c1y Ccoz
( STt T a—QB T —@)B) “
= (1 = Myy — M2z)dt, (6)
where M + a M: + @ Since lim y(t) = 0 and
= m —_— = m —_— =
T T a - g P T a-Q)B e

1
. ligrn z(t) = 0, there exists t3 > to such that 1 — Myy(t) — Maz(t) > 5 fort > ts.
—+00

Therefore, from Equation (6), we get

z(t) (t3) !
=2 = 1=alty) P Utd (1= My(r) = Maz(7))dr
(t3)

1
> ) “(t—t3) ) — t—
e exp <2( 3)> +oo as +00,

which implies . liJrP x(t) = 1. This is contradicted with 0 < z(t) < @ holding for
—+00
t > to. Therefore, we have proven our claim, namely, lim sup z(t) = 1.
t

— 00
Since F; is locally asymptotically stable, there exists > 0 such that
Up=A(z,y,2) s [z =1 <n, 0<y <n, 0< 2 <n}

1s contained in the basin of attraction of F.
Since
lim y(t) =0, lim z(t) =0,

t—+4o00 t——+o00

there exists 7" > 0 such that
yt)y <n,  z2t)<n, t=T.

Choose
Q=1-—mn.

By the claim proved above, for any ¢ > 0, there exists ¢ > ¢ such that z(¢) > Q. In
particular, taking ¢ > T, there exists ¢ > T such that

z(t) >1—n.
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Since z(t) < 1, it follows that
2@ — 1] <.

Consequently,
($(5>7 y(a’ Z(B) S U77'

By the local asymptotic stability of Fy, the solution starting from (z(t), y(%), 2(¢))

converges to F;. Therefore,

lim (2(t),y(t), 2(1)) = (1,0,0).

t—4o00
Thus, F1(1,0,0) is globally asymptotically stable. O
Theorem 4. A that B > K a > dy and 2 + el < d
. Assume tha an ,
= B+K T " BYK T BtoaKy, 7

1
where Y, = 1+ 1 Then the equilibrium Es(x2,y2,0) is globally asymptotically
1

stable relative to the interior region
QL ={(z,y,2) : 0<z<1,y>0, 2z >0}.

Proof. The Jacobi matrix J; at the equilibrium Es(x2, y2,0) is

1-— 2372 ClByg
1+m1y2 (B+KCCQ)2 m1N1 ClNQ m2N1 CQNQ
c1By2 0 _ C2Y2
(B + Kx2)? B+ Ky ’
CoT2 C3Y2
0 0 B+ ke  Broaky
where N, = M -7 The eigenvalues \; = _er
! (1—|—m1y2)2’ 2 B—I—Kxg ! B+ Ko
C3Y2 .
————— — ds and Ao 3 satis
B+aKy, 23 fy
)\2 + ( C1By2 _ 1-— 23,’2 ) C1By2 . <LL’2(1 —_ l’z)ml C1T2 ) o
(B+Kx2)2 14+ miys (B+KJ,'Q)2 (1—|—m1y2)2 B+ Kzo -
. . . 1—x C1Y2 .
Since (2, y2,0) is an equilibrium, we have = .So,if B> K,
2( 2,42 ) 4 ]_—|—’I’)’L1y2 B+ Ko
c1Bys 1 —2x9 B $2(B*K+2KSU2) >0
(B + KI2)2 1+ miy2 a (1 + mlyg)(B + KQZQ) '
This implies that A 3 have negative real parts.
Let W = x + y, then
dw 1 CoxZ oYz
—=z(l—2x)- - - —dyy
dt 1+my+mez B+ Kx B+cKy
<z(l—z)—dy

<z
1
< - —dyy.
=7 1Y
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Since 0 < x <1,y > (W — 1). Then, we have

aw 1 1

— < —-d —1)=-d dy + -.

g S aWw-1 Wtdi+ 7
1

This implies that limsup W (t) < 14+ —— =Y.. In particular,
t—00 4dl
limsupy(t) < Y,. (7
t—o00

On the one hand, Equation (7) implies yo < Y*. Then,

N\, =22 €3y2 _d
'""B+ Kz,  B+oaKy -
C9 CgY*
< —d
“B+K  Brary: @
<0.

Therefore, the equilibrium F» is locally asymptotically stable.
Y. .
On the other hand, if 5 iz % + B +C301 Y. < do, then for some sufficiently
3 (Y,
small € > 0, 2 + cs(¥s + )

B+K T Brak(Y.+o < dg holds. Thus, for sufficiently large ¢,
y(t) < Y, +eand

dz CoxZ c3yz d
g —doz
dtt B+ Kx B+4+cKy 2

< (6)) Cg(Y; + 6) —dy ) 2,
B+K B+caK(Yi+e)

which implies . lifrn z(t) = 0. Next, we consider the system restricted on the invariant
—+00
algebraic surface z = 0, as follows

dx 1 c1xy

21— 2) - — =

TR SRR A wrarvril sruy romib ACSE L ®
@ oy

=7 _diy= .

Choose Dulac function

B+ Kx
D(z,y) = ———

, x>0,y>0.
Ty
Then,
(B+Kzx)(1—x)
D(x, T,y) = —c
(@,9)f(z,y) J0 T m1y) 1
and di(B + Kz)
1 x
D(@,y)g(z,y) =c1 — —— ——
Therefore, if B > K, then
D D K —-B-2K
o(Df)  ADg) _ 7

ox oy  y(l+myy)
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According to the Bendixson—Dulac theorem, there exist no periodic orbits in the
positive quadrant.

The Equation (8) has three equilibria O(0,0), O1(1,0) and Oz(x2,y2). The
eigenvalues of the Jacobi matrices at the equilibria O and O; are

Alzl, AQZ*dl

and
_ c1 _
A= —dy, Ry = —1.
=BT K dy, Ao
If I j_l e > d1, then O(0,0) and O;(1,0) are saddles. Further, one could have that

the stable manifold and unstable manifold of the saddle O lie on the line x = 0 and
y = 0, respectively. The stable manifold of the saddle O; lies on ¥y = 0 and the
unstable manifold would enter the positive quadrant. Therefore, there exist no closed
heteroclinic cycles or homoclinic loops formed by axial equilibria and their connecting
orbits.

C
Note that !

c1Bys 1—2x9
(B+ Kz2)2 1+ myye

0. Therefore, for Equation (8), the unique interior equilibrium Oz (x4, y2) is locally

> dy and B > K implies that

asymptotically stable. Besides, all solutions of Equation (8) are bounded. According to
the Poincaré-Bendixson theorem, the equilibrium Oy (2, y2) of Equation (8) is globally
asymptotically stable on the region {(z,y) : 0 <z < 1, y > 0}.

Combine with t_l)iglooz(t) = 0, we have that the equilibrium FEs(z2,y2,0) of

Equation (3) is globally asymptotically stable relative to the interior region Q}F O

Similar to the proof of Theorem 4, one has the following conclusion.

c2 C1

Th 5. If B > K,
eorem If B > 5 B+ K

Es(x3,0, 23) is globally asymptotically stable relative to the interior region

% > dy and < dy. Then the equilibrium

0 ={(z,9,2): 0<z<1,y>0, 2> 0}

4. Interior equilibria and Hopf bifurcation

From Equation (3), the interior equilibrium E(x,y, z) satisfies

1 1y CoxZ
1—a)- - - —0 9
z(l =) 1+my+mez B+Kr B+ Kz ’ ©)
c1y Coyz
— —diy=0 10
B+ K: Btaky W79 (10)
e BYE__ gyr =0 (11)

B+ Kx B+4caKy
For convenience, we let
A(x) = B+ Kz,

U(x) =(c1 —d1 K)x — d1 B,

V(x) == ng - (CQ - dQK)CL‘,
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and
A(x) = c3A(z) — a1t KV (z).

From Equations (10) and (11), one gets

_ BV(z) . BesU(x)
YT AW T A (12)

Then, substitute Equation (12) into Equation (9), we have

P(z) := A(z)(1 — 2)A%(x)

_BleV() + esU(@)] |Ale) + By V() + 2726

U@ =0 (13

Lemma 1. Define the biologically admissible set
I={ze(0,1):U(z) >0, V() >0, A(x) > 0}.
Then E*(z*,y*, z*) is a biologically admissible interior equilibrium if and only if
e, P(z*) =0.
Consequently, the number of biologically admissible interior equilibria is
Ny =#{xe€Z:P(x)=0}.

Proof. Since y* > 0 and z* > 0, Equations (10) and (11) give

coz* _ cx* g = U(z*) -0
B+ Ky* B+ Kz* A(z*)
and . . Vg
c3y _ dQ N 2T _ (13 ) >0
B+ c1 Ky* B+ Kz*  A(x¥)
Therefore,

Since y* > 0 and V' (z*) > 0, it follows that
A(z*) > 0.

Moreover, Equation (10) yields

1—z* c1y* + coz2*

1 +myy* +moz* B+ Ka*

Hence,
0<z" <1

Thus z* € Z. Substitution of * and z* into Equation (10) gives
P(z*) =0.

11
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Conversely, suppose that
z*€Z and P(z*)=0.

Then, from Equation (12), E*(x*, y*, z*) is an interior equilibrium. This completes the

proof. O
From Equation (13), we have
coP(x) = Az + Aza® + Apa® + Ajz + Ay = 0, (14)
where

Ay = —c2K3(c3 + c1(ca — daK))?,
Az = CQK2(03 + 01(02 - dQK))(_ B(3C3 + Cl(CQ - 3d2K)) + K(Cg + C](C2

- d:K))),
Ay = B(—c1(Bcymy — c3(2BdeKmy + c3(K — 2BK + (4 +dy)K? + Bmy))
— Besdy K (2¢3 + do K)mog + co K (3 4+ BdaKmy + c3dy(K — 6BK + (6
+d1)K? 4+ Bmy) + Bezdims)) + c3K (cac3(3 + dy) K — B(3cacs + cadimy
— codyda Kmy + csd?Kmyg)) + A(BK(1+ K) — 2K (¢34 2do K (1 — B+
2K)) — Bes(cs + do K)mg + co(d2K3(1 — 3B + 3K) + c3(do K2 + Bmy)))),
Ay = B*(—cldy(2¢3K (1 + K) — 2K (c3 + do K(2 — B + 3K)) + Besma) + ¢ (c3
(c3 4+ c3(2 + d1)K + 2Bdomy) + 2Bcsdy (c3 + do K )ma — ca(c3 + 2Bd3Km;y
+ c3dy(—2(—1+4 B)K +2(3 + d1)K? 4+ Bmy) + Bezdims)) + c3(cacs(3
+2d1)K — B(cidymy + ca(cz — 2dida Kmy) + 2¢3d2 Kmy))),
Ay = BSCQC§ + B3CQC§d1 — B3¢icacsds — 2B3cicacsda K — B3cjeqcsdida K
+ B3c2codiK + B3cieodi K2 + B (c3dy — c1dy)(cadamy — c3dymy).

Table 1 gives Descartes upper bounds for the number of positive roots of P,
where V' (P) denotes the number of sign changes in the coefficient sequence of P,
and N (P) denotes the number of positive real zeros of P, counted with algebraic

multiplicity. By Descartes’ rule of signs,

Ny(P)<V(P),  V(P)—Ny(P) € 2N.

Table 1. Descartes upper bounds for the number of positive roots of the quartic polynomial

P(x).

Sign pattern of (A4, Az, A2, A1, Ao) V(P) Possible N4 (P) Upper bound for Ny
(_7_7_7_7_) 0 0 N =0
(77777777+) 1 1 Nad Sl
(= — =+, —) 2 20r0 Nu < Ny (P) <2
(_a_a 7+7+) 1 1 Nad S 1
(_7_7+7_7_) 2 20r0 Nad§N+(P)§2
(_7_7+7_7+) 3 3orl Nad§N+(P)§3
( s — 4, +, ) 2 20r0 NadSN+(P)S2
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Table 1. Cont.

Sign pattern of (A4, Az, A2, A1, Ao) V(P) Possible N4 (P) Upper bound for Ny
(= — 4,4 +) 1 1 N <1
(4= o) 2 2010 Nag < Ny (P) <2
(= 4, = = +) 3 3orl N <Ny (P)<3
(= 4, — +,—) 4 4,2,0r0 Nu < N1 (P) <4
(=4 =+ +) 3 Borl Naa < N+.(P) <3
(=44, =, —) 2 20r0 Nag < Ny (P) <2
(=4, + =+ 3 3orl Nua < Ny (P) <3
(=4, +,-) 2 20r0 Nag < N4 (P) <2
(=, ) 1 ! N < 1

Let (K,c1,c0,c3, B, di,dy) = (5,1.2,1.1,1,1,0.1,0.2). For m; = 1 and
mg = 5, Equation (3) has unique interior equilibrium E7(0.96485,0.01989, 0.10053);
for m; = 20 and mg = 10, the system has two interior equilibria F7(0.19153,
0.20726,0.03550) and FE3(0.94277,0.02081,0.10021); for m; = 8 and my =
95.5, the system has three interior equilibria (0.15653,0.27248,0.01286), (0.31526,
0.10762,0.07008) and (0.62036, 0.04214, 0.09281).

Theorem 6. The interior equilibrium E(x*,y*, z*) is locally asymptotically stable if
the condition (17) in the proof holds.

Proof. The Jacobian matrix at the equilibrium E(z*, y*, 2*) is

Jiu Jiz Jis
J'=1Ja 2 Jas |, 15)
Js1 Js2 Js3
where
g 1— 22" c1By* coBz*
U Yy + me (B+ K2*)? (B + Kz*)2
(1 —x*)my oz
J12 = - * *\2 - * 7
(1+ myy* +mgz*)2 B+ Kz
(1 — x*)my cox*
J13 = - N2 )
(1+ myy* +mgz*)2 B+ Kz*
g c1 By* T axr* coBz* d
AT B Kx)2 P ByKat (BraKy )z U
coy* coBz*
Joy=—— 2 gy = B2TF
BT T Btaky ' (B Kat)?'
B * * *
J32 _ Cc3bZz - Cor Cc3y dg.

(B +c1Ky*)?’
The eigenvalues \;(i = 1, 2, 3) satisfies

N — (J1n 4 Jo2 + J33)>\2 + (Jindaz + Ji1Jss + Jo22J3z — JiaJa1 — JizJsn
— JagJ32) A + (JisJ22J31 — Ji2JagJs1 — JisJ21J32 + Ji1J23Js2 + Ji2J21J33
— Ji1J22J33) = 0. (16)
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Let

Q1= —(Ji1 + Jaz + Js3),
Q2 = Ji1Joa + J11J33 + JaoJzz — JioJar — Ji3Js1 — Ja3J32,
Q3 = JizJaaJ31 — JiaJ23 31 — JizJa1Js2 + Ji1JasJze + JioJa1J33 — Ji1J22J33.

Then, we have determinants

0 1 Q1 1 0
A =Q, Ay=|"" =0Q10Q2—Q3, A3=1Q3 Q2 Q1| = Q3As.
Q3 Qo
0 0 @3

By Routh-Hurwitz stability criterion, we know that \;(i = 1,2, 3) have negative real
parts if
A1 >0, Ay >0, A3 >0. (17)

Therefore, the equilibrium E is locally asymptotically stable. O

For (K, mi, ma,c1,¢2,¢3,B,d1,d2) = (5,1,85,1.2,1.1,1,1,0.1,0.2) and the
equilibrium E7f(0.7033, 0.03469, 0.09540), we have that the condition (17) holds and
the eigenvalues of the Jacobi matrix at £} are

A1 = —0.02852, A23 = —0.0041 £ 0.05832i.

Therefore, the unique equilibrium Ej is locally asymptotically stable.
Next, we investigate the Hopf bifurcation at the interior equilibrium. Fix m; (j #

i) and take 1 = m; as the bifurcation parameter. Define

H(p) = Q1(1)Qa(p) — Q3(p)-

and p* satisfying H(u*) = 0. Suppose that Equation (3) has a branch of biologically

admissible interior equilibria

in a neighborhood of © = p*.

Theorem 7. Assume that

and
H' (") = Q) (1) Q2(1") + Qu()@Qa(n") — Q3(k") # 0,
where the primes denote total derivatives along the equilibrium branch E(u). Then
Equation (3) undergoes a Hopf bifurcation at E(u*) as p passes through p*.
Furthermore, we have the following statement.
(1) If the first Lyapunov coefficient Iy < 0, then the Hopf bifurcation is
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supercritical and a stable bifurcating periodic solution exists for H'(11*)(pu — p*) < 0.
(2) If i > 0, the Hopf bifurcation is subcritical and an unstable bifurcating
periodic solution exists for H'(p*)(p — p*) > 0.

Proof. Let
A+ Qu() A + Qa(w)A + Q3(n) =0 (18)

be the characteristic equation of the Jacobian matrix evaluated along this equilibrium

branch. At y = p*, the condition

H(p™) = Qu(p")Q2(p") — Qs(p*) =0
implies that the characteristic polynomial can be factorized as

O, %) = X+ Qu(p* )N + Qa(p*)A + Q3(1¥)
= (A + Q1)) (N + Qa2(n")).

Since Q1 (p*) > 0 and Q2(p*) > 0, the eigenvalues are
A= —Qu1(p*) <0,  Ag3 = =Fiwp,

where wy = /Q2(u*) > 0. Thus, the Jacobian matrix has a pair of purely imaginary
eigenvalues and one negative real eigenvalue.
Let

Alp) = a(p) + iw(p)

denote the eigenvalue branch satisfying \(u*) = iwy. Differentiating

A3 4+ Qi ()N + Qa()A + Qs(u) = 0

with respect to p gives
(3N +2QuA + Q)N + Q1N + QoA + Q5 = 0.

Therefore,
Vo QN+ @A+ Qs
SN2+ 21\ + Qo

Evaluating this expression at ;1 = p*, A = iwg, and taking the real part, we obtain

4 Re _ Qi) Qa(p?) + Qi (1) Qb (") — Q3 (1)
au | 2(Q2(w7) + Qalu)) |

Then, if H' (1) = Q4 (1*)Q2(1*) + Q1 (1*)Q5(1*) — Q5(1*) # 0, the transversality
condition

d

— Re A 0
o (1) - #

holds. Hence, Equation (3) undergoes a Hopf bifurcation at F(1*) as y passes through

*

W
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Furthermore, we get the first Lyapunov coefficient /1, see Appendix A for the

detailed computation. Besides, the radial normal form on the center manifold is

p=pla/ (W) —p*) +lp* +O(|u— '+ p*)].

Consequently,
9 == U ) of ).
_ H'(p) Y ol — o
_Q(Q%(u*)+Q2(M*))ll(u 1) + o[ — p*l).

Therefore, if [; < 0, then the Hopf bifurcation is supercritical and a stable bifurcating
periodic solution exists for H'(u*)(u — p*) < 0. If i > 0, the Hopf bifurcation is
subcritical and an unstable bifurcating periodic solution exists for H'(p*)(p — p*) >
0. O

Remark 1. Here, Q;(,u) denotes the total derivative of (Q); along the biologically

admissible equilibrium branch E (1), namely,

Q5(w) ZCZLQJ (2" (), y* (1), 2" (1), 1)

_0Q; | 0Q;ds* | 0Q;dy  0Q; dx
COp  Ox* du o Oy* dp o Oz du’

j=1,2,3.

To verify the result, we give the following simulations.

Let 4 = mq be the bifurcation parameter. For (K, mq,c1,co,c3, B,d1,d2) =
(1,1,1,0.3,1.8,2,0.1,0.4), by H(u*) = 0, we get u* = 1.0472 and the unique
interior equilibrium E£*(0.4208,0.4791,0.6100). Furthermore, Q1 (1*) = 0.1369 > 0,
Q2(p*) = 0.06267 > 0 and H'(u*) = —0.002762 < 0. Therefore, a Hopf bifurcation
occurs as j passes through p* = 1.0472. Besides, the first Lyapunov coefficient

Iy = —1.1562 < 0, then the Hopf bifurcation is supercritical and a stable limit cycle
exists for > p*, see Figure 1b. When p < p*, the equilibrium E is stable, see
Figure 1a.
2. 0.8
1.5 0.6 - /
N T N 0.4
0.5 0.2
0.
L - 08
. _ 1 04 . 06
x o y X 00 y
(a) (b)

Figure 1. Phase portrait near F of Equation (3) with (K, mq,c1,¢0,c3,B,d1,d2) =
(1,1,1,0.3,1.8,2,0.1,0.4) and different value of ms: (a) ma = 1.03; (b) mo = 1.05.
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Let 1 = my be the bifurcation parameter. For (K, mo,c1,co,c3, B, dy,ds) =
(1,1,1,0.3,1.8,2,0.1,0.4), by H(p*) = 0, we get u* = 0.8992 and the unique interior
equilibrium E*(0.4311,0.4773,0.6386). Furthermore, Q;(n*) = 0.14489 > 0,
Q2(p*) = 0.06341 > 0 and H'(1*) = 0.001405 > 0. Therefore, a Hopf bifurcation
occurs as j passes through p* = 0.8992. Besides, the first Lyapunov coefficient
Iy = —1.0712 < 0, then the Hopf bifurcation is supercritical and a stable limit cycle
exists for 1 < p*, see Figure 2a. When 1 > p*, the equilibrium E is stable, see
Figure 2b.

0.8, / 1.
0.8 -

0.6
0.6 -

N 04
0.4 -

0.2

06 , 06

o4 . 08

(@) (b)
Figure 2. Phase portrait near F of Equation (3) with (K, ms,c1,¢o,c3,B,d1,d2) =
(1,1,1,0.3,1.8,2,0.1,0.4) and different value of m1: (a) m; = 0.89; (b) my; = 0.92.

5. Numerical simulation

In this section, numerical simulations are carried out to explore the complex
dynamics of the system. We show that the system may exhibit a period-three limit cycle
and a non-attracting chaotic set. Various coexistence phenomena are also observed,
including the coexistence of a stable equilibrium and a stable limit cycle, as well as
the coexistence of two stable limit cycles. Furthermore, our simulations indicate that
chaotic attractors may arise in parameter regimes corresponding to different numbers
of interior equilibria. Biologically, these findings indicate that double fear effects
can substantially alter the long-term behavior of the food chain, promoting diverse

dynamical patterns and ecological outcomes.

5.1. Period-three limit cycle and non-attracting chaotic set

Let (K,m1,ma,c1,c2,c3,B,di,ds) = (5,0.1,4.6,1.425,1.1,1.2,1,0.1,0.2).
Choosing the initial point (0.5, 0.2,0.5), we find that the system has a stable limit
cycle, and give the corresponding Poincaré mappings (the cross section x = 0.9), as
shown in Figure 3. Therefore, the Poincaré return map has a period-three orbit.

For one-dimensional continuous maps, the existence of a period-three orbit implies
Li-Yorke chaos. However, for a two-dimensional discrete system, a period-three orbit
alone does not necessarily guarantee Li-Yorke chaos. Interestingly, we find that the
system could show the transient chaos phenomenon, which implies that the system
indeed possesses a non-attracting chaotic set, see Figure 4. Moreover, we give the time
series of the variable z(t), see Figure 5. As shown in the figure, the system initially

undergoes a period of irregular motion, eventually transitioning to periodic motion.
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Figure 3. Equation (3) with (K, my,ma,c1,¢2,¢3,B,d1,d2) = (5,0.1,4.6,1.425,1.1,
1.2,1,0.1,0.2): (a) a period-three limit cycle; (b) the corresponding Poincaré mappings.
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Figure 4. Equation (3) with (K, m1,ma,c1,c¢2,c3,B,d1,ds) = (5,0.1,4.6,1.425,1.1,
1.2,1,0.1,0.2): (a) a non-attracting chaotic set; (b) its corresponding Poincaré mappings.

y :

0 . . . . . .
0 2000 4000 6000 8000 10000 12000 14000 t 4
t x 10

(a) (b)
Figure 5. Time series of the variable z(t) of Equation (3) with (K, mi,ma,c1,co,cs,

B,dy,ds) = (5,0.1,4.6,1.425,1.1,1.2,1,0.1,0.2): (a) ¢ € [0,14,000]; (b) t € [45,000,
50, 000].

Figure 6 give the finite-time largest Lyapunov exponent convergence after
transient removal. In Figure 6, the system initially has a positive Lyapunov exponent,
which eventually becomes zero over time. Here, the largest Lyapunov exponent

was computed using the one-vector Benettin algorithm. The original system and

18
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the variational equation were integrated simultaneously using the adaptive MATLAB
solver ode45. The relative and absolute tolerances were set to 10710 and 10712,
respectively, and the maximum internal step size was restricted to 0.05. A transient
interval of length T}, = 2,000 was discarded before the Lyapunov exponent was
accumulated. The tangent vector was renormalized every AT = 1, and the finite-time

largest Lyapunov exponent was computed as

N
1
Amax(TN) - TN E 10gpk7
k=1

where py, is the norm of the tangent vector immediately before the k-th renormalization.
All these might provide numerical evidence for complex chaotic dynamics.

0.1

0.1+

-0.15

0 1 2 3 4 5
Accumulation time T x10%

Figure 6. Finite-time largest Lyapunov exponent convergence with (K, mi,ms,cq,
¢a,¢3, B,dy,ds) = (5,0.1,4.6,1.425,1.1,1.2,1,0.1,0.2).

5.2. Multistability
5.2.1. The coexistence of a stable interior equilibrium and a stable limit cycle

Let (K, mq,c1,c2,c3,B,d1,d2) = (5,1,1.2,1.1,1,1,0.1,0.2) and mg = 55. In
this case, Equation (3) has a unique interior equilibrium (0.8244,0.02662, 0.09820),
and the corresponding eigenvalues are —0.09148, —0.0009774 4+ 0.04542i. This
implies that the unique interior equilibrium is stable. Moreover, we find that the system
could have a stable limit cycle. Therefore, Equation (3) has the coexistence of a stable
interior equilibrium and a stable limit cycle, see Figure 7, where the initial points are
(0.8,0.2,0.1) and (0.5,0.5,0.1), respectively.

Figure 8 shows the basin-of-attraction diagrams on four two-dimensional
initial-condition sections. The red and blue regions correspond to initial conditions
converging to the stable limit cycle and the stable equilibrium, respectively. For
2(0) = 0.1, the basin of the stable equilibrium occupies a substantial part of the lower
region of the (x(0), y(0))-plane. As z(0) increases, this basin gradually contracts. At
z(0) = 0.34, only a small set of initial conditions with relatively low y(0) converges
to the equilibrium. For z(0) = 0.4, all sampled initial conditions on the considered
section converge to the stable limit cycle. These results demonstrate that the relative
basin sizes of the coexisting attractors depend strongly on the initial density of the top
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predator. In particular, larger values of z(0) favor convergence to the oscillatory state

within the initial-condition region examined here.

0.25

0.2

0.5 05

X 0 o0 y

Figure 7. Coexisting stable equilibrium and limit cycle of Equation (3) with (K, my,
C1,C2,C3, B, dl, dg) = (5, 1, 12, 11, 1, ]., 0]., 02) and mo = 55.
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Figure 8. Basin-of-attraction on some two-dimensional sections of the initial-condition space:
(a) z(0) = 0.1; (b) 2(0) = 0.3; (c) 2(0) = 0.34; (d) 2(0) = 0.4. The grid size is 60 x 60.

5.2.2. The coexistence of two stable limit cycles

Let (K, mq,c1,c2,c3,B,dy,d2) = (5,1,1.2,1.1,1,1,0.1,0.2) and ms = 45. In
this case, Equation (3) has a unique interior equilibrium (0.8565,0.02487,0.09880),
and the corresponding eigenvalues are —0.1241,0.0005667 & 0.04343i. This implies
that the unique interior equilibrium is unstable. Moreover, we find that the system could
have coexistence of two stable limit cycles I'; (red colour) and I's (green colour), see
Figure 9, where the initial points are (0.8,0.2,0.1) and (0.5,0.5,0.1), respectively.
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Figure 9. Two coexisting stable limit cycles of Equation (3) with (K, mq,c,co,cs,
B,d;,ds) =(5,1,1.2,1.1,1,1,0.1,0.2) and my = 45.

Figure 10 presents basin-of-attraction diagrams on four two-dimensional
initial-condition sections. The red and green regions correspond to initial conditions
converging to stable limit cycles I'; and T'9, respectively. For z(0) = 0.1, the basin
of stable limit cycle I'; occupies a relatively large portion of the lower part of the
(z(0),y(0))-plane. As z(0) increases, this basin contracts and becomes increasingly
localized. At z(0) = 0.44, only a small set of initial conditions with moderate z(0)
and low y(0) converges to stable limit cycle I';. For z(0) = 0.5, all sampled initial
conditions on the considered section converge to the stable limit cycle I's. These
results demonstrate that the relative basin sizes of the two coexisting periodic attractors
depend strongly on the initial density of the top predator. In particular, within the
initial-condition region examined here, increasing z(0) favors convergence to stable

limit cycle I's.

Basin diagram on z(0)=0.1 Basin diagram on z(0)=0.4

12

0.8

y(0)
y(0)

0.4
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Basin diagram on z(0)=0.44 Basin diagram on z(0)=0.5

Figure 10. Basin-of-attraction on some two-dimensional sections of the initial-condition space:
(a) z(0) = 0.1; (b) 2(0) = 0.4; (¢) 2(0) = 0.44; (d) 2(0) = 0.5. The grid size is 60 x 60.
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5.3. Chaotic attractor

Let (K, mg,c1,c2,c3,B,dy,d2) = (5,10,1.2,1.1,1,1,0.1,0.2) and vary m; €
[0.1, 30]. The largest Lyapunov exponent diagram and bifurcation diagram is given in

Figure 11, where x = 0.8 is the cross section.

x10°

max

~< ol
1L
ol bt _
1 0
0 5 10 15 20 25 30 0 5 10 15 20 25 30
my my
(a) (b)

Figure 11. Equation (3) with (K, mas, ¢1, ¢2, ¢, B, d1,d2) = (5,10,1.2,1.1,1,1,0.1,0.2) and
my € [0.1,30]: (a) largest Lyapunov exponent diagram; (b) bifurcation diagram.

As m; = 1, Equation (3) has a unique interior equilibrium (0.9526, 0.02040,
0.1004), and the corresponding eigenvalues are —0.4489, 0.004131 4 0.03960i. This
implies that the unique interior equilibrium is unstable. Moreover, we find that the
system with the unique unstable interior equilibrium could show a chaotic attractor, see

Figure 12.

T~ P 0.6
05 T~ __— 04

Figure 12. The chaotic attractor of system (3) with (K, ms, c1,c2,¢3, B,d1,d2) = (5,10,
1.2,1.1,1,1,0.1,0.2) and m; = 1.

As my = 20, the system (3) has two interior equilibria (0.1915,0.2073, 0.03550)
and (0.9428,0.02081,0.1002). The corresponding eigenvalues are 0.01191,0.01741+
0.1274i and —0.3670,0.003777 £ 0.039481, respectively. This implies that the two
interior equilibria are unstable. Moreover, we find that the system with two unstable
interior equilibria could show a chaotic attractor, see Figure 13.
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0.3

_ 0

Figure 13. The chaotic attractor of system (3) with (K, mq,c1,co,c3, B,d1,d2) = (5,10,
1.2,1.1,1,1,0.1,0.2) and m; = 20.

6. Conclusion

In this paper, we investigated a tri-trophic predator-prey system with double fear
effects, in which the basal prey is affected by fear induced by both the intermediate
predator and the top predator. The top predator is allowed to feed on both the basal
prey and the intermediate predator, which makes the trophic interaction structure more
flexible than a simple food-chain model.

We first analyzed the existence of axial equilibria and obtained sufficient
conditions for their global stability. These results describe the possible extinction or
partial survival states of the system. Then, we studied the number and local stability
of interior equilibria, which correspond to the coexistence of all three species. Hopf
bifurcations were further investigated, and the first Lyapunov coefficient was computed
to determine the direction of the bifurcation and the stability of the bifurcating periodic
solutions. Numerical simulations revealed richer dynamical behaviors, including
period-three limit cycles, non-attracting chaotic sets, coexistence of a stable equilibrium
and a stable limit cycle, coexistence of two stable limit cycles, and chaotic attractors
under parameter regimes with different numbers of interior equilibria.

From an ecological point of view, these results indicate that double effects can
substantially influence the long-term dynamics of the system. Within the particular
parameter regimes examined in this study, variations in fear intensity may move the
system across a Hopf bifurcation or into regions characterized by periodic oscillations,
multistability, or chaotic dynamics. This observation is parameter-dependent and
should not be interpreted as a universal monotone relationship between fear intensity
and ecosystem stability. The coexistence of multiple attractors also has an important
ecological implication. Under the same parameter values, different initial species
densities may lead to qualitatively different long-term outcomes, such as convergence
to a stable equilibrium, or to one of several persistent oscillatory states. In particular,
chaotic attractors imply that long-term prediction of population densities may become
difficult, even though the system is deterministic.

Overall, the study shows that double fear effects are not merely passive
modifications of prey growth, but can serve as key mechanisms generating complex
dynamical transitions in tri-trophic ecological systems. These findings highlight the
importance of considering both direct predation and fear-mediated indirect effects
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when modeling population interactions across multiple trophic levels.
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Appendix A. Computation of the first Lyapunov coefficient

If p = p*, we rewrite system (3) as
X = F(X), (A1)

where X = (X1, Xy, X3)" = (z,y,2)", F = (f1, f2, f3)".
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Define

S =1+my" +maz", H =B+ Kz, G = B+ 1 Ky*,

L=2z"(1-2x"%), R =c1y* + co2". (A2)
Let
&1 r—x*
E=|&|=v—v |,
&3 z—2z"
then the obtained system has the Taylor expansion
: * 1 1 4
€= ¢+ 5B(6.6) + ;C(6.£.6) + O(g]). (A3)
where
3
62fj
(E* A4
k=1
[C(u,v,w) Z 9L (E*)ugvpw (AS)
9X,0X,0X, S
k,l,r=1
Compute second-order coefficients of [B(u, v)];, write
2
G 9L g
Pk = px0%, )
then for the first component,
1) 2  2BKR 1) mi(1 —2z*)  Be
A C
(1 _ m2(1 - QI*) BCQ (1 Qm%L
BT e 2= g
2mimeoL 2m3L
1) _ g3 2n (M = 53 ) (A6)
For the second component,
(2) QBKcly (2) _Bcl (2 2361[(622* (2) BCQ
=TT g 0 P2 T Ba2 = 0 Pu =T
Bis = B3 = 0. (A7)
For the third component,
3) _ 2BKcyz" 3) _Bea 3) _ 2BciKcgz” 3) _ Bes
N o P T P = P =
1 =855 =o. (A8)
Then, one has
B(u,)); = 8% urvr + B (wrvs + ugvr) + B (urvs + ugvr)
+ B usvs + B (uavs + ugva) + B usvs. (A9)
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Compute third-order coefficients of [C(u, v, w)];, write

G 9f

ke = 50X, 0X, L)

then for the first component,

1 6BK2R 1 2m1 QBKcl 1 ng 2BK02
W _ (1 _ 2m1 (1) _
Y111 = Hi Mi12 = 52 H3 T13 = 52 H3
1 _ 2mi(l—2z*) 1 2myma(l —2z7) 1y _ 2m3(1 —2z*)
Y122 = 53 » o Y123 = 3 » o Y133 = 53
222 S4 ’ 223 54 ’ 233 54 ’ 333 S4
For the second component,
2 GBKQCly* 2 ZBKcl
(2) _ (2 _ _
Y111 = HA ) Y112 = H3
@ _ 6BK20%62Z* @ _ 2BKcico
Y222 = T o Y223 = B
For the third component,
3) GBchQZ* 3) 72.BKCQ
Y111 = HA ) Y113 = H3
3) _ GBK2C%C3,Z* 3) _ QBKClcg
7222*Ta 7223**T~
From
. T . —T
J*q = iwog, J* p = —iwop, (p,q) =P q=1,
one gets
- T _ 1 T
q ( ,’LL,’U) ) p 1—}—?“—{—5’0( 7r7s) )
where
" — JazJs1 — Jo1(J33 — iwo) v — Jo1 32 — J31(J22 — iwp)
(Ja2 — iwp)(J33 — iwg) — Jag S0’ (Ja2 — iwp)(J33 — iwg) — JagJ32’
;= Ji13Js2 — Ji2(J33 + iwg) o= JiaJog — Ji3(J22 + iwp)
(J22 + iwo) (J33 + iwp) — JozJ32” (J22 + iwo) (J33 + iwo) — JagJa2
Define

U= B(Qaﬁ) = (U17 U2a U3)T7

Then, from Equations (A6)—(A9), one has

V = B(q,q) = (V1,Va,Vs)".

U= g e (O e
+ (—”12(15_22“") - ?{Cj) (v +7) + 2”;?1@
2m;77;@2L(W +vu) + 27;#1@,
Uz = —%?y* %(U+ﬂ)+28610$22* ﬂ—%(um—vﬂ),
Us = —%+%(v+ﬁ)7%uﬂ+ %(u@Jﬂuﬂ),
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and

Define

then

and

where

Define

then

2 2BKR mi1(1 —2z%) Ba
Vi= — < 2 — _ ==
! st s T ( 52 H?
ma(l —2z%)  Bea 2m2L 5  4dmimaL 2miL o
+2<’T*ﬁ vt T w gt T
_ 2BKc1y® 2Bci 2Bc1Kcaz* 5  2Bco
Vo= — 75 72 U IeE u” — e uv,
Vs — 2BKcoz* n 2Bco _ 2Bc1 Kc3z* o 4 2Bc3 w

hii = —J*7'U = (hy, ho, h3)T,

H3 Hz "’ a3 G2

hao = (2iwel — J*) 7V = (ky, ko, k3)T,

1

hi = D [(J22J33 — JasJ32)U1 + (JizJs2 — JiaJs3)Uz + (Ji2J23 — J13J22)U3},
1

ho = ~Be [(J23J31 — J21J33)U1 + (J11J3s — Ji3Js1)U2 + (JizJ21 — J11J23)U3},

1

hs = -5 [(J21J32 — JaaJ31)Ur + (J12J31 — Ji1J32)U2 + (Ji1J22 — J12J21)U3}7

J*

1

ki = 7{[(iw0 — Ja2)(iwo — J33) — Ja3J32]V1

Dm
+ [J13Js2 + J12(iwo —

1 .
ko = T{[J23J31 + Jo1(iwo — J33)]V1
M

J33)|Va + [J12J23 + J13(iwo — JQQ)}V3}7

+ [(iwo — Ji1)(iwo — Js3) — J13Js1]Va + [JisJa1 + Jas(iwo — J11)]Vs },

1 .
ks = 7{[J21J32 + J31(iwo — J22)]V1
Dy

+ [Ji2Jd31 + J32(iwo — J11)]V2 + [(lwo — J11)(w — J22) — J12J21]V3},

Dy« =detJ" = Ji1(J22J33 — Ja3J32) — Ji2(J21J33 — J23J31)
+ Ji3(J21J32 — JoaJ31),

Dy =detM = det(2iw0[ —

P = B(q, hao) = (P1,P2,P3)",

S H3

J).

T =B(q, h11) = (T1, T2, T3)7,

82 H2

2 2BKR 1-— 2z B
P = (—*-l— )M-i—(—M—i) (k2 +wky)

+ (7% - %) (ks +Tk1) + ZngLﬂkQ
27";7?%(%3 +m2)+2’;‘#m3,
P2= — mj_(]-i?y*kl + %(kg +ak) + w%}#m@
- %(ﬂks +vk2),
Py = — 2B[I§7§2ﬁk1 + %(ka +7k1) — %a/@
+%(ﬂk3 + T ka),
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and
o ((2 2R () Yy,
+ <m2(15_2 2 ZC;) (hs + vhi) + %;#uhz
72m397;12L (uhs + vha) + méLvhg,
Ty = Qngly -h1 + 1221 (ha +uhy) + 7230152022“* uhg — %(Uh:s + vhy),
Ty= — M%h n l;‘f (hs + vhy) — QBCIG#WQ n %(uhg + vhs). (A21)
Define
C=0C(g,4,9) = (C1,Ca, C3)".
Then, substituting the coefficients from (A10)—(A12) into (AS5), one gets
C\_ 6B;2R . (zgnzl . 2BI£C1> (u+7)
<QS";2 + 23;?) (20 + D) + 727”%(15; 22") (2 + 2um)
+ 44m1m2§é — 217**) (uv + uv + vu) + 721%%(15; 20’) (v? + 20T)
_ 6”;3Lu2ﬂ - 76771271@21) (u*T + 2uvT)
— GmgjfgL( 2T + 2uwD) mEvai
Cy— GB[;fly* B 2B;§cl (2u+7) — 6BK2041022 W2
+ 723[55102 (u*T + 2uvT),
Cy— 6BI;2402,2* B 2BI;§CQ (20 +7) + GBK;Tng .
- 72323? L% (427 + 2uvm). (A22)
Define
W; =C;+P;+2T;,  j=1,23 (A23)
Then the cubic resonant coefficient is
Go1 = (p, C(¢,4,9) + B(q, hao) + 2B(g; hn)) ,
and the first Lyapunov coefficient is
I = 2300 ReGlay = 2;) Re W11++TTVZQ++SSUW3 (A24)

Equations (A2)—(A22), substituted successively into Equation (A23) and then into Equation (A24), give an exact
expression

* * * *
hh=h(z"y" 2" 1" B, K, c1,c2,c3,d1,d2,my,ma) .
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