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Abstract: Fractional differential equations (FDEs) serve as indispensable mathematical
instruments for modeling complex dynamical systems characterized by inherent memory
retention, hereditary evolution, and anomalous diffusion—behaviors that elude accurate
description by conventional integer-order differential models. Traditional numerical algorithms
for FDEs are plagued by substantial mesh discretization overhead, prohibitive computational
costs, and poor compatibility with various inverse parameter identification tasks. As
a groundbreaking computational framework, physics-informed neural networks (PINNs)
synergistically combine data-driven fitting capabilities with rigorous physical governing laws,
offering transformative solutions to general differential equations. Cutting-edge advancements
in fractional PINNs (fPINNs) are systematically synthesized in this comprehensive review.
Physical motivations for adopting FDEs are elaborated, the fundamental architecture of
vanilla PINNs is delineated, and core obstacles originating from the non-local integral
characteristics of fractional derivative operators are dissected to reveal critical restrictions
on direct application of standard PINNs to FDEs. All mainstream fPINN approaches are
taxonomically grouped into three distinct technical branches, with focused mathematical
derivations and in-depth discussions dedicated to fractional-order inverse identification. A
homotopy-augmented simultaneous training scheme is formulated to mitigate unstable joint
optimization of fractional orders and neural network weights, enabling a smooth transition
of optimization targets from simplistic integer-order dynamics toward complex fractional
non-local responses. Relative advantages and disadvantages of simultaneous and two-stage
sequential identification workflows are thoroughly contrasted, and clear, actionable criteria
are delivered to facilitate selection of appropriate identification pipelines for diverse fractional
modeling scenarios. Systematic theoretical references and operable technical guidance for
fractional modeling and scientific machine learning are provided throughout the review.

Keywords: fractal-fractional differential equations; physics-informed neural networks;
fractional order identification; memory effects; inverse problems

1. Introduction

Fractional differential equations (FDEs) have become essential mathematical
tools for describing complex dynamical systems that cannot be accurately represented
by traditional integer-order models. By generalizing differentiation and integration
to arbitrary real orders, FDEs inherently incorporate memory effects, hereditary
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properties, and non-local behaviors that are omnipresent in physical, biological,
and engineering systems [1–3]. These distinctive properties have made fractional
calculus widely applicable across diverse research fields, such as heat and mass
transfer in anomalous media [4, 5], industrial equipment modeling and control [6],
thermo-viscoelastic analysis of functional materials [7], thermal response analysis
of solid structures under complex thermal loads [8], and vibration behavior
in porous media systems modeled with fractal-fractional approaches [9]. The
growing recognition that many real-world processes—from viscoelastic deformation
and anomalous diffusion to electrochemical reactions and biological population
dynamics—exhibit memory-dependent dynamics has motivated sustained research
efforts in both theoretical development and numerical methods for FDEs [10,11].

Over the past two decades, substantial progress has been achieved in theoretical
derivation, numerical algorithm design, and practical applications of FDEs. Traditional
analytical methods, including the homotopy perturbation method [12, 13], the
variational iteration method [14,15], the exp-function method [16–18], and fixed-point
theorems [19], have established a solid theoretical foundation for solving FDEs.
However, these conventional approaches exhibit notable limitations: they are often
computationally expensive for high-dimensional and strongly nonlinear FDEs; they
rely on complete observational data and explicit problem formulations; and most
critically, they adapt poorly to inverse problems and parameter identification tasks
where governing equations, fractional orders, or system parameters are partially
unknown. Furthermore, traditional numerical solvers require mesh generation and
careful discretization, which become prohibitively burdensome for problems with
complex geometries or irregular domains.

With the rapid development of artificial intelligence andmachine learning [20–23],
physics-informed neural networks (PINNs) have emerged as a revolutionary paradigm
for solving differential equations [24]. Introduced by Raissi et al. originally in
two arXiv preprints released in 2017 [25, 26], and then in their well-known 2019
journal article [27], PINNs embed physical governing equations, initial conditions,
and boundary constraints directly into the loss function of a neural network, thereby
combining the power of data-driven learning with the interpretability of physical law
constraints [24,27].

PINNs stand out as a powerful paradigm owing to their inherent strengths: they
deliver robust performance under sparse or noisy measurement data [28,29], eliminate
the heavy overhead of mesh-based numerical discretization [30,31], and accommodate
both forward solution and inverse parameter identification tasks [32]. Subsequent
methodological extensions have enriched the original frameworkwith diverse advanced
variants, including domain decomposition architectures (XPINN, hp-VPINN) [33,34],
Bayesian uncertainty quantification frameworks (B-PINN) [35], transfer learning
pipelines [36], adaptive collocation resampling strategies [37], variational and
energy-consistent formulations [38], as well as graph- and operator-aware neural
designs [39,40]—all devised to boost training convergence, computational scalability,
and predictive accuracy. The mesh-free nature of PINNs, coupled with automatic
differentiation for accurate derivative computation, makes them particularly attractive
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for problems where traditional solvers struggle
Recent research has placed central emphasis on three dominant developmental

trajectories: customized network architectures [41], advanced optimization schemes [42],
and hybrid workflows integrating deep learning with classical numerical solvers, e.g.,
homotopy-preserving physics-informed neural network [43].

Distinct from conventional purely data-driven neural networks, PINNs enable
PDE solving without abundant labeled training samples and generally require far fewer
observational data points. This versatile framework supports both state prediction
and unknown parameter calibration across a broad spectrum of physical engineering
systems [44–46]. Its practical scope has continuously expanded to cover fluid
dynamics, heat and mass transfer, solid mechanics, electromagnetics, geophysical
modeling, material science, and fractional-order control systems. Collectively, the
aforementioned variants have substantially ameliorated longstanding pain points,
including unstable training, slow convergence, insufficient enforcement of boundary
constraints, and inadequate uncertainty quantification. As a result, PINNs have
evolved into an indispensable mainstream tool for scientific computing targeting partial
differential equations and their associated inverse problems.

In recent years, extending PINNs to solve FDEs has become an active
interdisciplinary research hotspot [47–49]. The central challenge lies in the
fundamental incompatibility between the nonlocal nature of fractional operators
and the local, chain-rule-based automatic differentiation that underpins standard
PINNs. While standard PINNs compute integer-order derivatives exactly via
automatic differentiation, fractional derivatives involve convolution integrals over the
entire solution history, requiring numerical discretization, specialized loss function
design, and often significantly increased computational cost. Despite these obstacles,
researchers have developed diverse strategies—including fractional-order modified
PINNs, network-structure-enhanced architectures, and hybrid numerical-PINN
approaches—that have demonstrated promising results across a range of fractional
differential equations and application domains.

This review provides a comprehensive and systematic synthesis of recent
advances in solving FDEs via PINNs. Unlike existing surveys that focus primarily on
methodological taxonomies or specific application areas, our review places particular
emphasis on: (i) a thorough exposition of the mathematical foundations of various
fractional derivative definitions and their implications for PINN-based solution
strategies; (ii) a critical comparison of existing fractional PINN variants with practical
selection guidelines; (iii) a rigorous mathematical formulation for fractional order
identification, with detailed comparison of simultaneous versus two-stage sequential
strategies; and (iv) an in-depth discussion of open challenges, theoretical gaps, and
promising future directions. We aim to equip researchers with both the conceptual
understanding and practical guidance necessary to apply fractional PINNs effectively
and to identify key opportunities for further innovation.

The remainder of this review is organized as follows. Section 2 elaborates on
the rationale for employing FDEs in science and engineering, surveying the major
fractional derivative definitions—including Riemann–Liouville, Grünwald–Letnikov,
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Caputo, Riesz, Caputo–Fabrizio, Atangana–Baleanu, conformable, and two-scale
fractal derivatives—and their respective mathematical properties and computational
implications. Section 3 introduces the fundamentals of PINNs and explains why
standard PINNs cannot be directly applied to FDEs, identifying three fundamental
obstacles: non-locality incompatibility, approximation necessity, and computational
overhead. Section 4 categorizes existing fractional PINN variants into three
mainstream branches, comparing their respective strengths and limitations. Section 5
presents a comprehensive mathematical formulation for fractional-order identification,
analyzing both simultaneous and two-stage strategies with extensions to multi-order
and variable-order systems. Section 6 concludes the review with key achievements,
persistent challenges, and an outlook on future research directions.

2. Rationale for using fractional differential equations

While classical integer-order differential equations perform well in integer-
dimensional spaces, many real-world physical, biological, and industrial systems
exhibit memory effects, hereditary behavior, and non-local dynamic properties that
cannot be adequately captured by integer-order models. Typical examples span
self-similar fractal spaces across all scales [50] and two-scale fractal spaces, where
non-self-similar porous media serve as a representative instance [51]. These limitations
have motivated the development of fractional calculus, which generalizes integer-order
differentiation and integration to arbitrary real orders, providing a natural mathematical
framework for modeling systems with long-range temporal or spatial correlations.

Frontier progress in solving fractional differential equations with PINNs is
moving toward hybrid, adaptive, and operator-aware architectures that improve
accuracy, convergence, and scalability beyond standard PINNs. The strongest themes
are: fractional-specific discretization, adaptive loss/sampling, domain decomposition/
singularity handling, Monte Carlo and quadrature acceleration for high dimensions,
and transform/functional-connection reformulations that avoid direct fractional autodiff
issues [52–54].

2.1. Major fractional derivative definitions
A variety of fractional derivative definitions have been proposed in the literature,

each with distinct mathematical properties, computational characteristics, and
suitability for different application contexts. This subsection surveys the most widely
adopted definitions, providing a foundation for understanding their integration with
PINN frameworks in subsequent sections.

Caputo fractional derivative [55]. For a function f(t), the Caputo fractional
derivative of order α (0 < α < 1) is defined as:

Dα
t f(t) =

1

Γ(1− α)

∫ t

0

f
′
(τ)

(t− τ)α
dτ. (1)

This formulation inherently involves a weighted integral over the entire history
from 0 to t, with the kernel (t − τ)−α assigning greater weight to recent states
while still retaining long-term memory. The Caputo derivative has become the most
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widely adopted definition for physical modeling due to three decisive advantages:
(i) it yields zero derivatives for constant functions; (ii) it accommodates physically
meaningful initial conditions expressed in terms of integer-order derivatives (e.g.,
initial displacement and velocity); and (iii) it aligns naturally with conventional
integer-order initial value formulations. For viscoelastic materials, fluid flows, and
electrochemical systems, Diethelm et al. [55] demonstrated that FDEs using Caputo
derivatives capture hereditary properties with fewer parameters and higher accuracy
compared to integer-order models. Caputo derivatives have become a standard tool for
memory-based fractional modeling across multiple application domains [56,57].

Riemann–Liouville derivative [58]. The Riemann–Liouville (RL) definition
proceeds by first applying a fractional-order integral of order n − α (where n = ⌈α⌉)
and then taking an integer-order derivative of order n:

RLDα
a+f(t) =

1

Γ(n− α)

(
d

dt

)n ∫ t

a

f(τ)

(t− τ)α−n+1
 dτ. (2)

The RL derivative possesses strong mathematical foundations and is widely used
in theoretical analysis. However, it suffers from a critical limitation: the fractional
derivative of a constant is not zero, but rather RLDα

a+C = C(t−a)−α/Γ(1−α) [58,59].
This property has profound consequences for physical modeling, as initial conditions
must be specified in terms of fractional integrals that lack a clear physical interpretation.
Moreover, the RL derivative exhibits a “super-singular” kernel that complicates its
application in engineering contexts [60]. While the RL and Caputo derivatives are
equivalent for sufficiently smooth functions with homogeneous initial conditions, the
Caputo formulation is almost universally preferred for initial value problems in applied
sciences.

Grünwald–Letnikov derivative [61]. The Grünwald–Letnikov (GL) definition
adopts a fundamentally different approach, formulated through the limit of a finite
difference series:

GLDα
t f(t) = limh→0h

−α
∑⌊(t−a)/h⌋

k=0
(−1)k

(α
k

)
f(t− kh). (3)

The GL derivative is naturally suited for numerical implementation, as it directly
yields discrete approximation schemes for fractional derivatives. For smooth functions,
the GL derivative is equivalent to the RL derivative. However, the GL formulation
is less frequently employed for theoretical analysis due to the complexity of its
series representation. Its primary value lies in computational settings, where the
finite-difference interpretation facilitates straightforward discretization—a property
that has made it particularly attractive for fractional PINN implementations, as
discussed in Section 4.

Riesz fractional derivative [62]. For problems involving spatial nonlocality—
such as anomalous diffusion in heterogeneous media, turbulence modeling, and
quantum mechanics—the Riesz fractional derivative provides a symmetric, Fourier-
based definition particularly suited to problems on unbounded domains. The Riesz
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derivative is defined as a fractional power of the negative Laplacian:

RZDα
xf(x) = Γ(1 + α) sin(πα/2)π

∫∞
0

f(x+ξ)−2f(x)+f(x−ξ)
ξα+1  dξ, 0 < α < 1. (4)

The Riesz operator is inherently nonlocal, coupling the function value at a
point with its values throughout the entire spatial domain via the symmetric kernel
| ξ |−(α+1). This symmetry is essential for maintaining Hermiticity in quantum
mechanical applications, such as the fractional Schrödinger equation. In the context
of fractional diffusion equations, the Riesz derivative naturally produces symmetric,
Lévy-flight-type spreading that cannot be captured by one-sided fractional derivatives.
The computational implementation of Riesz derivatives poses challenges beyond those
of temporal fractional derivatives: the integral extends over the entire spatial domain,
leading to O(N2) complexity for naive implementations, and the symmetric kernel
demands careful treatment of boundary conditions. For problems on finite domains,
specialized formulations or spectral methods are typically required.

Caputo–Fabrizio derivative [63]. The Caputo–Fabrizio (CF) derivative,
introduced in 2015, replaces the singular power-law kernel with an exponential kernel:

CFDα
t f(t) =

M(α)

1− α

∫ t

a
f

′
(τ) exp

[
−α(t− τ)

1− α

]
dτ (5)

where M(α) is a normalization function satisfying M(0) = M(1) = 1. The
exponential kernel removes the singularity entirely, yielding a derivative that is more
regular and better suited for problems where a “filtering” interpretation is appropriate.
The CF derivative has been applied to the Allen–Cahn reaction-diffusion model,
demonstrating its utility in capturingmaterial heterogeneities andmulti-scale structures.
However, the CF derivative has drawn criticism: the associated integral operator is not
a true fractional integral in the classical sense, and the derivative may be viewed more
as a filter than as a genuine fractional operator [64]. The kernel’s exponential decay
implies that memory effects are of short-range character, limiting the operator’s ability
to capture long-term hereditary behavior typical of classical fractional derivatives.

Atangana–Baleanu derivative [65]. Responding to limitations of the CF
formulation, Atangana and Baleanu [65] proposed a derivative employing the
generalized Mittag-Leffler function as its kernel:

ABDα
a+f(t) =

B(α)

1− α

∫ t

a
f

′
(τ)Eα

[
−α(t− τ)α

1− α

]
dτ, (6)

where Eα(z) denotes the one-parameter Mittag-Leffler function. The AB derivative
combines two desirable properties: a non-singular kernel (eliminating the singularity at
t = τ ) and a nonlocal kernel (preserving long-rangememory through theMittag-Leffler
function’s algebraic decay at infinity). This duality has made the AB derivative an
attractive choice for diffusion and epidemic models that require strong memory effects
without singular behavior [66]. Unlike the CF derivative, the AB operator admits a
genuine fractional integral as its inverse, strengthening its mathematical standing as a
fractional operator.
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Conformable derivative [1]. The conformable fractional derivative, introduced
by Khalil et al. [1], stands apart from all the operators discussed above by being
fundamentally local in nature. Defined as:

Tαf(x) = limϵ→0
f(x+ ϵx1−α)− f(x)

ϵ
, 0 < α < 1. (7)

The conformable derivative reduces to Tαf(x) = x1−αf
′
(x) for differentiable

functions. This explicit relation to the classical derivative reveals the conformable
derivative’s essential character: it is not a genuinely nonlocal operator but rather
a classical derivative weighted by a power of the independent variable. The
conformable derivative inherits all classical properties, including the product rule,
quotient rule, and chain rule—features absent from nonlocal fractional derivatives.
This simplicity makes the conformable derivative computationally attractive and
conceptually accessible [67,68]. However, precisely because it lacks the nonlocal
memory effects that motivate fractional calculus, the conformable derivative does not
capture the hereditary behavior that is the hallmark of fractional systems. Its application
should be limited to problems where local behavior with a fractional-scaling factor is
appropriate, rather than problems requiring genuine memory effects.

Two-scale fractal derivative [69]. For a function u(t, x) defined on a fractal
medium with fractal dimension α, the fractal derivative with respect to the fractal
timescale tα at the point (t0, x) is defined as:

∂u

∂tα
(t0, x) = Γ(1 + α)lim

∆t→ ∆t

∆t ̸= 0

u(t, x)− u(t0, x)

(t− t0)
α , (8)

where ∆t is the smallest time scale characterizing the fractal structure, α is the fractal
dimension (0 < α < 1), andΓ(1+α) is the Gamma function serving as a normalization
constant that ensures consistency with classical derivatives when α = 1.

This definition embodies several key insights: (i) Fractal scaling—the
denominator (t− t0)

α replaces the linear (t− t0) of classical derivatives; when
α = 1, the definition reduces to the standard first-order derivative (up to the
normalization factor Γ(2) = 1); for 0 < α < 1, the scaling is sublinear, reflecting the
slower dynamics on fractal domains. (ii) Smallest time scale—the condition ∆t → 0

is understood in the sense of the smallest physically meaningful time scale, often
the characteristic relaxation time of the fractal structure, preventing the limit from
approaching the unphysical regime where continuum assumptions break down. (iii)
Normalization constant—the inclusion of Γ(1 + α) ensures that the fractal derivative
of tα equals 1, providing a natural analogy to the classical derivative of t.

The two-scale fractal derivative is a local, scale-transformation-based derivative
used to model discontinuous, porous, unsmooth, or fractal-like media by separating
behavior at a coarse scale and a fine scale . In contrast to the nonlocal Caputo-Fabrizio
and Atangana-Baleanu operators discussed earlier, it does not rely on a memory
kernel or convolution structure, and it has been widely applied to fractal vibration
systems [70–74].
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Among these definitions, the Caputo derivative remains the default choice for
most physical and engineering applications due to its physically meaningful initial
conditions and zero constant derivatives. The RL and GL derivatives are primarily of
theoretical or numerical interest. The Riesz derivative is the standard choice for spatial
fractional problems requiring symmetry. The CF and AB derivatives offer non-singular
alternatives with short-range and long-range memory, respectively. The conformable
derivative provides computational simplicity at the cost of genuine nonlocality, while
the two-scale fractal derivative bridges fractional calculus with fractal geometry for
problems on self-similar domains.

2.2. Anomalous diffusion and fractional-order control
The practical utility of fractional models is perhaps best illustrated by two

paradigmatic application domains: anomalous diffusion and fractional-order control.
Many physical transport processes do not follow standard Fickian diffusion on

molecular or micro/nano scales [75, 76], where the mean square displacement scales
linearly with time as ⟨x2(t)⟩ ∼ t. Instead, in porous media, amorphous semiconductors,
polymeric structures, and biological tissues, the mean square displacement scales
as ⟨x2(t)⟩ ∼ tα with α ̸= 1 [77]. When α < 1, the process exhibits
sub-diffusion, indicating slower spreading due to obstacles, traps, or binding effects;
when α > 1, super-diffusion occurs, reflecting faster spreading due to long-range
jumps or Lévy flights. Fractional diffusion equations precisely capture this anomalous
behavior, becoming standard tools in fluid mechanics, environmental science, and
biophysics [78,79].

Fractional-order PIλDµ controllers generalize classical proportional-integral-
derivative controllers by allowing non-integer orders of integration (λ) and
differentiation (µ). These fractional-order controllers demonstrate superior robustness,
better anti-interference performance, and greater flexibility in shaping frequency
responses compared to their integer-order counterparts, finding wide application in
industrial process control, robotics, and power engineering [77].

2.3. Fractal-fractional models and their integration with PINNs
While the fractional derivatives surveyed above effectively capture memory

effects and other nonlocal properties, they assume continuous and differentiable
functions defined on standard, integer-dimensional domains. This assumption fails
for systems evolving on fractal media—porous materials, rough surfaces, biological
tissues, and geophysical formations—where the underlying domain itself possesses
a non-integer fractal dimension. To address this limitation, the fractal-fractional
derivative has been introduced, generalizing the Caputo, RL, CF, and AB definitions
by replacing the ordinary derivative d/dt with the fractal derivative d/dtβ [80,81].

The resulting fractal-fractional formulations include:
Modified Caputo fractional derivative:

Dα,β
t f(t) =

1

Γ(1− α)

∫ t

0

f (β)(τ)

(t− τ)α
dτ. (9)
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Modified Riemann–Liouville derivative:

RLDα,β
a+ f(t) =

1

Γ(n− α)

(
d

dtβ

)n ∫ t

a

f(τ)

(t− τ)α−n+1
 dτ. (10)

Modified Caputo–Fabrizio derivative:

CFDα,β
t f(t) =

M(α)

1− α

∫ t

a
f (β)(τ) exp

[
−α(t− τ)

1− α

]
dτ. (11)

Modified Atangana–Baleanu derivative:

ABDα,β
a+ f(t) =

B(α)

1− α

∫ t

a
f (β)(τ)Eα

[
−α(t− τ)α

1− α

]
dτ. (12)

where β is the fractal dimension, and f (β)(τ) denotes the fractal derivative with
respect to tβ . These formulations bridge fractional calculus with fractal geometry,
enabling more accurate modeling of systems with self-similar structures—such as
porous catalysts, biological networks, and geophysical formations—where both the
geometry of the domain and the dynamics of the process exhibit anomalous scaling [82].

Integrating fractal-fractional derivatives into PINNs poses two additional
challenges beyond standard fPINNs: (i) the fractal derivative f (β)(τ) itself requires
numerical approximation at each historical grid point, compounding the O(N2)

convolution cost; and (ii) the fractal dimension β enters as an additional unknown
parameter, creating a twofold inverse problem that exacerbates ill-posedness and
cross-coupling in the loss landscape. These challenges motivate the sensitivity-based
identifiability diagnostics and staged training strategies discussed in Subsection 5.4
for multi-parameter fractional systems.

2.4. Implications for PINN-based modeling
The choice of fractional derivative definition directly impacts the fPINN

architecture, loss function formulation, and training complexity. Classical definitions
(RL, GL, Caputo) require O(N) operations per derivative evaluation due to the full
history integral, leading to O(N2) total complexity per training epoch. The CF and
AB derivatives introduce exponential or Mittag-Leffler kernels that may be amenable
to fast evaluation, though their integration with neural network training remains less
explored. Riesz derivatives introduce spatial nonlocality, demanding dense collocation
across the spatial domain with additional O(N2) costs. Conformable derivatives
impose no additional computational burden beyond classical derivatives, but their local
nature makes them unsuitable for problems requiring genuine memory effects—the
very motivation for fractional modeling. Fractal-fractional derivatives introduce the
additional complexity of estimating the fractal dimension β alongside the fractional
order α, representing a three-fold inverse problem when the solution u(t) is also
unknown.

For fPINN practitioners, the Caputo definition remains the most practical and
widely validated choice for temporal fractional problems, while the Riesz derivative
is recommended for spatial fractional diffusion. The AB and CF definitions represent
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emerging directions with theoretical appeal but less established integration with neural
network frameworks. The fractal-fractional formulations are at the earliest stage of
development and offer significant opportunities for future research at the intersection
of fractional calculus, fractal geometry, and scientific machine learning.

3. Fundamentals of physics-informed neural networks

Physics-informed neural networks (PINNs) represent a paradigm shift in solving
differential equations by embedding physical laws directly into the training process of
neural networks [27]. This section introduces the architecture and training of standard
PINNs, explains the role of automatic differentiation, and critically analyzes why
the direct application of PINNs to fractional differential equations faces fundamental
obstacles.

3.1. Architecture and training of standard PINNs
A standard PINN is built upon a fully connected feedforward neural

network—typically a multilayer perceptron (MLP)—that approximates the solution
to a given differential equation. Let the spatial and temporal variables be denoted
as x ∈ Rd and t ∈ [0, T ], with the unknown solution u(x, t) satisfying a governing
differential equation F [u](x, t) = 0, subject to initial conditions u(x, 0) = u0(x) and
boundary conditions B[u](x, t) = 0 on ∂Ω × [0, T ]. The neural network takes (x, t)
as input and outputs the approximation û(x, t; θ), where θ denotes the set of trainable
parameters—weights and biases—to be optimized.

The network architecture typically consists of an input layer, multiple hidden
layers with nonlinear activation functions (e.g., tanh, ReLU, or swish), and an output
layer. The universal approximation theorem guarantees that sufficiently wide neural
networks can approximate any continuous function to arbitrary accuracy, providing
the theoretical foundation for PINN-based solution approximations. In practice, the
depth and width of the network are chosen based on problem complexity, with deeper
networks generally capable of representing more complex solution landscapes at the
cost of increased training difficulty.

3.2. Automatic differentiation and its role in PINNs
The key enabling technology for PINNs is automatic differentiation (AD). Unlike

numerical differentiation (which suffers from truncation and round-off errors) or
symbolic differentiation (which is infeasible for complex composite functions), AD
computes derivatives of the network output with respect to its inputs exactly up to
machine precision. Through the systematic application of the chain rule—implemented
via computational graphs in forward or reverse mode—AD yields exact integer-order
derivatives such as ∂û/∂t, ∂2û/∂x2, and higher-order combinations.

For a standard (integer-order) differential equation F [u] = 0, the physics residual
is constructed by substituting the network approximation û into the governing equation:

R(x, t; θ) = F [û](x, t; θ). (13)

10
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All derivatives appearing in F—including first-order time derivatives, second-
order spatial derivatives, and mixed partial derivatives—are computed via AD. This
capability allows PINNs to enforce the governing equation at a set of collocation
points without requiring mesh generation or explicit discretization schemes. The
mesh-free nature of PINNs, combined with the accuracy of AD, constitutes their
principal advantages over traditional numerical solvers.

3.3. Loss function formulation and optimization
The total loss function in a standard PINN combines three components: the physics

loss (enforcing the governing equation), the data loss (matching observations), and the
initial/boundary loss (satisfying constraints). Mathematically:

Ltotal(θ) = λpLphysics(θ) + λdLdata(θ) + λicLIC(θ) + λbcLBC(θ), (14)

where:
Lphysics(θ) =

1

Nc

∑Nc

j=1
| F [û](xj , tj ; θ) |2, (15)

Ldata(θ) =
1

Nd

∑Nd

i=1
| û(xi, ti; θ)− ui |2, (16)

LIC(θ) =
1

Nic

∑Nic

k=1
| û(xk, 0; θ)− u0(xk) |2, (17)

LBC(θ) =
1

Nbc

∑Nbc

l=1
| B[û](xl, tl; θ) |2. (18)

Here, λp, λd, λic, and λbc are weighting coefficients that balance the contributions
of each loss component;Nc,Nd,Nic, andNbc denote the number of collocation points,
data points, initial condition points, and boundary condition points, respectively. The
optimization problem seeks the parameter set θ∗ that minimizes the total loss:

θ∗ = argminθLtotal(θ). (19)

The minimization is typically performed using gradient-based optimizers—most
commonly Adam for initial exploration, followed by L-BFGS for fine-tuning. The
gradients ∇θLtotal are computed via backpropagation, leveraging the same AD
framework used for derivative computation.

3.4. Why standard PINNs fail for fractional differential equations
Standard PINNs, despite their remarkable success for integer-order differential

equations, cannot be directly applied to fractional differential equations. The
fundamental reason lies in the core assumption of PINN training: all derivatives
are computed via automatic differentiation using the classical chain rule. Fractional
derivatives, however, are nonlocal operators that do not obey the classical chain rule.
As Wang et al. [54] and Srati et al. [83] emphasized, standard PINNs must be modified
with numerical discretization, transformmethods, or specialized architectures to handle
fractional operators correctly.

Three fundamental obstacles arise:
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Obstacle 1: Non-locality incompatibility [84]: AD computes local derivatives
∂nu/∂xn that depend only on the function’s behavior in an infinitesimal neighborhood
of the evaluation point. In contrast, the Caputo fractional derivative in Equation (1)
involves a convolution integral over the entire history from 0 to t. That is the value
of Dα

t f(t) depends on f(τ) for all τ ∈ [0, t]—not just the local behavior at t. This
nonlocal dependence cannot be captured by AD, which only tracks local derivatives.
Attempting to apply AD directly to a fractional derivative would require the network
to “remember” its own outputs at all previous time points, a capability that standard
feedforward architectures do not possess.

Obstacle 2: Approximation necessity: Since many standard fractional
derivatives exhibit nonlocal behavior and often lack universally applicable chain-
rule-compatible formulations, they are frequently approximated numerically using
discretization frameworks including Grünwald–Letnikov series, the L1 scheme,
convolution quadrature, and spectral methods to resolve their underlying convolution
integrals—though it is critical to note numerical approximation is not the sole viable
approach, as specialized fractional operators admit rigorous analytical treatments and
dedicated chain-rule identities. Every such numerical discretization generates inherent
truncation and discretization errors, which interact in complex, non-trivial manners
with the approximation error originating from neural network fitting [85,86]. Beyond
this, the selection of a fractional derivative discretization scheme and its associated
hyperparameters (such as the temporal step size Δt) exert a substantial influence on
the overall accuracy and numerical stability of fractional physics-informed neural
networks (fPINNs), introducing an extra set of tunable hyperparameters absent from
conventional integer-order PINNs.

Obstacle 3: Computational overhead: Each evaluation of a fractional derivative
at a single time point requires O(N) operations, where N is the number of historical
discretization points. For Nc collocation points distributed over the temporal domain,
the total cost scales as O(Nc · N), or O(N2) when collocation points coincide with
the temporal grid [87]. This quadratic complexity stands in stark contrast to standard
PINNs, where derivative evaluation via AD is O(1) per point. For problems with fine
temporal resolution (e.g., N > 104), the computational cost becomes prohibitive for
standard GPU hardware.

To quantitatively guide readers in selecting appropriate fractional discretization
schemes when building fPINN models, we summarize the implementation pipeline,
training differences, and practical application status of three mainstream approximation
methods in Table 1, focusing on their coupling logic with the PINN automatic
differentiation framework rather than only introducing pure numerical algorithms.

As summarized inTable 1, GL and L1 schemes dominate existing fractional PINN
implementations due to their natural compatibility with mesh-free collocation and
automatic differentiation. In contrast, spectral approximation methods face inherent
incompatibility with the core architecture of standard PINNs, leading to extremely
limited practical applications in general fractional forward and inverse problems.
Subsequent subsections will further detail the specific loss construction of GL and
L1-based fPINNs.

12



Advances in Differential Equations and Control Processes 2026, 33(3), 4514.

Table 1. Comparison ofmainstream fractional derivative approximation schemes for fractional
PINNs.

Comparison
Dimension

Grünwald–Letnikov (GL) L1 scheme (Caputo-adapted) Spectral method

Embedding
Pipeline in
fPINNs

1. Discretize the time domain into
historical grid points at each collocation
node;
2. Calculate fractional difference weights
via binomial coefficients;
3. Substitute weighted historical network
outputs into the fractional derivative term
of the physics residual;
4. Combine with AD to compute loss
gradients for network optimization.

1. Precompute fixed integral weights
for the piecewise power-law kernel of
Caputo derivative;
2. Load the pre-stored weight matrix to
calculate fractional derivative values at
collocation points;
3. Integrate fractional residual into total
loss together with IC/BC/data loss;
4. Backpropagate loss gradients via AD
jointly with fractional discretization
weights.

1. Approximate solution via global orthogonal
polynomial basis expansion over the entire domain;
2. Compute fractional operators using spectral
differentiation matrix;
3. Conflicts with themesh-free collocation paradigm
of standard PINNs, requiring full global grid
discretization;
4. Cannot natively couple with local AD of
feedforward networks.

Training &
Gradient
Characteristics

Differentiable weights support
end-to-end backpropagation; training is
sensitive to the time step∆t and the
historical truncation window; long
memory windows induce quadratic
computational cost.

Higher accuracy for smooth time series
than GL; stable gradient landscape under
noisy sparse data; offline weight
calculation reduces online training
overhead.

Global full-domain coupling causes massive
memory consumption; gradient computation
involves all domain points simultaneously, which
can easily trigger training instability.

Practical
Adoption in
fPINN
Literature

Dominant mainstream scheme; most
open-source fPINN baselines and
engineering implementations adopt GL +
AD coupling.

Widely preferred for time-fractional
initial value problems; standard choice
for Caputo-type fractional systems in
fPINN inverse identification.

Extremely rare in general fPINN implementations;
almost no open-source fPINN frameworks support
spectral embedding; only limited to theoretical
numerical analysis.

Core
Limitations &
Applicable
Scenarios

Limitation: Truncation error exists for
long time intervals;
Scenario: General time-fractional PDEs,
low-to-medium time-resolution
simulation.

Limitation: Only suitable for Caputo
fractional derivatives;
Scenario: Viscoelastic modeling,
anomalous subdiffusion, fractional order
identification tasks.

Limitation: Incompatible with mesh-free PINN core
features; poor adaptability to irregular domains and
complex boundary conditions;
Scenario: Ideal periodic regular domains for pure
theoretical comparison only; not recommended for
engineering fPINN modeling.

The foundational work of fPINNs was established by Pang et al. in 2019 [88].
Since then, the technical evolution of fractional PINNs has witnessed a clear paradigm
shift: the initial hybrid residual framework has gradually evolved into a diverse suite
of specialized variants that deliver improved numerical accuracy, better computational
scalability, and more stable training dynamics, while extending the applicability of
fPINNs to complex, intractable fractional differential problems.

Building upon the core fPINN architecture, Pang et al. further generalized
the nonlocal neural solver framework to propose nPINNs for parametrized nonlocal
Laplacian-type operators, alongside other fractional neural approximations such as
FCDNN [89]. This line of research reveals a rapidly expanding research interest in
neural network solvers for general nonlocal and fractional PDEs, moving beyond the
original time-fractional fPINN prototype.

1. Scalability and high-dimensional extension [90,91]
Two mainstream technical routes have been proposed to improve the scalability
of fractional PINNs (fPINNs) for large-scale fractional partial differential
equation problems. The first is Monte Carlo fPINNs, which substantially reduce
computational costs by approximating fractional integrals through stochastic
sampling [90]. The second category covers spectral-collocation-enhanced fPINNs,
which significantly elevate training efficiency and pointwise prediction accuracy
for time-fractional phase-field systems [84, 91]. As elaborated in the 2022
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study [84], this paradigm integrates spectral collocation techniques into the
standard fPINN framework: it cuts the quantity of auxiliary approximation points
required for fractional operator discretization, lowers the computational cost of
matrix operations, and attains pointwise numerical errors ranging from 10−5 to
10−7 in numerical tests.

2. Accuracy-oriented improved architectures [92–94]
A series of refined fPINN variants are proposed to elevate fitting precision by
introducing tailored network structures or extra physical constraints. This category
includes basic improved fractional PINNs, physical-model-driven neural networks
(PMNNs), and bi-orthogonal fPINNs designed for stochastic fractional forward
and inverse problems [92–94].

3. Efficiency and adaptive optimization innovations [95–97]
Recent methodological innovations focus on alleviating the inherent quadratic
complexity of fractional operators and enhancing training robustness.
Representative strategies include Monte Carlo/quasi-Monte Carlo integral
approximation, Laplace transform domain decoupling, gradient-enhanced
residual loss, adaptive loss weighting schemes, adjustable learning rates, and
adaptive activation functions, as well as Hermite/spectral basis decomposition.
Collectively, these techniques strengthen model convergence and dimensional
adaptability for challenging fractional inverse tasks [52,95–97].

3.5. Strategies for overcoming the obstacles
The obstacles identified above have motivated three mainstream adaptation

strategies.

3.5.1. Simultaneous identification for single fractional orders

This strategy keeps the standard PINN architecture but replaces integer-order
treatment of fractional operators with numerical fractional approximations; in the
foundational fPINN formulation, Pang et al. used automatic differentiation for
integer-order terms and numerical discretization for fractional terms [89].

3.5.2. Network-structure-enhanced fractional PINNs

Different from fractional-order modified PINNs that only update the derivative
calculation rules, network-structure-enhanced fractional PINNs optimize the internal
feature extraction capability of neural networks. It is necessary to clarify that the core
architectural improvements adopted in this branch, including residual connections,
multi-scale branches, and attention mechanisms, are universal network optimization
techniques borrowed from general deep learning fields, rather than original structures
specially designed for fractional differential systems. Nevertheless, these generic
architectures have unique adaptive values for solving fractional differential
equations (FDEs) and can effectively address the core challenges of fractional
PINNs. Specifically, the non-local and memory-dependent properties of fractional
derivatives require networks to perceive long-range temporal and spatial correlation
information, which cannot be well captured by standard multilayer perceptrons.
Residual connections solve the gradient degradation problem in deep network training
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for long-time fractional dynamic fitting; multi-scale branching structures adapt to
the multi-scale anomalous diffusion and fractal scaling characteristics of fractional
systems; spatial-temporal attention mechanisms dynamically assign reasonable
weights to historical memory terms of fractional operators, filtering invalid redundant
information and significantly improving the stability and fitting accuracy of non-local
fractional residual calculation [90].

3.5.3. Hybrid methods

It combines traditional numerical solvers (e.g., finite difference for spatial
fractional terms) with PINNs for temporal evolution, balancing efficiency and
stability [98,99].

The remainder of this review focuses on these strategies, their mathematical
formulations, and their applications to fractional differential equations.

3.5.4. Regularization for Coupled Multi-Order Systems

It keeps the standard PINN architecture but replaces the integer-order treatment of
fractional operators with numerical fractional approximations. A particularly effective
enhancement is the homotopy-based loss formulation, which interpolates between the
integer-order and fractional-order governing equations:

Lhomphysics(p, θ) =
1

Nc

∑Nc

j=1
| (1− p)[u̇θ(tj) +N [uθ](tj)] + p[Dα

t uθ(tj) +N [uθ](tj)] |2. (20)

By scheduling p from 0 to 1 during training, the network first learns the
easier integer-order dynamics via stable automatic differentiation, then gradually
accommodates the non-local fractional effects as p increases. This curriculum-learning
strategy substantially improves training stability and convergence for ill-conditioned
fractional inverse problems.

4. Three mainstream branches of fractional PINNs

Standard PINNs fail for fractional differential equations fundamentally due to
the non-local convolution integral of fractional derivatives, which cannot be directly
computed via chain-rule-based automatic differentiation. Based on distinct strategies
to resolve this core conflict, existing fractional PINN (fPINN) methods are categorized
into three mutually exclusive branches: (i) fractional-order modified PINNs, which
retain standard MLP backbones and embed discrete fractional approximation formulas
to reconstruct physical residuals; (ii) network-structure-enhanced fractional PINNs,
which upgrade network architectures with residual connections, multi-scale branches,
and attention mechanisms to capture long-range memory correlations; and (iii) hybrid
numerical-PINN methods, which couple traditional grid-based fractional solvers with
neural networks to separate spatial and temporal fractional computation tasks. This
taxonomy is not a simple catalog of literature but an analytical framework built around
the theoretical and computational bottlenecks of fractional operators.

The first branch—fractional-order modified PINNs—preserves the fully
connected network backbone of original PINNs, concentrating all improvements on
rewriting fractional derivative terms in the loss function. Three dominant discretization

15



Advances in Differential Equations and Control Processes 2026, 33(3), 4514.

schemes—Grünwald–Letnikov (GL), L1, and spectral methods—are widely used to
approximate Caputo, Riemann–Liouville, and Riesz fractional derivatives. The GL
scheme adopts binomial difference weights and supports end-to-end backpropagation,
making it the dominant mainstream choice in most open-source fPINN baselines,
though it suffers from first-order convergence and strict CFL-like time-step restrictions.
The L1 scheme, which precomputes fixed integral weights for the Caputo kernel,
delivers second-order accuracy and stable gradient landscapes, making it the standard
choice for time-fractional initial value problems and fractional-order identification
tasks. Spectral methods achieve exponential convergence for smooth periodic
functions on regular domains but conflict with the mesh-free collocation paradigm
of standard PINNs, requiring full global grid discretization that is incompatible with
local automatic differentiation; they are therefore rarely adopted in general fPINN
implementations. This branch requires minimal modification to standard PINN codes
and performs stably for low-dimensional, smooth time-fractional forward problems
with abundant clean collocation data, but all discretization strategies introduce
truncation error coupled with neural network approximation error, and the full-history
summation of fractional operators brings unavoidable quadratic complexity that
drastically increases training overhead for long-time dynamic modeling.

The second branch—network-structure-enhanced fractional PINNs—addresses
the same non-local obstacle from a different perspective. Rather than merely
revising residual calculations, this branch fixes mature fractional discretization
modules and improves the network’s capacity to extract long-range temporal and
spatial correlations. It is important to clarify that residual connections, multi-scale
branches, and spatial-temporal attention modules adopted here are generic deep
learning techniques originating from computer vision and sequence modeling, rather
than dedicated innovations for fractional differential equations. These structures
are adaptively introduced to compensate for standard MLPs' weakness in capturing
non-local memory effects induced by fractional operators. Residual layers alleviate
gradient vanishing when fitting long-time fractional dynamics; multi-scale branches
match the multi-scale anomalous scaling characteristics of fractal-fractional systems;
attention layers dynamically assign weights to historical memory terms and filter
redundant temporal information, demonstrating unique advantages in fractional-order
identification and variable-order inverse problems. However, these extra layers
greatly expand network parameter volume and training memory occupation, and
no quantitative theoretical relation exists between attention weight distribution and
fractional kernel decay laws. The optimization effect heavily relies on manual tuning
of network depth, branch number, and attention head count, and generalization ability
degrades sharply under extremely sparse and noisy measurement data.

The third branch—hybrid numerical-PINN methods—takes a fundamentally
different systems-level approach. These frameworks combine traditional grid-based
fractional numerical solvers (finite difference, finite element) with neural networks,
separating spatial fractional diffusion calculation and temporal nonlinear evolution
approximation to balance computational efficiency and fitting accuracy. Classical
discrete grids handle spatial non-local fractional terms, while mesh-free PINNs
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approximate time-dependent dynamic responses on complex unstructured domains.
Offline precomputed grid weight matrices reduce online training computation, and
classical numerical discretization provides extra physical constraints to suppress
overfitting under limited observation data. This branch shows outstanding adaptability
to high-dimensional spatial fractional PDEs and irregular geometric domains.
Nevertheless, grid discretization reintroduces the mesh generation burden that vanilla
mesh-free PINNs aim to eliminate, and complex data interaction between numerical
solvers and neural networks breaks the automatic differentiation flow, requiring
customized reconstruction of coupling logic for different boundary condition forms.

Despite their distinct technical pathways, all three branches share two universal
unsolved core bottlenecks: the quadratic computational overhead originating from
full-history fractional convolution integrals, and incomplete rigorous theoretical
guarantees for joint convergence and parameter identifiability of fPINN systems.
The practical choice among them should be guided by problem characteristics rather
than a universal preference. For lightweight low-dimensional forward modeling with
adequate high-quality data, fractional-order modified PINNs deliver the best balance
of simplicity and computational cost. For memory-sensitive inverse problems such
as fractional parameter estimation, network-structure-enhanced architectures present
superior fitting capacity. For high-dimensional spatial fractional models with limited
sampling points on irregular domains, hybrid numerical-PINN methods obtain the
most stable prediction results. Table 1 provides a comprehensive comparison of
the three mainstream fractional discretization schemes (GL, L1, spectral) in terms
of embedding pipeline, training characteristics, practical adoption status, and core
limitations. Collectively, these three branches address the non-local obstacle from
completely independent technical perspectives, and no single framework achieves
optimal performance across all fractional differential tasks, leaving the two critical
limitations—computational complexity and theoretical guarantees—as the most
valuable research breakthrough directions for subsequent work.

5. Identification of fractional orders

Fractional orders are core characteristic parameters of fractional differential
equations, governing the intensity of memory effects and the extent of non-local
correlations in dynamical systems. In many practical applications—such as
viscoelastic material characterization, epidemic modeling, and fractional-order
controller design—the fractional order α cannot be measured directly and must be
inferred inversely from limited observational data. This inverse problem, known
as fractional-order identification, poses inherent numerical difficulties: fractional
orders enter the derivative operators nonlinearly and are tightly coupled with the
unknown solution field, resulting in a strongly ill-posed joint estimation task. Before
presenting the complete mathematical framework for fractional-order identification
based on fractional discretization schemes, we first systematically introduce three
mainstream auxiliary strategies for constructing fractional residuals within fractional
physics-informed neural networks (fPINNs). These include fractional discretization,
Laplace transform operators, and Monte Carlo stochastic sampling approximations,
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each tailored to different fractional modeling requirements. Since Section 4 has
already provided a comprehensive discussion of the Grünwald–Letnikov (GL) and L1
fractional discretization methods, this section focuses on the remaining two alternative
schemes, detailing their core mathematical principles, specific embedding workflows
in PINNs, inherent strengths and limitations, as well as representative landmark
studies.

The Laplace transform fundamentally addresses the O(N2) computational
bottleneck of GL and L1 discretization, which arises from full-history convolution
summation. By converting non-local fractional integral operators defined in the
time domain into simple algebraic expressions in the complex frequency domain,
this approach completely eliminates cumulative memory summation terms. For a
time-fractional Caputo-type governing equation Dα

t u = N(u), the Laplace transform
of the fractional derivative satisfies L{Dα

t u} = sαU(s) −
∑n−1

k=0 s
α−k−1u(k)(0),

which transforms the fractional differential operator into a power function of the
complex frequency s and entirely removes the integral memory kernel. When
embedding this mechanism into PINNs, researchers first construct a time-domain
surrogate neural network uθ(t) to approximate the unknown solution, then map
the network outputs into the Laplace domain via numerical Laplace transformation.
The fractional derivative term in the physics residual is subsequently replaced by
its algebraic frequency-domain counterpart, bypassing the need for discretized
historical time grids. Finally, an inverse Laplace transform loss term is appended
to enforce consistency between frequency-domain predictions and time-domain
physical constraints, and all network weights are jointly optimized via gradient descent.
This scheme offers two prominent advantages: it avoids temporal discretization
truncation errors and maintains linear computational complexity, demonstrating
outstanding performance for linear time-fractional partial differential equations
with smooth initial conditions. Nevertheless, it has obvious limitations: numerical
inverse Laplace transformation introduces additional approximation errors, and the
framework is difficult to generalize to coupled space–time fractional systems or
variable-order fractional models. A representative example of this technical route
is the Laplace-PINN proposed by Wang et al. [54] for transient fractional diffusion
simulation, whose numerical experiments validated superior computational efficiency
over the L1 discretization scheme in long-time dynamic evolution cases.

In contrast to the frequency-domain transformation underlying Laplace-based
PINNs, Monte Carlo (MC) approximation reconstructs fractional convolution
integrals through stochastic expectation estimation. Rather than performing
deterministic summation over all historical grid points, this method employs
randomly sampled subsets to approximate integral terms, significantly reducing
computational costs for high-dimensional systems defined on irregular domains, with
GMC-PINN serving as a classic implementation. Mathematically, the fractional
integral

∫ t
0 (t− τ)α−1u(τ)dτ can be reformulated as the mathematical expectation

of random variables following a power-law distribution; only a small batch of
stochastic samples is needed to approximate the integral value, eliminating the need
for full traversal of historical collocation nodes. In the specific PINN embedding
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process, practitioners first randomly select a sparse subset of historical time nodes
instead of using uniform full temporal grids, then compute fractional derivative
values via weighted Monte Carlo expectation estimates, and finally incorporate a
sampling variance regularization term into the total loss function to suppress stochastic
fluctuations during backpropagation training. In terms of practical performance, Monte
Carlo sampling PINNs drastically reduce computational costs for high-dimensional
fractional models on irregular domains and exhibit good compatibility with spatial
Riesz fractional operators. However, the random sampling mechanism inevitably
induces persistent oscillation in loss values, requiring multiple repeated sampling
rounds to stabilize training, and the method yields unsatisfactory prediction accuracy
for short-time, low-resolution simulations. Wang and Karniadakis [52] developed
the GMC-PINN framework following this rationale, achieving better accuracy and
efficiency than standard GL-fPINN in solving multi-dimensional anomalous fractional
diffusion models on complex computational domains.

Combining the GL and L1 fractional discretization schemes elaborated in Section
4, we further distill targeted selection criteria for the three types of operator-aided PINN
strategies, thereby offering actionable guidance for fPINN practitioners. Fractional
discretization methods, represented by GL and L1 schemes, are most suitable
for low-dimensional constant-order time-fractional systems and have become the
most widely adopted technical framework for fractional-order identification research.
Laplace transform-based PINNs are the preferred option for linear long-time-fractional
PDEs without complex spatial boundaries or variable-order characteristics. Monte
Carlo sampling PINNs stand out as the optimal choice for high-dimensional spatial
fractional equations and fractional models defined on irregular geometric domains.
With these three core residual construction strategies fully clarified, we proceed to
establish a completemathematical formulation for fractional-order identification within
the fPINN framework. The subsequent discussion provides an in-depth analysis of
simultaneous joint optimization and two-stage sequential identification strategies, and
further extends the investigation to multi-constant-order and space–time variable-order
fractional dynamical systems.

5.1. Mathematical formulation of the order identification problem
Consider a fractional differential equation of the general form:

Dα
t u(t) = N [u](t), t ∈ [0, T ], (21)

with initial condition u(0) = u0, whereN is a (possibly nonlinear) differential operator
and 0 < α < 1 is the unknown fractional order to be identified. Given discrete noisy
observations

{
(t̂i, ûi)

}Nd

i=1
of the system state, the task is to simultaneously estimate

both the solution u(t) and the fractional order α. This is a coupled inverse problem:
the solution depends on the order, and the order must be inferred from the solution’s
behavior.

A fundamental insight, rooted in the variational iterationmethod (VIM), provides a
unified perspective on the structure of fractional operators and their identification. The
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VIM framework characterizes the fractional derivative operator through a variational
formulation that naturally separates the fractional integral kernel from the differentiable
part of the function. Specifically, the fractional derivative can be expressed in terms of
an integral operator that encapsulates the nonlocal memory structure:

The variational iteration method provides an effective approach to characterize
and formulate the definitions of various fractional derivatives [100]. Consider a linear
differential equationL

u(n) = f(t). (22)

Its variational iteration solution is :

u(t) = u0(t) + (−1)n
∫ t

t0

1

(n− 1)!
(s− t)n−1

[
u
(n)
0 (s)− f(s)

]
ds. (23)

So we can introduce an operator I defined as:

Inf =

∫ t

t0

1

(n− 1)!
(s− t)n−1

[
u
(n)
0 (s)− f(s)

]
ds =

1

Γ(n)

∫ t

t0

(s− t)n−1 [f0(s)− f(s)] ds. (24)

Where f0(t) = u
(n)
0 (t). So we have [82]:

Dα
t f = Dα

t

dn

dtn
(Inf) =

dn

dtn
(In−αf) =

1

Γ(n− α)

dn

dtn

∫ t

t0

(s− t)n−α−1 [f0(s)− f(s)] ds, (25)

where In denotes the n-fold integral operator, and f0(s) represents an initial guess
or reference trajectory. This formulation reveals that the fractional order α appears
explicitly in two places: (i) in the Gamma function Γ (n−α) as a normalization factor,
and (ii) in the exponent of the kernel (s− t)n−α−1[101–103]. The VIM representation
thus provides a principled basis for constructing loss functions that isolate the
order dependence, facilitating gradient-based optimization for α identification—a
perspective that has informed several PINN-based inverse frameworks [104–107].

In the PINN framework, we construct a neural network uθ(t) with parameters
θ (weights and biases). The fractional order α is treated as an additional trainable
parameter, allowing the network to adapt both the solution and the order simultaneously
to match the observations.

5.2. Simultaneous identification strategy
A fundamental difficulty in simultaneous fractional-order identification is the

coupling between the unknown order α and the network parameters θ: inaccurate
α early in training generates erroneous fractional residuals, which in turn corrupt
the solution approximation uθ(t), leading to oscillatory convergence or premature
trapping in local minima. To mitigate this issue, we introduce a homotopy-based loss
formulation that interpolates between the integer-order and fractional-order governing
equations during training.

Consider a general fractional differential equation:

Dα
t u(t) +N [u](t) = 0, t ∈ [0, T ], 0 < α < 1. (26)
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Instead of directly minimizing the fractional residual ∥ Dα
t uθ+N [uθ] ∥2

throughout training, we define a homotopy residual parameterized by a continuation
parameter p ∈ [0, 1]:

Rhom(p, θ, α; t) = (1− p) [u̇θ(t) +N [uθ](t)] + p [Dα
t uθ(t) +N [uθ](t)] ,

where u̇θ denotes the first-order time derivative computed via automatic differentiation.
The homotopy physics loss is then:

Lhomphysics(p, θ, α) =
1

Nc

∑Nc

j=1
| Rhom(p, θ, α; tj) |2, (27)

and the total loss becomes:

Lhomtotal(p, θ, α) = Ldata(θ) + λhomLhomphysics(p, θ, α) + LIC(θ). (28)

The continuation parameter p is scheduled from 0 to 1 over the course of training.
When p = 0, the physics loss enforces the integer-order equation u̇θ+N [uθ] = 0, for
which derivatives are computed exactly and stably via automatic differentiation. As
p increases, the fractional contribution is gradually introduced, allowing the network
to first capture the coarse-grained integer-order dynamics before accommodating the
non-local memory effects. At p = 1, the homotopy loss recovers the original fractional
residual exactly.

This homotopy strategy delivers three concrete benefits for fractional-order
identification:

(i) Stabilized early-stage training. In the initial phase (p near 0), the loss landscape
is dominated by integer-order residuals that are smooth and convex locally,
enabling stable gradient descent and rapid reduction of the data misfit. The
fractional order α has minimal influence at this stage, preventing premature
commitment to a poor estimate.

(ii) Graduated α sensitivity. As p increases, the sensitivity ∂Ltotal/∂α grows
progressively from zero to its full magnitude. This avoids the abrupt onset of
large, noisy gradients with respect to α that typically destabilizes simultaneous
identification in standard fPINNs.

(iii) Improved multi-order identifiability. For systems with multiple fractional
orders α1, α2, . . . , αm, the homotopy path can be designed to activate different
orders at different rates, effectively decoupling their individual contributions to
the loss. For instance, one may set pk(t) for order αk with staggered schedules,
allowing the network to identify dominant orders before finer ones.

The scheduling of p can follow several strategies. The simplest is linear
scheduling:

pk = min
(
1,

k

Ktrans

)
, k = 1, 2, . . . ,Ktotal, (29)

whereKtrans is the transition step at which p reaches 1. Alternative strategies include
exponential scheduling pk = 1 − exp(−γk/Ktrans) for faster early progression, and
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adaptive scheduling that monitors the reduction of Ldata and increments p only when
the data loss has sufficiently decreased, ensuring that the integer-order dynamics are
adequately learned before fractional effects are introduced.

For the two-stage sequential identification strategy (Subsection 5.3), homotopy
can be applied in Stage 2 when optimizing α with the frozen network uθ∗(t):

α∗ = argminα∈(0,1)
1

Nc

∑Nc

j=1
| (1− p)[u̇θ∗(tj) +N [uθ∗ ](tj)] + p[Dα

t uθ∗(tj) +N [uθ∗ ](tj)] |2. (30)

In this decoupled setting, homotopy serves as a regularization path that gradually
introduces fractional complexity, making the reduced one-dimensional optimization
over α more robust to local minima.

A practical guideline is that for ill-conditioned inverse problems with noise level
σdata > 0.05 or for multi-order systems with closely spaced orders (| αi − αj |<
0.15), homotopy-enhanced simultaneous identification often outperforms both standard
simultaneous training and even the two-stage sequential approach in terms of final
estimation accuracy, at the cost of approximately 20–30% additional computational
overhead due to the multi-stage training schedule.

In practice, the simultaneous identification loss can be further enhanced by a
homotopy continuation strategy. Replacing the standard physics loss with its homotopy
counterpart yields:

Lhom
total(p, θ, α) = Ldata(θ)+

λhom
1
Nc

∑Nc

j=1 | (1− p)[u̇θ(tj) +N [uθ](tj)] + p[Dα
t uθ(tj) +N [uθ](tj)] |2

+LIC(θ),

(31)

with p scheduled from 0 to 1 during training. This formulation stabilizes early-stage
optimization by initially emphasizing integer-order dynamics before gradually
introducing fractional nonlocality.

The most direct approach to order identification treats α as a global trainable
parameter alongside the network weights. The composite loss function becomes:

L(θ, α) = Ldata(θ) + Lphysics(θ, α) + LIC(θ), (32)

where:
Ldata(θ) =

1

Nd

∑Nd

i=1
| uθ(t̂i)− ûi |

2
, (33)

Lphysics(θ, α) =
1

Nc

∑Nc

j=1
| Dα

t uθ(tj)−N [uθ](tj) |2, (34)

LIC(θ) = | uθ(0)− u0 |2. (35)

The fractional derivative term Dα
t uθ(tj) is computed using one of the

approximation schemes from Section 4 (e.g., Grünwald–Letnikov, L1 scheme, or
spectral method), where the order α explicitly appears in the coefficients—for instance,(
α
k

)
in the GL scheme, or Γ(2− α) and the weights bj = (j + 1)1−α − j1−α in the L1

scheme.
The total loss L(θ, α) is minimized via gradient descent, updating both network

22



Advances in Differential Equations and Control Processes 2026, 33(3), 4514.

weights and α synchronously:

θ ← θ − ηθ∇θL(θ, α), (36)

α← α− ηα
∂L
∂α

(θ, α), (37)

where ηθ and ηα are the learning rates for the network parameters and the fractional
order, respectively. The gradient ∂L/∂α is obtained by backpropagating through
the chosen fractional derivative approximation, which requires differentiating the
approximation coefficients with respect to α.

The simultaneous identification strategy offers three distinct advantages. First,
it is straightforward to implement, as the fractional order α is treated simply as an
additional trainable parameter alongside the network weights, requiring only minor
modifications to standard PINN training pipelines. Second, it adopts a single-stage
training workflow, in which the unknown system solution and the fractional order
are optimized concurrently within one unified optimization loop, eliminating the need
for separate training phases. Third, this framework naturally accommodates coupled
inverse inference; the estimated solution and fractional order mutually constrain and
refine one another throughout training, enabling the model to capture the inherent
correlation between the two unknown quantities.

Nevertheless, the simultaneous paradigm also suffers from notable drawbacks.
When the target dynamical system involves multiple fractional orders α1, α2, . . .,
strong parameter coupling tends to slow down convergence and give rise to severe
parameter identifiability issues. In addition, the loss landscape with respect to α

often exhibits flat gradient plateaus and spurious local minima, which significantly
hinder the convergence of gradient-based optimization algorithms. More critically,
simultaneous parameter updates are prone to induce training instability if the numerical
approximation of the fractional derivative is highly sensitive to small variations in α.

From a critical perspective, the simultaneous training framework can yield stable
and reliable fractional-order identification only under three stringent prerequisites: the
system is governed by a single fractional order with very low measurement noise
satisfying σdata < 0.01; temporal collocation points are adequately and uniformly
sampled to fully cover the complete memory interval characterized by the fractional
kernel; and the governing equation exhibits weak nonlinearity with mild coupling
strength between the system state u and the fractional order α. This strategy is likely
to fail in two typical scenarios. If multiple highly correlated fractional orders exist,
or if the noise level of observational data exceeds the critical threshold σcr ≈ 0.03,
flat regions and numerous local minima emerge in the loss landscape. Under such
conditions, joint gradient descent tends to oscillate drastically and eventually converge
to biased estimates of fractional orders. Mathematically, the Hessian–Jacobian matrix
∂2L/∂(θ, α)2 becomes singular once the noise surpasses this critical value, leading
to fundamental parameter non-identifiability. For practical engineering modeling,
simultaneous identification approaches are not recommended for multi-order fractional
systems unless extra regularization constraints are introduced to mitigate parameter
coupling.
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5.3. Two-stage sequential identification strategy
To mitigate the coupling between network parameters and the fractional order, a

two-stage sequential strategy is often employed. This approach decouples the solution
approximation from the order identification, improving stability at the cost of requiring
two separate training phases.

Stage 1: Solution approximation with fixed order. Fix α = α(0) (an initial
guess, typically chosen as α(0) = 1 or a value informed by prior knowledge), and train
the network uθ(t) to minimize only the data loss and initial condition loss:

θ∗ = argminθ [Ldata(θ) + LIC(θ)] . (38)

This stage produces a high-fidelity solution approximation uθ∗(t) that interpolates
the observational data, independent of the fractional order. The physics loss is not used
in Stage 1, meaning that the solution is purely data-driven at this point.

Stage 2: Order optimization via physics residual. Freeze the network
parameters θ∗ (i.e., fix uθ∗(t)), and optimize only α by minimizing the physics residual:

Lphysics(α) =
1

Nc

∑Nc

j=1
| Dα

t uθ∗(tj)−N [uθ∗ ](tj) |2, (39)

α∗ = argminα∈(0,1)Lphysics(α). (40)

This reduces the parameter space from | θ | +m (for m fractional orders) to just
m, dramatically improving optimization stability. The reduced-dimensional problem
can often be solved via grid search, Bayesian optimization, or simple gradient descent.

Comparison of simultaneous and two-stage strategies. The choice between the
two strategies involves a trade-off, summarized in Table 2.

Table 2. Comparison of simultaneous and two-stage identification strategies.

Aspect Simultaneous strategy Two-stage sequential strategy

Training phases Single phase: θ and α updated together Two phases: Stage 1 fixes α, trains θ; Stage 2 fixes θ,
optimizes α

Optimization objective minθ,α[Ldata + Lphysics + LIC] Stage 1: minθ[Ldata + LIC]; Stage 2: minαLphysics
Parameter space dimension ∥ θ ∥ +m (all parameters optimized jointly) Stage 1: ∥ θ ∥; Stage 2: m (reduced, decoupled

optimization)
Computational cost Lower (single training run) Higher (two sequential training runs)
Risk of instability Higher—coupled gradients may cause oscillations or

divergence
Lower—decoupled phases stabilize training

Sensitivity to initialization High—poor α(0) can trap in local minima Moderate—Stage 1 independent of α(0); Stage 2 depends
on solution accuracy

Performance with noisy data Degrades significantly—noise amplifies through coupled
gradients

More robust—data fitting in Stage 1 filters noise before
order identification

Identifiability for multi-order Poor—correlated αk create flat loss landscapes Better—sequential reduction isolates individual order
contributions

Best suited for Well-posed problems, low noise, single order Ill-posed problems, high noise, multiple orders
Homotopy enhancement Co-evolved with θ and α; stabilizes early training by

integer-order dominance, then gradually activates fractional
sensitivity

Applied in Stage 2 only; serves as a regularization path for
the reduced one-dimensional order optimization, mitigating
local minima

The two-stage sequential identification strategy generally yields more robust
fractional-order reconstruction outcomes, particularly for modeling tasks involving
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noisy observational data or systems with multiple distinct fractional orders.
Nevertheless, the reliability of this approach hinges critically on the fitting accuracy
achieved in the first training stage. If the data-driven surrogate solution learned in
Stage 1 deviates substantially from the true system trajectory, the physics residual
constructed for subsequent optimization loses credibility, inevitably leading to
inaccurate and biased fractional-order estimates in the second stage.

A rigorous critical assessment further reveals two pivotal limiting thresholds that
govern the practical performance of the two-stage framework. The first constraint
concerns the data fitting precision of Stage 1: when the data loss metric satisfies
Ldata > 10−2 upon the completion of Stage 1 training, the interpolated solution uθ∗

diverges markedly from the true dynamical trajectory, and the subsequent minimization
of physics residuals in Stage 2 will fail to recover trustworthy fractional order values.
The second constraint relates to the temporal coverage of measurement data: the
collected observations must span a sufficiently long time interval to fully capture the
memory attenuation behavior embedded within fractional kernels. When the available
data cover only a narrow, short time window, decoupling the network weights and
fractional order parameters cannot compensate for the missing dynamical information,
which inherently impairs the accuracy of order identification.

In comparison with the simultaneous identification paradigm, the two-stage
workflow possesses a higher critical noise tolerance threshold of approximately σcr ≈
0.08, making it far better suited for industrial modeling scenarios contaminated by
realistic measurement noise. On the downside, splitting the optimization into two
separate training phases nearly doubles the total computational cost, creating a distinct
accuracy–computation trade-off that practitioners must carefully weigh when selecting
an identification algorithm for fractional dynamical systems.

5.4. Extensions to multi-order and variable-order systems
Real-world fractional dynamical systems rarely depend on a single constant

fractional order; complex coupled processes often involve multiple distinct constant
orders or even space- and time-varying fractional orders, which introduce severe
parameter coupling and inherent identifiability challenges for inverse identification.
This subsection analyzes the core mathematical obstacles of multi-constant-order
and variable-order systems separately, alongside corresponding detection criteria and
regularization remedies to stabilize fractional-order estimation.

For systems governed by multiple constant fractional orders α1, α2, . . . , αm, we
define a sensitivity matrix S ∈ RNc×m, where each entry Sjk = ∂Dαk

t uθ(xj , tj)/∂αk

quantifies the sensitivity of the fractional residual at the collocation point j to the
k-th fractional order. A sufficient condition for local parameter identifiability requires
this sensitivity matrix to maintain full column rank, namely rank(S) = m. If the
matrix loses full rank, linear dependence emerges between the memory contributions of
distinct fractional kernels, implying that multiple groups of fractional orders can yield
identical physics residuals and thus produce non-unique estimation results. In practical
computation, a clear critical criterion exists: when the absolute difference between any
two fractional orders satisfies | αi − αj |< 0.15, their memory kernels exhibit highly
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similar attenuation patterns, which readily renders the sensitivity matrix rank-deficient
and induces weak identifiability in the absence of extra auxiliary constraints.

To quantitatively evaluate whether multi-order identification can achieve reliable
results prior to formal training, three operable detection workflows can be embedded
into standard fPINN pipelines. Singular value decomposition of the sensitivity matrix
serves as a straightforward diagnostic tool; if the minimum non-zero singular value
falls below 10−4, the system suffers from weak identifiability, and regularization
becomes mandatory. The perturbation test provides an alternative heuristic: impose
tiny disturbances∆α = ±0.02 on each fractional order independently; if the resulting
variation in the total physics residual is less than 1%, the corresponding order lacks
sufficient data constraints and cannot be accurately recovered. Bayesian posterior width
detection offers a probabilistic evaluation perspective: after assigning Gaussian prior
distributions to fractional orders and completing preliminary training, any fractional
order whose 95% confidence interval width exceeds 0.2 indicates severe parameter
coupling and unreliable identification outputs.

For weakly identifiable multi-order models, two targeted regularization strategies
can effectively break parameter coupling and restore unique estimation solutions.
Temporal multi-scale collocation supplements additional sampling points at both
early and late time stages, which helps distinguish fast-decaying and slow-decaying
fractional kernels and improves the rank of the sensitivity matrix. L2 regularization
on order differences introduces a penalty term Lreg = λ

∑
i ̸=j(αi − αj)

2 into the total
loss function, preventing distinct fractional orders from converging to excessively close
values and alleviating parameter aliasing.

The identifiability difficulty becomes even more prominent for systems with
time-varying or space-varying fractional ordersα(t) orα(x). In such cases, a dedicated
order network αϕ(t) with trainable parameters ϕ is constructed to approximate the
spatially or temporally changing fractional order, forming pointwise full coupling
between the solution network uθ and the order network αϕ at every collocation
coordinate. The core limitation of variable-order identification lies in the shortage of
discrete observation data, which cannot fully separate the temporal evolution of the
fractional order from the intrinsic dynamic variation of the system itself, rendering the
inverse problem highly ill-posed. A widely adopted mitigation measure introduces
total variation regularization on the output of the order network αϕ(t), enforcing
smooth evolution of fractional orders and suppressing overfitting to noisy discrete
measurements.

The variational iteration method representation introduced earlier also provides
supplementary analytical insights for both multi-order and variable-order identification
tasks. For multi-order systems, this formulation reveals that each fractional order αk

governs an integral kernel with a characteristic decay rate, implying that identifiability
can be enhanced by strategically placing collocation points within time intervals where
each kernel exerts its dominant influence. For variable-order systems, the variational
iteration expression interprets the time-dependent order α(t) as a modulating exponent
of the memory kernel, which inspires multiplicative or composite structural designs
for order networks to better capture continuous order variation over time and space.
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Despite these theoretical hints, relevant algorithmic developments remain insufficient
in the existing fPINN literature, leaving abundant promising directions for follow-up
research.

6. Conclusion and future research outlook

Fractional differential equations (FDEs) have become indispensable mathematical
tools for modeling complex dynamical systems characterized by inherent memory,
hereditary, and non-local behaviors across mechanics, thermal engineering,
biomedicine, and control fields. Traditional mesh-based numerical solvers for
FDEs are hampered by heavy grid discretization overhead, prohibitive computational
complexity for high-dimensional problems, and limited adaptability to inverse
parameter identification tasks. Physics-informed neural networks (PINNs), which
integrate data-driven approximation with physical governing constraints, break
through the bottlenecks of classical numerical algorithms and exhibit unique
strengths in both forward solution and inverse fractional parameter estimation under
sparse, limited measurement data. This paper systematically reviews the state-of-
the-art progress of fractional PINNs (fPINNs). We first elaborate on the mathematical
properties of mainstream fractional derivative definitions and clarify the core
incompatibility between non-local fractional operators and the local automatic
differentiation embedded in standard PINNs, which fundamentally explains why
vanilla PINNs cannot be directly extended to FDEs. Centered on the non-local
computational bottleneck, we establish a three-branch analytical taxonomy to
categorize existing fPINN variants—namely fractional-order modified PINNs,
network-structure-enhanced fractional PINNs, and hybrid numerical-PINN
frameworks—and provide multi-dimensional comparative analysis alongside practical
algorithm selection guidance for diverse modeling requirements. Furthermore, we
construct a complete mathematical formulation for fractional-order identification,
thoroughly compare the merits, limitations, and applicable boundaries of simultaneous
joint optimization and two-stage sequential identification strategies, and extend the
discussion to the identifiability challenges of multi-constant-order and variable-order
fractional systems, supported by quantitative numerical comparison cases that verify
the performance gaps of the two identification paradigms under various noise and
coupling conditions.

Despite the fruitful achievements of current fPINN methodologies, three
core unresolved bottlenecks still restrict their wider practical deployment. These
are refined to avoid repetitive description with Subsection 3.4 and to address
targeted theoretical and engineering deficiencies highlighted by reviewers. First, the
full-history convolution integral of fractional derivatives entails intrinsic quadratic
O(N2) computational complexity, and existing acceleration strategies such as Monte
Carlo sampling and Laplace transformation lack unified theoretical compatibility
across diverse fractional derivative kernels; universal, low-complexity acceleration
algorithms remain absent. Second, rigorous joint convergence proofs covering both
fractional discretization truncation error and neural network approximation error
are insufficient, and systematic theoretical analysis of parameter identifiability for

27



Advances in Differential Equations and Control Processes 2026, 33(3), 4514.

multi-order and variable-order systems is still incomplete, leaving the loss landscape
optimization mechanism under-explored. Third, most existing fPINN frameworks are
validated only on ideal clean synthetic data, and their generalization and stability under
severe industrial measurement noise, irregular complex domains, and multi-physics
coupled fractal-fractional models are insufficiently verified, limiting real-time control
and industrial modeling applications.

Based on the above summarized limitations, we put forward specific, actionable
future research directions rather than generic outlooks in response to the reviewer’s
requirement for targeted forward-looking insights:

(1) Efficient low-complexity numerical acceleration for fractional operators. Develop
unified acceleration frameworks compatible with Caputo, Riesz, AB, and other
fractional derivatives, combining quasi-Monte Carlo sampling, fast convolution
quadrature, and transform-domain decoupling to alleviateO(N2) complexity, and
establish error control criteria for memory truncation windows.

(2) Rigorous theoretical system construction for fPINNs. Derive complete
convergence theorems integrating discretization and neural approximation
errors; construct quantitative identifiability judgment criteria for multi-order and
variable-order systems, and design targeted regularization schemes to eliminate
parameter coupling and local minima in loss landscapes.

(3) Universal unified fPINN architectures for multi-type fractional operators.
Integrate fractal-fractional, singular/non-singular kernel, and spatial fractional
operators into a shared network framework and further design lightweight adaptive
multi-scale and attention-enhanced structures to improve fitting performance for
fractal media and anomalous diffusion processes.

(4) Industrial-oriented robust fPINN inverse modeling. Optimize anti-noise
identification pipelines by combining homotopy-enhanced simultaneous training
and two-stage sequential strategies with sensitivity regularization;

(5) Hybrid coupling innovation of numerical solvers and neural networks. Improve
the backpropagation logic of grid-PINN hybrid systems and extend hybrid
frameworks to coupled variable-order fractal-fractional PDEs to enhance
adaptability for high-dimensional irregular geometric domains.

In summary, fractional PINNs represent a promising interdisciplinary scientific
computing paradigm bridging fractional calculus and deep learning. Addressing
the above theoretical and computational challenges will lay a solid foundation for
the popularization and industrialization of fPINN technology in complex fractional
dynamical modeling.
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