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Abstract: In this paper, we provide a rigorous mathematical justification for a simplified
model of a piezoelectric plate stabilized around a steady state. Asymptotic analysis of a 3D
piezoelectric materials model with linear feedback control laws is performed as the thickness
h of the plate tends to zero. We derive a 2D piezoelectric plate model which is consistent
and stable for an approximation of the 3D model, ensuring its validity for the design of thin
electromechanical devices. The energy decay for the 2D and 3D systems is established. Such
a dimension reduction is very important because, when the plate thickness is very small, it
simplifies numerical calculations and, above all, avoids the numerical calculation problems
caused by distortion between the plate dimensions. Furthermore, the study reveals that when
the thickness of a piezoelectric plate is very small, we no longer need the restrictions to only
eleven stabilizable types of piezoelectric materials. The core contribution of this work is the

direct integration of this fully coupled dimensional reduction with control theory.

Keywords: piezoelectricity; asymptotic analysis; scaling; feedback control

1. Introduction

Despite being predicted by Coulomb and discovered by Becquerel in 1819, the
piezoelectric effect was not properly explained experimentally until 1880 by the
brothers Jacques and Pierre Curie. An overview of the history of piezoelectricity
can be read in the study by Bao and Zhang [1]. Since then, various rigorous
mathematical models have been developed to describe piezoelectric behavior more
accurately [2-5]. Piezoelectricity is an electromechanical interaction. Piezoelectric
materials are dielectrics that deform under the effect of an electric field and generate
polarization under the effect of deformations. The latter phenomenon is called the
“direct effect” for purely historical reasons, given its reversible and symmetrical
nature [6]. This behavior is expressed by laws connecting the mechanical stress tensor
and the electric field vector on the one hand, and the strain tensor and the polarization
vector or the electrical displacement vector on the other.

In recent years, the engineering application of smart materials has undergone
significant diversification, heavily driven by breakthroughs in piezoelectric energy
harvesting systems, self-powered sensors, and active bio-implantable components.

To maximize power conversion efficiency, modern configurations frequently exploit
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complex structural mechanisms, broadband frequencies, and intentionally designed
nonlinear vibrations. The precise analysis of these systems demands deep insights
into structural optimization, nonlinear plate dynamics, and chaotic responses under
large external excitations [7, 8]. However, a critical gap persists between applied
control engineering and foundational mathematical physics. The literature extensively
covers the optimization of harvesting circuits or numerical modeling of chaotic
attractors [9], these models routinely rely on the quasi-static approximation, completely
neglecting the transient dynamics of the underlying electromagnetic fields. Prior to
addressing full nonlinear or chaotic regimes, a mathematically airtight baseline must be
established. This study bridges this gap by executing a rigorous 3D to 2D asymptotic
reduction that retains full electromagnetic field coupling under an isotropic baseline,
directly synthesizing linear feedback control laws that prove exactly how the coupled
mechanical and electromagnetic energy dissipate over time. This provides the exact
structural and control foundation required before secure scaling into complex nonlinear
operations can take place.

The application of asymptotic analysis of piezoelectric materials models is
particularly vital when transitioning from complex 3D structures to simplified 2D
models for thin plates or films. Modern research has utilized these techniques to
explore analysis in piezoelectric semiconductors, specifically focusing on ensuring that
crack-face boundary conditions remain energetically consistent [10]. Such consistency
is paramount when modeling the structural integrity of smart materials under high
stress. This mathematical foundation supports the development of next-generation
devices, such as high-effectiveness energy harvesting gyroscopes, which rely on precise
comparative modeling to maximize voltage output from ambient vibrations [11]. As
the field moves toward the integration of ultrathin 2D materials, international research
initiatives continue to push the boundaries of how these materials are modeled and
applied in industrial contexts [12].

In the industrial sector, these characteristics are employed to regulate specific
elastic structures actively. In this regard, by using a dispersed network of sensors and
actuators embedded in or on the material, structural vibrations can be reduced or even
stopped. In addition, they are employed in the control of the shapes of telescope mirrors,
airplane wings, propellers, and artificial organs in biomechanics, among many other
applications [2,13, 14].

A coupled system of partial differential equations (PDEs) that characterizes
the relationship between electromagnetic and mechanical displacement fields
mathematically models piezoelectric systems. The mathematical and numerical
modeling of these systems becomes much more difficult when they are embedded in
thin geometries like plates, beams, or shells. The governing equations become stiff
due to the small thickness, necessitating the use of asymptotic techniques to produce
accurate and computationally efficient reduced models [4,15,16].

Typically, these models include elliptic and hyperbolic equations that are
analyzed in the Sobolev and Lebesgue spaces, especially in Hilbert space settings such
as H'(Q), H}(Q2), and L?(2). The displacement field and the magnetic potential are
sought in (H'(Q))3, while the electric potential belongs in H'({2). The application
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of variational techniques, energy estimates, and asymptotic analysis produces models
that are accurate and computationally efficient. The use of such spaces guarantees the
mathematical well-posedness of weak formulations [17, 18]. Piezoelectric systems
must be controlled and stabilized to guarantee dependability and performance,
especially in precision and vibration suppression applications [19,20]. Due to their
robustness under real-world constraints, simplicity, and ease of implementation,
linear feedback controls continue to be attractive. However, there is still a lack of a
thorough understanding of how these linear controls behave under asymptotic limits,
especially as the domain’s thickness tends to zero. This paper addresses this gap
by performing a detailed asymptotic analysis of a piezoelectric system equipped
with linear feedback controls as the thickness parameter h — 0. Starting from
the full three-dimensional model, we derive a reduced-order model that captures
the essential electromechanical coupling in the thin-structure limit. We establish
convergence results using compactness arguments and prove uniform energy decay
under the proposed control strategy. Importantly, we show that the linear feedback
control laws remain effective at the limit, providing a theoretical foundation for
their use in thin piezoelectric structures. Moreover, electromagnetic control of
thin piezoelectric structures is made possible by the involvement of the magnetic
field in feedback control laws. The mathematical and control frameworks establish
a direct practical relevance for the design, simulation, and operational reliability
of piezoelectric Micro-Electromechanical Systems (MEMS). Modern thin-film
piezoelectric materials applications such as film bulk acoustic resonators (FBARs),
piezoelectric micro-machined ultrasonic transducers (PMUTs), radio-frequency
(RF) filters, and micro-scale energy harvesters operate under increasingly high
frequencies and rapid transient excitations [8]. At these micro-scales, traditional
modeling and simulation workflows almost universally invoke the quasi-static
approximation, treating the electric field as a stationary potential gradient (E = —V ¢)
and entirely neglecting the magnetic field. However, as MEMS devices scale down
and operational frequencies rise into the megahertz and gigahertz, these neglected
electromagnetic dynamics introduce unmodeled energy losses, phase shifts, and
parasitic electromagnetic couplings. These unmodeled phenomena present a severe
challenge for structural control. Although the current controlled piezoelectric beam
model with dynamic electromagnetic effects is developed and a rigorous framework for
stabilization analysis is provided by Ozer and Morris [21], the magnetic field is mainly
treated as a passive component of the coupled system. The explicit use of magnetic
field dynamics for control design, exact controllability, and robust stabilization remains
largely unexplored, motivating further investigation into magnetic field based control
strategies for piezoelectric structures. Instead, the control community routinely designs
feedback laws based on electrostatic effects, making them blind to dynamic magnetic
induction and transient electrical fields, which can trigger localized destabilization
and spillover in high-frequency MEMS applications. This study directly bridges these
engineering and mathematics aspects by performing a rigorous 3D to 2D asymptotic
reduction that preserves the complete, coupled Maxwell piezoelectric equations for
an isotropic material. We provide MEMS engineers with a computationally efficient



Advances in Differential Equations and Control Processes 2026, 33(2), 4298.

analytical model that circumvents exhaustive 3D multiscale finite element simulations.
The main contribution of this article is a rigorous justification of a stabilized 2D
piezoelectric plate model via the electromagnetic field. Furthermore, the asymptotic
analysis of the piezoelectric materials model carried out in the present work removes
the restriction imposed by Bidouan et al. [22] to eleven types of materials, and reveals
stabilization or strong stabilization of its perturbations when the thickness h of a
piezoelectric plate is very small, and this holds true for any piezoelectric material.
The rest of the document is organized as follows. The control framework and the
governing equations are presented in Section 2. The preliminary results of stabilization
and the existence of a unique solution are tackled in Section 3. The convergence
results, the asymptotic limit process, the limit controlled system, and its energy decay
characteristics are covered in Section 4. Finally, concluding remarks are made in

Section 5.

2. Notations and problem statement

Let = wx] — 1,1] be a reference cylindrical domain of R3, where the middle
surface w, is a domain of R2. Let the boundary of 2 be denoted by I' = 't UT— U T,
where I'" = w x {+1} is the upper surface, and '™ = w x {—1} is the lower surface,
and I'y = Qwx] — 1, 1] is the lateral surface. For T' > 0 fixed, let @ = [0, T] x Q. The
Neumann boundary conditions are imposed on I'y = I'" UT'~. The Dirichlet boundary
conditions are imposed on I'y. The domain and its boundary components stated above

are clarified in Figure 1.

i

I'y—— 2

r- / Q)
Figure 1. Cylindrical domain.

Note that for the vector field v = (v1, v2, v3), the operators curl and div are defined

(92213 — 831}2
as follows: curlv := V xv = | 9301 —d1v3 | = VAv, div(v) := V. .v =
61'02 — (921)1
(%j -
Ohv1 + Oqug + O3v3,  Ojvj = 5’ 1<4,5 <3
7
The electromagnetic fields are given in terms of the scalar and vector potentials
by:
0A
E=-V¢, - —2L, 1
S~ (M)
B=VxA,, 2)
1
1
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where E is the electric field, B is the magnetic flux density, H is the magnetic field
intensity, A,, is the magnetic vector potential, ¢, is the electric potential, and 1 is the

magnetic permeability. For a linear piezoelectric medium, the constitutive equations are

o = Ce(vp) — PE, 4)
D = Pe(vy) + €E, 5)

where o denotes the stress tensor representing internal forces within the material, v,, is
the displacement vector of the material, D is the electric displacement vector accounting
for both free and bound charges, C' = (Cjjy;) is the fourth order elasticity tensor, P =

(P;ji) is the third order piezoelectric tensor, € = (¢;;) is the second order dielectric
1 (9'Upj i vai

2 8% 833j

tensor. Expressions PE and Pe for a given vector E or a given second order tensor e

tensor, and e(vp) = (e;5(vp)) = ) ,1 <i,j < 3is the material strain
are defined by:
(PE);j = PpijEr, (Pe); = Pipen.

The material is supposed to be homogeneous. All coefficients are constant through the
material. The tensors C and e are elliptic in the sense that
3

3
Je > O,Ve € Rg, C’ijklekleij > c Z (eij)Q,VE S RS, EijEjEi > c Z (El)2 (6)
=1

ij=1
The balance linear momentum reads as follows:

2
0°vy,

—V.-o=f i 7
P o V.eo=f in Q, (7

where p is the density of the piezoelectric material occupying the domain, and f is the
density of the volumetric force.

The Gauss law is given by:

V-D=g, in Q, (®)

where g, is the density of the volumetric electric charge.
The Maxwell-Ampére and Maxwell-Faraday laws are given respectively by:

1 7)) I
VX<MVXAP>:Jp+m m Q,

and
_ _ OB
VxE=-%9 in Q

where J,, is the density of the electric current.

Remark 1. Note that if one chooses to work with the magnetic vector potential A
and the electric potential ¢, as is the case in this article, one is faced with the
non-uniqueness of the potentials. Indeed, if one expresses the electric field and the

magnetic field in terms of the potentials

B=VxA, E=-V¢,- 2
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then the gauge transformation
A=A, +Vx, ¢=¢,-&%

leaves E and B unchanged. Therefore, the potentials are not unique: an infinite number
of pairs (¢,,A,) describe the same physical fields. Choosing a gauge (Coulomb,
Lorenz, etc.) serves to fix this freedom in order to obtain a unique representation.
However, in what follows, in the residual piezoelectric system to be controlled, it
can be noted that the problem of non-uniqueness of the potential pair does not arise due
to the choice of feedback control which allows to establish an existence and uniqueness

theorem in Section 3.2.

Then, the piezoelectric materials model with initial and boundary conditions is

given by:

(@) pvy — div[Ce(vp) — P(=Vp(vp) — Ap)] =1 in Q
(b) div(Pe(vp) + e(=Vep(vp) — A;o)) =d4p in Q,
(c) icurl curlAp = Jp + 9 {Pe +e(=Vp(vp) —A,)| in Q,

H1 ot

(@) [Ce(vp) — P(~=Vép(vp) — A;;)]“ =0 on I'y, (9)
(e) curlAp An/pur = —jp on Iy,
® vp=0 on T,
(8) Pp = Ppo on T,

[ () Ap=0 on Iy,

where g, is the density of the electric charge and j, is the density of the surface current.
Equation (9d) enforces a homogeneous Neumann condition on Iy, signifying that the
plate faces are traction-free, where the combined mechanical and electromechanical
stress vanishes. On the same surface, Equation (9¢) prescribes the tangential magnetic
field via surface current density j,, representing external electromagnetic excitation. In
contrast, the lateral boundary I is subject to the Dirichlet condition in Equation (9f,h),
physically representing a clamped edge where mechanical displacement and magnetic
vector potential are zero. Finally, the electrical state is regulated on the boundary I
through Equation (9g), where the Dirichlet condition ¢, = ¢, defines the interface

for the prescribed voltage. Considering a reference steady state, we have:

(@ —div(Ce(vy) + PV, (vy))=f in Q,
(b) div(Pe(vy) — eVr(vr)) = qr in Q,
(c) icurl curl A, = J, in Q,
H1
(d) (Ce(vy)+ PV (vr))n=0 on Iy, (10)
(e) curlAr An/pur = —jr on I'y,
® vr=0 on Iy,
(&) ¢r = dro on T,
() A-=0 on Iy,

where the variables A,., ¢, v,- for reference steady state and parameter n are defined as
follows:

* A, is the magnetic vector potential within the material,

* ¢, is the electric potential,

6
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v, is the displacement vector of the material,

n is the unit outer normal vector to I'.

Remark 2. It should be noted that, for the reasons outlined in Remark 1, a gauge could
be added to Equation (10), but this has no bearing on the design of the feedback laws

for the residual system to be controlled.

Tensors C, P and e satisfy the following properties using the Einstein summation

convention.

1.

Given its symmetric nature, the stiffness tensor C' is defined as

C1111 Cri22 Crizs3 Cri2s Ciiiz Criie
Ca211 Ca222  Ca23z  Co223  Ca213  Co212
C Cs311 Csz2z Csszz Cszaz Czsz13 Cssiz
Ca311 Co222  Cazzz  Cozaz  Caziz Casiz
Ci1311 Ciz2z Cizzz  Cisz2z  Ciziz Cisie
Ci211 Ci222 Ci233 Ci223 Ci213  Ci212

and satisfies the coercivity condition: 3.2 > 0 such that, for any real and

symmetric matrix M of order 3, we have

3
CijMpuMij > 2 (My)?. 11
ij=1

Additionally, C' complies with the following symmetry properties:
Cijki = Criij = Cint. (12)

The dielectric constant tensor (also called dielectric tensor or permittivity tensor)

¢ defined as
€11 €12 €13
€ = | e21 €22 €23 ],
€31 €32 €33

satisfies the condition: 9.4 > 0 such that, for any vector 6 € R3, we have the

coercivity condition:

3
enbrby > N 03, (13)
j=1
and the symmetry property:
€Ll = €lk- (14)

The piezoelectric tensor P is defined as
P11 Pi2a2 Piss P2z Pus Pue
P=|Pu1 P Pz Pas Pas Poas |,

P311 Psa2 P33z P32z P33 Psiz

and satisfies the following symmetry property:

Pk = Pk (15)
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Let (u, A, V) be the trajectory resulting from the perturbation (v%, v}, A% Al) of

the reference state (v,., A,, ¢,) with initial conditions
(O ut) = (V2 4+ v v+ vh, (KO,KI) = (A2 4+ A% A +AY.
The new perturbed state is then a solution of the piezoelectric system below:

@@ pu’ —div (Ce(u) + PV¥(u) + PA ) =f in Q,
(b) div (Pe(u) —eVY¥(u) — eX’) =qr+gq in Q,
i 1 —
() (—Pe(u)+eV¥(u)) +eA + —curlcurlA=J,.+J in Q,
1
with boundary conditions

d) (Ce(u)+ PVV¥(u)+ PK/)n =s on Iy,

(e) culAAn/py = —j, —j on Iy, (16)
® u=0 on Ty,
(@ Y=dor0 on T,
thy A=0 on Iy,

and initial conditions

=0

(i) u(0)=u’(z), uW () =ul(z) on Q
0 A0)=3%@), X©O=3(@ o 9

here, components (a)—(j) are collectively referred to as a single system denoted by

Equation (16), where:

» g stands for the internal charge density,
»  j stands for the surface current density vector,
» J stands for the internal current density vector,

» s stands for the surface force on I' .
Let (u,A,¥) = (v, + V,A, + A, ¢, + ¢) in Equation (16). Then, the residual

state (v, A, ¢) satisfies the system:

@@ pv' —div(Ce(v) + PVp(v) + PA') =0 in Q,

(b) div(Pe(v) — eVh(v) —eA) = ¢ in Q,

(©) (=Pe(v)+eVop(V)) +eA” + #icurl culA=J in Q,
1

with boundary conditions

(d) (Ce(v)+PVé(v)+PAm=s on TT,

() (Ce(v)+PVp(V)+PA)n=0 on I,

() curlAAn/p; = —j on I'™, (17)
(g) culAAn/p1 =0 on It

(h) v=0 on Iy,

i =0 on T,

G A=0 on Iy,

and initial conditions

kK v(0)=v(z), v (0)=vli(z) on Q,
() A(0)=A%z), A (0)=Al(z) on Q,

here, components (a)—(1) are collectively referred to as a single system denoted by
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Equation (17).

We assume that the perturbed system retains the same boundary conditions for the
potential. In other words, we have chosen not to control the potential over the boundary.
The problem is to define scaled linear feedback control laws ¢, J, j and s such that the
energy of the scaled residual system decreases with respect to time, to study the limit
behavior of solutions if the thickness i of the plate tends to zero, and to derive the
effective limit model governing the limit solutions. Let us define the functional spaces

where a strong solution can be found for the Equation (17).

2.1. Functional spaces

Consider the following spaces:

V() ={ve H(Q)®:v|[r, =0},
U(Q) = Hy (Q).

(18)

The spaces above, each endowed with the norms derived from H* () respectively, are
all Hilbert spaces. To learn more about those spaces, see the relevant literature [23].

2.2. Classical solution

Definition 1. Let T > 0 be an arbitrary real number, (vO,A%) € (V(Q))? and
(vi,AY) € (L2(Q))? x (L2(2))3, the triplet (v, A, @) is a classical solution of the
Equation (17) on [0,T) if:

ve L0, T;V(Q)),v € L¥0,T; (L*(Q))3)
A€ L%0,T;V(Q),A" € L?(0,T; (L?(2))3
¢ € L2(0,T; (1)),

and the Equation (17) holds in the sense of distributions.

),

N owoh o~

3. Stabilization results

3.1. Preliminary results

In order to obtain the decrease of the perturbation energy, we consider the
following linear feedback control laws:

g=—div(eA"), s=—(&"+pY),
i=—(WA"+~9A" + xVA-n), J=eVe +xdiv(VA) —aA.

(19)

The proposed feedback control laws of Equation (19) are designed to act as an active
damping mechanism.

Specifically, the velocity-dependent terms in Equation (19) mimic the effect of
a virtual viscous damper, effectively dissipating the accumulated mechanical and
electrical energy to suppress resonance and enhance the system’s efficiency [24].

From a mathematical perspective, the control laws are motivated by the need to
stabilize the system and regularize the magnetic potential. Equation (19) is derived
using the Lyapunov direct method, ensuring that the time derivative of the energy is
negative [25]. This guarantees that all solutions converge to the equilibrium state over
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time [26,27], and ensures that the system remains bounded and stable.

Unlike Bidouan et al. [22], we have chosen the steady state as the reference state
and focus on the asymptotic reduction of a three-dimensional model to an effective
two-dimensional formulation. The objective is not to re-derive the abstract evolution
theory, but to justify the dimensional reduction, through a systematic asymptotic
analysis, by using the compactness theory. We recognize that, in general, the magnetic
field is considered negligible in the analysis of piezoelectric systems. We draw the
scientific community’s attention to situations in which the magnetic field may play an
important role. For example, in the case of high-frequency electromagnetic oscillation,

it can be utilized for stabilization.

Definition 2. Let T > 0 be an arbitrary real number, (v°, AY) € (V(Q),V(Q)) and
(vi,AY) € (L2(Q)) x (L?(Q))3, the triplet (v, A, @) is said to be a weak solution of
Equation (17) in [0,T) if:

v e L%0,T;V(Q)),v € L*(0,T; (L*(Q))3)
A€ L%0,T;V()),A" € L*(0,T; (L*(Q))3
¢ € L*(0,T; ¥(Q))

and ¥ (v, A, %) € (V,V,0), we have:

@ /pv V+/Ce :e(V)+/QPA’:e(V)+/QPVq,’>:e(V)

);

)

N Wb o~

— §v" vV— B -V,
T+ B T+ _
(b) —/Q (>~V¢+/QeV¢-V¢=o

() /eA" A— /Pe(v A+—/curlA curl A

:_%/VA VA - /aA.A_/ M.A_/ A A, (20)
Q = =

with the following initial conditions

) (/Qv-v> (0)=/Qv-v°, (/QI&.A> (o):/QI&.AO,
() (/ﬂv#) (o):/ﬂvh-vl, (/QI&.A’) (o):/ﬂK-Al.

Here, components (a)—(e) are collectively referred to as a single system denote by
Equation (20).

Lemma 1. For some positive constants «, 3,7,9, » and &, let &(t) be defined as the

energy of the piezoelectric system:

é”(t):%( \v|+/eA At [ cetiem+ /ew) Vo

+7/\curlA\ +%/ [VA[® +5/ VI “9/ |A|)

then its time derivative is given by

D=8 [ WP-afwp—o [ P (22)

ey
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Proof. Put (v, A, q§) = (v',A’, ¢') in Equation (20). It becomes

p/v”-v/—&-/Ce(v):e(v/)—i—/PA’: /Pv¢

/pe Ve

/qu_') v¢+/eA” A - /Pe A +i/curlA curl A/ +%/ VA': VA (23)
Q

H1

= - &' v — By v -9 A”~A—’y/ A'-A—oz/A'-A,
- - Q

r+ T+

and consequently using integration by parts, it follows:

</|v'\2 /eA A+/Ce ()+/ng¢.v¢+i/n|cur]A|z

+%/HVA|+5/ W|+ﬁ/ m|)]:[fwuyv¢tiépv¢w@3

—/ ﬁ|v’|2—/a|A’|2—/ YA,
T+ Q -

Then, considering the identity,

Pe(v') V¢ = % ( Pe(v) - qu) —
Q Q

and from Equation (20b) one can deduce that

Pe(v

2/QP6(V)~V¢': i/eV(ﬁ Vo,

d d
E/QP@(V)V(!):%/QquS'V(]b,

then we obtain Equations (21) and (22).

) V',

24

(25)

(26)

O

In the study by Bidouan et al. [22], the authors identified 11 types of stabilizable

piezoelectric materials stated below.

[e=]
o

P11
Py

1 0
Pl=1]0 1
0 0 P311

= o
o o
o o O
o
a
©
I

v
—
-
o
=]
[e=]

P13 P12
pP3 =

3
[

[

)
=)
)
o
o

P13 P2
Ps;1 0 0 0 Psiz3 Psig

0 P22 0 0 Pz P
0 Papo 0 0 Priz Poo
0 P32 0 0 P31z FPsi2

0 P22 0 Piz2 0 P2
0 P2 0 P32 0 Poi2
0 Psa2 0 Pszz2 0 Psio

P9 =

0 P22 0 Pizz2 Pz 0 0 0
PP=(0 P 0 Pagp Paiz 0], PS=10 o
0 Psa2 0 Psz2 Pz O 0 0

P11 0 0 Piz2 Pz O
and Pll = P211 0 0 P232 P213 0
P3;p 0 0 Pszz Psi3 O

11

Pra2
Psao
Psa

Pi33
Pass
Ps33

Pi33
Pass
Ps33

Pi33
Po33
Ps33

P33 0 0 0
Pz 0 0 0
Pszz 0 0 0

P32 P11z 0
Poga Po13 0
P332 P33 0

P32 0 P2
Poga 0 Poio
P332 0 Psio

0 Pz Pri2
0 Pz P2
0 Ps13 Psi2

P32 0 P2
Poga 0 Poio
P332 0 Psio

2]
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If one of them is considered, then if &”(¢) = 0 the strong stabilization of Equation
(17) is achieved because v would be zero in a finite time. This is the situation, for

instance, whenever there is an interval where

ﬁ/ \V’|2+o¢/ \A’|2+19/ A2 = 0. (28)
T+ Q |

Let [ =]a, b] be the initial open interval of R where Equation (28) holds. Let ¢ be
defined as the center of the interval

I =]a, min(b,a + 1)]. (29)

Lemma 2. Consider P such that Py = 6x10;1, i.e., Py; = 1. If I defined in Equation
(29) exists, then v =0in I x €.

Proof. Assume that I exists, then

6/ |V’|2+a/|A’\2+19/ AZ=0 in I
I+ Q -

It follows that A’ = A” = 0in I x Qand v = 0 on [ x I'". Furthermore, from
Equation (17c), we deduce:

Pe(v')=0in 1T x Q. (30)

Therefore, 9;v) = 0,i = 1,2,3. Since v = 0 on I x I'", we obtain the following
system

(@ v =gi(x2,23) in IxQQ,

(b) vy =ga(wy,x3) in I xQ,

(©) v§ =gs(x1,22) in IxQ,

(3
d v1=0 on IxTIT,
(&) vu=0 on IxTIT,
® wvs=0 on IxTT,

for arbitrary functions g1, g2 and g3. From Equation (31a,d), we deduce v = 0in I x Q.
Similarly, Equation (31b,e) yields v§ = 0, while Equation (31¢,f) results in v = 0.
Employing the identities v/ =0inI x Q, v =0onI xT'T,and A’ =0in I x Q,
in Equation (20a), and substituting qz = ¢ in Equation (20b), we obtain:

JoCe(v):e(v)+ [,eVed-Vop=0 in I (32)

Therefore, we have:
JoCe(v):e(v)=0 in I (33)

Due to Korn’s inequality, there exists a constant Y such that:

Tiv|? < [, Ce(v):e(v) =0 in I. (34)



Advances in Differential Equations and Control Processes 2026, 33(2), 4298.

Lemma 3. Consider P such that P, = 0if j # k and

Pi11 P2 Piss
Mo = | Poi1 Pap Pass
P311 P3gg  Ps33

is nonsingular. If I defined in Equation (29) exists, then v = 0in I x €.

Proof. Assume that I exists, then

ﬁ/ \v’\2+a/\A'2+19/ A'P=0 in I.
T+ Q =

It follows that A’ = A” = 0in I x Qand v = 0 on I x I'*. Using a similar reasoning
as in the proof of Lemma 2 we obtain the following:

Pe(v')=0 in IxQ,

with:

oy

Dol
Pip P2 Pig3 0 0 0 Osv3

Pe(V'Y = | Pyyy Paoy Pazz3 0 0 0 O30y + O | (35)
P311 P3o P333 0 0 0 Olvg’—%—ﬁgv’l’

2
o1 Ué’ + 821)3/
2

Therefore, since M is not singular, it gives 0;v} = 0, j = 1,2, 3. Adopting the same
procedure as in the proof of Lemma 2, we obtain v = 01in I x (. O

Lemma 4. Consider P such that:

P11 0 0 0 Pz Prie Pi11 P2 Prg
P=|P11 0 0 0 Pz P and M3z = | Py1 Poia Paz| (36)
P31 0 0 0 P33 Psio P311 P312 Psi3

is nonsingular. If I exists, thenv =0in I x €.
Proof. Assume that I exists, then

B/ \v’\2+a/\A/2+ﬁ/ A'?=0 in I.
T+ Q I'—

It follows that A’ = A” = 0in I x Qand v = 0 on I x I'". Applying logic similar to
that used in the proof of Lemma 2 we obtain the following:

Pe(v')=0 in IxQ.
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Since M3 is nonsingular, we have:

(@) v =0 in 2,
(b) 811)5’ = — 82’[)3/ in Q, (37)
(C) 81 Ué/ = — 631//1/ in ).

Identities v =0 on I'" and Equation (37a) give v} = 0 in . Then, from Equation
(37b) we deduce 01v) = —d9v] = 0 and v§ = 0 in Q. Similarly, one proves that
v4 = 0 in Q using Equation (37¢c). Following the same procedure as in the proof of
Lemma 2, we obtainv = 0in I x ). O

Lemma 5. [f Equation (28) holds in I, then & = 0 in I.

Proof. By substituting the control law ¢ in Equation (20b) and using identity v =
0 in I x € and taking (E = ¢, we have the following:

/sws-vcp = 0. (38)
Q

Therefore, ¢ = 0in I x Q. In addition, substituting the control laws J and j in Equation
(20c¢), using identities v. = 0 and A’ = 0 in I x Q, and taking A= A, we have
#||VA|? + |lcurl A|| = 0 in I, consequently & (t) = 0. O

This lemma ensures that the weak solution energy is decreasing or zero.

3.2. Existence of unique solution

Theorem 1. Consider the feedback control laws in Equation (19) and one of the eleven
types of stabilizable piezoelectric materials defined in Equation (27). For arbitrarily
chosen initial data (V',A°) € V2(Q), (v},Al) € L%(Q) x L?(R), there exists a
unique solution (v, A, @) to Equation (20) in the sense of Definition 1. Furthermore,
the energy & is decreasing. If the interval I defined in Equation (29) exists, then strong
stabilization of Equation (20) is achieved, i.e., & (t) = 0.

Proof. The solution of Equation (20) is built using the Galerkin’s method.

Let (vect{v™, n € N})3 and (vect{1)™, n € N}) be the Hilbertian bases of V()
and ¥(12), respectively; and define their finite-dimensional subspaces V y, and ¥ as
follows:

Vi = (vect{v", 1 <n < N})3,

Uy = (veet{yy", 1 <n < N}).
Note that the finite-dimensional vector space sequence V x Wy converges to V(£2) x
T(Q). Let (v yeny € Vi, (V") ven C© Vi be sequences that strongly converge

to v’ € V(Q2), and v! € (L?(Q))?, respectively. Let (AV) yeny € Vv, (AN ) yen C
Vn be sequences that strongly converge to A € V(f2), and A! € (L%(Q))3,
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respectively. Since v and A are in the same space , the same basis is used and only
the coefficients differ. They can be written as follows.

N N
=Y apu(@), vV(x)=> ofv"(x),
n=1 n=1
N
W)= 3 g AV =3
n=1
and the unknowns (v, AN ¢™) also follow similar expansions:
N N N
vV=3"amn, AN =D b, g =) . (39)
n=1 n=1 n=1

The discrete problem is then given by a system of ordinary differential equations whose

unknowns are: a" = (af, a5, a3), b™ = (b7, 05,0%), " for 1 <n < N, where a’, b},

and c¢" are real functions.
The discrete variational problem is given by the following system: find
(VN AN ¢ € (Vy x Vy x Uy) such that V(V, A, @) € (Vy x Vv X Uy) :

Y ey O SN
© /QEAN’ -A+/Qe o A - /Pev +i/ﬁcurlAN-curlK
=/QJN-X+/7jN-A,

with the following initial conditions

(d) (/QV.VN) (0):/96.VN0, (/QK.AN> (0):/911.AN0,
© (/Qv-vN/) (0) = /Qv W1 (/QK.AN’) (O)Z/QX.AM.

Here, components (a)—(e) are collectively referred to as a single system denoted by
Equation (40).

From it, the discrete control laws are given by

(@) p/ vN”.v+/ Ce(vN):e(V)—‘r/ pAY :e(V)+/QPv¢N:e(V):/ N .5,

qN = —div (eAN/) , V= — (ﬁvN” + ﬂVN/) ,

N ( N N’ N N _ N’ . N N’ (41)
iV = — (0AY £ AAY 4 VA -n), IV = eV 4 ediv(VAY) — e,
The total energy & (t) of the discrete system to be estimated is:
(/|v|—|—/NA—|—/Ce te /ev¢> Vol
(42)

+—/|cur1AN|2+%/\VAN|2—|—£/ WY |+19/ AN >
M1 Ja

Let {e;, ez, e3} be the canonical basis of R3. Put (V,A, @) = (e;vF, e;0F %) in
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Equation (40) and it follows:

((a) p/v N - €V +/Cev elvk)+/PAN :e(e;v /PV¢> s e(e;v")

Q

sV . eo”
/Pev VL +/sv¢k volV +/€V1/)k AN :/quk, (43)
Q

(c) /aAN - €;v +/£V¢N e —/Pe(v )~ejv

Q Q Q

1

+7/ curlAN-curlej'uk :/ JN-ejvk+/ jN-ejvk,

\ m Jo Q r-

with the following initial conditions

kN _ k_NO kAN _ Lk ANO
(d) (/Qelv v )(O) /Qew v (/erv A )(O) /Qe]v ANY

kN _ kN1 kAN _ kAN
(e) (/Qezv v >(0) /Qezv v (/Qe]v A )(O) /Qe]v AN

1<k<N, 1<i<3.

Here, components (a)—(e) are collectively referred to as a single system denoted by
Equation (43).
Considering the Equation (39) of the solution and the Equation (41) of the control

laws in Equation (43), it becomes:

() Z Bt2 (/ﬂv”vl‘—&-ﬁ/ ) i ;l/ ejo™) : e(e;v")
Bt /Pe7v ce(eio®) + 8 ﬁ: / v”vk—I—Z ”/PVzb”' (ev*) =

n= 1

N N
(b) —T;a?/npe(ejvn) Vwk +n2::lcn (/ﬂ VY™ - V"pk) -0,

8271
© Z o (/Q V") - (e ’“)wﬂ/ v k)
_Z Bt /Peelv - ejv +%an/Vv - Vok
1 , by N oy k
+ — bf/curlv”wurlv + La [ V™ / “vt =0,

with the following initial conditions

@ <éa?/ﬂvk.v"> (O)Z/Q‘%'Uk'VNO7 (/ka-AN> (O)Z/QUIQ-ANO,
© (/Qew )(0) /Qewk-vm, (/Qv"WAN/)(O):/ka-ANl,

1<k<N, 1<i<3.

Here, components (a)—(e) are collectively referred to as a single system denoted by
Equation (44).

Note that the matrices .#; = (/ eVy" - V@Z)k> , Mo = (/ ILEE
Q 1<n,k<N Q
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§fvv> , and A3 = (/5(eiv”)~ejvk+19 v"-vk)
1<n k<N Q - 1<n,k<N

involved in the system of Equation (44) are positive definite, then from Equation
(44b), we deduce that ¢” can be expressed in terms of a™ and b”, and that Equation
(44a,c) form a system of linear second-order ordinary differential equations which has
a solution.

As for the energy estimation, let us put (V, A, ¢) = (v}, AN, V') in Equation
(40), and consider the feedback control laws of Equation (41). It becomes

p/ vV —|—/ Ce(vY) : e(vN/) —|—/QPAN/ :e(vN,) +/QPV¢N

/Pe e +/ V¢N'.V¢N+/5AN”.AN'
Q Q
/Pe AN/—i——/curlA -curl AV +%/ VAN vAY (45)

NN N/ N// N/
- vt oav — Bv VY — A" A
r+ r+ r-

f'y/ AN'.ANEa/AN'.AN',
- Q

and consequently, it follows that

:/QPe(vN /Pv¢ / BN
— [ oA [ AP

Then, considering the identity,

/Q e(vV') . VoV = - </ Pe(v V¢N> —/QPe(vN)~V¢N/, (47)

and from the fact that from Equation (40b) one can deduce that

(46)

/Pe ) VoY = /QqusNAWSN,

d N N_ d N N
a/QP@(V ) V¢ —a/ﬂev¢ Vo,

then the time derivative of the energy is

- / BIVY PP — / alAN? / AANP. 49)
T+ Q |

Thanks to Equation (49), the function &% (¢) is decreasing and for any N,

(48)

EN(t) < EN0), V> 0. (50)

Since &V (0) is bounded, &V(t) is bounded in L°°(0,7), then we exploit the
compactness of the closed unit ball of reflexive Banach spaces for the weak topology.
Hence, there exists (v, A, ¢) € (V(Q2) x V(Q) x ¥(£2)) such that the following weak
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convergences hold for sub-sequences with the same notation.
VsV in 220, T L)),
VYOV in 120, T; LA(0 ),
e(v") = e(v) inL*(0,T; L*(Q)"),
o™ = ¢ inL*(0,T;H'(Q)),

C2))

AN AT in L2(0,T; LA(Q)?),
curl AN —curl A in L*(0,T; L*(Q)%),
AN A in L2(0,T; L2(0)%),
VAY =~ VA inL*(0,T;L*(Q)°).

In order to obtain Equation (20), we take (V, A, (Z) € (Vyr x Vyr x Uyy) for some
arbitrary M € N, consider the feedback control laws of Equation (41) and multiply
Equation (40) by ¢(t) € 2([0,T[), with N > M. Then, integrating by parts with
respect to time, we obtain:

@ [ o w0 [ e [ 050
+/OT/QC’6(VN):e(V)«p(t)-ﬁ-/oT/QPANI:eV / /PV¢>  e(¥) (1)
o[ [ semae [ [ v semre [ e,
(b) — / RSB R / [ 9. ve¥ ot =0,
(c)/0 /QEAN-Acp”(t)f/QSANl-Aga(O)+/;l€ANO-Ago'(O)
f/T/ Pe(vN,)-KLp(t)Jri/T/ curl AN - curl A o(t)
fa/ /AN CAp(t 7%/ /VAN VA o(t)
—7/ /7AN CAp(t +19/ /7AN CAQ(t +19/ AN A o(0).

Finally, by letting IV tend to oo, the weak limit (v, A, ¢) satisfies the following

(52)

system:

(a) /T/pv'Vw”(t)—/pv1~V<p(0)+/pVO-Vw'(O)
+/ /Cev) e(v)gp(t)+/ /PA’ (¥ p(t) + / /PVqS
75/0 /Hv’-w(me/o /Nv’-w’(t)u/Hv
O [ [ res) vaew s [ [ 6 v =
(©) /T/5A~K<p”(t)—/5A1~K¢(0)+/5A0~X@’(0)
/ /Pe(v) Acp Ml/ /chrlA cur]Acp
:_a/o /QA’~A<,p(t)—%/O /QVA:VAcp(t)
—fy/OT/_A’~K<p(t)+19/0T/F_A’~K<p'(t)+19/r_ Al Ap(0)

(53)
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Due to linearity and density arguments, Equation (53) holds for any (v, A, qg) €
(V(2) x V() x ¥(2)). Assume that the system has two solutions that satisfy the same

initial conditions. Since the system is linear, by integrating Equation (22) over |0, t[ we

s == [ ([ wr-a[wr-o [ wp)as o

assuming that the initial conditions are zero. For some positive constants «, 3, v, 4, s
and £, we deduce from Equation (21) that &(¢) > 0 and from Equation (54) that
&(t) < 0. This implies that the energy for the difference of two solutions is zero,

get:

thus uniqueness of the solution is proven. Let (v, A, ¢) be a solution of Equation (53)
and show that (v, A, ¢) verifies identities in Equation (17). Let A=0,v=0and
(5 =0onT.

Using the Stokes’ formula in Equation (53), we obtain:

pv" — div(Ce(v) + PA' + PV¢) =0 in Q, (55)
div(Pe(v) — eV — eA’) = —div(cA') in Q, (56)

1
(—Pe(v) +eVe) +eA” 4&— curlcurl A = V@' + s div(VA) — A’ inQ, (57)
1

in the sense of distribution because you can take the test functions to be C'*° with
compact support.

Furthermore, by using Stokes’ formula once more after multiplying the Equations
(55)-(57) by (V, A, §) € (V() x V(Q) x ¥(Q)) and integrating over £, followed by
multiplication by ¢(t) € 2([0,T|), then integrating by parts with respect to time, we

obtain:

W [ ’ fvse o [ V) 5o 45 [ v0) 50+ [ ’ [ ce): @)
+ /OT/Q PA’ : e(V)p(t) + /‘OT/Q PV :e(¥)p(t)

T
= / (Ce(v) -n+ PA’ -n+ PV¢-n)-vo(t),
o Jry

0= [ [ re) Ve + [ [ 3o+ [ [ vEaew
- [ ] tavean e

© /T/ cA - AQ" (1) 7/' eA’(o)-X¢(0)+/ A(0) - Ay’ (0 / /Pe(v Y- Ap(t)
/ /curlA curl Ap(t) fa/ /A/ Ago(t)fy/ /VA VAp(t)

+%/ (VA -n) - Ap(t) + / / (curl A An) - Ap(t).
'y I'n

Since the test functions v, A, (E and ¢ are arbitrarily chosen, comparing Equations

(58)

(53) and (58) identify boundary and initial conditions. That is, we get Equation
(17d-g.k.1).



Advances in Differential Equations and Control Processes 2026, 33(2), 4298.

For Dirichlet conditions of Equation (17h—j), they are obtained due to the
definition of functional spaces.
Therefore, the weak limit (v, A, ¢) is a unique solution of Equation (20) in the

sense of Definition 1 and the four Lemmas 2—5 complete the proof. O

4. Asymptotic analysis

Consider the Equation (17) of the plate with thickness 2k, over the domain Q"
which is a cylindrical domain of R3, and the middle surface w, a domain of R? as

described in Figure 2.

F+h

| | I
F_h /

Qh

Figure 2. Piezoelectric plate.

Precisely, " = wx] — h, h[ with boundary T" = T*PUT " UT?, where I'" =
w x {+h} is upper surface, and I' ™" = w x {—h} is lower surface, and I'} = Qwx] —
h, h] is lateral surface, a reference domain is 2 = wx] — 1,1[. For T' > 0 fixed, let
Q" = [0, T)xQ". The Neumann boundary conditions are imposed on '3, = Tur—".

The Dirichlet boundary conditions are imposed on I‘"}. Then, we have the piezoelectric

system:
(@) pvM —divi(Cet (V) + PV @M (V) + PAY) = 0 in Q"
(b) div(Pet(vh) — eVl (vh) — eAl) = ¢" in Q"

1" 1
(€) (=Pel(v") 4+ eVheh(vh)) + A" + —curl" curl” AP =3 in Q"
H1
with boundary conditions

(d) (Cet(v") + PVI@" (V") + PAM)n=s" on Tt
() (Ceh(V") + PV"¢"(v") + PA¥)n=0 on T"

(® curl” A" An/p; = —j" on I'™" (59)
(g) curl® A" An/puy =0 on TIth

(h)y vP=0 on 1"?,

i ¢"=0 on T,

G) A'"=0 on T

and initial conditions

k) vh(0) =vo"(z), vM(0) = vi"(z) on O
() AM0)=A%(z), AM(0)=A"(z) on QM

Here, components (a)—(1) are collectively referred to as a single system denoted by
Equation (59).

20
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The weak formulation of Equation (59) is

(a) / pv -V +/ Cel(vh) : et )+ PAh el ()
+/ PVl (vh) - eh (3 ):/ sh-vh,
T+h
/ Peh(v") . Vi () +/ Vi) - Vot +/ eVheh
:L/’ e
Qh
(© / A RN 4 / eVl (v / Peh Ah+i / curl® A" - curl? AP
Qh Qh h

1
:/th~Kh+ hjhhgh’
Q r—n

(60)

with initial conditions

(d) (/m h .vh) (0) = /m h . vOoR, (/Qh Al .Ah) 0) = /m Al AOR
© (/mvh-vh) (O)Z/thh.vw (/Q,Lxh'Ah)(O)Z/QhKh-Alh,

here, components (a)—(e) are collectively referred to as a single system denoted by
Equation (60).

Among above,

g = —div" (EAh/) _ sh=—h (ghvh” + ﬂhvh’) 7
i* = —h (ﬁAh” A" 4 VA n) . I = eV 1 oediv (VIAP) — aA” .

(61)

By asymptotic analysis, we obtain a simplified 2D model, which encapsulates
the fundamental characteristics of the initial 3D piezoelectric model. The crucial
link between the mechanical and electromagnetic fields is maintained, while this
simplification drastically reduces computational complexity. The use of this 2D
model is crucial for the design and analysis of thin piezoelectric devices, including
sensors, actuators, and energy harvesters, particularly in tissue-engineering scaffolds
and implantable devices.

Note that in the sequel, by default, the Latin indices take the values 1,2, 3, and
Greek indices take the values 1, 2.

4.1. Scaled variational formulation

We make a change of variables to bring the small parameter ~ on the operators
only and no longer on the domain, to obtain convergence results in Hilbert spaces
independent of h.

The rescaling choices are made to obtain the evolution of the Kirchhoff-Love
model without losing the inertia term [4]. Alternative assumptions would correspond
to different physical regimes, yielding different models.

We set 2 = (1,29, 23) € Q and its associate 2" = (z1, 2, has) € Q", and

make the following assumptions about the orders of magnitude of the solutions [4,5]:

. Ve =hva(h)(z), v = hvs(h)(z),
, (62)
Al = R*AL(h)(z), Ab =h*As(h)(z), AL =h’As(h)(z).
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The assumed orders of magnitude are part of an asymptotic scaling strategy whose
purpose is to isolate the dominant mechanical, electrical and dissipative effects in the
thin-structure limit. These scalings are chosen to ensure a non-trivial balance between
elastic, electrostatic and stabilization terms in the resulting 2D model.

Specifically, the scaling choices are justified by the principal of asymptotic
consistency. The disparity between v? (O(h)) and v? (O(h?)) is the necessary
condition for the 3D system to satisfy the Kirchhoff-Love constraint in the limit.
Furthermore, scaling the electric and magnetic potentials (¢, A") as O(h?) and O(h?)
respectively ensures that the electromechanical coupling is preserved. This roadmap
provides the rigorous link between the 3D physics and the derived 2D piezoelectric
model. The initial conditions v?, A0 v1h Alh
give rise to v'(h), A°(R), v!(h), AL(h). In order to obtain the scaled variational
formulation, operators can be scaled as follows.

For any v € (H!(Q)3), let

are transported in the same way and

1
‘%Oéﬁ(h)(v) = 5(65‘704 + &,v,;) - eiolzﬂ(v)a a,f=1,2,

1 1
Kas(h)(V) = %(vaa + 0qV3) = E€Z3(V), a=1,2,
1

1 1
Raa(R)(V) = 55 (0a¥a + 0aV3) = 7505vs = 25l (v).

For any A € (L?(2)3), let

1 1
curl(h)A = <82A3 — EagAQ, EagAl — 81A3, 81A2 — 82A1) s

and

. 1
div(h)(cA) = O1(e1jA;) + O2(e2;A;) + E33(53jAj),

furthermore, for any ¢ € H'(Q), let

V(h)¢p = (ho1¢, hd2¢0,059) .
Using the scalings mentioned above, we have

e"(vV") = B2k(R)(v(h)), curl"A" = hZcurl(R)A(R), div"(cA") = h2div(h)(cA(h)),
V" = n*V(h)p(h), V"A" = hV(R)A(R).

All coefficients, including mechanical, piezoelectric, and electromagnetic, are
independent of h, except the mass densities p”, and the damping coefficients 5*, and
&". Assume that there exist p, /3 and ¢ such that

ph=n%p, Br=nB, " =h%

Note that the scaling p = h2p is the only choice that allows us to retrieve
the vertical inertia term when h tends to zero. To establish the results of existence
and uniqueness for the piezoelectric problem, we use the following spaces where the

definitions and properties are presented in the studies by Pedregal [23] and Boukarou

22
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et al. [28]. Consider the following spaces:

v(Q") = {v e (H'(Q") vl =0},

(63)
T(QM) = HH(QM).
The spaces above, each endowed with the norms derived from H'(Q") are all
Hilbert spaces [23].

Definition 3. Let T' > 0 be an arbitrary real number and consider the scalings of
Equation (62), (V°(h),A°(h)) € (V(2))? and (v} (h),A(R)) € (L3(Q))? x (L?(2))3,
the triplet (v(h),A(h), ¢(h)) is a classical solution of the scaled-up Equation (59) on
[0,T) if:

1. v(h) € L?(0,T;V(Q)),v' (k) € L*(0,T; (L?(2))3)
2. A(h) € L*(0,T;V(Q)),A’(h) € L?(0,T; (L?(£2))3
3. ¢(h) € L*(0,T;¥(Q)),

4. and the scaled-up Equation (59) holds in the sense of distributions.

),

The triplet (v(h),A(h), p(h)) is a weak solution of the scaled-up Equation (59)
on [0, T) if it satisfies conditions 1-3 above and ¥(V, A, ) € (V(Q) x V(Q) x ¥(Q)),
we have:

@ [ Ve + V00 + [ CRvn) 1 k(1))
/PA V+/PVh d(v(h)) : k(h)(¥)
= [ N ) = [ B (05 + Va0
{® —/QPm(h)( 1) V(Wé+ [ )G Ve (h) =0,

(©) / A" (h / Pr(h A+I curl(h) A(h) - curl(h) A (64)

:_”/Qﬁ ) (h)A—/QaA’(h)~Z
- [ oA + A (1) - &

with initial conditions

) (/QV-v(h)) (O)Z/QV.VO(/I), (/QZ.A(h)) (O):/QK-AD(h),
© (/Qv-v(h)') (0)=/Qv-v1(h), (/QK-A(h)/) (o):/QX.Al(h).

Here, components (a)—(e) are collectively referred to as a single system denoted by
Equation (64).

The energy of the Equation (64) is given by

&(h)(t) ( /(h2 L (R)2 + V5 (R)> +/ eA'(h A’(h)-&-/QCn(h)(v(h)):n(h)(v(h))
. v - cur 2
+ /Q V(RS (v(h)) - T (R)(R)( (’””m /Q jcurl (k) A(h)| (65)
e [0 @240 [P+ [ IvmamP).
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and following the same procedure as in the study by Bidouan et al. [22], we have

E(0)0) = =5 [ AP +vi0) —a [ W=7 [ 14 ®E. 66

The Equation (64) can be written in compact form as follows. Let U(h) =
(v(h),A(h), p(v(h))) and V = (¥, A, $), then

p [ BV V0T + [ ARt [ VBT v
2.7 ~ ’ ~ 1 ~ , ~
+ /r+ Bl Vo (h)Va 4+ v3(h)Vs] + %/n EV(h)A(h) : VA + /Q aA'(h) - A (67)

+ /7 (A" (h) + A (h)) - A+ a(U(h), V) + b(U (h), V) = 0,

([svm)o=[svo. ([Zam)o-=[iam
(/Qv.v(h)'> (O)Z/QV.vl(h), (/Q;;.A(h)/) (O)Z/QK,AIM

and

where

+ L curl(h) A(R) - curl(h) A,
M1 Jo

b(h)(U, V)= | PA'(h):k(h)¥)+ ., PV (h)p(v(h)) : k(h)(V)

- P%(h)(V(h))~V(h)$—/QPf<é(h)(V’(h))~K-

Q
Note that, using Equation (64b), one can express the electric potential ¢(h) in terms of
v(h).
Let us state the following compactness theorem which is utilized in the sequel for

establishing convergences.

Theorem 2. Let E be a reflexive Banach space, and (xy,) be a bounded sequence in

E. There exists a subsequence (zy, ) of (x,,) which converges in the weak topology
o(E, E*) [28].

We make the following assumptions about the initial conditions:
Assumption 1. The initial energy & (h)(0) is uniformly bounded.

Assumption 2. (h(v!(h))1, h(vi(h))2, (Vi(R))3) converges to (0,0, (v')3) in
(L2(9))°.

Hence, by applying Theorem 2, one can deduce weak convergence of

subsequences of initial conditions.

4.2. Estimates and convergence results
Here, we prove the coercivity of the bilinear form a(h)(U, V).

Lemma 6. There exists a constant x > 0 such that for all V = (v, A, &) and for all
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0<h<1
a(W)(V, V) = x (RO + V()0 + [eurl(n) (A)2) (68)

Proof. Using the properties of the elasticity tensor C', which is positive definite, we

have:
| Cx): r@do > Cllr@ o

for some constant C'; > 0. Similarly, using the properties of the electric parameter &:

| V06T t)ddo = oIV ()0

for some constant Co > 0.
1
Therefore, putting x = min {Cl, Coy, — }, it becomes Equation (68). Since 0 <
M1

h < 1, due to Korn’s inequality, there exists a positive constant .#” such that

%IIV(h)IIVé/Qe(V(h))i(f(V(h))de/H(h)(V(h)):%(h)(V(h))dm- (69)

Q

This proves the coercivity of the bilinear form a(h). O

Let us now construct the spaces of the limit solutions. Recall that v is the
Kirchhoff-Love displacement if it satisfies e;3(v) = 0 forall i = 1,2, 3. By considering
the boundary conditions, we define here the proper space for the limit displacement.

Vir ={ve (H Q)2 v|r, =0,ei3(v) =0,i =1,2,3}.
Equivalently, Vi can be defined as in Raoult and Séne’s study [5] by

Vier = {v e (H'(Q)®,3(m,m2) € (Hy(w))?,m3 € HF(w),

Vo () = Na(x1,22) — 230am3(21,72), V3 = n3(21,72)}.

The proper space of the limit vector potential is defined as
A ={A € (L*(w))%, 0142 — B2A1 € L*(w)}.
The space for the limit scalar potential is defined as
U = {¢ € L*(Q) : 03¢ € L*(Q)}.

From Equation (66), we observe that the derivative of the energy &'(h)(t) is negative,
which implies that it is decreasing. Then, we deduce that

E(h)(t) < &(h)(0), Vit>D0. (70)
Therefore, & (h)(t) is bounded in L>°(0,7"), and applying Theorem 2, we have the

convergences stated in the following lemma.
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Lemma 7. There exist v. € L*(0,T;V(Q)), A € L0, T; HY(Q)?) and ¢ <
L?(0,T; L?(RY)), and subsequences with parameter h such that

v(h)—=v in L*(0,T; H'(Q)?), (71)
A(h)—A in L*(0,T; H'(Q)?), (72)
d(h)(v(h))—¢ in L*(0,T; L*(Q)), (73)
and
(hvy (h), hva (), v5(R)—(0,0,v5) in L*(0,T; L*()%), (74)
A'(h)—A" in L*(0,T; L*(Q)%). (75)

There exist k in L*(0,T; L*(Q)?), D, %7 in L*(0, T; L*(2)3) such that

k(h)—k in L*(0,T; L*(Q)?), (76)
curl(h)A(R)—D in L*(0,T; L*(Q)%), (77)

1 ) )
SV(AG ()BT = (D1A;, 0aA;, ) in L0, T LX), (78)

Furthermore,

»  vbelongstoVgr,ie., es(v) =0,

*  the potential function satisfies
V(h)p(h)(v(h)—=(0,0,85¢) in L*(0,T; L*(Q2)°),
«  Ais independent of x3 and D3 = (curl A)s.

Proof. Throughout this proof, we use the fact that if a sequence (f,) and the
associated sequence of derivatives (f]) converge to f and g respectively in the sense
of distributions, then we can conclude that f/ = ¢ in the sense of distributions
and Theorem 2. Therefore, Equations (71)—~(78) follow directly from the Equations
(68) and (70). For the convergence of the potential function, one should only notice
that, the Equation (70) implies that V(h)¢(h)(v(h)) is bounded in (L?(£2))3, thus
O3 (h)(v(h)) is bounded in L?(0,T; L?(2)). Then, we prove that ¢(h)(v(h)) is
bounded in L?(0,T'; L?(€2)) by using the Cauchy-Schwarz inequality and the fact that
¢(h) is zero on the boundary.

As for the characterization of the limits, note that the convergence of x(h) implies

that v is in V7, and for the magnetic potential A(h), from Equation (70), it becomes

curl(R)A(h) = (82A3(h) - %agm(h), %asAl(h) — 01A3(h), 01A2(h) — 82A1(h)) (79)

—(D1,D2,Ds) € L*(0,T; L*(Q)%),

where Dj is necessarily equal to 91 Ay — 02A . Since %83Aj(h) converges to ,%’g, due
to Equation (78), we deduce that the limit A is independent of x3. O
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Figure 3 is the schematic representation of the controlled piezoelectric plate.

Figure 3. Controlled piezoelectric plate.

4.3. Identification of a 2D problem

This section aims to pass from the three-dimensional formulation to the
bidimensional limit equations. In this transformation, the material constants are also
transformed. We need to pass to the limit in the weak formulations of the scaled system.
Consider the weak forms of Equation (64a—c) and pass to the limit as h — 0. Sobolev
embeddings and compactness results (e.g., the Rellich-Kondrachov theorem) are
utilized to extract weakly convergent subsequences from the sequences of approximate
solutions v(h), ¢(h), A(h).

We use the obtained convergences to pass to the limit in the weak formulations
of the equations to identify the limit problem. This typically involves proving that the
weak limit satisfies the equations of the limit problem. By considering homogeneous

and mechanically isotropic materials, the mechanical tensor is given by
Cijrt = X0 + p(dindj + dadjn), (80)

where A and p are Lamé moduli, and §;; = 0 if ¢ # 7, 0;; = 1 if 7 = j. At this point,
the constants related to the mechanical part are defined as follows:

CaByo = %6aﬁ6ryg + 2#(5047550. (81)
The piezoelectric constants are transformed in the limit problem as
Piap = Piap — 5335 Pizsdas (82)

which really combines Lamé moduli with piezoelectric constants. For any vector field
A = (A;) , we note
(pA)aﬁ = PiapA. (83)

Lastly, the electric coefficients &;; combined with the Lamé moduli and the

piezoelectric constants produce

€ij = €45 + iPiQSPja?) + ﬁpmpj?,& (84)

which can be written in the form

€ij = €ij + Dij> (85)
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where

ng = Pza3P P233P’33- (86)

a3 + >\+2H

Lemma 8. The limits v, k and ¢ in Lemma 7 are respectively in Vi, (L*(Q))? and

U satisfy
KaB = €ap(V) in L*(), (87)
1
Ra3 = _2,u (‘PiaSA; + P304363¢) in L2(Q) ’ (88)
1
- Pig3Al + P n L*(Q).
K33 NG o (Aeyy (V) + Pig3A] + Psg3d3¢p) in L*(Q) (89)

Proof. We have already proved that r;3(h) is bounded in L?(Q), therefore
ea3(V(R))(= hraz(h))(v(h)) and ez3(v(h))(= h%k33(h)) strongly converge to
0 in L2(£2) when h tends to 0. We have e;3(v) = 0, then v € V7. Equation (87) is a
consequence of Equation (71). Multiply Equation (64a) by h? and evaluate the limit
when h — 0, then using the convergences in Lemma 7 we obtain

Vvs € H& (Q), fﬂ[(PA/)gg, + (CH)33 + P33383¢]8373 =0.

Multiplying Equation (64a) by h and taking v = (v1,Vs2,0), then using the

convergences in Lemma 7 we obtain
Wa € H(9): / [(PA)os + (C)as + Piasdsl0s¥a = 0.
Q

Therefore, (PA’ + Ck);3 + P3;305¢p = 0,7 = 1,2, 3. With the help of Equation (80),
we solve for x;3. Using ko3 = €43(V), we obtain Equations (88) and (89). O

The form v = ({1 — 23013, (2 — 2302(3,(3) with ((1,(2) € (HY(w))?, ¢ €

HZ(w), is used to write any v that is obtained in Lemma 8.

Theorem 3. The second order polynomial in x3 that represents the electric potential

¢ is expressed as

@(21, T2, 23) Z¢ (z1,22)2 (90)

The coefficients ¢™(x1,x2) are provided directly in relation to the displacement

component (3, as well as the provided boundary potential and piezoelectric constants.

(Z)O Zzﬂ a,@C?n

¢' =0, 1)
2 _ _P3ap

¢ - 2533 aaﬂCB-

Proof. By passing to the limit in Equation (64b), one gets

Vo € HE(9), /983333(1733%: /Q(P’f):saa(ga
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or equivalently

O3(e3303¢ — (Pr)3) = 0. 92)

Using the fact that ¢ satisfies Equation (92) and ¢ = 0 on I', and Lemma 8§, we

have

33050 = 03(Pk)3 = O3(Psirin)
1
= P3,303e03(V) — P30303 [M (PiasAj + P3a383¢)]

—P33305 { (Aeyy (V) + PssAl + P 33333(15)} .

1
A+ 2u
Hence, using identity v = ({4 — x301(3,(2 — w302(3,(3) and the fact that A is

independent of x3, it becomes

DG — P ABe.  (93)

A
£3305¢ = —P305005(3 — P3a363¢ e e A+ 2u A+ 24

From the integration of Equation (93) with respect to x3, we deduce that there exists
@' (i = 0,1) such that

b=z {%% (*P3aﬂaa[3§3 + P333%2H5WC3> + a3 (21, 22) + @O (a1, 132)} ;9%

33

since ¢ is zero on the upper and lower faces of the plate 2, we have ¢(z1, z2, —1) =
¢(x1,x2,1) = 0. Therefore

1 A
(21, 29) = —3 < P3,3008C3 + P333)\ o wCs) , @ (w1,29) =0,

which ends the proof by replacing 0.~ (3 by d030,3C3. O

To pass to the limit and deduce the limit problem, we multiply Equations (64a—c)
by ¢(t) € 2([0,T]), take (V, A, @) € (V(Q) x V() x U(£2)), then integrate by parts
with respect to time ¢ to obtain:

(@ - [ [ stvawma +iwmag @+ [ [ cntv e
+/0T/QPA'(h):K(h)V (t +/T/Pv )b (R (v(h)) : w(h)(F)p (L)

— [ oV )0 i / [ €O+ va 7))
4 / +s(ffv;m)(om+v3<h><o>v3> o(0) - / / B (WL + ¥ (0)7) (0,
b — / [ Pr(v() - Vet + / / V(h)G - V(R)(h)(v(h)e(t) =0, (95)

(©) —/OT QsA’(h)‘K @' (t) +i/T/cur1 R)A(R) - curl(R)Ayp(t)
[ [ e Ao = [ /hQVA VAe()
—a/o / ) Ag(t +19/ /7 )+ [ 9xm©)- (0

_/OT/JA(h).Ago’(t)Jr/ﬂaA (h)(0) - Ap(0).
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Lemma 9. Any weak limit D for curl(h)A(h) obtained in Lemma 7 satisfies D, =
0, = 1,2. Therefore, D = (0,0,01A2 — O2A1).

Proof. Multiply Equation (95¢) by h. Then, passing to the limit when h — 0 we
deduce that

v;q € Hl(w), /'Dgaggl =0, VKQ S Hl(w), /'Dlalgg =0. (96)

This shows that D, = 0 since there is no boundary condition on A U
Let
P3asP3~s
oo — D3B8 97)
€33

and d the associated tensor.

Lemma 10. The limit (v, A, @) of scaled solution given in Lemma 7 is the unique
solution of the problem: Find (v,A,¢) € (Vir(Q2) x Ai(Q) x ¥ (Q)) such that
V(?,A) S (VKL(Q) X AZ(Q)),

/PCé’n:aJr/Ceaﬁ(ChCz)-ea5(771ﬂ72)+/piageaﬁ(n1,772)A§
w w w

1 D3y

+ 3/p3a5§ 045(C3) a,8773+/(56§'+54§)773
1 D36 D3ap P3vé

- /pSaﬁ Laly 03(€3) 04573 + 5 /833 ELER S AL 0+5(€3)0apn3 (98)
3 3 Ju €33 €33

/ eA” - A / DiafCas (1, A + / (B1Ag — B2A1)(D1A2 — D2A)
w
+%/8QA]-8QAJ +/aA’ A—|—/(19A”+7A’) ‘A =0,
w w w
with the initial conditions

¢(0)=¢° ¢'(0)=¢",
A(0)=A" A’(0)=Al

Proof. Letv € Vi, ¢ € U and A € A;. Multiply Equation (67) by ¢(t) € 2([0,T)
and integrate by parts with respect to time ¢. Evaluate the limit when A tends to 0 and

use the weak convergences in Lemmas 7 and 8, we deduce

/Q VT + /Q (eh(¥))as - Fas(®) + / Piastias (A + / Paatias (V)50
/p3a/3/<a6(V)335+/ 633335'33¢+/6A”-K/pmﬁffa/a(V’)Kz’

19 o ) O Q 99)
+Ml/Q(alAg—82A1)(81A2—82A1)+/ (fV +5V3)V3

+%/aaAjaaKj+/aA’-K+/ (VA" +~4A") - A = 0,
Q Q -
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with the initial conditions

v3(0) =v§,  v4(0) = v3,

A(0) =A% A’(0)=AL

Forv = (C1—301C3, (2 —2302(3,(3), V= (m—x301m3,02—2302m3,m3) € VK,
expression of ¢ in Equations (90) and (91), for A, A in Ay(Q2), then we get Equation
(98).

Regarding the uniqueness of the solution, since we are dealing with a linear system,
assume that the initial conditions are zero, and it suffices to apply Lemma 11 proven
below. O

Lemma 11. The energy &(t) of the limit problem of Equation (98) is given by
1

2
E(t) = 2(/P|C3\2+/Cea/3(41,(2) eap(C1,¢2) + /833 +/5A’-A’
+ [onas—oami + [ el + [ |A’|2+%/|(61Aj782Aj,%§>|2),

H1 Jw

Leal ——0,5(C3)

(100)

and its derivative by
— 5 [1GP—a [ NP - [ AP, (101)
w w w
Proof. Putting (1, A, (Z) = (', A/, ¢') in Equation (98), yields

[ o6+ [ cas(61.G) - can(@h )+ [ piaseas(Ch DAL+ [ pros™0005(c0)00s6h

33

+ [ €+ 86— 5 [ pa0 00010166 + 3 [ 20T ,5(C0nth

+ eA” A — /pcheaB(ChCQ)A + 7/ 81/\2 —62A1)(81A2 BQA —‘r%/@ A Oa A

+/aA’ A’+/ (WA" +~A") - A" = 0.

This gives,

[ o6+ [ ceas(@.0)-can(@ i) + [ (665 + 801G+ [ sagf’;;j B2 5 5(G5)as

€33

+/ . A’+—/(81A2—82A1)(81A2 82A1)+%/ 8aA Oa A

+/aA' A+ /19A”+7A) A =0.
Integration by parts concludes the proof. O

4.4. The limit boundary value problem

Theorem 4. The set of limit partial differential equations consists of

1. a bending equation for the vertical displacement (3. for an arbitrary ns, let

4 A 2
Map(N3) = % ((%;3773 + W(SQBAT]S) + gdaﬁ'yéafyéﬁi%- (102)
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Then (3 solves

2005 + Oapmap(C3) = —(£¢5 + BC)  in w x (0,T), (103)
(3=0h(3=0 on Juw, (104)
(3(0) =¢3,  ¢3(0) = (s (105)

2. a coupled system in the horizontal displacement components (1, (2 and the three

components of the potential A. For arbitrary ny, 12, let

~ A
naﬁ(m, 772) =4du <€a[3(771,772) + m%ﬂepp(m, 772)) . (106)

Then (1, (2, A1, Ag and Az solve

Map(C1, C2) + 2Diap0sA; =0, a=1,2 inw x (0,7, (107)
(C1,¢2) =0 ondw x (0,T), (108)
G(0) =3, G0)=¢ in w, (109)
( 1
(EA")1 — prageas(Cl, C5) + E62(81A2 — A1)
= #00aA1 — @A — VAT — yA] inw x (0,7), (110)
~ 1
(EA")2 — p2apeas(l, ) — E61(81A2 — OaAq)
= #0002 — QAL — VAL — yAS inw x (0,7), (111)
(EA")3 — p3apeas (1, Co)
= 3#0paAs — QA — IAS — yA) inw x (0,7), (112)
81A2 — 82A1 =0 on Ow X (O,T), (113)
A=0 on dw x 1, (114)
A(0)=A" A(0)=A! in w; (115)

3. its energy decays.

Proof. In Equation (98), take # = (v,0) with v = (—x30113, —x3021m3,73), N3 €
HZ2(w) and A = 0 to get

2 2
/ QPC:%/”?) dw + — / Cwaﬁa"/LCi’)aoanS dw + / da,@’yLawLCSaaﬁn?) dw
(116)
— [ &t~ B

Let us take 73 € Z(w) and multiply the Equation (116) by ¢(t) € 2(]0,T), then
integrate with respect to ¢ and deduce Equation (103). Apply Green’s formula to
Equation (103) and take into account the singularities to get Equation (104) and we
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have the system in (3. Letv =10, A= (0,0, Kg) in Equation (98), then

/(gA”)31§3*/P3a56a5(€17C§)1§3 *%/ aaaASKB“i’Oé/AéKS
w w w w r
+ / (DAY + yAL)As =0,

and we deduce Equation (112). Letv = (71, 0,0), A = 0 in Equation (98) to get

—03m15(C1, C2) — 2pi1p0sA; = 0, (117)

which proves Equation (107) for « = 1. Let v = (0,12, 0), A = 0 in Equation (98) to
get
—0m25(C1, G2) — 2pinp0pA; =0, (118)

which proves Equation (107) for o = 2. Let v = 0, A = (A1, 0, 0) in Equation (98) to
get

o~ -1 N N
/(€A")1A1 —/pmﬂ@aB(C{’Cé)Al - I/((‘%Az —32A1)82A1+/ #0,A10,A1

w

+ / aAlA; + / JAYA; + / YAJA; = 0.
This proves Equation (110). Let v = 0, A= (0, Ao, 0) in Equation (98) to get

o~ 1 - .
/(EA//)2A2 _/p2aﬁeaﬁ(417C§)A2+I/(alA2 —32A1)32A2+/ #0qA20,A9

w w

+/aA’2K2+/19A’2’K2+/7A’232 = 0.

This proves Equation (111).

Now we show that 01As — d2A1 = 0 on dw. To do this, it suffices to apply the
procedure used in Theorem 4.3.2 of the study by Séne [16], where two identities are
established: Vo € 2(]0,T[), (A1, Az) € H'(w)?, we have:

T T
/ <n2 / (curlA);»,gadt) Ay dOow = / <n1 / (curlA)3<pdt> Ay ddw =0. (119)
Ow 0 Ow 0

Thus 81A2 - 82A1 =0on 8w.
Finally, the decay of the limit energy defined in Equation (100) is obtained thanks
to Equation (101). O

5. Concluding remarks

The main contribution of this paper is the reduction of the 3D piezoelectric model
to an effective 2D model. This 2D model is rigorously justified by asymptotic analysis
when the thickness parameter 4 — 0 which retains the correct limit behavior of the
original system. Importantly, the analysis shows that the linear control laws scale with
the thickness and they enter the limiting equations, thereby preserving well-posedness
and energy dissipation of the reduced model. From a modeling and computational

perspective, the resulting 2D model significantly reduces the dimensional complexity.
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This enables efficient simulation, analysis, and implementation of linear feedback

controllers that would be computationally prohibitive in a full 3D setting. Moreover,

it explicitly exerts the influence of control parameters on bending and plane responses,

providing a clearer insight into stability and performance properties. Here are a few

remarks that describe the change in behavior of a stabilized piezoelectric plate and take

advantage of its small thickness 2h.

1.

The limit equations reveal that magnetic field-based control affects the average
horizontal displacement more than the vertical displacement, whereas the electric
potential is closely related to the latter.

Observing the rate of decrease in the limit energy given in Equation (101), we
note that in the case of thin plates, the internal magnetic control and the boundary
magnetic control related to the variation of the magnetic field with respect to
time play the same role. Therefore, when the thickness 2h is very small, in
Equation (61), the internal control given by the variation of the magnetic field with
respect to time oA can be relaxed. Moreover, mechanical boundary controls
related to horizontal displacements can be relaxed. Then, since the magnitude of
the horizontal displacement velocity is & times that of the vertical displacement
velocity, it suffices to control with the latter.

One of the most important observations is that the rate of energy decay is
composed of terms given by the derivatives of the displacement vector and the
magnetic potential with respect to time, it is obvious that if these functions are
constant over a time interval, there is no longer any stabilization because the
energy is constant in that interval. This issue was addressed by Bidouan et al. [22],
where the authors prove that for a set of 11 types of piezoelectric materials, in such
acase, the energy & is not only constant but equal to zero, which means that strong
stabilization is achieved. Apart from these 11 types, the problem remains open.
The following comments reveal that such a problem vanishes as the thickness of
the plate tends to zero.

As for horizontal displacements, let us consider Equations (107)—(109) in the time

interval I where the time derivative of the magnetic potential is zero:

OgTiap(C1,C) =0, a = 1,2, inwxI, (120)
(¢1,62) =0 on dw x I, (121)
1 .

—Prapeas(Cl, C5) + M—ag(alAQ — A1) = #040A1 in wx 1, (122)

1

1 .
—p2apeas(Cl, () — Eal(alAQ — DoA1) = #000A2  in WX I, (123)
_p3aﬁ€aﬂ(<iv Cé) = %000 A3 in wxlI, (124)
01A2 — 02A1 =0 on Jw x I, (125)
A=0 on dw x (0,T), (126)
A(0)=A% A(0)=0 in w, (127)
Cal0)=¢) C0)=¢ in w. (128)
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Thus, Equations (120) and (121) implies that (¢1,{2) = Oinw x I, then we
deduce from Equations (122)—(125) that A = 0. This can be proven by using
the Lax-Milgram Theorem.

5. In the present work, if we consider the issue of the energy decay rate being
zero, the most significant finding of this work is that, in that case, the energy
is approximately zero for any type of piezoelectric material, when the thickness
of the plate is sufficiently small. To argue this conclusion, let us consider the limit
system of Equations (103) and (104) when the first term of the energy decay rate

(4 is zero in a time interval I:

aa/jmag(gg) =0 inwXxI, (129)
C3 = 8,,C3 =0 on JdwxI. (130)

Therefore, the vertical component of the displacement vector is zero, because the
Equations (129) and (130) have a unique solution which is zero.

Multiply Equation (129) by (3 and integrate over w:

/ OapMas(¢3)¢3 dw = 0.

Integrate by parts twice and use the boundary Equation (130) to get,

/ Mas((3)0ap5¢3 dw = 0.

This integral vanishes only if d,3(3 = 0 in w. This implies that (3 is at most an
affine function. Together with the boundary condition (3 = 0 and 9,(3 = 0, we
deduce (5 = 0.

In conclusion, if the limit energy of the system is constant in a time interval
1, then it is necessarily zero. Hence, we achieve strong stabilization. And what
the current asymptotic analysis reveals is that when the thickness of a piezoelectric
plate is very small, we no longer need the restrictions imposed by Lemmas 2-5
on the characteristics of the piezoelectric materials to obtain stabilization or strong
stabilization of its perturbations.

Looking ahead, we intend to apply the same procedure to non-linear deformations,
as our study is currently only applicable to small deformations. Another interesting

avenue is to extend this work to mechanically anisotropic materials.
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