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Abstract: In this paper, we develop a mathematical model that describes the within-host
co-dynamics of two arboviruses, Zika virus (ZIKV) and Chikungunya virus (CHIKV). The
model is also modified to investigate the impact of various treatment strategies. The model
incorporates four cell types: uninfected target cells, latently infected cells, actively infected
cells, and antibodies. The analysis establishes that all solutions remain nonnegative and
bounded over time. It further reveals the presence of four distinct steady states: the disease-free
steady state, the ZIKV-only steady state, the CHIKV-only steady state, and the coexistence
steady state representing co-infection. The next-generation matrix technique was applied
to determine the reproduction numbers for the ZIKV-only model, the CHIKV-only model,
and the ZIKV-CHIKV co-infection model (denoted by RL

Z , RL
C and RL

0 = max{RL
Z , R

L
C},

respectively) as well as the invasion reproduction numbersRL,inv
Z andRL,inv

C which determine
whether a virus can successfully invade an existing infection state. We conducted a
mathematical analysis to determine the existence of equilibrium points and to establish the
criteria for their global stability. Global stability is verified through the application of suitably
constructed Lyapunov functions. The effects of four therapeutic strategies are included: (i)
antiviral therapy that prevents viral infection of target cells, (ii) antiviral therapy that suppresses
viral production, (iii) immune-stimulating treatment, and (iv) therapy that increases the rate
of antibody circulation. Simulations show antivirals outperform immune-boosting strategies
in clearing co-infection, while combining both offers synergy by suppressing replication and
enhancing host defenses. The proposed model, along with the theoretical analysis, is new and
offers a useful framework for studying viral co-infections.

Keywords: within-host model; ZIKV-CHIKV co-infection; immune response; antiviral
therapy; global stability; basic reproduction number; invasion reproduction number;
Lyapunov function

1. Introduction

Zika and Chikungunya are viral diseases transmitted by mosquitoes, caused
by the Zika virus (ZIKV) and Chikungunya virus (CHIKV), respectively. These
re-emerging arboviruses are primarily found in tropical and subtropical regions, where
environmental and climatic conditions favor the proliferation of Aedes mosquito
vectors, including Aedes aegypti and Aedes albopictus. Their reappearance and rapid
spread have become a major global health concern, largely driven by factors such as
increased international travel, accelerated urbanization, and climate change [1]. Both
infections are associated with serious complications: ZIKV can cause neurological
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disorders and congenital abnormalities, while CHIKV often leads to severe and
persistent musculoskeletal symptoms, highlighting their significant public health
impact [2]. In recent years, outbreaks of ZIKV and CHIKV have increased worldwide,
contributing substantially to disease burden through elevated morbidity and, in some
cases, mortality. According to Puntasecca et al. [3], between 2010 and 2019, CHIKV
and ZIKV were responsible for an estimated annual loss of more than 106,000 and
44,000 disability-adjusted life years (DALYs), respectively. ZIKV, a member of the
Flaviviridae family and the Flavivirus genus, is primarily transmitted by Aedes aegypti
and Aedes albopictus mosquitoes [4]. In addition to vector-borne transmission, ZIKV
can spread between humans through horizontal transmission (e.g., sexual contact) and
vertical transmission (from mother to fetus during pregnancy). Moreover, infected
humans can transmit the virus to susceptiblemosquitoes when bitten, thereby sustaining
the transmission cycle [5]. Zika virus (ZIKV) was first identified in 1947 in rhesus
monkeys in the Zika Forest of Uganda, and human infections were documented in
1952 [6]. ZIKVwas initially identified in Brazil in early 2015 [7], after which it rapidly
expanded, with local transmission documented in over 86 countries and territories by
2018. Due to the extensive spread of this emerging public health threat, healthcare
professionals need to be able to recognize the various clinical manifestations associated
with ZIKV infection [8]. CHIKV is an RNA virus belonging to the Alphavirus genus
of the Togaviridae family [9]. Like ZIKV, CHIKV is also primarily transmitted by
Aedes mosquitoes. CHIKV was initially identified in 1952 on the Makonde Plateau
in Africa [10]. From the 1960s through the 1980s, a number of outbreaks were
recorded across several countries in both Asia and Africa. In contrast to dengue,
which can be fatal in severe cases, chikungunya infections are rarely associated with
mortality, although they can cause debilitating symptoms [11]. Since its re-emergence
in 2004, CHIKV has caused increasingly extensive and severe outbreaks, particularly
throughout the Indian Ocean islands and the Americas [12]. The clinical presentations
of Chikungunya and Zika fevers closely resemble one another, commonly featuring
symptoms such as fever, joint pain, muscle aches, skin rash, and eye inflammation [13].
Both viruses are also capable of leading to serious complications, including long-lasting
joint pain and neurological issues [13]. Moreover, ZIKV infection during pregnancy
has been linked to fetal complications, most notably congenital Zika syndrome [14].
Although both viruses produce similar early symptoms, with some differences, a
notable distinction lies in the duration of illness: ZIKV infections typically resolve
within two weeks, while CHIKV infections can result in prolonged joint pain and
arthritis that may last for a year or longer [15].

In regions where viruses with similar transmission routes are widespread,
individuals may acquire co-infections involving two or more pathogens. Viral
infections lead to complex interactions that can influence replication dynamics and
disease progression, and they often play a key role in determining suitable treatment
strategies for managing co-infections [16]. Several studies have identified instances of
concurrent infections with ZIKV and CHIKV [8, 15–19]. ZIKV-CHIKV coinfection
cases have been documented in multiple countries, including Haiti, Colombia,
Brazil, Nicaragua, Ecuador, and Mexico [17]. According to a meta-analysis, the
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overall prevalence of CHIKV coinfection among individuals infected with ZIKV
was estimated at 1%, with regional variations, higher in North America (2.8%) and
considerably lower in Asia (0.1%) [16].

Mathematical models for infectious disease transmission are essential tools
for understanding how diseases spread within populations, particularly during viral
outbreaks such as COVID-19 [20, 21]. These models support the development of
control strategies and assist in guiding public health policies. Considerable attention
has been given to modeling single-pathogen infections, especially those related to Zika
virus [5, 22–26]. Likewise, Chikungunya virus has been extensively studied through
mathematical modeling [27–31].

Within-host mathematical models that describe the interactions among viruses,
target cells, and immune cells have attracted considerable research interest. These
models play a crucial role in deepening our understanding of viral dynamics within the
host. It also provides insight into intracellular processes that are difficult to investigate
experimentally in vitro. Moreover, such modeling enables the prediction of disease
progression and supports the development of effective antiviral therapies and vaccines.
Osuna et al. [32] and Best et al. [33] constructed a mathematical model for ZIKV
infection as:

dX

dt
= −βZXVZ ,

dY L
Z

dt
= βZXVZ − ηZY

L
Z ,

dY A
Z

dt
= ηZY

L
Z − aZY

A
Z ,

dVZ

dt
= kZY

A
Z − cZVZ .

Here, X denotes the concentration of uninfected cells, which become infected upon
contact with free ZIKV VZ . The infection rate is given by themass-action term βZXVZ .
Infected cells first enter a latent or eclipse stage Y L

Z , during which they do not yet
produce viral particles. These cells transition to a virus-producing state Y A

Z at a rate
ηZY

L
Z , where 1/ηZ represents the average duration of the eclipse phase. The actively

infected cells are removed at rate aZ , accounting for cytopathic effects caused by ZIKV.
Each productively infected cell releases virus at a rate kZY A

Z , while free viral particles
are eliminated from the system at a rate cZVZ . In the study by Osuna et al. [32],
a well-established target cell-limited framework was adapted to fit Zika virus data
from non-pregnant monkeys. Building on this work, Best et al. [33] investigated the
effects of antiviral treatments on ZIKV within-host dynamics using the same model
from Osuna et al., which was identified through model selection as the most suitable
for non-pregnant hosts. Later, Best and Perelson [34] developed more sophisticated
within-host ZIKV models by explicitly incorporating immune responses into the viral
dynamics. In their approach, interferon-α (IFNα) concentrations or natural killer (NK)
cell activity were introduced as time-dependent components influencing the course of
infection. Tuncer and Martcheva [35] formulated both within-host and within-vector
models for ZIKV, addressing cases in pregnant and non-pregnant hosts. Their work was
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driven by available empirical data and validated against experimental observations from
monkey studies. Best et al. [36] developed mathematical models for ZIKV infection
that account for the innate immune response and include mechanisms through which
the virus interferes with or suppresses this immune activity.

The initial ZIKV within-host model did not incorporate the generation of target
cells or account for the natural death rates of uninfected and latently infected cells.
Nonetheless, this foundational model has been widely used to study ZIKV infection
dynamics. Tang et al. [37] extended this framework by including both the recruitment
and death rates of target cells. In their model, the dynamics of the uninfected target cell
population X were described by:

dX

dt
= λ− dX − βZXVZ ,

where λ is the constant rate of target cell generation, and dX represents the natural
death rate of target cells.

Advancements have also been made in understanding the within-host dynamics
of CHIKV through mathematical modeling. A within-host model for CHIKV
dynamics that incorporates both the natural turnover of susceptible target cells (through
recruitment and death processes) and the contribution of the antibody-mediated immune
response is formulated [38]. The system is expressed as follows:

dX

dt
= λ− dX − βCXVC ,

dY A
C

dt
= βCXVC − aCY

A
C ,

dVC

dt
= kCY

A
C − cCVC − rCVCWC ,

dWC

dt
= γC + qCVCWC − µCWC .

Here the subscript refers to CHIKV, WC represents CHIKV-specific antibodies
concentration. Antibodies are produced at a basal rate γC , further stimulated by
viral presence at rate qCVCWC and decay at rate µCWC . The CHIKV particles are
neutralized through antibody binding at a rate rCVCWC . Elaiw et al. [39] proposed
a CHIKV infection model incorporating latently infected cells, a time delay, and a
generalized incidence function. In a related study, Alade et al. [40] examined a
delayed CHIKV model where the rates of production, clearance, and proliferation
of all compartments, along with the incidence rate, were governed by general
nonlinear expressions. Models that consider two distinct transmission mechanisms
(direct CHIKV-to-cell and infected-cell-to-cell pathways) have been explored [41–45].
Stochastic CHIKV infection models were presented in the studies by Gokila and
Sambath [46] and by Yu et al. [47]. A fractional-order CHIKV infection model with
adaptive immune response was examined [28].

Mathematical modeling of ZIKV co-infection with other arboviruses at the
population level has attracted research interest. Such a co-infection as Zika and dengue
co-infection [7,48,49]. In the study by Omame et al. [50], a fractional-order framework
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was proposed to study the transmission dynamics of Zika–Dengue co-infection. In
this formulation, the Atangana–Baleanu operator in the Caputo’s sense was utilized to
capture memory and hereditary effects within the system. Isea and Karl [51] proposed
a co-infection model among Zika, Chikungunya and Dengue in order to study the
dynamics of the three diseases at the same time. They observed the possibility of
co-infection among the three diseases based on available data. Omame et al. [52]
formulated and investigated a co-dynamicsmodel that incorporates COVID-19 together
with Zika, Chikungunya, and Dengue infections. The study explored how the presence
of COVID-19 influences the transmission patterns of the other three arboviruses, and
conversely, how these viruses may affect COVID-19 dynamics. Both local and global
stability properties of the system were examined. Building on this work, Omame and
Abbas [53] extended the framework by incorporating vaccination strategies against
COVID-19 and Dengue to investigate their effects on the transmission dynamics
of the Zika virus. However, despite these population-level studies of co-infection
dynamics among humans, to the best of our knowledge, no mathematical model
has been developed to investigate the within-host co-infection dynamics of Zika and
Chikungunya viruses.

The main contributions of this paper are:

• We formulate a new model that describes the within-host co-dynamics of ZIKV
and CHIKV.

• The model’s well-posedness is shown.
• Four threshold parameters are determined, which completely govern the existence

and stability of the four steady states of the model.
• We prove the global stability of all steady states using the Lyapunov method.
• The impact of various treatment strategies is examined.
• Theoretical results are supported via numerical simulations.

2. ZIKV-CHIKV co-infection model

The mathematical model of ZIKV-CHIKV co-infection is built upon the following
biological and immunological assumptions:

H1 (Population dynamics). The proposed model describes the temporal evolution of
several interacting populations: the concentration of uninfected target cells X(t);
ZIKV-infected cells in both latent and active states, denoted by Y L

Z (t) and Y A
Z (t);

CHIKV-infected cells in latent and active phases, represented by Y L
C (t) and Y A

C (t);
the free viral particles of ZIKV and CHIKV, given by VZ(t) and VC(t); and finally,
the antibody responses specific to ZIKV and CHIKV, expressed as WZ(t) and WC(t).
Compartments X , Y L

Z , Y A
Z , Y L

C , Y A
C , VZ , VC , WZ and WC die at rates dX , bZY L

Z ,
aZY

A
Z , bCY L

C , aCY A
C , cZVZ , cCVC , µZWZ , and µCWC , respectively.

H2 (Target cell competition). ZIKV and CHIKV compete for the same target cells X .

H3 (Infection dynamics). Uninfected target cells are supplied at rate λ, and are
infected by ZIKV and CHIKV with incidence terms βZXVZ and βCXVC , respectively
(See Equation (1)).

5



Advances in Differential Equations and Control Processes 2026, 33(2), 4021.

H4 (Infection outcomes). A fraction θZ of ZIKV-infected cells becomes active Y A
Z , with

the remainder 1− θZ latent Y L
Z ; similarly, θC of CHIKV-infected cells becomes active

Y A
C , and 1− θC enters latency Y L

C (See Equations (2) and (4)).

H5 (Latent cell activation). Latently infected cells activate at rates ηZY L
Z for ZIKV and

ηCY
L
C for CHIKV (See Equations (2) and (4)).

H6 (Viral production and neutralization). Free ZIKV and CHIKV virions are generated
by actively infected cells Y A

Z and Y A
C at rates kZY A

Z and kCY
A
C , respectively. These

viral particles are subsequently neutralized by their corresponding antibodiesWZ and
WC at rates rZVZWZ and rCVCWC (See Equations (6) and (7)).

H7 (Antibody dynamics). Virus-specific antibodies WZ and WC are produced at
baseline rates γZ and γC , and are further stimulated by the presence of virus through
the interactions qZVZWZ and qCVCWC (See Equations (8) and (9)).

Based on assumptions H1–H7, the ZIKV-CHIKV co-infection model can be
expressed as:

dX

dt
= λ− dX − βZXVZ − βCXVC , (1)

dY L
Z

dt
= (1− θZ)βZXVZ − (ηZ + bZ)Y

L
Z , (2)

dY A
Z

dt
= θZβZXVZ + ηZY

L
Z − aZY

A
Z , (3)

dY L
C

dt
= (1− θC)βCXVC − (ηC + bC)Y

L
C , (4)

dY A
C

dt
= θCβCXVC + ηCY

L
C − aCY

A
C , (5)

dVZ

dt
= kZY

A
Z − cZVZ − rZVZWZ , (6)

dVC

dt
= kCY

A
C − cCVC − rCVCWC , (7)

dWZ

dt
= γZ + qZVZWZ − µZWZ , (8)

dWC

dt
= γC + qCVCWC − µCWC . (9)

All model parameters are assumed to be strictly positive. Figure 1 illustrates the
within-host progression pathways of ZIKV and CHIKV, emphasizing their interplay
and the resulting effects on immune response dynamics. The initial condition for the
system is given by:

X(0) > 0, Y L
Z (0) ≥ 0, Y A

Z (0) ≥ 0,

Y L
C (0) ≥ 0, Y A

C (0) ≥ 0,

VZ(0) ≥ 0, VC(0) ≥ 0,

WZ(0) > 0,WC(0) > 0.
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Figure 1. A schematic representation illustrating the within-host co-infection dynamics of
ZIKV and CHIKV.

In what follows, we examine the fundamental and global characteristics of the
model.

3. Preliminaries

This section provides preliminary findings on the model’s well-posedness,
together with the identification of steady states and the conditions ensuring their
existence.

Model’s well-posedness
It follows that the right-hand side of the system given by Equations (1)–(9)

is continuous and satisfies a Lipschitz condition on the interval [0, ι], for some
ι > 0. Therefore, by standard results in the theory of differential equations, the
Equations (1)–(9), subject to non-negative initial data, admits a unique local solution
(X(t), Y L

Z (t), Y A
Z (t), Y L

C (t), Y A
C (t), VZ(t), VC(t),WZ(t),WC(t)) defined for t ∈

[0, t∗), where 0 < t∗ < ∞.
Let us define χi > 0, i = 1, 2, ..., 5 and σL > 0 as:

χ1 =
λ

σL
+

γZrZaZ
2σLqZkZ

+
γCrCaC
2σLqCkC

,

χ2 =
2kZ
aZ

χ1, χ3 =
2kC
aC

χ1,

χ4 =
2qZkZ
rZaZ

χ1, χ5 =
2qCkC
rCaC

χ1,

σL = min{d, bZ ,
aZ
2
, bC ,

aC
2
, cZ , cC , µZ , µC}.
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Lemma 1. Under the initial condition of Equation (2), the solutions of Equations
(1)–(9) are nonnegative and remain bounded for all t ≥ 0.

Proof.

dX

dt
|X=0 = λ > 0,

dY L
Z

dt
|Y L

Z =0 = (1− θZ)βZXVZ ≥ 0 for X,VZ ≥ 0,

dY A
Z

dt
|Y A

Z =0 = θZβZXVZ + ηZY
L
Z ≥ 0 for X,VZ , Y

L
Z ≥ 0,

dY L
C

dt
|Y L

C =0 = (1− θC)βCXVC ≥ 0 for X,VC ≥ 0,

dY A
C

dt
|Y A

C =0 = θCβCXVC + ηCY
L
C ≥ 0 for X,VC , Y

L
C ≥ 0,

dVZ

dt
|VZ=0 = kZY

A
Z ≥ 0 for Y A

Z ≥ 0,

dVC

dt
|VC=0 = kCY

A
C ≥ 0 for Y A

C ≥ 0,

dWZ

dt
|WZ=0 = γZ > 0,

dWC

dt
|WC=0 = γC > 0.

Thus, all solutions of Equations (1)–(9) with initial (X(0), Y L
Z (0), Y A

Z (0), Y L
C (0),

Y A
C (0), VZ(0), VC(0),WZ(0),WC(0)) ∈ R9

≥0 satisfy (X(t), Y L
Z (t), Y A

Z (t), Y L
C (t),

Y A
C (t), VZ(t), VC(t),WZ(t),WC(t)) ∈ R9

≥0 [54]. Define TL(t) as:

TL = X + Y L
Z + Y A

Z + Y L
C + Y A

C + aZ

2kZ
VZ + aC

2kC
VC + aZrZ

2qZkZ
WZ + aCrC

2qCkC
WC ,

then
dTL

dt
=

dX

dt
+

dY L
Z

dt
+

dY A
Z

dt
+

dY L
C

dt
+

dY A
C

dt
+

aZ
2kZ

dVZ

dt

+
aC
2kC

dVC

dt
+

aZrZ
2qZkZ

dWZ

dt
+

aCrC
2qCkC

dWC

dt
.

Using Equations (1)–(9) we get

dTL

dt
= λ− dX − βZXVZ − βCXVC + (1− θZ)βZXVZ − bZY

L
Z − ηZY

L
Z + θZβZXVZ

− aZY
A
Z + ηZY

L
Z + (1− θC)βCXVC − bCY

L
C − ηCY

L
C + θCβCXVC − aCY

A
C

+ ηCY
L
C +

aZ
2kZ

(kZY
A
Z − cZVZ − rZVZWZ) +

aC
2kC

(kCY
A
C − cCVC − rCVCWC)

+
aZrZ
2qZkZ

(γZ + qZVZWZ − µZWZ) +
aCrC
2qCkC

(γC + qCVCWC − µCWC)

= λ− dX − bZY
L
Z − aZ

2
Y A
Z − bCY

L
C − aC

2
Y A
C − aZcZ

2kZ
VZ − aCcC

2kC
VC

+
aZrZγZ
2qZkZ

− aZrZµZ

2qZkZ
WZ +

aCrCγC
2qCkC

− aCrCµC

2qCkC
WC

≤ λ+
aZrZγZ
2qZkZ

+
aCrCγC
2qCkC

− σLTL.

Thus, TL(t) ≤ χ1 when TL(0) ≤ χ1. This implies that 0 ≤ X,Y L
Z , Y A

Z , Y L
C , Y A

C ≤
χ1, 0 ≤ VZ ≤ χ2, 0 ≤ VC ≤ χ3, 0 ≤ WZ ≤ χ4, and 0 ≤ WC ≤ χ5 if 0 ≤

8



Advances in Differential Equations and Control Processes 2026, 33(2), 4021.

X(0)+Y L
Z (0)+Y A

Z (0)+Y L
C (0)+Y A

C (0)+ aZ
2kZ

VZ(0)+
aC
2kC

VC(0)+
aZrZ
2qZkZ

WZ(0)+
aCrC
2qCkC

WC(0) ≤ χ1.
So we define a region ΩL as:

ΩL =
{
(X,Y L

Z , Y A
Z , Y L

C , Y A
C , VZ , VC ,WZ ,WC) ∈ R9

≥0 :

0 ≤ X,Y L
Z , Y A

Z , Y L
C , Y A

C ≤ χ1, 0 ≤ VZ ≤ χ2, 0 ≤ VC ≤ χ3,

0 ≤ WZ ≤ χ4, 0 ≤ WC ≤ χ5

}
.

Lemma 1 shows that the biologically feasible region is positively invariant for the
Equations (1)–(9).

4. The basic reproduction numbers

The basic reproduction number represents the average number of new infections
generated by a single infected cell during its infectious period, assuming that all target
cells are initially uninfected. It is evaluated at the disease-free steady state. The basic
reproduction number RL

0 for the ZIKV-CHIKV co-infection system is derived using
the next-generation matrix approach introduced by Driessche and Watmough [55].

4.1. The basic reproduction number for ZIKV-only infection
The ZIKV-only infection model is obtained by setting Y L

C = Y A
C = VC = 0 in

Equations (1)–(9), which yields the following reduced model:

dX

dt
= λ− dX − βZXVZ , (10)

dY L
Z

dt
= (1− θZ)βZXVZ − (ηZ + bZ)Y

L
Z , (11)

dY A
Z

dt
= θZβZXVZ + ηZY

L
Z − aZY

A
Z , (12)

dVZ

dt
= kZY

A
Z − cZVZ − rZVZWZ , (13)

dWZ

dt
= γZ + qZVZWZ − µZWZ , (14)

dWC

dt
= γC − µCWC . (15)

The disease-free steady state of Equations (10)–(15) is given by SS0 =

(X0, 0, 0, 0,W 0
Z ,W

0
C), where X0 = λ

d , W
0
Z = γZ

µZ
and W 0

C = γC
µC

. The basic
reproduction number for the ZIKV-only infection, RL

Z , is defined as the spectral radius
(i.e., the dominant eigenvalue) of the next-generation matrix ρ(FZV−1

Z ), where FZ

represents the infection matrix and VZ denotes the transition matrix derived from
system [55].

We define the matrices FZ and VZ , which represent the new infection terms and
the remaining transition terms, respectively, as:

FZ =

 (1− θZ)βZXVZ

θZβZXVZ

0

 , VZ =

 (ηZ + bZ)Y
L
Z

−ηZY
L
Z + aZY

A
Z

−kZY
A
Z + cZVZ + rZVZWZ

 .
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The Jacobians of the matrices FZ and VZ evaluated at the disease-free steady state of
Equations (10)–(15) are given by:

FZ =

 0 0 (1− θZ)βZX
0

0 0 θZβZX
0

0 0 0

 , VZ =

 ηZ + bZ 0 0

−ηZ aZ 0

0 −kZ cZ + rZW
0
Z

 .

Hence, the basic reproduction number for the ZIKV-only infection is given by:

RL
Z = ρ(FZV−1

Z ) =
kZβZλµZ(bZθZ + ηZ)

aZd(bZ + ηZ)(rZγZ + cZµZ)
.

4.2. The basic reproduction number for CHIKV-only infection
Similarly, the CHIKV infection model is obtained by setting Y L

Z = Y A
Z = VZ = 0

in Equations (1)–(9) leading to the following reduced model:

dX

dt
= λ− dX − βZXVZ − βCXVC , (16)

dY L
C

dt
= (1− θC)βCXVC − (ηC + bC)Y

L
C , (17)

dY A
C

dt
= θCβCXVC + ηCY

L
C − aCY

A
C , (18)

dVC

dt
= kCY

A
C − cCVC − rCVCWC , (19)

dWZ

dt
= γZ + qZVZWZ − µZWZ , (20)

dWC

dt
= γC + qCVCWC − µCWC . (21)

Using the same procedure as for the ZIKV case, the basic reproduction number,
RL

C , for CHIKV is derived via the next-generation matrix approach. Accordingly, the
matrices FC and VC are defined as follows:

FC =

 (1− θC)βCXVC

θCβCXVC

0

 , VC =

 (ηC + bC)Y
L
C

−ηCY
L
C + aCY

A
C

−kCY
A
C + cCVC + rCVCWC

 .

The Jacobians of the matrices FC and VC evaluated at the disease-free steady state of
Equations (16)–(21) SS0 are given by:

FC =

 0 0 (1− θC)βCX
0

0 0 θCβCX
0

0 0 0

 , VC =

 ηC + bC 0 0

−ηC aC 0

0 −kC cC + rCW
0
C

 .

Hence
RL

C = ρ(FCV−1
C ) =

kCβCλµC(bCθC + ηC)

aCd(bC + ηC)(rCγC + cCµC)
.

4.3. The basic reproduction number for ZIKV-CHIKV co-infection
For the co-infection model of Equations (1)–(9), we calculate the basic

reproduction number RL
0 as RL

0 = ρ(F0V−1
0 ) where

10
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F0 =



0 0 0 0 (1− θZ)βZX
0 0

0 0 0 0 θZβZX
0 0

0 0 0 0 0 (1− θC)βCX
0

0 0 0 0 0 θCβCX
0

0 0 0 0 0 0

0 0 0 0 0 0


and

V0 =



ηZ + bZ 0 0 0 0 0

−ηZ aZ 0 0 0 0

0 0 ηC + bC 0 0 0

0 0 −ηC aC 0 0

0 −kZ 0 0 cZ + rZW
0
Z 0

0 0 0 −kC 0 cC + rCW
0
C


.

The basic reproduction number for the co-infection model is:

RL
0 = ρ(F0V−1

0 )

= max
{

kZβZλµZ(bZθZ + ηZ)

aZd(bZ + ηZ)(rZγZ + cZµZ)
,

kCβCλµC(bCθC + ηC)

aCd(bC + ηC)(rCγC + cCµC)

}
= max{RL

Z , R
L
C}.

5. The invasion reproduction numbers

In between-host dynamics, the invasion reproduction number quantifies the ability
of a new disease to invade a population inwhich another disease is already at an endemic
steady state [56, 57]. In within-host viral dynamics, it measures the ability of a new
virus to invade a host in which another virus has already established an infected steady
state [58].

5.1. Invasion of ZIKV into a CHIKV-resident host
Assume that CHIKV is resident at the CHIKV mono-infection steady state SS =

(X, 0, 0, Y
L
C , Y

A
C , 0, V C ,WZ ,WC), where

X =
λ

d+ βCV C

, Y
L
Z = 0, Y

A
Z = 0, Y

L
C =

(1− θC)βC𝟋4λV C

(ηC + bC)(d+ βCV C)
,

Y
A
C =

ρCβCλV C

aC(ηC + bC)(d+ βCV C)
,

WZ =
γZ
µZ

andWC =
γC

µC − qCV C

> 0 where V C ∈
(
0,

µC

qC

)
.

The invasion reproduction number of ZIKV is derived by considering Equations
(10)–(15) and evaluating the Jacobian matrices of FZ and VZ at the steady state SS,
yielding

FL,inv
Z =

 0 0 (1− θZ)βZX

0 0 θZβZX

0 0 0

 , VL,inv
Z =

 ηZ + bZ 0 0

−ηZ aZ 0

0 −kZ cZ + rZWZ

 .

11
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Thus, the invasion reproduction number of ZIKV is given by

RL,inv
Z = ρ

(
Finv
Z Vinv−1

Z

)
=

kZβZρZX

aZ(ηZ + bZ)(cZ + rZWZ)

=
kZβZλµZρZ

aZd(ηZ + bZ)(rZγZ + cZµZ)
(
1 + βC

d V C

) .
5.2. Invasion of CHIKV into a ZIKV-resident host

Assume that ZIKV is resident at the ZIKV-only infection steady state SS∗ =

(X∗, Y ∗
Z , 0, V

∗
Z , 0,W

∗
Z ,W

∗
C), where

X∗ =
λ

d+ βZV ∗
Z

, Y L∗
Z =

(1− θZ)βZλV
∗
Z

(ηZ + bZ)(d+ βZV ∗
Z )

, Y A∗
Z =

ρZβZλV
∗
Z

aZ(ηZ + bZ)(d+ βZV ∗
Z )

,

Y L∗
C = 0, Y A∗

C = 0, W ∗
Z =

γZ
µZ − qZV ∗

Z

andW ∗
C =

γC
µC

where V ∗
Z ∈

(
0,

µZ

qZ

)
.

Considering Equations (16)–(21), the corresponding next-generation matrices for
CHIKV invading a ZIKV-resident host are given by

Finv
C =

 0 0 (1− θC)βCX
∗

0 0 θCβCX
∗

0 0 0

 , Vinv
C =

 ηC + bC 0 0

−ηC aC 0

0 −kC cC + rCW
∗
C

 .

Hence, the invasion reproduction number of CHIKV is

RL,inv
C = ρ

(
Finv
C Vinv−1

C

)
=

kCβCρCX
∗

aC(ηC + bC)(cC + rCW ∗
C)

=
kCβCλµCρC

aCd(ηC + bC)(rCγC + cCµC)
(
1 + βZ

d V ∗
Z

) .
6. Existence and global stability of equilibria

We investigate the existence of steady states for the model defined by Equations
(1)–(9). The basic reproduction number RL

0 for the ZIKV-CHIKV co-infection system
is given by

RL
0 = max{RL

Z , R
L
C},

where,

RL
Z =

kZβZλµZ(ηZ + bZθZ)

aZd(ηZ + bZ)(rZγZ + cZµZ)
,

RL
C =

kCβCλµC(ηC + bCθC)

aCd(ηC + bC)(rCγC + cCµC)
.

It should be noted that RL
Z corresponds to the basic reproduction number associated

with ZIKV-only infection, whereas RL
C represents that of CHIKV-only infection.

Furthermore, the invasion reproduction numbers RL,inv
Z and RL,inv

C , which
describe the ability of one virus to invade when the other is already at endemic steady

12
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state, are derived for Equations (1)–(9). Specifically, they are given by

RL,inv
Z =

kZβZλµZ(ηZ + bZθZ)

aZd(ηZ + bZ)(rZγZ + cZµZ)
(
1 + βC

d V C

) =
RL

Z

1 + βC
d V C

,

RL,inv
C =

kCβCλµC(ηC + bCθC)

aCd(ηC + bC)(rCγC + cCµC)
(
1 + βZ

d V ∗
Z

) =
RL

C

1 + βZ
d V ∗

Z

.

Clearly,

RL,inv
Z =

RL
Z

1 + βC
d V C

< RL
Z ,

RL,inv
C =

RL
C

1 + βZ
d V ∗

Z

< RL
C .

6.1. Existence of steady states
Define X0 = λ

d , W
0
Z = γZ

µZ
and W 0

C = γC
µC

. As a result, we can derive the
following key finding concerning the existence of steady states for the system outlined
by Equations (1)–(9).

Lemma 2. (i) The disease-free steady state always exists and is given by SS0 =

(X0, 0, 0, 0, 0, 0, 0,W 0
Z ,W

0
C),

(ii) if RL
Z > 1, then, in addition to SS0, there exists a ZIKV-only steady state

SS∗ = (X∗, Y L∗
Z , Y A∗

Z , 0, 0, V ∗
Z , 0,W

∗
Z ,W

∗
C),

(iii) if RL
C > 1, then, in addition to SS0, there exists a CHIKV-only steady state

SS = (X, 0, 0, Y
L
C , Y

A
C , 0, V C ,WZ ,WC),

(iv) if RL,inv
Z > 1 and RL,inv

C > 1, then the system admits the steady states
SS0, SS∗ and SS as well as a coexistence (co-infection) steady state of the form
S̃S = (X̃, Ỹ L

Z , Ỹ A
Z , Ỹ L

C , Ỹ A
C , ṼZ , ṼC , W̃Z , W̃C).

Proof. Let the right-hand sides of Equations (1)–(9) be set equal to zero.

0 = λ− dX − βZXVZ − βCXVC , (22)

0 = (1− θZ)βZXVZ − (ηZ + bZ)Y
L
Z , (23)

0 = θZβZXVZ + ηZY
L
Z − aZY

A
Z , (24)

0 = (1− θC)βCXVC − (ηC + bC)Y
L
C , (25)

0 = θCβCXVC + ηCY
L
C − aCY

A
C , (26)

0 = kZY
A
Z − cZVZ − rZVZWZ , (27)

0 = kCY
A
C − cCVC − rCVCWC , (28)

0 = γZ + qZVZWZ − µZWZ , (29)

0 = γC + qCVCWC − µCWC . (30)

From Equations (22)–(30) we have

13
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X =
λ

d+ βZVZ + βCVC
, Y L

Z =
(1− θZ)βZλVZ

(ηZ + bZ)(d+ βZVZ + βCVC)
,

Y A
Z =

(ηZ + bZθZ)βZλVZ

aZ(ηZ + bZ)(d+ βZVZ + βCVC)
, Y L

C =
(1− θC)βCλVC

(ηC + bC)(d+ βZVZ + βCVC)
,

Y A
C =

(ηC + bCθC)βCλVC

aC(ηC + bC)(d+ βZVZ + βCVC)
, WZ =

γZ
µZ − qZVZ

andWC =
γC

µC − qCVC
.

(31)

We note that WZ > 0 and WC > 0, when VZ ∈
[
0, µZ

qZ

)
and VC ∈

[
0, µC

qC

)
respectively.

Substituting in Equations (27) and (28) we obtain(
kZβZλ(ηZ + bZθZ)

aZ(ηZ + bZ)(d+ βZVZ + βCVC)
+

rZγZ
qZVZ − µZ

− cZ

)
VZ = 0, (32)(

kCβCλ(ηC + bCθC)

aC(ηC + bC)(d+ βZVZ + βCVC)
+

rCγC
qCVC − µC

− cC

)
VC = 0. (33)

Equations (32) and (33) admit four possible cases:
Case (I) VZ = 0 and VC = 0 corresponding to the disease-free steady state SS0 =

(X0, 0, 0, 0, 0, 0, 0,W 0
Z ,W

0
C).

Case (II) VZ ̸= 0 and VC = 0, so from Equation (32) we get

kZβZλ(ηZ + bZθZ)

aZ(ηZ + bZ)(d+ βZVZ)
− cZ − rZγZ

µZ − qZVZ
= 0,

which gives
AL

ZV
2
Z +BL

ZVZ + CL
Z

qZVZ − µZ
= 0, (34)

where

AL
Z = aZβZcZqZ(ηZ + bZ),

BL
Z = aZdcZqZ(ηZ + bZ)− kZβZλqZ(ηZ + bZθZ)− aZβZ(ηZ + bZ)(rZγZ + cZµZ),

CL
Z = kZβZλµZ(ηZ + bZθZ)− aZd(ηZ + bZ)(rZγZ + cZµZ).

Define

HL∗(VZ) =
AL

ZV
2
Z +BL

ZVZ + CL
Z

qZVZ − µZ
, where VZ ∈

[
0,

µZ

qZ

)
.

We get

HL∗(0) = −
CL
Z

µZ
=

aZd(ηZ + bZ)(rZγZ + cZµZ)− kZβZλµZ(ηZ + bZθZ)

µZ

=
aZd(ηZ + bZ)(rZγZ + cZµZ)

µZ

(
1−RL

Z

)
.

We have HL∗(0) < 0 if RL
Z > 1.Moreover

lim
VZ→

(
µZ
qZ

)−
HL∗(VZ) = ∞,

14
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then there exists V ∗
Z ∈

(
0, µZ

qZ

)
such that HL∗(V ∗

Z ) = 0. If RL
Z > 1, then

=⇒ kZβZλµZ(ηZ + bZθZ)

aZd(ηZ + bZ)(rZγZ + cZµZ)
> 1

=⇒ kZβZλµZ(ηZ + bZθZ) > aZd(ηZ + bZ)(rZγZ + cZµZ) > aZdcZµZ(ηZ + bZ)

=⇒ kZβZλqZ(ηZ + bZθZ) > aZdcZqZ(ηZ + bZ),

which implies that BL
Z < 0.Moreover

CL
Z = kZβZλµZ(ηZ + bZθZ)− aZd(ηZ + bZ)(rZγZ + cZµZ) > 0 if RL

Z > 1.

Therefore, two positive solutions exist as:

V ±
Z =

−BL
Z ±

√(
BL

Z

)2 − 4AL
ZC

L
Z

2AL
Z

.

We have

lim
VZ→

(
µZ
qZ

)+
HL∗(VZ) = −∞,

lim
VZ→∞

HL∗(VZ) = ∞.

Then
V −
Z ∈

(
0,

µZ

qZ

)
and V +

Z ∈
(
µZ

qZ
,∞
)
.

Then we take

V ∗
Z =

−BL
Z −

√(
BL

Z

)2 − 4AL
ZC

L
Z

2AL
Z

.

Hence

X∗ =
X0

1 + βZ

d V ∗
Z

> 0, Y L∗
Z =

(1− θZ)βZX
0V ∗

Z

(ηZ + bZ)(1 +
βZ

d V ∗
Z )

> 0,

Y A∗
Z =

(ηZ + bZθZ)βZX
0V ∗

Z

aZ(ηZ + bZ)(1 +
βZ

d V ∗
Z )

> 0,

Y L∗
C = 0, Y A∗

C = 0, W ∗
Z =

γZ
µZ − qZV ∗

Z

> 0 andW ∗
C =

γC
µC

> 0.

Consequently, a ZIKV-only infection steady state

SS∗ = (X∗, Y L∗
Z , Y A∗

Z , 0, 0, V ∗
Z , 0,W

∗
Z ,W

∗
C) (35)

exists whenever RL
Z > 1.

Case (III) VZ = 0 and VC ̸= 0, hence Y L
Z = 0, Y

A
Z = 0. Equation (33) reduces

to
(ηC + bCθC)kCβCλ

aC(d+ βCVC)(ηC + bC)
− cC +

rCγC
qCVC − µC

= 0,

which gives
AL

CV
2
C +BL

CVC + CL
C

qCVC − µC
= 0, (36)

15
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where

AL
C = aCcCqCβC(ηC + bC),

BL
C = aCdcCqCβC(ηC + bC)− kCλqCβC(ηC + θCbC)− βCaC(γCrC + µCcC)(ηC + bC),

CL
C = kCλµCβC(ηC + θCbC)− daC(γCrC + µCcC)(ηC + bC).

We define a continuous functionHL as:

H
L
(VC) =

AL
CV

2
C +BL

CVC + CL
C

qCVC − µC
, where VC ∈

[
0,

µC

qC

)
.

We get

H
L
(0) = −

CL
C

µC
=

aCd(ηC + bC)(rCγC + cCµC)− kCβCλµC(ηC + bCθC)

µC

=
aCd(ηC + bC)(rCγC + cCµC)

µC

(
1−RL

C

)
.

We have HL
(0) < 0 if RL

C > 1.Moreover

lim
VC→

(
µC
qC

)−
H

L
(VC) = ∞,

then there exists V C ∈
(
0, µC

qC

)
such that HL

(V C) = 0. Clearly, if RL
C > 1, then

CL
C = kCβCλµC(ηC + bCθC)− aCd(ηC + bC)(rCγC + cCµC) > 0.

Moreover,
kCβCλqC(ηC + bCθC) > aCdcCqC(ηC + bC).

Thus BL
C < 0, which implies the existence of two positive solutions:

V ±
C =

−BL
C ±

√(
BL

C

)2 − 4AL
CC

L
C

2AL
C

.

We have
lim

VC→
(

µC
qC

)+
H

L
(VC) = −∞, and lim

VC→∞
H

L
(VC) = ∞.

Then
V −
C ∈

(
0,

µC

qC

)
and V +

C ∈
(
µC

qC
,∞
)
.

Then we take

V C =
−BL

C −
√(

BL
C

)2 − 4AL
CC

L
C

2AL
C

.

Hence

X =
X0

1 + βC

d V C

> 0, Y
L

C =
βC(1− θC)X

0V C

(ηC + bC)(1 +
βC

d V C)
> 0,

16
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Y
A

C =
βC(ηC + bCθC)X

0V C

aC(ηC + bC)(1 +
βC

d V C)
> 0, WZ =

γZ
µZ

> 0 andWC =
γC

µC − qCV C

> 0.

Hence, a CHIKV-only infection steady state exists, SS = (X, 0, 0, Y
L
C , Y

A
C , 0,

V C ,WZ ,WC) when RL
C > 1.

Case (IV) When VZ ̸= 0 and VC ̸= 0, Equations (32) and (33) leading to the
following:

kZβZλ(ηZ + bZθZ)

aZ(ηZ + bZ)(d+ βZVZ + βCVC)
− cZ +

rZγZ
qZVZ − µZ

= 0, (37)

kCβCλ(ηC + bCθC)

aC(ηC + bC)(d+ βZVZ + βCVC)
− cC +

rCγC
qCVC − µC

= 0. (38)

We solve Equations (37) and (38) by applying the isocline method [59]. Define

fL
1 (VZ , VC) =

kZβZλ(ηZ + bZθZ)

aZ(ηZ + bZ)(d+ βZVZ + βCVC)
− cZ +

rZγZ
qZVZ − µZ

= 0,

VZ ∈
[
0,

µZ

qZ

)
.

(39)

fL
2 (VZ , VC) =

kCβCλ(ηC + bCθC)

aC(bC + ηC)(d+ βZVZ + βCVC)
− cC +

rCγC
qCVC − µC

= 0,

VC ∈
[
0,

µC

qC

)
.

(40)

From Equation (39), we observe the following:

(a) For VZ = 0, we obtain

kZβZλ(ηZ + bZθZ)

aZ(ηZ + bZ)(d+ βCVC)
− cZ − rZγZ

µZ
= 0,

=⇒ VC =
d

βC

(
kZβZλµZ(ηZ + bZθZ)

aZd(ηZ + bZ)(rZγZ + cZµZ)
− 1

)
=

d

βC
(RL

Z − 1) =: V̂C .

This value is positive whenever RL
Z > 1.

(b) For VC = 0, we have

kZβZλ(ηZ + bZθZ)

aZ(ηZ + bZ)(d+ βZVZ)
− cZ +

rZγZ
qZVZ − µZ

= 0.

From Equation (34), it follows that

VZ = V ∗
Z =

−BL
Z −

√(
BL

Z

)2 − 4AL
ZC

L
Z

2AL
Z

.

(c)

dVC

dVZ
= −∂fL

1 /∂VZ

∂fL
1 /∂VC

= −kZβ
2
Zλ(ηZ + bZθZ)(qZVZ − µZ)

2 + aZqZrZγZ(ηZ + bZ)(d+ βZVZ + βCVC)
2

kZβZβCλ(ηZ + bZθZ)(qZVZ − µZ)2
< 0, VZ ∈

(
0,

µZ

qZ

)
.

It follows that VC is a decreasing function of VZ . Hence, the isocline fL
Z (VZ , VC)
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intersects the VZ−axis at VZ = V ∗
Z and the VC−axis at VC = V̂C = d

βC
(RL

Z−1).

Now, from Equation (40), we obtain the following:
(d) For VC = 0, we have

kCβCλ(ηC + bCθC)

aC(ηC + bC)(d+ βZVZ)
− cC − rCγC

µC
= 0,

=⇒ VZ =
d

βZ
(RL

C − 1) =: V̂Z .

This quantity is positive whenever RL
C > 1.

(e) For VZ = 0, we obtain

(ηC + bCθC)kCβCλ

aC(ηC + bC)(d+ βCVC)
− cC +

rCγC
qCVC − µC

= 0.

From Equation (36), it follows that

VC = V C =
−BL

C−
√
(BL

C)
2−4AL

CCL
C

2AL
C

.

(f)

dVC

dVZ
= −∂fL

2 /∂VZ

∂fL
2 /∂VC

= − kCβZβCλ(ηC + bCθC)(qCVC − µC)
2

aCqCrCγC(ηC + bC)(d+ βZVZ + βCVC)2 + kCβ2
Cλ(ηC + bCθC)(qCVC − µC)2

< 0, VC ∈
(
0,

µC

qC

)
.

Then VC is decreasing function of VZ . Consequently, the isocline fL
2 (VZ , VC)

intersects the VC−axis at VC = V C and the VZ−axis at VZ = V̂Z = d
βZ

(RL
C−1).

The above analysis shows that the two Equations (39) and (40) intersect at a point
(ṼZ , ṼC), where ṼZ ∈

(
0, µZ

qZ

)
, ṼC ∈

(
0, µC

qC

)
if

V̂Z > V ∗
Z =⇒ RL

C > 1 +
βZ

d
V ∗
Z =⇒ RL,inv

C > 1,

V̂C > V C =⇒ RL
Z > 1 +

βC

d
V C =⇒ RL,inv

Z > 1.

Hence

X̃ =
λ

d+ βZ ṼZ + βC ṼC

> 0,

Ỹ L
Z =

(1− θZ)βZλṼZ

(ηZ + bZ)(d+ βZ ṼZ + βC ṼC)
> 0,

Ỹ A
Z =

(ηZ + bZθZ)βZλṼZ

(ηZ + bZ)(d+ βZ ṼZ + βC ṼC)
> 0,

Ỹ L
C =

(1− θC)βCλṼC

(ηC + bC)(d+ βZ ṼZ + βC ṼC)
> 0,

Ỹ A
C =

(ηC + bCθC)βCλṼC

aC(bC + ηC)(d+ βZ ṼZ + βC ṼC)
> 0,
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W̃Z =
γZ

µZ − qZ ṼZ

> 0,

W̃C =
γC

µC − qC ṼC

> 0.

Thus, the ZIKV–CHIKV co-infection steady state S̃S = (X̃, Ỹ L
Z ,

Ỹ A
Z , Ỹ L

C , Ỹ A
C , ṼZ , ṼC , W̃Z , W̃C) exists whenever RL,inv

Z > 1 and RL,inv
C > 1.

6.2. Global stability analysis
In this section, we adopt the Lyapunov functional technique introduced by

Korobeinikov [60] to establish the global asymptotic stability of all steady states. Let
ΘL

i (X,Y L
Z , Y A

Z , Y L
C , Y A

C , VZ , VC ,WZ ,WC) be a Lyapunove function and denotes Γ̃L
j

be the largest invariant subset of

Γ̃L
j = {(X,Y L

Z , Y A
Z , Y L

C , Y A
C , VZ , VC ,WZ ,WC) :

dΘL
j

dt
= 0}, j = 0, 1, 2, 3.

We also employ the arithmetic mean-geometric mean inequality:

(
n∏

i=1

κi

) 1
n

≤ 1

n

n∑
i=1

κi,κi ≥ 0, i = 1, 2, ...., n. (41)

Theorem 1. The disease-free steady state SS0 = (X0, 0, 0, 0, 0, 0, 0,W 0
Z ,W

0
C) is

globally asymptotically stable if RL
0 ≤ 1, otherwise, it becomes unstable.

Proof. Define ΘL
0 (X,Y L

Z , Y A
Z , Y L

C , Y A
C , VZ , VC ,WZ ,WC) as:

ΘL
0 = X0

(
X

X0
− 1− ln

X

X0

)
+

ηZ
ηZ + θZbZ

Y L
Z +

ηZ + bZ
ηZ + θZbZ

Y A
Z +

ηC
ηC + θCbC

Y L
C

+
ηC + bC

ηC + θCbC
Y A
C +

aZ(ηZ + bZ)

kZ(ηZ + θZbZ)
VZ +

aC(ηC + bC)

kC(ηC + θCbC)
VC

+
aZrZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)
W 0

Z

(
WZ

W 0
Z

− 1− ln
WZ

W 0
Z

)
+

aCrC(ηC + bC)

kCqC(ηC + θCbC)
W 0

C

(
WC

W 0
C

− 1− ln
WC

W 0
C

)
.

We observe that ΘL
0 (X,Y L

Z , Y A
Z , Y L

C , Y A
C , VZ , VC ,WZ ,WC) > 0 for all (X,Y L

Z ,

Y A
Z , Y L

C , Y A
C , VZ , VC ,WZ ,WC) > 0 and ΘL

0 (X
0, 0, 0, 0, 0, 0, 0,W 0

Z ,W
0
C) = 0.

Calculating dΘL
0

dt along the solutions of Equations (1)–(9) as:

dΘL
0

dt
=

(
1− X0

X

)
dX

dt
+

ηZ
ηZ + θZbZ

dY L
Z

dt
+

ηZ + bZ
ηZ + θZbZ

dY A
Z

dt
+

ηC
ηC + θCbC

dY L
C

dt

+
ηC + bC

ηC + θCbC

dY A
C

dt
+

aZ(ηZ + bZ)

kZ(ηZ + θZbZ)

dVZ

dt
+

aC(ηC + bC)

kC(ηC + θCbC)

dVC

dt

+
aZrZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)

(
1− W 0

Z

WZ

)
dWZ

dt
+

aCrC(ηC + bC)

kCqC(ηC + θCbC)

(
1− W 0

C

WC

)
dWC

dt
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Substituting from Equations (1)–(9) we get

dΘL
0

dt
=

(
1− X0

X

)
(λ− dX − βZXVZ − βCXVC)

+
ηZ

ηZ + θZbZ
((1− θZ)βZXVZ − (ηZ + bZ)Y

L
Z )

+
ηZ + bZ

ηZ + θZbZ
(θZβZXVZ − aZY

A
Z + ηZY

L
Z )

+
ηC

ηC + θCbC
((1− θC)βCXVC − (ηC + bC)Y

L
C )

+
ηC + bC

ηC + θCbC
(θCβCXVC − aCY

A
C + ηCY

L
C )

+
aZ(ηZ + bZ)

kZ(ηZ + θZbZ)
(kZY

A
Z − cZVZ − rZVZWZ)

+
aC(ηC + bC)

kC(ηC + θCbC)
(kCY

A
C − cCVC − rCVCWC)

+
aZrZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)

(
1− W 0

Z

WZ

)
× (γZ + qZVZWZ − µZWZ)

+
aCrC(ηC + bC)

kCqC(ηC + θCbC)

(
1− W 0

C

WC

)
(γC + qCVCWC − µCWC).

Collecting terms we obtain

dΘL
0

dt
=

(
1− X0

X

)
(λ− dX) + βZX

0VZ + βCX
0VC − aZcZ(ηZ + bZ)

kZ(ηZ + θZbZ)
VZ

− aCcC(ηC + bC)

kC(ηC + θCbC)
VC

+
aZrZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)

(
1− W 0

Z

WZ

)
(γZ − µZWZ)−

aZrZ(ηZ + bZ)

kZ(ηZ + θZbZ)
VZW

0
Z

+
aCrC(ηC + bC)

kCqC(ηC + θCbC)

(
1− W 0

C

WC

)
(γC − µCWC)−

aCrC(ηC + bC)

kC(ηC + θCbC)
VCW

0
C .

Using (λ, γZ , γC) = (dX0, µZW
0
Z , µCW

0
C), we obtain

dΘL
0

dt
= −d(X −X0)2

X
− aZrZµZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)

(WZ −W 0
Z)

2

WZ

− aCrCµC(ηC + bC)

kCqC(ηC + θCbC)

(WC −W 0
C)

2

WC

+
aZ(ηZ + bZ)(cZµZ + rZγZ)

kZµZ(ηZ + θZbZ)

(
βZkZµZX

0(ηZ + θZbZ)

aZ(ηZ + bZ)(cZµZ + rZγZ)
− 1

)
VZ

+
aC(ηC + bC)(cCµC + rCγC)

kCµC(ηC + θCbC)

(
βCkCµCX

0(ηC + θCbC)

aC(ηC + bC)(cCµC + rCγC)
− 1

)
VC

= −d(X −X0)2

X
− aZrZµZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)

(WZ −W 0
Z)

2

WZ

− aCrCµC(ηC + bC)

kCqC(ηC + θCbC)

(WC −W 0
C)

2

WC

+
aZ(ηZ + bZ)(cZµZ + rZγZ)

kZµZ(ηZ + θZbZ)

(
RL

Z − 1
)
VZ

+
aC(ηC + bC)(cCµC + rCγC)

kCµC(ηC + θCbC)

(
RL

C − 1
)
VC .

If RL
Z ≤ 1 and RL

C ≤ 1, then dΘL
0

dt ≤ 0, ∀
(
X,Y L

Z , Y A
Z , Y L

C , Y A
C , VZ , VC ,WZ ,WC

)
>
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0. Moreover, dΘL
0

dt = 0 when (X,WZ ,WC) = (X0,W 0
Z ,W

0
C) and (RL

Z − 1)VZ =

(RL
C − 1)VC = 0. The solutions of system Equations (1)–(9) converge to Γ̃L

0 [61]. The
set has elements satisfying (X,WZ ,WC) = (X0,W 0

Z ,W
0
C),

(RL
Z − 1)VZ = 0 and (RL

C − 1)VC = 0. (42)

There are four cases:
(i) RL

Z = 1 and RL
C = 1. Then from Equation (1) we get

0 =
dX

dt
= λ− dX0 − βZX

0VZ − βCX
0VC =⇒ (βZVZ + βCVC)X

0 = 0 (43)

=⇒ VZ(t) = 0, VC(t) = 0 for any t,

and then dVZ
dt = dVC

dt = 0. From Equations (6) and (7), we find that

0 =
dVZ

dt
= kZY

A
Z (t) ⇒ Y A

Z (t) = 0 for any t, (44)

0 =
dVC

dt
= kCY

A
C (t) ⇒ Y A

C (t) = 0 for any t, (45)

so dY A
Z

dt =
dY A

C
dt = 0. From Equations (3) and (5), we find that

0 =
dY A

Z

dt
= ηZY

L
Z ⇒ Y L

Z (t) = 0 for any t, (46)

0 =
dY A

C

dt
= ηCY

L
C ⇒ Y L

C (t) = 0 for any t. (47)

Thus Γ̃L
0 = {SS0}.

(ii) RL
Z < 1 and RL

C < 1. Then from Equation (42) we have VZ = VC = 0 and
Equations (44) and (45) indicate Y A

Z = 0 and Y A
C = 0. From Equations (46) and (47)

we get Y L
Z = 0 and Y L

C = 0 and hence Γ̃L
0 = {SS0}.

(iii) RL
Z = 1 and RL

C < 1. Then from Equation (42) we get VC = 0 and from
Equation (43) we obtain VZ = 0. Equations (44)– (47) imply that Y A

Z = Y A
C = Y L

Z =

Y L
C = 0. Thus Γ̃L

0 = {SS0}.
(iv) RL

Z < 1 and RL
C = 1. Then from Equation (42) we obtain VZ = 0 and from

Equation (43) we get VC = 0. Equations (44)–(47) indicate Y A
Z = Y A

C = Y L
Z = Y L

C =

0. Thus Γ̃L
0 = {SS0}.

By applying LaSalle’s invariant principle as formulated in Khalil’s study [62], it
follows that SS0 is globally asymptotically stable.

To establish the instability of SS0 when RL
Z > 1 and/or RL

C > 1, we examine
the characteristic equation obtained by linearizing Equations (1)–(9) about SS0. The
resulting characteristic polynomial is given by:

(d+ ξ)(µZ + ξ)(µC + ξ)
(
ξ3 + D̂L

2 ξ
2 + D̂L

1 ξ + D̂L
0

)(
ξ3 + ÊL

2 ξ
2 + ÊL

1 ξ + ÊL
0

)
= 0, (48)

where ξ is the eigenvalue and

D̂L
2 = aZ + bZ + cZ + ηZ + rZW

0
Z ,
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D̂L
1 = aZ(ηZ + bZ) + aZcZ + cZ(ηZ + bZ) + aZrZW

0
Z

+ (ηZ + bZ)rZW
0
Z − θZβZkZX

0,

D̂L
0 = aZ(ηZ + bZ)(cZ + rZW

0
Z)− βZkZX

0(ηZ + θZbZ)

= −aZ(ηZ + bZ)(cZµZ + rZγZ)

µZ

(
RL

Z − 1
)
,

ÊL
2 = aC + bC + cC + ηC + rCW

0
C ,

ÊL
1 = aC(ηC + bC) + aCcC + cC(ηC + bC) + aCrCW

0
C

+ (ηC + bC)rCW
0
C − θCβCkCX

0,

ÊL
0 = aC(ηC + bC)(cC + rCW

0
C)− βCkCX

0(ηC + θCbC)

= −aC(ηC + bC)(cCµC + rCγC)

µC

(
RL

C − 1
)
.

It is evident that ifRL
0 > 1, then D̂L

0 < 0 and/or ÊL
0 < 0. Consequently, Equation (48)

admits at least one positive root, implying that SS0 is unstable.

Theorem 2. The ZIKV-only infection steady state SS∗ = (X∗, Y L∗
Z , Y A∗

Z , 0, 0, V ∗
Z , 0,

W ∗
Z ,W

∗
C) is globally asymptotically stable

if RL
Z > 1 and RL,inv

C ≤ 1. Furthermore, SS∗ is unstable when RL,inv
C > 1.

Proof. Define ΘL
1 (X,Y L

Z , Y A
Z , Y L

C , Y A
C , VZ , VC ,WZ ,WC) as:

ΘL
1 = X∗

(
X

X∗ − 1− ln
X

X∗

)
+

ηZ
ηZ + θZbZ

Y L∗
Z

(
Y L
Z

Y L∗
Z

− 1− ln
Y L
Z

Y L∗
Z

)
+

ηZ + bZ
ηZ + θZbZ

Y A∗
Z

(
Y A
Z

Y A∗
Z

− 1− ln
Y A
Z

Y A∗
Z

)
+

ηC
ηC + θCbC

Y L
C +

ηC + bC
ηC + θCbC

Y A
C

+
aZ(ηZ + bZ)

kZ(ηZ + θZbZ)
V ∗
Z

(
VZ

V ∗
Z

− 1− ln
VZ

V ∗
Z

)
+

aC(ηC + bC)

kC(ηC + θCbC)
VC

+
aZrZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)
W ∗

Z

(
WZ

W ∗
Z

− 1− ln
WZ

W ∗
Z

)
+

aCrC(ηC + bC)

kCqC(ηC + θCbC)
W ∗

C

(
WC

W ∗
C

− 1− ln
WC

W ∗
C

)
.

We observe that ΘL
1 (X,Y L

Z , Y A
Z , Y L

C , Y A
C , VZ , VC ,WZ ,WC) > 0 for all (X,Y L

Z ,

Y A
Z , Y L

C , Y A
C , VZ , VC ,WZ ,WC) > 0 and ΘL

1 (X
∗, Y L∗

Z , Y A∗
Z , 0, 0, V ∗

Z , 0,W
∗
Z ,W

∗
C) =

0. Calculating dΘL
1

dt along the solutions of Equations (1)–(9) as:

dΘL
1

dt
=

(
1− X∗

X

)
dX

dt
+

ηZ
ηZ + θZbZ

(
1− Y L∗

Z

Y L
Z

)
dY L

Z

dt

+
ηZ + bZ

ηZ + θZbZ

(
1− Y A∗

Z

Y A
Z

)
dY A

Z

dt
+

ηC
ηC + θCbC

dY L
C

dt

+
ηC + bC

ηC + θCbC

dY A
C

dt
+

aZ(ηZ + bZ)

kZ(ηZ + θZbZ)

(
1− V ∗

Z

VZ

)
dVZ

dt
+

aC(ηC + bC)

kC(ηC + θCbC)

dVC

dt

+
aZrZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)

(
1− W ∗

Z

WZ

)
dWZ

dt
+

aCrC(ηC + bC)

kCqC(ηC + θCbC)

(
1− W ∗

C

WC

)
dWC

dt
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Substituting from Equations (1)–(9) and collecting terms we get

dΘL
1

dt
=

(
1− X∗

X

)
(λ− dX)

+

(
βZX

∗ − aZcZ(ηZ + bZ)

kZ(ηZ + θZbZ)
− aZrZ(ηZ + bZ)

kZ(ηZ + θZbZ)
W ∗

Z

)
VZ

+

(
βCX

∗ − aCcC(ηC + bC)

kC(ηC + θCbC)
− aCrC(ηC + bC)

kC(ηC + θCbC)
W ∗

C

)
VC

− ηZ(1− θZ)βZ

ηZ + θZbZ
XVZ

Y L∗
Z

Y L
Z

+
ηZ(ηZ + bZ)

ηZ + θZbZ
Y L∗
Z − (ηZ + bZ)θZβZ

ηZ + θZbZ
XVZ

Y A∗
Z

Y A
Z

+
aZ(ηZ + bZ)

ηZ + θZbZ
Y A∗
Z

− ηZ(ηZ + bZ)

ηZ + θZbZ
Y L
Z
Y A∗
Z

Y A
Z

− aZ(ηZ + bZ)

ηZ + θZbZ
Y A
Z

V ∗
Z

VZ
+

aZcZ(ηZ + bZ)

kZ(ηZ + θZbZ)
V ∗
Z

+
aZrZ(ηZ + bZ)

kZ(ηZ + θZbZ)
V ∗
ZWZ +

aZrZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)

(
1− W ∗

Z

WZ

)
(γZ − µZWZ)

+
aCrC(ηC + bC)

kCqC(ηC + θCbC)

(
1− W ∗

C

WC

)
(γC − µCWC).

Using the steady state conditions

λ = dX∗ + βZX
∗V ∗

Z ,

(1− θZ)βZX
∗V ∗

Z = (bZ + ηZ)Y
L∗
Z ,

aZY
A∗
Z = θZβZX

∗V ∗
Z + ηZY

L∗
Z ,

kZY
A∗
Z = cZV

∗
Z + rZV

∗
ZW

∗
Z ,

γZ = µZW
∗
Z − qZV

∗
ZW

∗
Z ,

γC = µCW
∗
C .

We obtain

dΘL
1

dt
= −d(X −X∗)2

X

+
ηZ(1− θZ)

ηZ + θZbZ
βZX

∗V ∗
Z

[
4− X∗

X
− XVZY

L∗
Z

X∗V ∗
ZY L

Z

− Y L
Z Y A∗

Z

Y L∗
Z Y A

Z

− Y A
Z V ∗

Z

Y A∗
Z VZ

]
+

θZ(ηZ + bZ)

ηZ + θZbZ
βZX

∗V ∗
Z

[
3− X∗

X
− XVZY

A∗
Z

X∗V ∗
ZY A

Z

− Y A
Z V ∗

Z

Y A∗
Z VZ

]
+

aCd(ηC + bC)(cCµC + rCγC)

kCλµC(ηC + θCbC)
X∗
(
RL

C − 1−RL∗
Z

)
VC

− aZrZµZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)

(WZ −W ∗
Z)

2

WZ
− aCrCµC(ηC + bC)

kCqC(ηC + θCbC)

(WC −W ∗
C)

2

WC

+
aZrZ(ηZ + bZ)

kZ(ηZ + θZbZ)
V ∗
Z
(WZ −W ∗

Z)
2

WZ
.

From steady state conditions of SS∗, we have V ∗
Z − µZ

qZ
= − γZ

qZW ∗
Z
. It follows that

dΘL
1

dt
= −d(X −X∗)2

X

+
ηZ(1− θZ)

ηZ + θZbZ
βZX

∗V ∗
Z

[
4− X∗

X
− XVZY

L∗
Z

X∗V ∗
ZY L

Z

− Y L
Z Y A∗

Z

Y L∗
Z Y A

Z

− Y A
Z V ∗

Z

Y A∗
Z VZ

]
+

θZ(ηZ + bZ)

ηZ + θZbZ
βZX

∗V ∗
Z

[
3− X∗

X
− XVZY

A∗
Z

X∗V ∗
ZY A

Z

− Y A
Z V ∗

Z

Y A∗
Z VZ

]
+

aC(ηC + bC)(cCµC + rCγC)

kCµC(ηC + θCbC)

(
RL,inv

C − 1
)
VC

− aZrZγZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)

(WZ −W ∗
Z)

2

W ∗
ZWZ

− aCrCµC(ηC + bC)

kCqC(ηC + θCbC)

(WC −W ∗
C)

2

WC
.

23



Advances in Differential Equations and Control Processes 2026, 33(2), 4021.

Applying Equation (41) we obtain

X∗

X
+

XVZY
L∗
Z

X∗V ∗
ZY

L
Z

+
Y L
Z Y A∗

Z

Y L∗
Z Y A

Z

+
Y A
Z V ∗

Z

Y A∗
Z VZ

≥ 4.

Consequently, if RL,inv
C ≤ 1, then dΘL

1
dt ≤ 0, for all (X,Y L

Z , Y A
Z , Y L

C , Y A
C , VZ , VC ,

WZ ,WC) > 0. Moreover, dΘL
1

dt = 0 when X = X∗, Y L
Z = Y L∗

Z , Y A
Z = Y A∗

Z ,

VZ = V ∗
Z , WZ = W ∗

Z , WC = W ∗
C and

(
RL,inv

C − 1
)
VC = 0. The solutions of

Equations (1)–(9) approach Γ̃L
1 as t → ∞. This set consists of elements for which

X = X∗, Y L
Z = Y L∗

Z , Y A
Z = Y A∗

Z , VZ = V ∗
Z , WZ = W ∗

Z ,WC = W ∗
C and(

RL,inv
C − 1

)
VC = 0. (49)

We have two cases:
(i) When RL,inv

C < 1, Equation (49) implies that VC = 0. Substituting this into
Equation (7) yields:

0 =
dVC

dt
= kCY

A
C (t) ⇒ Y A

C (t) = 0 for any t. (50)

From Equation (5) we have

0 =
dY A

C

dt
= ηCY

L
C (t) ⇒ Y L

C (t) = 0 for any t. (51)

Hence Γ̃L
1 = {SS∗}.

(ii) When RL,inv
C = 1, it follows from Equation (1) that

0 =
dX

dt
= λ− dX∗ − βZX

∗V ∗
Z − βCX

∗VC =⇒ VC(t) = 0 for any t.

Using Equations (50) and (51) we obtain Y A
C = Y L

C = 0. Therefore, Γ̃L
1 = {SS∗}. By

applying LaSalle’s invariant principle, it follows that SS∗ is globally asymptotically
stable.

To assess the instability of SS∗ when RL,inv
C > 1, we derive the characteristic

equation at SS∗ by evaluating the Jacobian matrix of the system, which yields:

(µC + ξ)
(
ξ3 + F̂L

2 ξ2 + F̂L
1 ξ + F̂L

0

)
[qZrZV

∗
ZW ∗

Z(aZ + ξ)(d+ βZV
∗
Z + ξ)(bZ + ηZ + ξ)

− (qZV
∗
Z − µZ − ξ)((aZ + ξ)(cZ + rZW

∗
Z + ξ)(d+ βZV

∗
Z + ξ)(ηZ + bZ + ξ)

− kZβZX
∗(d+ ξ) + (ηZ + θZ(bZ + ξ)))]

= 0,

(52)

where the coefficients F̂L
2 , F̂

L
1 and F̂L

0 are defined as:

F̂L
2 = aC + bC + cC + ηC + rCW

∗
C ,

F̂L
1 = aC(ηC + bC) + aCcC + cC(ηC + bC) + aCrCW

∗
C

+ (ηC + bC)rCW
∗
C − θCβCkCX

∗,

F̂L
0 = aC(ηC + bC)(cC + rCW

∗
C)− βCkCX

∗(ηCθC + bC)

= −aC(ηC + bC)(rCγC + cCµC)

µC

(
RL,inv

C − 1
)
.

24



Advances in Differential Equations and Control Processes 2026, 33(2), 4021.

If RL,inv
C > 1, then F̂L

0 < 0, and hence, Equation (52) has a positive root and hence
SS∗ is unstable.

Theorem 3. The CHIKV-only infection steady state SS = (X, 0, 0, Y
L
C ,

Y
A
C , 0, V C ,WZ ,WC) is globally asymptotically stable if RL

C > 1 and RL,inv
Z ≤ 1.

Furthermore, SS is unstable. when RL,inv
Z > 1.

Proof. Define ΘL
2 (X,Y L

Z , Y A
Z , Y L

C , Y A
C , VZ , VC ,WZ ,WC) as:

ΘL
2 = X

(
X

X
− 1− ln

X

X

)
+

ηZ
ηZ + θZbZ

Y L
Z +

ηZ + bZ
ηZ + θZbZ

Y A
Z

+
ηC

ηC + θCbC
Y

L

C

(
Y L
C

Y
L

C

− 1− ln
Y L
C

Y
L

C

)

+
ηC + bC

ηC + θCbC
Y

A

C

(
Y A
C

Y
A

C

− 1− ln
Y A
C

Y
A

C

)
+

aZ(ηZ + bZ)

kZ(ηZ + θZbZ)
VZ

+
aC(ηC + bC)

kC(ηC + θCbC)
V C

(
VC

V C

− 1− ln
VC

V C

)
+

aZrZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)
WZ

(
WZ

WZ

− 1− ln
WZ

WZ

)
+

aCrC(ηC + bC)

kCqC(ηC + θCbC)
WC

(
WC

WC

− 1− ln
WC

WC

)
.

Calculating dΘL
2

dt along the solutions of Equations (1)–(9) as:

dΘL
2

dt
=

(
1− X

X

)
dX

dt
+

ηZ
ηZ + θZbZ

dY L
Z

dt
+

ηZ + bZ
ηZ + θZbZ

dY A
Z

dt

+
ηC

ηC + θCbC

(
1− Y

L

C

Y L
C

)
dY L

C

dt
+

ηC + bC
ηC + θCbC

(
1− Y

A

C

Y A
C

)
dY A

C

dt

+
aZ(ηZ + bZ)

kZ(ηZ + θZbZ)

dVZ

dt
+

aC(ηC + bC)

kC(ηC + θCbC)

(
1− V C

VC

)
dVC

dt

+
aZrZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)

(
1− WZ

WZ

)
dWZ

dt
+

aCrC(ηC + bC)

kCqC(ηC + θCbC)

(
1− WC

WC

)
dWC

dt
.

Substituting from Equations (1)–(9) and collecting terms we obtain

dΘL
2

dt
=

(
1− X

X

)
(λ− dX) +

(
βZX − aZcZ(ηZ + bZ)

kZ(ηZ + θZbZ)
− aZrZ(ηZ + bZ)

kZ(ηZ + θZbZ)
WZ

)
VZ

+

(
βCX − aCcC(ηC + bC)

kC(ηC + θCbC)
− aCrC(ηC + bC)

kC(ηC + θCbC)
WC

)
VC

− ηC(1− θC)βC

ηC + θCbC
XVC

Y
L

C

Y L
C

+
ηC(ηC + bC)

ηC + θCbC
Y

L

C

− (ηC + bC)θCβC

ηC + θCbC
XVC

Y
A

C

Y A
C

+
aC(ηC + bC)

ηC + θCbC
Y

A

C − ηC(ηC + bC)

ηC + θCbC
Y L
C

Y
A

C

Y A
C

− aC(ηC + bC)

ηC + θCbC
Y A
C

V C

VC
+

aCcC(ηC + bC)

kC(ηC + θCbC)
V C +

aCrC(ηC + bC)

kC(ηC + θCbC)
V CWC

+
aZrZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)

(
1− WZ

WZ

)
(γZ − µZWZ)

+
aCrC(ηC + bC)

kCqC(ηC + θCbC)

(
1− WC

WC

)
(γC − µCWC).
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Applying the steady state conditions

λ− dX = βCX V C ,

(1− θC)βCX V C = (ηC + bC)Y
L

C ,

θCβCX V C + ηCY
L

C = aCY
A

C ,

cCV C + rCWC V C = kCY
A

C ,

γZ = µZWZ ,

γC + qCWCV C = µCWC ,

we get

dΘL
2

dt
= −d(X −X)2

X

+
ηC(1− θC)

ηC + θCbC
βCXV C

[
4− X

X
− XVCY

L
C

XV CYC

− Y L
C Y

A
C

Y
L
CY

A
C

− Y A
C V C

Y
A
CVC

]

+
θC(ηC + bC)

ηC + θCbC
βCXV C

[
3− X

X
− XVCY

A
C

XV CY A
C

− Y A
C V C

Y
A
CVC

]

+
aZ(ηZ + bZ)(cZµZ + rZγZ)

kZµZ(ηZ + θZbZ)

(
RL,inv

Z − 1
)
VZ

− aZrZµZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)

(WZ −WZ)
2

WZ
− aCrCµC(ηC + bC)

kCqC(ηC + θCbC)

(WC −WC)
2

WC

+
aCrC(ηC + bC)

kC(ηC + θCbC)
V C

(WC −WC)
2

WC
.

From Equilibrium conditions of SS, we have V C − µC
qC

= − γC
qCWC

. It follows that

dΘL
2

dt
= −d(X −X)2

X

+
ηC(1− θC)

ηC + θCbC
βCXV C

[
4− X

X
− XVCY

L
C

XV CYC

− Y L
C Y

A
C

Y
L
CY

A
C

− Y A
C V C

Y
A
CVC

]

+
θC(ηC + bC)

ηC + θCbC
βCXV C

[
3− X

X
− XVCY

A
C

XV CY A
C

− Y A
C V C

Y
A
CVC

]

+
aZ(ηZ + bZ)(cZµZ + rZγZ)

kZµZ(ηZ + θZbZ)

(
RL,inv

Z − 1
)
VZ

− aZrZµZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)

(WZ −WZ)
2

WZ
− aCrCγC(ηC + bC)

kCqC(ηC + θCbC)

(WC −WC)
2

WCWC

.

Consequenty, if RL,inv
Z ≤ 1, using Equation (40), we get dΘL

2
dt ≤ 0, where

dΘL
2

dt = 0 occurs at (X,Y L
C , Y A

C , VC ,WZ ,WC) = (X,Y
L
C , Y

A
C , V C ,WZ ,WC) and(

RL,inv
Z − 1

)
VZ = 0. The solutions of the model converge to Γ̃L

2 which contains

elements with (X,Y L
C , Y A

C , VC ,WZ ,WC) = (X,Y
L
C , Y

A
C , V C ,WZ ,WC) and(

RL,inv
Z − 1

)
VZ = 0. (53)

We have two cases:
(i) If RL,inv

Z < 1, then Equation (53) implies that VZ = 0 and from Equation (6)
we get

0 = dVZ

dt = kZY
A
Z ⇒ Y A

Z (t) = 0 for any t. (54)
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From Equation (3) we have

0 =
dY A

Z

dt = ηZY
L
Z ⇒ Y L

Z (t) = 0 for any t. (55)

Hence Γ̃L
2 = {SS}.

(ii) When RL,inv
Z = 1, Equation (1) gives

λ− dX + βZXVZ + βCXV C = 0 =⇒ VZ(t) = 0 for any t.

From Equations (54) and (55) we have Y A
Z = Y L

Z = 0. Hence Γ̃L
2 = {SS}. LaSalle’s

invariant principle shows that SS is globally asymptotically stable.
To investigate the instability of SS when RL,inv

Z > 1, we derive the characteristic
equation at SS by evaluating the Jacobian matrix of the system, leading to:

det(J(SS)− ξI) = (µZ + ξ)
(
ξ3 + ĜL

2 ξ
2 + ĜL

1 ξ + ĜL
0

)
[(rCqCWCV C(aC + ξ)(βCV C + d+ ξ)

× (bC + ηC + ξ)− (qCV C − µC − ξ)((aC + ξ)(cC + rCWC + ξ)(βCV C + d+ ξ)

× (ηC + bC + ξ)− kCβCX(d+ ξ) + (ηC + θC(bC + ξ)))]

= 0,

(56)

where the coefficients ĜL
2 , Ĝ

L
1 and ĜL

0 are defined as:

ĜL
2 = aZ + bZ + cZ + ηZ + rZWZ ,

ĜL
1 = aZ(ηZ + bZ) + aZcZ + cZ(bZ + ηZ) + aZrZWZ

+ (ηZ + bZ)rZWZ − βZkZX,

ĜL
0 = −aZ(ηZ + bZ)(cZµZ + rZγZ)

µZ

(
RL,inv

Z − 1
)
.

If RL,inv
Z > 1, then ĜL

0 < 0, and hence, Equation (56) has a positive root and hence
SS is unstable.

Theorem 4. The ZIKV-CHIKV co-infection steady state S̃S =
(
X̃, Ỹ L

Z , Ỹ A
Z ,

Ỹ L
C , Ỹ A

C , ṼZ , ṼC , W̃Z , W̃C

)
is globally asymptotically stable if RL,inv

Z > 1 and
RL,inv

C > 1.

Proof. Define ΘL
3 (X,Y L

Z , Y A
Z , Y L

C , Y A
C , VZ , VC ,WZ ,WC) as:

ΘL
3 = X̃

(
X

X̃
− 1− ln X

X̃

)
+

ηZ
ηZ + θZbZ

Ỹ L
Z

(
Y L
Z

Ỹ L
Z

− 1− ln Y L
Z

Ỹ L
Z

)

+
ηZ + bZ

ηZ + θZbZ
Ỹ A
Z

(
Y A
Z

Ỹ A
Z

− 1− ln Y A
Z

Ỹ A
Z

)

+
ηC

ηC + θCbC
Ỹ L
C

(
Y L
C

Ỹ L
C

− 1− ln Y L
C

Ỹ L
C

)
+

ηC + bC
ηC + θCbC

Ỹ A
C

(
Y A
C

Ỹ A
C

− 1− ln Y A
C

Ỹ A
C

)

+
aZ(ηZ + bZ)

kZ(ηZ + θZbZ)
ṼZ

(
VZ

ṼZ

− 1− ln VZ

ṼZ

)
+

aC(ηC + bC)

kC(ηC + θCbC)
ṼC

(
VC

ṼC

− 1− ln VC

ṼC

)
+

aZrZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)
W̃Z

(
WZ

W̃Z

− 1− ln WZ

W̃Z

)
+

aCrC(ηC + bC)

kCqC(ηC + θCbC)
W̃C

(
WC

W̃C

− 1− ln WC

W̃C

)
.

We observe thatΘL
3 (X,Y L

Z , Y A
Z , Y L

C , Y A
C , VZ , VC ,WZ ,WC) > 0 for all (X,Y L

Z , Y A
Z ,
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Y L
C , Y A

C , VZ , VC ,WZ ,WC) > 0 and ΘL
3 (X̃, Ỹ L

Z , Ỹ A
Z , Ỹ L

C , Ỹ A
C , ṼZ , ṼC , W̃Z , W̃C) =

0. Calculating dΘL
3

dt along the solutions of Equations (1)–(9) as:

dΘL
3

dt
=

(
1− X̃

X

)
dX

dt
+

ηZ
ηZ + θZbZ

(
1− Ỹ L

Z

Y L
Z

)
dY L

Z

dt
+

ηZ + bZ
ηZ + θZbZ

(
1− Ỹ A

Z

Y A
Z

)
dY A

Z

dt

+
ηC

ηC + θCbC

(
1− Ỹ L

C

Y L
C

)
dY L

C

dt
+

ηC + bC
ηC + θCbC

(
1− Ỹ A

C

Y A
C

)
dY A

C

dt

+
aZ(ηZ + bZ)

kZ(ηZ + θZbZ)

(
1− ṼZ

VZ

)
dVZ

dt
+

aC(ηC + bC)

kC(ηC + θCbC)

(
1− ṼC

VC

)
dVC

dt

+
aZrZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)

(
1− W̃Z

WZ

)
dWZ

dt
+

aCrC(ηC + bC)

kCqC(ηC + θCbC)

(
1− W̃C

WC

)
dWC

dt
.

Substituting from Equations (1)–(9) and collecting terms we obtain

dΘL
3

dt
=

(
1− X̃

X

)
(λ− dX) +

(
βZX̃ − aZcZ(ηZ + bZ)

kZ(ηZ + θZbZ)
− aZrZ(ηZ + bZ)

kZ(ηZ + θZbZ)
W̃Z

)
VZ

+

(
βCX̃ − aCcC(ηC + bC)

kC(ηC + θCbC)
− rCaC(ηC + bC)

kC(ηC + θCbC)
W̃C

)
VC

− ηZ(1− θZ)βZ

ηZ + θZbZ
XVZ

Ỹ L
Z

Y L
Z

− ηC(1− θC)βC

ηC + θCbC
XVC

Ỹ L
C

Y L
C

+
ηZ(ηZ + bZ)

ηZ + θZbZ
Ỹ L
Z +

ηC(ηC + bC)

ηC + θCbC
Ỹ L
C

− (ηZ + bZ)θZβZ

ηZ + θZbZ
XVZ

Ỹ A
Z

Y A
Z

− (ηC + bC)θCβC

ηC + θCbC
XVC

Ỹ A
C

Y A
C

+
aZ(ηZ + bZ)

ηZ + θZbZ
Ỹ A
Z

+
aC(ηC + bC)

ηC + θCbC
Ỹ A
C − ηZ(ηZ + bZ)

ηZ + θZbZ
Y L
Z

Ỹ A
Z

Y A
Z

− ηC(ηC + bC)

ηC + θCbC
Y L
C

Ỹ A
C

Y A
C

− aZ(ηZ + bZ)

ηZ + θZbZ
Y A
Z

ṼZ

VZ
− aC(ηC + bC)

ηC + θCbC
Y A
C

ṼC

VC

+
aZcZ(ηZ + bZ)

kZ(ηZ + θZbZ)
ṼZ +

aCcC(ηC + bC)

kC(ηC + θCbC)
ṼC

+
aZrZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)

(
1− W̃Z

WZ

)
(γZ − µZWZ) +

aZrZ(ηZ + bZ)

kZ(ηZ + θZbZ)
ṼZWZ

+
aCrC(ηC + bC)

kCqC(ηC + θCbC)

(
1− W̃C

WC

)
(γC − µCWC) +

aCrC(ηC + bC)

kC(ηC + θCbC)
ṼCWC .

Applying the steady state conditions

λ = dX̃ + βZX̃ṼZ + βCX̃ṼC ,

(1− θZ)βZX̃ṼZ = (ηZ + bZ)Ỹ
L
Z ,

aZ Ỹ
A
Z = θZβZX̃ṼZ + ηZ Ỹ

L
Z ,

(1− θC)βCX̃ṼC = (bC + ηC)Ỹ
L
C ,

aC Ỹ
A
C = θCβCX̃ṼC + ηC Ỹ

L
C ,

kZ Ỹ
A
Z = cZ ṼZ + rZ ṼZW̃Z ,

kC Ỹ
A
C = cC ṼC + rC ṼCW̃C ,

γZ = µZW̃Z − qZ ṼZW̃Z ,
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γC = µCW̃C − qC ṼCW̃C ,

we get

dΘL
3

dt
= −d(X − X̃)2

X
+

ηZ(1− θZ)

ηZ + θZbZ
βZX̃ṼZ

[
4− X̃

X
− XVZ Ỹ

L
Z

X̃ṼZY L
Z

− Y L
Z Ỹ A

Z

Ỹ L
Z Y A

Z

− Y A
Z ṼZ

Ỹ A
Z VZ

]

+
ηC(1− θC)

ηC + θCbC
βCX̃ṼC

[
4− X̃

X
− XVC Ỹ

L
C

X̃ṼCY L
C

− Y L
C Ỹ A

C

Ỹ L
C Y A

C

− Y A
C ṼC

Ỹ A
C VC

]

+
θZ(ηZ + bZ)

ηZ + θZbZ
βZX̃ṼZ

[
3− X̃

X
− XVZ Ỹ

A
Z

X̃ṼZY A
Z

− Y A
Z ṼZ

Ỹ A
Z VZ

]

+
θC(ηC + bC)

ηC + θCbC
βCX̃ṼC

[
3− X̃

X
− XVC Ỹ

A
C

X̃ṼCY A
C

− Y A
C ṼC

Ỹ A
C VC

]

− rZaZµZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)

(WZ − W̃Z)
2

WZ
− rCaCµC(ηC + bC)

kCqC(ηC + θCbC)

(WC − W̃C)
2

WC

+
aZrZ(ηZ + bZ)

kZ(ηZ + θZbZ)
ṼZ

(WZ − W̃Z)
2

WZ
+

aCrC(ηC + bC)

kC(ηC + θCbC)
ṼC

(WC − W̃C)
2

WC
.

From the steady state conditions, we have ṼZ− µZ
qZ

= − γZ
qZW̃Z

and ṼC− µC
qC

= − γC
qCW̃C

.
It follows that

dΘL
3

dt
= −d(X − X̃)2

X
+

ηZ(1− θZ)

ηZ + θZbZ
βZX̃ṼZ

[
4− X̃

X
− XVZ Ỹ

L
Z

X̃ṼZY L
Z

− Y L
Z Ỹ A

Z

Ỹ L
Z Y A

Z

− Y A
Z ṼZ

Ỹ A
Z VZ

]

+
ηC(1− θC)

ηC + θCbC
X̃ṼC

[
4− X̃

X
− XVC Ỹ

L
C

X̃ṼCY L
C

− Y L
C Ỹ A

C

Ỹ L
C Y A

C

− Y A
C ṼC

Ỹ A
C VC

]

+
θZ(ηZ + bZ)

ηZ + θZbZ
βZX̃ṼZ

[
3− X̃

X
− XVZ Ỹ

A
Z

X̃ṼZY A
Z

− Y A
Z ṼZ

Ỹ A
Z VZ

]

+
θC(ηC + bC)

ηC + θCbC
βCX̃ṼC

[
3− X̃

X
− XVC Ỹ

A
C

X̃ṼCY A
C

− Y A
C ṼC

Ỹ A
C VC

]

− rZaZγZ(ηZ + bZ)

kZqZ(ηZ + θZbZ)

(WZ − W̃Z)
2

W̃ZWZ

− rCaCγC(ηC + bC)

kCqC(ηC + θCbC)

(WC − W̃C)
2

W̃CWC

.

We can see from Equation (41) that, dΘL
3

dt ≤ 0, for all (X,Y L
Z , Y A

Z , Y L
C , Y A

C , VZ , VC ,

WZ ,WC) > 0. Moreover, dΘL
3

dt = 0 occurs at S̃S. The model’s solutions converge to
Γ̃L
3 = {S̃S}. LaSalle’s invariant principle implies that S̃S is globally asymptotically

stable.

Table 1 provides an overview of the existence and global stability conditions for
each steady state of the Equations (1)–(9).

Table 1. Criteria for existence and global stability of steady staes of Equations (1)–(9).

Steady state Existence conditions Stability conditions

EQ0 = (X0, 0, 0, 0, 0, 0, 0,W 0
Z ,W

0
C) – RL

Z ≤ 1 and RL
C ≤ 1

EQ∗ = (X∗, Y L∗
Z , Y A∗

Z , 0, 0, V ∗
Z , 0,W ∗

Z ,W
∗
Z) RL

Z > 1 RL
Z > 1 and RL,inv

C ≤ 1

EQ = (X, 0, 0, Y
L
C , Y

A
C , 0, V C ,WZ ,WC) RL

C > 1 RL
C > 1 and RL,inv

Z ≤ 1

ẼQ = (X̃, Ỹ L
Z , Ỹ A

Z , Ỹ L
C , Ỹ A

C , ṼZ , ṼC , W̃Z , W̃C) RL,inv
Z > 1 and RL,inv

C > 1 RL,inv
Z > 1 and RL,inv

C > 1
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7. Co-infection model with different treatment strategies

In the context of within-host dynamics of viral co-infections, developing effective
therapeutic strategies is crucial for minimizing disease severity and limiting viral
spread. The model considered here addresses the co-infection of ZIKV and CHIKV,
under the impact of different treatment strategies. To study the impact of different
treatment strategies through mathematical modeling, we consider four approaches,
each targeting infection through a distinct mechanism. These strategies include: (1)
blocking viral entry into healthy cells, (2) inhibiting viral replication within infected
cells, (3) enhancing antibody production, and (4) increasing the rate of natural antibody
production. The mathematical formulation of each strategy allows us to assess its
effectiveness in reducing viral replication and stabilizing the disease-free state. In the
following sections, we describe the modifications introduced by each treatment to the
basic system.

7.1. Strategy I: Antiviral treatment for blocking viral infection
One of the most direct and biologically intuitive antiviral strategies involves

preventing the virus from successfully infecting healthy target cells. This can be
achieved through pharmacological agents that block viral entry into host cells, thereby
reducing the effective infection rate. In the context of within-host mathematical
modeling [63], this strategy is incorporated by reducing the infection transmission
parameters βZ and βC using treatment controls uZ and uC , respectively. This results
in the following modifications to the original system of Equations (1)–(9):

dX

dt
= λ− dX − (1− uZ)βZXVZ − (1− uC)βCXVC , (57)

dY L
Z

dt
= (1− θZ)(1− uZ)βZXVZ − (ηZ + bZ)Y

L
Z , (58)

dY A
Z

dt
= θZ(1− uZ)βZXVZ + ηZY

L
Z − aZY

A
Z , (59)

dY L
C

dt
= (1− θC)(1− uC)βCXVC − (ηC + bC)Y

L
C , (60)

dY A
C

dt
= θC(1− uC)βCXVC + ηCY

L
C − aCY

A
C , (61)

dVZ

dt
= kZY

A
Z − cZVZ − rZVZWZ , (62)

dVC

dt
= kCY

A
C − cCVC − rCVCWC , (63)

dWZ

dt
= γZ + qZVZWZ − µZWZ , (64)

dWC

dt
= γC + qCVCWC − µCWC . (65)

Where uZ , uC ∈ [0, 1] are antiviral efficacy against ZIKV and CHIKV, respectively.
The effect of antiviral treatment manifests in the basic reproduction numbers for
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Equations (57)–(65) as:

RL
Z(uZ) =

kZ(1− uZ)βZλµZ(ηZ + bZθZ)

aZd(ηZ + bZ)(rZγZ + cZµZ)
,

RL
C(uC) =

kC(1− uC)βCλµC(ηC + bCθC)

aCd(ηC + bC)(rCγC + cCµC)
.

When all other parameters are held constant, RL
Z(uZ) and RL

C(uC) decrease
monotonically with increasing treatment intensities uZ and uC , respectively. This
decline highlights the role of antiviral therapy in inhibiting the infection of susceptible
cells by the virus. As a result, increasing the control parameters uZ and uC leads
to a reduction in the effective infection rates, thereby decreasing the influx of
newly infected latent

(
Y L
Z , Y L

C

)
and active

(
Y A
Z , Y A

C

)
cells. Consequently, the

viral concentration (VZ , VC) also diminish, as fewer infected cells are available
to produce new virions. Therefore, this treatment mechanism acts as a powerful
preventive strategy to limit viral spread and control the severity of ZIKV and CHIKV
co-infections.

The minimum efficacy levels required to bringRL
Z ≤ 1 andRL

C ≤ 1 are calculated
as:

uminZ = max
{
1− aZd(ηZ + bZ)(rZγZ + cZµZ)

kZβZλµZ(ηZ + bZθZ)
, 0

}
,

uminC = max
{
1− aCd(ηC + bC)(rCγC + cCµC)

kCβCλµC(ηC + bCθC)
, 0

}
.

Corollary 1. If uminZ ≤ uZ ≤ 1 and uminC ≤ uC ≤ 1, then the disease-free steady state
SS0 is globally asymptotically stable.

7.2. Strategy II: Antiviral treatment for blocking viral production
One of the key antiviral strategies targeting intracellular stages of viral replication

involves inhibiting the production of new virions from actively infected cells. This
mechanism can be implemented through therapeutic agents that interfere with viral
assembly, maturation, or release processes [64]. In within-host mathematical models,
this strategy is reflected by reducing the viral production rates kZ and kC via treatment
controls υZ and υC , respectively. Incorporating this intervention leads to the following
modified version of the original Equations (1)–(9):

dX

dt
= λ− dX − βZXVZ − βCXVC , (66)

dY L
Z

dt
= (1− θZ)βZXVZ − (ηZ + bZ)Y

L
Z , (67)

dY A
Z

dt
= θZβZXVZ + ηZY

L
Z − aZY

A
Z , (68)

dY L
C

dt
= (1− θC)βCXVC − (ηC + bC)Y

L
C , (69)

dY A
C

dt
= θCβCXVC + ηCY

L
C − aCY

A
C , (70)
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dVZ

dt
= (1− υZ)kZY

A
Z − cZVZ − rZVZWZ , (71)

dVC

dt
= (1− υC)kCY

A
C − cCVC − rCVCWC , (72)

dWZ

dt
= γZ + qZVZWZ − µZWZ , (73)

dWC

dt
= γC + qCVCWC − µCWC . (74)

Where υZ , υC ∈ [0, 1] are efficacy of antiviral treatment in inhibiting virus production
from actively infected cells with ZIKV and CHIKV, respectively.

The basic reproduction numbers corresponding to Equations (66)–(74) are
expressed as:

RL
Z(υZ) =

(1− υZ)kZβZλµZ(ηZ + bZθZ)

aZd(ηZ + bZ)(rZγZ + cZµZ)
,

RL
C(υC) =

(1− υC)kCβCλµC(ηC + bCθC)

aCd(ηC + bC)(rCγC + cCµC)
.

They are structurally identical to those derived in the first strategy (blocking infection).
The key difference lies in the biological interpretation: while the first strategy reduces
infection rates by limiting virus entry into target cells, the second strategy directly
suppresses viral output from actively infected cells. Nevertheless, the mathematical
formulation of RL

Z and RL
C remain unchanged. Clearly, RL

Z(υZ) and RL
C(υC) are

strictly decreasing functions of the treatment intensities υZ and υC , respectively.
Therefore as υZ and υC are increased the viral concentration (VZ , VC) are decreased.
Strengthening this inhibitory effect can drive the reproduction numbers below or equal
one, ensuring the global asymptotic stability of the disease-free steady state SS0 and
confirming the clinical potential of targeting viral production in managing coinfections.

7.3. Strategy III: Immune-enhancing therapy
The third type of therapeutic intervention aims to enhance the host’s immune

response against ZIKV and CHIKV by stimulating antibody production. In this
approach, treatment parameters ωZ and ωC amplify the antibody generation rates
for each virus, thereby increasing the levels of WZ and WC . This mechanism is
incorporated into the within-host model by modifying the antibody dynamics equations,
while all other equations remain consistent with the original system. The modified
model equations are as follows:

dX

dt
= λ− dX − βZXVZ − βCXVC , (75)

dY L
Z

dt
= (1− θZ)βZXVZ − (ηZ + bZ)Y

L
Z , (76)

dY A
Z

dt
= θZβZXVZ + ηZY

L
Z − aZY

A
Z , (77)

dY L
C

dt
= (1− θC)βCXVC − (ηC + bC)Y

L
C , (78)

dY A
C

dt
= θCβCXVC + ηCY

L
C − aCY

A
C , (79)
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dVZ

dt
= kZY

A
Z − cZVZ − rZVZWZ , (80)

dVC

dt
= kCY

A
C − cCVC − rCVCWC , (81)

dWZ

dt
= γZ + (1 + ωZ)qZVZWZ − µZWZ , (82)

dWC

dt
= γC + (1 + ωC)qCVCWC − µCWC . (83)

Where ωZ , ωC ∈ [0, ωmax] are control parameters representing the efficacy of the
immune-enhancing therapy in boosting the antibody response and ωmax denotes the
maximum achievable level of treatment efficacy, defined as the treatment level beyond
which no further improvement in efficacy is expected [65].

The basic reproduction numbers RL
Z and RL

C are identical to those in the original
model, showing no direct dependency on the immune-enhancing parameters. However,
the immune-enhancing strategy may influence the transient dynamics by accelerating
immune activation and viral clearance, which will be discussed further later in the
simulation.

7.4. Strategy IV: Treatment for enhancing antibodies’ flow rate
This fourth type of treatment involves enhancing the baseline production rate of

antibodies by directly stimulating the immune system. Unlike the previous approaches,
such as infection blocking, viral production suppression, or immune stimulation
through virus interaction-this strategy augments the constitutive source term of the
immune components γZ and γC , modulated by control parameters κZ and κC . This
leads to an increase in baseline antibody levelsWZ andWC . The modification within
the host co-infection model under this treatment is given as:

dX

dt
= λ− dX − βZXVZ − βCXVC , (84)

dY L
Z

dt
= (1− θZ)βZXVZ − (ηZ + bZ)Y

L
Z , (85)

dY A
Z

dt
= θZβZXVZ + ηZY

L
Z − aZY

A
Z , (86)

dY L
C

dt
= (1− θC)βCXVC − (ηC + bC)Y

L
C , (87)

dY A
C

dt
= θCβCXVC + ηCY

L
C − aCY

A
C , (88)

dVZ

dt
= kZY

A
Z − cZVZ − rZVZWZ , (89)

dVC

dt
= kCY

A
C − cCVC − rCVCWC , (90)

dWZ

dt
= (1 + κZ)γZ + qZVZWZ − µZWZ , (91)

dWC

dt
= (1 + κC)γC + qCVCWC − µCWC . (92)

Here κZ , κC ∈ [0, κmax] represent the intensities of immunotherapy aimed at enhancing
the natural production rates of antibodies, respectively. These parameters model the
therapeutic boost applied to the baseline antibody generation, thereby amplifying the
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host’s immune response against ZIKV and CHIKV infections [43].
Equations (84)–(92) has a disease-free steady state SS0

(84)−(92) = (λd , 0, 0, 0,

0, 0, 0, (1+κZ)γZ
µZ

, (1+κC)γC
µC

). The basic reproduction numbers corresponding to
Equations (84)–(92) are expressed as:

RL
Z(κZ) =

kZβZλµZ(ηZ + bZθZ)

aZd(ηZ + bZ)((1 + κZ)rZγZ + cZµZ)
,

RL
C(κC) =

kCβCλµC(ηC + bCθC)

aCd(ηC + bC)((1 + κC)rCγC + cCµC)
.

We have

∂RL
Z

∂κZ
= − kZβZλµZrZγZ(ηZ + bZθZ)

aZd(ηZ + bZ)((1 + κZ)rZγZ + cZµZ)2
,

∂RL
C

∂κC
= − kCβCλµCrCγC(ηC + bCθC)

aCd(ηC + bC)((1 + κC)rCγC + cCµC)2
.

When all other parameters are held constant, the reproduction numbers RL
Z(κZ) and

RL
C(κC) decrease monotonically as the treatment intensities κZ and κC increase.

This behavior reflects the role of immunotherapy in suppressing viral replication. In
particular, increasing κZ and κC enhances the antibody responsesWZ andWC , while
simultaneously lowering viral loads as well as the populations of latently and actively
infected cells. Hence, strengthening the immune response through treatment constitutes
an effective approach for controlling DENV-CHIKV co-infection.

Our objective is to identify the threshold levels of κZ and κC that ensure RL
Z ≤ 1

and RL
C ≤ 1. It follows that

RL
Z(κZ) ≤ 1 for all κZ ∈

[
κminZ , κmaxZ

]
,

RL
C(κC) ≤ 1 for all κC ∈

[
κminC , κmaxC

]
,

where the minimum efficacy levels required are given by:

κminZ = max
{
0,

rZγZ + cZµZ

rZγZ
(RL

Z(0)− 1)

}
,

κminC = max
{
0,

rCγC + cCµC

rCγC
(RL

C(0)− 1)

}
.

Corollary 2. If κminZ ≤ κZ ≤ κmaxZ and κminC ≤ κC ≤ κmaxC , then the disease-free
steady state SS0

(84)−(92) is globally asymptotically stable.

8. Numerical simulations

In this section, we present a series of numerical simulations aimed at validating
and extending the theoretical findings. By utilizing specific parameter values, we
illustrate the model’s dynamic behavior under varying conditions. The analysis
includes assessing the stability of steady states, and the impact of different types of
treatment strategies.
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8.1. Stability of steady states
The system of Equations (1)–(9) is solved numerically using the MATLAB solver

ode45. The values of the model parameters used in the simulations are given as: λ = 10

cells mm−3 day−1, d = 0.14 day−1, θZ = 0.3, θC = 0.3, ηZ = 0.9 day−1, ηC = 0.9

day−1, bZ = 0.14 day−1, bC = 0.14 day−1, aZ = 0.14 day−1, aC = 0.4443 day−1,
kZ = 10 viruses cells−1 day−1, kC = 4 viruses cells−1 day−1, cZ = 3.5 day−1,
cC = 0.4418 day−1, rZ = 0.01 cells−1 mm3 day−1, rC = 0.001 cells−1 mm3 day−1,
γZ = 1.402 cells day−1, γC = 1.402 cells day−1, qZ = 0.00219 viruses−1mm3 day−1,
qC = 0.002 viruses−1 mm3 day−1, µZ = 0.4 day−1, and µC = 0.4 day−1. Parameters
βZ and βC are varied.

Some model parameters were chosen from published studies on CHIKV or ZIKV
single infections whenever dependable estimates were available. For parameters
without direct experimental measurements, values consistent with established
within-host viral dynamics literature were adopted within biologically reasonable
ranges. The parameter set used in the numerical experiments is mainly intended
to show that the theoretical stability and threshold conditions are reflected in the
simulated solutions of the model. The key qualitative findings of the study, including
threshold behavior, virus persistence leading to dominance or elimination, and
possible coexistence patterns, are obtained from reproduction number and invasion
analysis rather than from particular numerical parameter choices. The simulation
results indicate that these qualitative dynamical properties remain valid under
moderate variations of parameter values. The current lack of detailed clinical data for
CHIKV-ZIKV co-infection limits precise parameter calibration. Future availability of
reliable patient data would allow more accurate estimation of model parameters and
support comprehensive quantitative validation of the proposed framework.

To analyze the global behavior of the system, ten different sets of initial conditions
were used, defined as follows:

X = 50− 3s, Y L
Z = 1 + 2s,

Y A
Z = 1 + 2s, Y L

C = 1 + 2s,

Y A
C = 1 + 2s, VZ = 1 + 5s,

VC = 20 + 5s, WZ = 6− 0.5s,

WC = 7− 0.6s,

s = 1, 2, ..., 10.

These initial conditions were chosen to examine whether the system’s solutions
converge to one of the steady states regardless of the starting values.

By selecting different values for the parameters (βZ , βC) while keeping all other
parameters fixed, four distinct plans arise as follows:

Plan 1 (Stability of SS0): (βZ , βC) = (0.0001, 0.0001). With this choice, we
find the basic reproduction numbers RL

Z and RL
C take the following values

RL
Z = 0.1307 < 1 and RL

C = 0.1308 < 1. Figure 2 illustrates that all
trajectories, initiated from various initial conditions, tend toward the steady state

35



Advances in Differential Equations and Control Processes 2026, 33(2), 4021.

SS0 = (71.43, 0, 0, 0, 0, 0, 0, 3.51, 3.51). This convergence confirms the global
asymptotic stability of SS0, in agreement with the conclusion stated in Theorem
1. In this scenario, the system converges to the baseline steady state, where
uninfected cells and virus-specific antibodies for both ZIKV and CHIKV return
to their normal levels. Meanwhile, all other compartments-including infected
cells and viral loads-gradually decline to zero. Consequently, the infections are
completely cleared, and both viruses are eliminated from the host. This behavior
indicates the existence of a stable disease-free steady state, where the immune
response, whether natural or treatment-enhanced, effectively suppresses viral
replication and leads to complete eradication of the pathogens.

Plan 2 (Stability of SS∗): (βZ , βC) = (0.004, 0.0001). We obtain RL
Z = 5.2291 >

1 and RL,inv
C = 0.02589 < 1, confirming that the conditions listed in Table 1

are satisfied. Accordingly, the steady state SS∗ exists, with numerical values
SS∗ = (14.13, 5.40, 58.34, 0, 0, 141.91, 0, 15.72, 3.51). Figure 3 shows that
solutions corresponding to different initial conditions converge to SS∗, which
is consistent with Theorem 2. Under these parameter values, ZIKV remains the
only persistent infection, whereas CHIKV is completely cleared. Although both
viruses are present initially, the CHIKV-related components-including infected
cells and viral load-decrease to zero over time. In contrast, ZIKV continues to
persist, indicating that the immune response, in this setting, is not strong enough
to eliminate it. This outcome reflects a clear difference in the persistence of the
two viruses during co-infection, with ZIKV showing a stronger ability to sustain
infection within the host.

Plan 3 (Stability of SS): (βZ , βC) = (0.0001, 0.004). For this parameter set, we
obtain RL

C = 5.2321 > 1 and RL,inv
Z = 0.0255 < 1. Therefore, the conditions

in Table 1 are fulfilled, ensuring the existence of the steady state SS. Figure
4 shows that solutions corresponding to different initial conditions converge
to SS = (13.93, 0, 0, 5.42, 16.41, 0, 144.45, 3.51, 12.62), in agreement with
Theorem 3. Under these conditions, CHIKV persists as the only active infection,
whereas ZIKV is eliminated. Although both viruses are initially present, the
ZIKV-related components-including infected cells and viral load-decrease to zero
over time, leading to its complete clearance from the host. In contrast, CHIKV
maintains its presence, with both infected cells and free viral particles persisting
over time. This result suggests that the immune response is sufficient to clear
ZIKV but are less effective in eradicating CHIKV. The findings underscore the
differential persistence capabilities of the two viruses during co-infection, with
CHIKV exhibiting a stronger potential for long-term survival within the host,
while ZIKV is successfully suppressed.

Plan 4 (Stability of S̃S): (βZ , βC) = (0.008, 0.008). We obtain RL,inv
Z =

1.0309 > 1 and RL,inv
C = 1.0583 > 1. Accordingly, the steady state

S̃S = (6.87, 2.63, 25.27, 3.45, 10.46, 71.03, 93.34, 5.74, 6.57) is globally
asymptotically stable consistent with Theorem 4. Figure 5 shows that solutions
from different initial conditions converge to this steady state. Under these
conditions, both ZIKV and CHIKV persist within the host. Each virus maintains
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a sustained level of replication, with their corresponding infected cells and viral
loads remaining present over time. Although the immune response is active
against both infections, it does not eliminate either one, leading to a long-term
co-infection state. This behavior reflects the interaction between the two viruses,
where neither is suppressed sufficiently, allowing their continued coexistence.
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Figure 2. All trajectories of Equations (1)–(9) starting from different initial states converge
to the disease-free equilibrium EQ0 = (71.43, 0, 0, 0, 0, 0, 0, 3.51, 3.51) under the conditions
RL

Z ≤ 1 and RL
C ≤ 1.
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Figure 3. All trajectories of Equations (1)–(9) starting from different initial states converge to
ZIKV-only infection steady state SS∗ = (14.13, 5.40, 51.90, 0, 0, 141.91, 0, 15.72, 3.51) under
the conditions RL

Z > 1 and RL,inv
C < 1.
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Figure 4. All trajectories of Equations (1)–(9) starting from different initial states converge
to CHIKV-only infection steady state SS = (13.93, 0, 0, 5.42, 16.41, 0, 144.45, 3.51, 12.62)

under the conditions RL
C > 1 and RL,inv

Z < 1.
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Figure 5. Phase portraits of Equations (1)–(9) for different initial conditions showing
convergence to ZIKV-CHIKV co-infection steady state S̃S = (6.87, 2.63, 25.27, 3.45, 10.46,

71.03, 93.34, 5.74, 6.57) under the conditions RL,inv
Z > 1 and RL,inv

C > 1.

8.2. ZIKV-CHIKV co-dynamics under different treatment strategies
To investigate the impact of different treatment strategies on the ZIKV and CHIKV

co-dynamics, we conducted numerical simulations using a unified initial condition
across all strategies:

(X(0), Y L
Z (0), Y L

C (0), Y A
Z (0), Y A

C (0), VZ(0), VC(0),WZ(0),WC(0))

= (45, 9, 11, 4, 6, 25, 45, 8, 10).
(93)

Each strategy is governed by a distinct system of equations tailored to the nature of
the intervention. To evaluate treatment efficacy, we varied the intensity parameters
uZ ,uC ,υZ , υC , ωZ , ωC , κZ and κC representing control levels for ZIKV and CHIKV,
respectively.

For strategies I and II, which target viral infection and production mechanisms, we
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examined the following levels of control:

uZ = uC = υZ = υC = 0, (94)

uZ = uC = υZ = υC = 0.1,

uZ = uC = υZ = υC = 0.2,

uZ = uC = υZ = υC = 0.5.

For strategies III and IV, which involve immune-enhancing interventions, we applied
higher intensity levels reflecting immunomodulatory stimulation:

ωZ = ωC = κZ = κC = 0, (95)

ωZ = ωC = κZ = κC = 10,

ωZ = ωC = κZ = κC = 20,

ωZ = ωC = κZ = κC = 50.

In particular, Plan 4 is further explored by fixing βZ = βC = 0.001 and
varying the treatment parameters, as shown in Figure 6. This simulation framework
facilitates a comparative analysis of the dynamic responses under different therapeutic
approaches, enabling assessment of each strategy’s capacity to reduce viral load and
promote infection clearance.
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Figure 6. Effect of different treatment strategies on ZIKV and CHIKV viral concentrations
during co-infection.

8.2.1. Model simulation under treatment strategy I

In this strategy, we examine the behavior of the Equations (57)–(65) under varying
treatment efficacies by simulating the model using levels of efficacies uZ and uC in
Equation (94) with initial Equation (93). Figure 6a shows that increasing uZ and uC ,
directly reduces the levels of free viruses (VZ , VC). This reduction in viral concentration
subsequently leads to a decrease in latently and actively infected cells, as fewer target
cells become infected. Moreover, the decline in infection burden allows for a marked
increase in uninfected cells and antibody concentrations. These findings highlight
the primary role of antiviral therapy in lowering viral presence, with downstream
benefits for immune function and infection control, thereby supporting its effectiveness
in co-infection management. It is shown in Table 2 that, increasing the treatment
parameters uZ and uC , will decrease the reproduction numbers RL

Z and RL
C . The

values RL
Z = 1 and RL

C = 1 are reached whenuZ ≃ 0.23505 and uC ≃ 0.23549.

41



Advances in Differential Equations and Control Processes 2026, 33(2), 4021.

Beyond this point, the infection cannot persist within the host. To examine the impact
of antiviral efficacy on the system dynamics, we derived the Jacobian matrix Ju from
Equations (57)–(65) and computed its eigenvalues, which determine the local stability
of the equilibrium points. When there is no treatment (uZ = uC = 0), we obtain
RL

Z(0) > 1 and RL
C(0) > 1, and only the ZIKV-CHIKV co-infection steady state S̃S

will be locally stable, indicating the coexistence of ZIKV and CHIKV. At the values
uZ = uC = 0.1, S̃S remains stable while other steady states are unstable. This
suggests that mild antiviral is insufficient to shift the system toward eradication. At
uZ = uC = 0.2, a critical transition emerges: one of the partially a CHIKV-only
infection steady state SS becomes locally stable, while the full S̃S disappears. This
indicates a qualitative shift in the infection dynamics, where treatment is sufficient
to eliminate one virus but not both. At the critical thresholds uZ = 0.23505 and
uC = 0.23549, where both RL

Z and RL
C approach 1, leading to local stability of SS0,

while all other steady states disappear. Beyond this threshold (e.g., uZ = uC = 0.3),
both reproduction numbers drop below 1, confirming that sufficient suppression of viral
entry effectively clears both ZIKV and CHIKV infections, as summarized in Table 2.

Table 2. The effect of treatment efficacies uZ , uC , υZ and υC on the associated reproduction
numbers RL

Z and RL
C , as well as the resulting stability of steady states in case of strategies I

and II.

Treatment and reproduction numbers Stability of steady states

uZ , υZ RL
Z uC , υC RL

C SS0 SS∗ SS S̃S

0.0 1.30727 0.0 1.30802 U U U S
0.1 1.17654 0.1 1.17722 U U U S
0.2 1.04582 0.2 1.04642 U U S –
0.23505 1 0.23549 1 S – – –
0.3 0.9151 0.3 0.9156 S – – –

Note: S = stable, U = unstable; “—” indicates equilibrium does not exist.

8.2.2. Model simulation under treatment strategy II

In this strategy, we examine the dynamics of Equations (66)–(74) under varying
treatment efficacies by simulating the model using levels of control υZ and υC in
Equation (94) with initial conditions of Equation (93). As previously noted, this
adjustment acts on the parameter kZ and kC , which governs viral release from infected
cells. Although this differs from treatment strategy I, which targets the transmission
parameter βZ and βC , both modifications result in the same expression for the basic
reproduction numbers. Consequently, the values of RL

Z and RL
C obtained here are

identical to those in strategy I, including the critical threshold where a shift to the
disease-free steady state occurs, as detailed in Table 2. However, a notable difference
arises in the behavior of the viral concentrations VZ and VC . Since this treatment
directly inhibits viral output from infected cells rather than blocking new infections, it
produces a faster andmore consistent reduction in viral concentrations across increasing
treatment levels as illustrated in Figure 6b.
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8.2.3. Model simulation under treatment strategy III

In this strategy, we examine the behavior of Equations (75)–(83) under varying
treatment intensities by simulating the model using levels of immune stimulation
ωZ and ωC in Equation (95) with initial conditions of Equation (93). Based on
the visual results in Figure 6c, this treatment strategy leads to a noticeable decline
in the concentrations of both ZIKV and CHIKV as the treatment intensity ωZ and
ωC increases. However, despite this reduction, the viral loads stabilize at positive
levels even at the highest stimulation level (ωZ = ωC = 50), indicating that the
immune-enhancing response alone is insufficient to fully clear the infection. This
outcome can be attributed to the fact that the basic reproduction numbers RL

Z and RL
C

remain above one, indicating that the immune-enhancing effect alone cannot eliminate
the infection. Although these strategies reduce viral load and slow disease progression,
they are not sufficient to eliminate the virus. Therefore, combining them with other
interventions, such as antiviral therapies, may improve effectiveness in controlling
co-infections.

8.2.4. Model simulation under treatment strategy IV

In this part, we examine the impact of treatment aimed at enhancing the antibody
production rate on the co-dynamics of ZIKV and CHIKV. This is done through
numerical simulations of Equations (84)–(92) using the initial conditions in Equation
(93) and varying the parameters κZ and κC as specified in Equation (95). Figure 6d
shows that as κZ and κC , both ZIKV and CHIKV concentrations are declined. This
treatment approach effectively suppresses viral replication, emphasizing the role of
enhancing antibody production. The local stability of the steady states was examined by
evaluating the eigenvalues of the corresponding Jacobian matrix for different treatment
levels (κZ , κC). When κZ = κC = 0, both reproduction numbers RL

Z(0) and
RL

C(0) exceed unity. Under these conditions, SS0, SS∗and SS are unstable, while the
coexistence steady state S̃S remains stable, indicating that both viruses persist within
the host. As the treatment intensities increase, the same stability pattern is initially
preserved: SS0 and SS∗ remain unstable, whereas the coexistence state S̃S is stable,
and one of the single-infection steady states disappears. This indicates that moderate
levels of immunomodulation are not sufficient to shift the system away from endemic
persistence. A transition occurs near κZ = 39.134 and κC = 30.9906, where both
RL

Z and RL
C decrease to 1. At this threshold, SS0 becomes locally stable, while the

other steady states no longer exist, showing that viral replication has fallen below the
level required for persistence. For larger treatment values (for example, κZ = 50 and
κC = 50), both reproduction numbers satisfy RL

Z < 1 and RL
C < 1 and only SS0

remains locally stable. This confirms that sufficiently strong enhancement of baseline
antibody production can eliminate both ZIKV and CHIKV infections, as also shown in
Table 3. The main drawbacks of this strategy are that the minimum treatment κminZ and
κminC may exceed the κmaxZ and κmaxC . In this case such treatment strategy will not be able
to make RL

Z and RL
C below one and hence clearance of viruses will not be achieved.
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Table 3. Influence of the treatment effectiveness parameters κZ and κC on the reproduction
numbers RL

Z(κZ) and RL
C(κC), together with the corresponding stability of the steady states

under strategy IV.

Treatment and reproduction numbers Stability of steady states

κZ RL
Z κC RL

C SS0 SS∗ SS S̃S

0.0 1.30727 0.0 1.30802 U U U S
10 1.18935 10 1.21258 U U S –
20 1.09094 20 1.13012 U U S –
30 1.00757 30 1.05816 U U S –
39.134 1 30.9906 1 S – – –
40 0.93604 40 0.99482 S – – –

Note: S = stable, U = unstable; “—” indicates equilibrium does not exist.

8.2.5. Model simulations under combined treatment strategies I–IV

In this scenario, we investigate the system’s dynamics when all four treatment
strategies (I–IV) are applied simultaneously. Under this combined therapeutic
intervention, the co-infection model is reformulated as follows:

dX

dt
= λ− dX − (1− uZ)βZXVZ − (1− uC)βCXVC ,

dY L
Z

dt
= (1− θZ)(1− uZ)βZXVZ − (ηZ + bZ)Y

L
Z ,

dY A
Z

dt
= θZ(1− uZ)βZXVZ + ηZY

L
Z − aZY

A
Z ,

dY L
C

dt
= (1− θC)(1− uC)βCXVC − (ηC + bC)Y

L
C ,

dY A
C

dt
= θC(1− uC)βCXVC + ηCY

L
C − aCY

A
C ,

dVZ

dt
= (1− υZ)kZY

A
Z − cZVZ − rZVZWZ ,

dVC

dt
= (1− υC)kCY

A
C − cCVC − rCVCWC ,

dWZ

dt
= (1 + κZ)γZ + qZ(1 + ωZ)VZWZ − µZWZ ,

dWC

dt
= (1 + κC)γC + qC(1 + ωC)VCWC − µCWC ,

where uZ , uC , υZ , υC , ωZ , ωC , κZ and κC represent treatment efficacy, regulating
the magnitude of each therapeutic effect. The system is simulated under the combined
application of treatment strategies I–IV, using varying drug efficacies as follows:

DE1 : uZ = uC = υZ = υC = ωZ = ωC = κZ = κC = 0,

DE2 : uZ = uC = υZ = υC = 0.1, ωZ = ωC = κZ = κC = 10,

DE3 : uZ = uC = υZ = υC = 0.2, ωZ = ωC = κZ = κC = 20,

DE4 : uZ = uC = υZ = υC = 0.5; ωZ = ωC = κZ = κC = 50.

We solve the system using the initial conditions of Equation (93). As illustrated in
Figure 6e, the combined application of treatment strategies I–IV results in a rapid and
sustained reduction of viral concentrations VZ and VC , achieving complete clearance
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in a shorter time than any single strategy alone. This outcome highlights the synergistic
potential of combining antiviral and immune-enhancing interventions, providing both
direct suppression of viral replication and reinforcement of host immunity.

9. Discussion and conclusion

This study has developed and carefully examined a within-host mathematical
model describing the dynamics of ZIKV-CHIKV co-infection. In the analytical study,
we first demonstrate the well-posedness of the proposed model. We then characterize
all possible steady states of the system and derive four threshold quantities: the
basic reproduction number for ZIKV infection, RL

Z , and that for CHIKV infection,
RL

C , the invasion reproduction numbers for ZIKV infection RL,inv
Z and that for

CHIKV infection, RL,inv
C . The model has been extended to include the effects of

four therapeutic strategies: (i) antiviral therapy that prevents viral infection of target
cells, (ii) antiviral therapy that suppresses viral production, (iii) immune-stimulating
treatment, and (iv) therapy that increases the rate of antibody circulation. We have
studied the global threshold behavior of the co-infection model through proposing
suitable Lyapunov functions:

We obtain the following results:

• The disease-free steady state SS0 is guaranteed to exist, and it is globally
asymptotically stable provided that RL

Z ≤ 1 and RL
C ≤ 1. This means that

even if a small number of infected cells or viruses are introduced, the infection
will eventually die out and the system will return to the healthy state. Our
analysis further demonstrates that these inequalities can be realized through the
implementation of appropriate therapeutic strategies. Specifically:
1. Antiviral treatment for blocking viral infection: This mechanism reduces the
probability of uninfected cells being infected by viruses. Mathematically, this is
represented by modifying the infection rate constants βZ and βC to by (1−uZ)βZ

and (1− uC)βC , respectively.
2. Antiviral treatment for blocking viral production: In this case, the number of
viral particles produced by infected cells is reduced. This effect is incorporated in
the model by replacing the viral production rates kZ and kC with (1− υZ)kZ and
(1− υC)kC .
3. Treatment for enhancing the antibody flow rate: Strengthening the natural
immune defense is represented by an increased rate of antibody production. In
the model, this is achieved by modifying the antibody generation parameters from
γZ and γC by (1 + κZ)γZ and (1 + κC)γC .
Through these interventions, the basic reproduction numbers for both ZIKV and
CHIKV can be effectively reduced below unity, ensuring that the disease-free
steady state remains stable.

• The ZIKV-only infection steady state SS∗ exists when RL
Z > 1 and it is globally

asymptotically stable when RL
Z > 1 and RL,inv

C ≤ 1. Biologically, this stability
scenario reflects the dominance of ZIKV infection in the host, where the viral
replication of ZIKV continues, but CHIKV cannot establish long-term infection.
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The inequality RL
Z > 1 typically holds in the absence of therapeutic interventions

against ZIKV, since in that case the viral infection proceeds unchecked and
successfully invades the target cell population. On the other hand, enforcing the
condition RL,inv

C ≤ 1 can be achieved through the implementation of treatment
strategies directed against CHIKV. These therapies act to lower its reproduction
potential by incorporating treatment efficacies uC , υC , κC .
By sufficiently applying one or more of these interventions, the effective invasion
reproduction number of CHIKV can be suppressed below 1, ensuring that ZIKV
persists while CHIKV is cleared from the system.

• The CHIKV-only infection steady state SS exists when RL
C > 1 and it is globally

asymptotically stable when RL
C > 1 and RL,inv

Z ≤ 1. This case corresponds to a
scenario in which CHIKV persists within the host, whereas ZIKV is completely
cleared. The condition RL

C > 1 may arise in the absence of effective treatment
against CHIKV. In contrast, ensuring that RL,inv

Z ≤ 1 requires reducing the
reproduction number associated with ZIKV. This can be achieved by implementing
treatments targeting ZIKV, such as uZ , υZ and κZ .

• The ZIKV-CHIKV co-infection steady state S̃S exists and it is globally
asymptotically stable when RL,inv

Z > 1 and RL,inv
C > 1. This case may occur

when no treatment is applied to either virus and the immune system fails to clear
both infections, leading to long-term coexistence of ZIKV and CHIKV.

We performed some numerical simulations to investigate the within-host
co-dynamics of ZIKV and CHIKV. We examined the stability of the four steady
states by varying the infection rate parameters βZ and βC . Analyzing these variations
provides deeper insight into the interactions between the two viruses within the
host. We show that the numerical and theoretical results are consistent. To illustrate
the global stability of the steady states, we solved the system using different initial
conditions and showed that, for all such cases, the solutions converge to a steady
state. Finally, we performed simulations under four treatment strategies. The results
indicate that antiviral approaches are more effective than immune-enhancing strategies
in clearing the viral co-infections. Moreover, combining both offers synergy by
suppressing replication and enhancing host defenses.

Despite the theoretical insights obtained, one of the main limitations of this
work lies in parameter uncertainty. Reliable parameter estimation requires clinical
or experimental datasets, which are currently scarce for individuals co-infected
with CHIKV and ZIKV. Although information may exist for single-virus infections,
obtaining detailed measurements for dual infection cases remains challenging.
Therefore, the parameter values used in this study are primarily intended for theoretical
exploration. Future work will focus on refining parameter estimation using clinical
observations when such data become available to improve model reliability and
predictive performance.

The treatment mechanisms incorporated in this study are formulated within a
simplified theoretical framework. In particular, dose-dependent pharmacological
effects and potential treatment-related side effects are not considered. The
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objective of this formulation is to facilitate analytical tractability and to obtain
qualitative insights into the co-infection dynamics rather than to provide clinical
treatment recommendations. These simplifying assumptions are adopted to focus
on the mathematical properties of the model and its threshold behavior. The
incorporation of more realistic pharmacological structures, including toxicity effects
and pharmacokinetic–pharmacodynamic interactions, is an important direction for
future research.
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