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Abstract: In this paper, we develop a mathematical model that describes the within-host
co-dynamics of two arboviruses, Zika virus (ZIKV) and Chikungunya virus (CHIKV). The
model is also modified to investigate the impact of various treatment strategies. The model
incorporates four cell types: uninfected target cells, latently infected cells, actively infected
cells, and antibodies. The analysis establishes that all solutions remain nonnegative and
bounded over time. It further reveals the presence of four distinct steady states: the disease-free
steady state, the ZIKV-only steady state, the CHIKV-only steady state, and the coexistence
steady state representing co-infection. The next-generation matrix technique was applied
to determine the reproduction numbers for the ZIKV-only model, the CHIKV-only model,
and the ZIKV-CHIKV co-infection model (denoted by RL, RL and R = max{R%, RL},

L,inv L,inv

respectively) as well as the invasion reproduction numbers £, and R which determine

whether a virus can successfully invade an existing infection state. ~We conducted a
mathematical analysis to determine the existence of equilibrium points and to establish the
criteria for their global stability. Global stability is verified through the application of suitably
constructed Lyapunov functions. The effects of four therapeutic strategies are included: (i)
antiviral therapy that prevents viral infection of target cells, (ii) antiviral therapy that suppresses
viral production, (iii) immune-stimulating treatment, and (iv) therapy that increases the rate
of antibody circulation. Simulations show antivirals outperform immune-boosting strategies
in clearing co-infection, while combining both offers synergy by suppressing replication and

enhancing host defenses. The proposed model, along with the theoretical analysis, is new and

offers a useful framework for studying viral co-infections.

Keywords: within-host model; ZIKV-CHIKYV co-infection; immune response; antiviral
therapy; global stability; basic reproduction number; invasion reproduction number;

Lyapunov function

1. Introduction

Zika and Chikungunya are viral diseases transmitted by mosquitoes, caused
by the Zika virus (ZIKV) and Chikungunya virus (CHIKV), respectively. These
re-emerging arboviruses are primarily found in tropical and subtropical regions, where
environmental and climatic conditions favor the proliferation of Aedes mosquito
vectors, including Aedes aegypti and Aedes albopictus. Their reappearance and rapid
spread have become a major global health concern, largely driven by factors such as
increased international travel, accelerated urbanization, and climate change [1]. Both

infections are associated with serious complications: ZIKV can cause neurological
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disorders and congenital abnormalities, while CHIKV often leads to severe and
persistent musculoskeletal symptoms, highlighting their significant public health
impact [2]. In recent years, outbreaks of ZIKV and CHIKV have increased worldwide,
contributing substantially to disease burden through elevated morbidity and, in some
cases, mortality. According to Puntasecca et al. [3], between 2010 and 2019, CHIKV
and ZIKV were responsible for an estimated annual loss of more than 106,000 and
44,000 disability-adjusted life years (DALYSs), respectively. ZIKV, a member of the
Flaviviridae family and the Flavivirus genus, is primarily transmitted by Aedes aegypti
and Aedes albopictus mosquitoes [4]. In addition to vector-borne transmission, ZIKV
can spread between humans through horizontal transmission (e.g., sexual contact) and
vertical transmission (from mother to fetus during pregnancy). Moreover, infected
humans can transmit the virus to susceptible mosquitoes when bitten, thereby sustaining
the transmission cycle [5]. Zika virus (ZIKV) was first identified in 1947 in rhesus
monkeys in the Zika Forest of Uganda, and human infections were documented in
1952 [6]. ZIKV was initially identified in Brazil in early 2015 [7], after which it rapidly
expanded, with local transmission documented in over 86 countries and territories by
2018. Due to the extensive spread of this emerging public health threat, healthcare
professionals need to be able to recognize the various clinical manifestations associated
with ZIKV infection [8]. CHIKYV is an RNA virus belonging to the Alphavirus genus
of the Togaviridae family [9]. Like ZIKV, CHIKYV is also primarily transmitted by
Aedes mosquitoes. CHIKV was initially identified in 1952 on the Makonde Plateau
in Africa [10]. From the 1960s through the 1980s, a number of outbreaks were
recorded across several countries in both Asia and Africa. In contrast to dengue,
which can be fatal in severe cases, chikungunya infections are rarely associated with
mortality, although they can cause debilitating symptoms [11]. Since its re-emergence
in 2004, CHIKV has caused increasingly extensive and severe outbreaks, particularly
throughout the Indian Ocean islands and the Americas [12]. The clinical presentations
of Chikungunya and Zika fevers closely resemble one another, commonly featuring
symptoms such as fever, joint pain, muscle aches, skin rash, and eye inflammation [13].
Both viruses are also capable of leading to serious complications, including long-lasting
joint pain and neurological issues [13]. Moreover, ZIKV infection during pregnancy
has been linked to fetal complications, most notably congenital Zika syndrome [14].
Although both viruses produce similar early symptoms, with some differences, a
notable distinction lies in the duration of illness: ZIKV infections typically resolve
within two weeks, while CHIKV infections can result in prolonged joint pain and
arthritis that may last for a year or longer [15].

In regions where viruses with similar transmission routes are widespread,
individuals may acquire co-infections involving two or more pathogens. Viral
infections lead to complex interactions that can influence replication dynamics and
disease progression, and they often play a key role in determining suitable treatment
strategies for managing co-infections [16]. Several studies have identified instances of
concurrent infections with ZIKV and CHIKYV [8,15-19]. ZIKV-CHIKYV coinfection
cases have been documented in multiple countries, including Haiti, Colombia,
Brazil, Nicaragua, Ecuador, and Mexico [17]. According to a meta-analysis, the
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overall prevalence of CHIKV coinfection among individuals infected with ZIKV
was estimated at 1%, with regional variations, higher in North America (2.8%) and
considerably lower in Asia (0.1%) [16].

Mathematical models for infectious disease transmission are essential tools
for understanding how diseases spread within populations, particularly during viral
outbreaks such as COVID-19 [20, 21]. These models support the development of
control strategies and assist in guiding public health policies. Considerable attention
has been given to modeling single-pathogen infections, especially those related to Zika
virus [5,22-26]. Likewise, Chikungunya virus has been extensively studied through
mathematical modeling [27-31].

Within-host mathematical models that describe the interactions among viruses,
target cells, and immune cells have attracted considerable research interest. These
models play a crucial role in deepening our understanding of viral dynamics within the
host. It also provides insight into intracellular processes that are difficult to investigate
experimentally in vitro. Moreover, such modeling enables the prediction of disease
progression and supports the development of effective antiviral therapies and vaccines.
Osuna et al. [32] and Best et al. [33] constructed a mathematical model for ZIKV

infection as:

dX

— = —3zXV,

7 BzXVz,
dYkt
anZ = Bz XVz —nzYE,
Ay A
th = nZYZL - aZYZA7
dVy

H = kZYZA - CZVZ.

Here, X denotes the concentration of uninfected cells, which become infected upon
contact with free ZIKV V. The infection rate is given by the mass-action term Sz X V.
Infected cells first enter a latent or eclipse stage Y, during which they do not yet
produce viral particles. These cells transition to a virus-producing state YZA at a rate
nZYZL , where 1 /7, represents the average duration of the eclipse phase. The actively
infected cells are removed at rate a 7, accounting for cytopathic effects caused by ZIKV.
Each productively infected cell releases virus at a rate k ZYZA, while free viral particles
are eliminated from the system at a rate czVz. In the study by Osuna et al. [32],
a well-established target cell-limited framework was adapted to fit Zika virus data
from non-pregnant monkeys. Building on this work, Best et al. [33] investigated the
effects of antiviral treatments on ZIKV within-host dynamics using the same model
from Osuna et al., which was identified through model selection as the most suitable
for non-pregnant hosts. Later, Best and Perelson [34] developed more sophisticated
within-host ZIK'V models by explicitly incorporating immune responses into the viral
dynamics. In their approach, interferon-a (IFN«)) concentrations or natural killer (NK)
cell activity were introduced as time-dependent components influencing the course of
infection. Tuncer and Martcheva [35] formulated both within-host and within-vector
models for ZIKV, addressing cases in pregnant and non-pregnant hosts. Their work was



Advances in Differential Equations and Control Processes 2026, 33(2), 4021.

driven by available empirical data and validated against experimental observations from
monkey studies. Best et al. [36] developed mathematical models for ZIKV infection
that account for the innate immune response and include mechanisms through which
the virus interferes with or suppresses this immune activity.

The initial ZIKV within-host model did not incorporate the generation of target
cells or account for the natural death rates of uninfected and latently infected cells.
Nonetheless, this foundational model has been widely used to study ZIKV infection
dynamics. Tang et al. [37] extended this framework by including both the recruitment
and death rates of target cells. In their model, the dynamics of the uninfected target cell
population X were described by:

% —\—dX — Bz XV,

where A is the constant rate of target cell generation, and dX represents the natural
death rate of target cells.

Advancements have also been made in understanding the within-host dynamics
of CHIKV through mathematical modeling. A within-host model for CHIKV
dynamics that incorporates both the natural turnover of susceptible target cells (through
recruitment and death processes) and the contribution of the antibody-mediated immune
response is formulated [38]. The system is expressed as follows:

dX
8 =X\ —dX — BeXV,
7 BeX Ve,

dY 4
th = BcX Ve —acYE,

dV,

CTf = kY& — ccVe — reVeWe,
dW,
70 = +qcVeWe — pcWe.

Here the subscript refers to CHIKV, W represents CHIKV-specific antibodies
concentration. Antibodies are produced at a basal rate ¢, further stimulated by
viral presence at rate qo VoW and decay at rate ucWe. The CHIKV particles are
neutralized through antibody binding at a rate roVoWe. Elaiw et al. [39] proposed
a CHIKYV infection model incorporating latently infected cells, a time delay, and a
generalized incidence function. In a related study, Alade et al. [40] examined a
delayed CHIKV model where the rates of production, clearance, and proliferation
of all compartments, along with the incidence rate, were governed by general
nonlinear expressions. Models that consider two distinct transmission mechanisms
(direct CHIK V-to-cell and infected-cell-to-cell pathways) have been explored [41-45].
Stochastic CHIKV infection models were presented in the studies by Gokila and
Sambath [46] and by Yu et al. [47]. A fractional-order CHIKV infection model with
adaptive immune response was examined [28].

Mathematical modeling of ZIKV co-infection with other arboviruses at the
population level has attracted research interest. Such a co-infection as Zika and dengue
co-infection [7,48,49]. In the study by Omame et al. [50], a fractional-order framework
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was proposed to study the transmission dynamics of Zika—Dengue co-infection. In
this formulation, the Atangana—Baleanu operator in the Caputo’s sense was utilized to
capture memory and hereditary effects within the system. Isea and Karl [51] proposed
a co-infection model among Zika, Chikungunya and Dengue in order to study the
dynamics of the three diseases at the same time. They observed the possibility of
co-infection among the three diseases based on available data. Omame et al. [52]
formulated and investigated a co-dynamics model that incorporates COVID-19 together
with Zika, Chikungunya, and Dengue infections. The study explored how the presence
of COVID-19 influences the transmission patterns of the other three arboviruses, and
conversely, how these viruses may affect COVID-19 dynamics. Both local and global
stability properties of the system were examined. Building on this work, Omame and
Abbas [53] extended the framework by incorporating vaccination strategies against
COVID-19 and Dengue to investigate their effects on the transmission dynamics
of the Zika virus. However, despite these population-level studies of co-infection
dynamics among humans, to the best of our knowledge, no mathematical model
has been developed to investigate the within-host co-infection dynamics of Zika and
Chikungunya viruses.

The main contributions of this paper are:

»  We formulate a new model that describes the within-host co-dynamics of ZIKV
and CHIKV.

»  The model’s well-posedness is shown.

*  Four threshold parameters are determined, which completely govern the existence
and stability of the four steady states of the model.

*  We prove the global stability of all steady states using the Lyapunov method.

*  The impact of various treatment strategies is examined.

* Theoretical results are supported via numerical simulations.

2. ZIKV-CHIKY co-infection model

The mathematical model of ZIKV-CHIKYV co-infection is built upon the following

biological and immunological assumptions:

H1 (Population dynamics). The proposed model describes the temporal evolution of
several interacting populations: the concentration of uninfected target cells X (t);
ZIKV-infected cells in both latent and active states, denoted by Y} (t) and YZ\(t);
CHIKV-infected cells in latent and active phases, represented by YC@(t) and Yc‘f‘(t);
the free viral particles of ZIKV and CHIKV, given by Vz(t) and Vi (t), and finally,
the antibody responses specific to ZIKV and CHIKYV, expressed as W (t) and W¢ ().
Compartments X, YZL, YZA, YC@, Yé4, Vz, Vo, Wz and W die at rates dX, bZYZL,
a ZYZA, boYE, acYA, czVy, coVe, wzWyz, and poWe, respectively.

H2 (Target cell competition). ZIKV and CHIKV compete for the same target cells X.

H3 (Infection dynamics). Uninfected target cells are supplied at rate )\, and are
infected by ZIKV and CHIKV with incidence terms Bz XVyz and Bc X Ve, respectively
(See Equation (1)).
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H4 (Infection outcomes). A firaction 0 of ZIKV-infected cells becomes active Y, with
the remainder 1 — 0z latent Y%, similarly, Oc of CHIKV-infected cells becomes active
ch‘, and 1 — ¢ enters latency YC@ (See Equations (2) and (4)).

HS5 (Latent cell activation). Latently infected cells activate at rates n ZYZL for ZIKV and
ncY(/Qfor CHIKYV (See Equations (2) and (4)).

H6 (Viral production and neutralization). Free ZIKV and CHIKV virions are generated
by actively infected cells YZA and YCA at rates kZYZA and k:CYC‘f‘, respectively. These
viral particles are subsequently neutralized by their corresponding antibodies Wz and
We at rates rzVz Wz and rcVoWe (See Equations (6) and (7)).

H7 (Antibody dynamics). Virus-specific antibodies Wy and W¢ are produced at
baseline rates vz and ¢, and are further stimulated by the presence of virus through
the interactions qzVz Wz and qc VoW (See Equations (8) and (9)).

Based on assumptions HI-H7, the ZIKV-CHIKV co-infection model can be
expressed as:

dX
%:)\—dX—ﬁszz—ﬁcXVC, (D
dy} I
= (1—=02)B2XVz —(nz+bz)Y;, 2)
dvy L A
W =0782XVz + TIZYZ - CLZYZ s (3)
v .
T (1=0c)BcXVe — (nc + b)Y, “4)
dyg! L "
- OcBcXVe +ncYs —acYs, (5
dv,
cTtZ = kY4 — Vg — 17V Wy, (6)
dV,
CTf = koY — coVe —reVeWe, (7
dw
dtZ =v7+qzVzWz — pzWy, (®
dw,
70 =vc +qcVeWe — peWe. )

All model parameters are assumed to be strictly positive. Figure 1 illustrates the
within-host progression pathways of ZIKV and CHIKYV, emphasizing their interplay
and the resulting effects on immune response dynamics. The initial condition for the

system is given by:
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CHIKV-specific
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Figure 1. A schematic representation illustrating the within-host co-infection dynamics of
ZIKV and CHIKV.

In what follows, we examine the fundamental and global characteristics of the

model.

3. Preliminaries

This section provides preliminary findings on the model’s well-posedness,
together with the identification of steady states and the conditions ensuring their

existence.

Model’s well-posedness

It follows that the right-hand side of the system given by Equations (1)—(9)
is continuous and satisfies a Lipschitz condition on the interval [0,:|, for some
t > 0. Therefore, by standard results in the theory of differential equations, the
Equations (1)—(9), subject to non-negative initial data, admits a unique local solution
(X (), YE®),YA®), YE®),YA1), Vz (1), Vo(t), Ws(t), We(t)) defined for t €
[0,t,), where 0 < ¢, < o0.

Let us define x; > 0,7 =1,2,....5and o > 0 as:

A zrzaz | yercac
ol " 20lqzky; = 20lqckc’

2k 2kc
X2 = —X1, X3 = —X1,
az ac

X1 =

_ 2qzkz _ 2qcke
4 = X1, X5 = X1,
rzaz rcac
. az ac
UL:mln{dabZ7 ,bC,f,CZ,CC,/.LZ,/.LC}.

2 2
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Lemma 1. Under the initial condition of Equation (2), the solutions of Equations
(1)—(9) are nonnegative and remain bounded for all t > 0.

Proof.
dX
g x=0=A>0,
dYZL
dt |YL 0=10—=02)zXVz >0 for X,Vz; >0,
Ay . )
—Llvpoo=02B2XVz +nzY7 >0 for X, V7, Y7 >0,
avg
dt |YL 0= 1=0c)BcXVc >0 for X,V >0,
dYA i ;
7|YA:0 =0cBcXVe +ncYs >0 for X, Ve, YE >0,
dV
dtZ|VZ —o=kzYZ >0 forY; >0,
dV
C|Vc =0 —chC >0 forYC >0,
dWZ
i Wz=0=12>0,
dWe
— Iwe=0=1c >0.

Thus, all solutions of Equations (1)~(9) with initial (X (0),YZ£(0),Y4(0),YZ%(0),
Y 0),Vz(0), Ve (0), Wz(0), We(0)) € R, satisty (X(1), Y, (t),YzA(t) Y1),
Y1), Vz(t), Ve (t), Wz (t), Wo(t)) € R, [54]. Define T () as

TH =X+ Y7+ Y5 +YE+YE + J2Ve + 35S Vo + 322 Wy + 520 W,

then
ATt B ﬂ n Ayt n dYZA dYCL alYé4 az dVy
dt — dt dt dt dt dt ' 2k, dt
ac dVC azTrz dWZ acrc dWC

+% dt ' 2qzky; dt | 2qcke dt

Using Equations (1)—(9) we get

dTL
— = N —dX — BzXVy — BeXVe + (1 —02)82XVy —byYE —n,YE+0,6,XV,
— aZYZA + 77ZYZL (1 — ec)ﬁcXVc — chCL — 770YCL 4+ 0cBc X Ve — CLCYC‘fx
+neYE + 2k —Z (kgY{ —czVy —rzVaWa) + 2k —C (keYA — ccVe — reVeWe)
azmr a
Z 2z (vz +azVzWg — uzWz) + ol (Vc +qcVeWe — peWe)
2qzkz 2qcke
az A azCz accc
—A—dX —byYE - YZyA oyl —%Cya_ Vg — V.
2tz T 9tz TPCie T gt e T Y2 T o, ©
azvzYz  Aazvrzpz p acrcyc  acrokc
2qzkz 2qzkz 2qckc 2qcke
<A+ azrzz + acTcyo _ Lyl

2qzkz 2qckc

Thus, T%(¢) < x1 when T2(0) < x3. This implies that 0 < X, Y}, Y2, VE VA4
X1, 0 < Vz < x2,0 < Vo < x3,0 < Wz < xg,and 0 < We < x5 if 0
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X(0)+Y7(0) +YZ(0) + Y& (0) + YE0) + 52 V2(0) + 55 Ve (0) + 527 W (0) +

2qzkz
acrc 1y
290kc c(0) < x1.

So we define a region Q as:

OF = {(X.YF Y2 YEYE Ve, Vo, Wy, We) € R
0< X, Y7, Y7 YE Y <xa, 0<Vz<xa, 0<Ve<xs

0< Wz < x4, OSWCSX5}-

Lemma 1 shows that the biologically feasible region is positively invariant for the
Equations (1)—(9). O

4. The basic reproduction numbers

The basic reproduction number represents the average number of new infections
generated by a single infected cell during its infectious period, assuming that all target
cells are initially uninfected. It is evaluated at the disease-free steady state. The basic
reproduction number R(’;J for the ZIKV-CHIKYV co-infection system is derived using
the next-generation matrix approach introduced by Driessche and Watmough [55].

4.1. The basic reproduction number for ZIKV-only infection

The ZIKV-only infection model is obtained by setting Y(/@ = Yé4 =Vo =0in
Equations (1)—(9), which yields the following reduced model:

dX
= AN—dX — Bz XV, (10)
dy} I
W: (1—92)IBZXVZ_(7]Z+[)Z)YZ7 (11)
dyy L A
W =0782XVz + 77ZYZ - aZYZ 5 (12)
dv,
= kaYg —ezVa — rzVaWaz, (13)
dW
=1z azVaWz — puzWz, (14)
dW,
Tltc =c — pcWe. (15)

The disease-free steady state of Equations (10)«(15) is given by SS° =
(XO,O,O,O,Wg,Wg), where X0 = %, Wy = Z—i and Wg = Z—g The basic
reproduction number for the ZIKV-only infection, Ré, is defined as the spectral radius
(i.e., the dominant eigenvalue) of the next-generation matrix p(IE‘ZV;), where Fz
represents the infection matrix and Vz denotes the transition matrix derived from
system [55].

We define the matrices F, and V , which represent the new infection terms and

the remaining transition terms, respectively, as:

(1—02)BzXVz (nz +bz)Y7
Fz = 0787,XVy, , Vz = —172YZL + CL2YZA
0 —k:ZyZA +czVg +rzVaWy
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The Jacobians of the matrices Fz and V evaluated at the disease-free steady state of
Equations (10)—(15) are given by:

0 0 (1-0z)BzX° nz+bz 0 0
Fy, = 0 0 QzﬁzXO , Vg = —Nz az 0
0 0 0 0  —kz cz+rzWy

Hence, the basic reproduction number for the ZIKV-only infection is given by:

kzBzAuz(bz07 +nz)

RL — y(F, V1) = )
2= 02V azd(bz +nz)(rzvz +czpz)

4.2. The basic reproduction number for CHIKV-only infection

Similarly, the CHIKV infection model is obtained by setting Y2 = YZA =V;=0
in Equations (1)—(9) leading to the following reduced model:

dX
E:)\—dX—ﬁZXVZ—ﬂcXVC, (16)
Ayl .
3 (1—=0c)BcXVe — (ne +be)Ys, (17)
dy¢ L A
T OcBcXVe +ncYs —acYe, (18)
dV;
Tf = keYE = coVo —reVeWe, (19)
dw.
dtZ =%z +qzVzWz — pzWy, (20)
dW,
WC =7c +qcVeWe — pcWe. (1)

Using the same procedure as for the ZIKV case, the basic reproduction number,
Ré, for CHIKYV is derived via the next-generation matrix approach. Accordingly, the
matrices F¢ and V¢ are defined as follows:

(1-6c)BcXVe (nc + b)Y
Jo = OcBcX Ve , Vo = —ncYE + acY#
0 —k‘cYé4 +ccVo +reVeWe

The Jacobians of the matrices F¢ and V¢ evaluated at the disease-free steady state of
Equations (16)—(21) SS° are given by:

00 (1-60)BcX° nc+be 0 0
Fc=10 0 OcBe X , Vo = —nc ac 0
0 0 0 0  —kc cc+rcWg

Hence
kcBcAuc(bcbo +ne)

RE = p(FoVAY = .
¢ = pFeVe) acd(bc +nc)(reye + copc)

4.3. The basic reproduction number for ZIKV-CHIKY co-infection

For the co-infection model of Equations (1)—~(9), we calculate the basic

reproduction number R} as RE = p(FgV, ') where
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0 00 0 (1-6z)p2X° 0
00 0 O 0787X° 0
F, = 00 00 0 (1—0¢c)Bc X and
00 0O 0 0cBc X’
00 0 O 0 0
100 0 0 0 0 i
nz+bz 0 0 0 0 0 1
—Nz ayz 0 0 0 0
0 0 Nc + be 0 0 0
Vo=
0 0 —Nc ac 0 0
0 —ky 0 0 cz+rzWy 0
i 0 0 0 —kc 0 cc +1"ch i

The basic reproduction number for the co-infection model is:

Ry = p(FoVy )
= max { kzBzAnz(bz0z + 1z) kcBoic(bobo +ne) }
azd(bz +nz)(rzvz +czpz)’ acd(be +nc)(reve + copc)
= max{R%, RL}.

5. The invasion reproduction numbers

In between-host dynamics, the invasion reproduction number quantifies the ability
of anew disease to invade a population in which another disease is already at an endemic
steady state [56,57]. In within-host viral dynamics, it measures the ability of a new
virus to invade a host in which another virus has already established an infected steady
state [58].

5.1. Invasion of ZIKYV into a CHIKV-resident host

Assume that CHIKYV is resident at the CHIKV mono-infection steady state SS =
(X,0,0, Yé, Yé, 0,Veo, Wz, W), where

- A _ — - 1—6 AV,
X=— " Yi—0Yi=0 Y= (1 —0c)Bct 4A\Ve ’
d+ BcVe (nc +be)(d+ BcVe)
oA pcBcAV o
ac(ne +be)(d+ BcVe)
Wy=22andWp=—° S 0where Ve € <0, ,UC> :
Lz pe —qcVe ac

The invasion reproduction number of ZIKV is derived by considering Equations
(10)~(15) and evaluating the Jacobian matrices of F and V' at the steady state S'S,
yielding

' 0 0 (1—02)62? ‘ 77Z+bZ 0 0
Fy™ =100  626,X |.Vy™=| —nz az 0
0 0 0 0 —kz ¢y +T2WZ

11
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Thus, the invasion reproduction number of ZIKV is given by

kzBzpzX
az(nz +bz)(cz +1zWz)
kzBzAuzpz

azd(nz +bz)(rzvz +czpz) (1 + BTCVC)

Réyinv =p (Fz‘Zm;Viznvfl) —

5.2. Invasion of CHIKY into a ZIKV-resident host

Assume that ZIKV is resident at the ZIKV-only infection steady state SS* =
(X*,Y2,0,V;,0,W;, WZ), where

S (1—-062)BzAV; Ax _ pzBzAV}
d+B2Vy" % (nz+b2)d+B2VE) "7 az(nz +bz)(d+BzVy)
YE =0, YA =0, Wy = —Z _ and W§ = 2 where Vj € (07MZ) :
¢ ¢ 7wz —azVy 7 e 7 qz

Considering Equations (16)—(21), the corresponding next-generation matrices for
CHIKYV invading a ZIKV-resident host are given by

0 0 (1—46¢)BcX* nc+bc 0 0
F&' =10 0 fcBeX* VE = —ne ac 0
0 0 0 0 —kc cc+reWe

Hence, the invasion reproduction number of CHIKV is

kcBopeX™
ac(nc + be)(co + TcWé)
kcBcAucpc

acd(nc + be)(revye + copc) (1 + %ZVZ*>

Ré,inv =) (Fglvvgzv—l) —

6. Existence and global stability of equilibria

We investigate the existence of steady states for the model defined by Equations
(1)~(9). The basic reproduction number RY for the ZIKV-CHIKV co-infection system
is given by

RE = max{R%, RL},

where,

kzBzAuz(nz +bz0z)
azd(nz +bz)(rzvz +czpz)’

L keBouc(ne +bcbo)
 acd(ne + bo)(reve + cope)’

R} =

It should be noted that RZ corresponds to the basic reproduction number associated
with ZIKV-only infection, whereas Ré represents that of CHIK V-only infection.
Furthermore, the invasion reproduction numbers Ré’mv and Ré’mv, which

describe the ability of one virus to invade when the other is already at endemic steady
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state, are derived for Equations (1)—(9). Specifically, they are given by

RLin _ kzBzAiz(nz +bz0z7) R}
A - — - Bctr
azd(nz +bz)(rzvz + czpz) (1 + %CVC) 1+ Ve
RLinv _ kcBeAuc(ne + bcbc) RE
Linv

acd(nc + be)(reve + copce) (1 + %ZVZ> L+ FVy

Clearly,
RL,inv _ Ré < RL
d 1+ ’BTCVC ’
RL,im} _ Rfé‘ Ré«
¢ T 1+lvy

6.1. Existence of steady states

Define X0 = 2, W9 = 22 and W2 = 2C. As a result, we can derive the
d Z pwz c po
following key finding concerning the existence of steady states for the system outlined

by Equations (1)—(9).

Lemma 2. (i) The disease-fiee steady state always exists and is given by SSY =
(X°,0,0,0,0,0,0, W9, W2),

(i) if Ré > 1, then, in addition to SS°, there exists a ZIKV-only steady state
SS* = (X*,Y1*, Y *,0,0,V5,0, W5, WE),

(iii) if Ré > 1, then, in addition to SS°, there exists a CHIKV-only steady state
55 = (X,0,0,Y¢,Ye,0,Ve, W4, We),

(iv) if Ré’im’ > 1 and Ré’im > 1, then the system admits the steady states
SS0.5S5* and SS as well as a coexistence (co-infection) steady state of the form
SS = (X, YE YA YE YA, Vg, Vo, Wa, We).

Proof. Let the right-hand sides of Equations (1)—(9) be set equal to zero.

0=\—dX — 8,XVy — BcX Ve, (22)
0=(1-02)82XVz— (nz +b2)Y7, (23)
0=0282XVz +nzYy — azYy, (24)
0= (1-00)BcXVo — (no +bo)YE, (25)
0= 0cBcX Vo +ncYE — acYH, (26)
0=FkyYH —c Vg —rzV,Wy, (27)
0= koY — ccVo —reVeWe, (28)
0=7z+qzVzWz — uzW, (29)
0=1c+qcVceWe — ucWe. (30)

From Equations (22)—(30) we have
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X — A vE _ (1—02)B2zA\Vz
- ) 7 — )
d+ BzVz + BcVe (nz +bz)(d+ BzVz + BcVe)
A (nz +bz02)B2z\Vz L (1 —6c)BcAVe
Y; = Yo = ) (31)
az(nz +bz)(d+ BzVz + BcVe) (nc +be)(d+ BzVz + BcVe)
+ bcbc)BcAVe Yz ole.
Y4 = ("70 S Wyg=————andWpg = ———.
" aclne +bo)(d+ BzVz + BcVe) 7 pz—qzVs “T e —acVo

We note that Wz > 0 and W > 0, when V; € [O, Z—;) and Vo € {0 “—C>

e}
respectively.

Substituting in Equations (27) and (28) we obtain

kzBzX(nz +bz07) rzYz )

+ —c Vy; =0, 32

<az(nz Yoo d+ B2V + BcVe)  azVz—pz )7 (32)
kcBoeX(ne + bcbe) Yeale: )

+ —c Ve = 0. 33

<ac(770 +be)d+ BzVy + BcVe) Ve —pe <) € (33)

Equations (32) and (33) admit four possible cases:

Case (I) V; = 0 and Vo = 0 corresponding to the disease-free steady state S.S° =
(X°,0,0,0,0,0,0, W9, W2).

Case (II) Vz #£ 0 and V¢ = 0, so from Equation (32) we get

kzBzA(nz +bz0z) oy TEVZ_
az(nz +bz)(d+ BzVz) pz—azVz
which gives
ALV2 1 BL L
ZVZ + ZVZ + CZ _ 07 (34)

qzVz — pz

where

AL =azBzczqz(nz +bz),
Bl = azdczqz(nz +bz) — kzBz7az(nz +bz07) — azBz(nz +bz)(rzvz + czuz),
CL =kzBz \iz(nz +bz07) —azd(ng +bz)(rzvz +czuz).

Define
AL 2 BL L
HL*(VZ) = 7V;+BzVz + CZ, where V € [0’ 'UZ> )
QZVZ — HZ qz
We get
HL*(O) _ _% _ aZd(nZ + bZ)(?“Z’}’Z + CZ,UJZ) — kZBZ)‘MZ(nZ + ngZ)
bz Lz
azd(ng +bz)(rzvz + czuz
Sl );Z’y 1z) (1 _RLy.

We have HE*(0) < 0 if RL > 1. Moreover

lim  H"(Vy) = oo,

v (22)”
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then there exists V; € (0, Z—;) such that HL*(V}) = 0. If RL > 1, then

kzBzAiz(nz +bz0z)
azd(nz +bz)(rzvz +czpz)

= kzBz \uz(nz +bz0z) > azd(nz +bz)(rzvz + czpz) > azdezpz(nz +bz)
= kzBz qz(nz +bz02) > azdczqz(nz + bz),

>1

which implies that Bé < 0. Moreover

CL =kzBz \z(nz +bz07) —azd(nz +bz)(rzvz + czuz) > 0if RS > 1.

Therefore, two positive solutions exist as:

—BL+\/(BE)? - 44LCY

VF =
Z 2AL
We have
lim  H"(Vz) = —o0,
AN
vz (52)
lim H(Vy) = co.
Vz—>OO
Then

v, € <0, “Z> and V;J € <“Zoo> .
qz qz

_ —BE—/(BL)? - 44LCL

Then we take

VZ ==
L
2A7
Hence
X0 1-6 XOovz
e >0, V) = (1=07)5z BVZ > 0,
1+ E22Vy (nz +bz)(1+4 2£V})

(nz +bz02)B2X°V}
az(nz +bz)(1+ 22Vy)

YE =0, YA =0, Wi = — 2 S pand W5 = 1€ > 0.
¢ ¢ 27 g —qsVy C7 e

Ax
YZ —_—

b

Consequently, a ZIKV-only infection steady state
SS*:(X*7YZL*7YZA*7Oﬂ07V§7O7W§7Wé’) (35)

exists whenever RL > 1.
Case (IIT) V; = 0 and Vo # 0, hence Yé =0, ?é = 0. Equation (33) reduces

to

bcbo)k A
(nc + bebo)keBe e Ty

ac(d+ BcVe)(ne + be) acVe — pe

which gives
ALVZ + BEVe + CE B
acVe — pe

0, (36)
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where

AL = acccqoBe(ne + be),
B¢ = acdecqeBo(ne + be) — keAgeBo(ne + 0cbe) — Beac (vere + poce)(ne + be),
CE = keAucBe(ne + 0cbe) — dac(vere + pece)(ne + be).

. . —L
We define a continuous function H ~ as:

=L, ARVE+ BEVe +C§
H (Vo) =
qcVeo — pe

, where Vo € [O, MC) .
qc

We get

7" 0) = _Ce _ acd(ne +be)(reve + cope) — keBorue(ne + bebe)
%] pe
acd(nc + be)(reve + copc
- 2ot )M(C He) (1 _ Ly,

We have FL(O) < 0if RL > 1. Moreover

lim H (Vo) = oo,

Ve ()

then there exists V¢ € (O, Z—g) such that FL (Vc) = 0. Clearly, if Ré > 1, then

CE = keBeuc(ne +bebc) — acd(ne + be)(reve + couc) > 0.

Moreover,

kcBcrgc(nc + bebc) > acdecqe(ne + be).

Thus B(Lj < 0, which implies the existence of two positive solutions:

—BL+\/(BE)? - 44LCE

Ve =
2AL

We have
lim H"(Vo) = —o0, and lim H" (Vo) = oc.

+
Ve () vemee

Vo € (0, MC) andVér € <Mc,oo>.
qc qc

—BL —/(BE)? - 4ALCk

Then

Then we take

Vo=
L
2AC
Hence
_ X0 _ 1—60)XV,
1+ 58V (nc +bc)(1+ 57 Ve)
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- bebc) X"V - W
ya o Pelie+bcbe)XWVe w92 ganaWe— — 3¢ 5y,

ac(nc +bc)(1 + %CVC) Hz pe —qcVe

Hence, a CHIKV-only infection steady state exists, SS = (Y,o,o,?é,?é,o,
Vc,Wz,Wc) when Ré« > 1.

Case (IV) When V; # 0 and Vo # 0, Equations (32) and (33) leading to the
following:

kzBzA(nz +bz07) rzYz
L S—) 37
az(nz +bz)d+ BzVz +BcVe) 7 qzVz —pz 37)
kcBeA(ne + bcbc) reve
—cc+ ——=0. 38
ac(ne +bo)(d+BzVz + BoVe) ' qcVe — po 3%)

We solve Equations (37) and (38) by applying the isocline method [59]. Define

kzBzA(nz + bz0z) 272
LV, Ve) = z Vg
Iz Ve) = e o+ Bava + Beve) 2 Vi — iz
39
Vg € |:O, MZ) . ( )
qz
kcBeA(ne + bebe) rche
I cprC
V. Ve) = Tt Vo —pe
12 (Vz, Ve) ac(be +nc)(d+ BzVz +BcVe)  C ' acVe — pe
40
%Ehmv' w
qc

From Equation (39), we observe the following:

(a) For Vz =0, we obtain

kzBzA(nz + bzbz) oy T2V _
az(nz +bz)(d+ BcVe) [z ’
d kzBzA\uz(nz +bz0z7) > d o %
= Vo= — —1)=—(R7—1) = V.
“~ Bec (azd(ﬁz +bz)(rzvz + czpz) 50( 21 ¢
This value is positive whenever RL > 1.
(b) For Vo = 0, we have
kzBzA(nz +bz0z) vz
—cz+ ———""—=0.
az(nz +bz)(d+ BzVz) zVz — iz

From Equation (34), it follows that

—BL —\/(BL)? —44LCY

Vz=Vy =
2A%

(©)

Ve  Off/0Vy

vy~ offjove

_ kzB3A Mz +b202)(a2Ve — 12)® + azqzrzv2(nz + bz)(d+ BzVz + BcVe)? <0, Vye (0 MZ)

kzBzBcA(nz +bz02)(qzVz — pz)?

It follows that Vi is a decreasing function of V. Hence, the isocline f g (Vz,Ve)
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intersects the Vz—axis at V; = V and the Vo —axisat Vo = ‘70 = % (Ré —1).
Now, from Equation (40), we obtain the following:
(d) For Vo =0, we have

koBeA(ne +bcbc) Lo _y
ac(nc +bc)(d+ BzVz) pe ’
d L =
— V= (R 1) = V.
Bz

This quantity is positive whenever Ré > 1.
() For Vz =0, we obtain

(nc + bebe)keBoA reve

Is =
ac(nc +be)(d+BcVe)  © 7 aoVe — po

From Equation (36), it follows that

—BE—\/(BE)’—4ALCk

Voe=Ve = 2AL
(f)
Ve Ofk/ovy
dVy — Offjove
o keBzBene + bebe)(acVe — pc)’ <O%€@Mﬂ
acqereye (e +be)(d+ BzVz + BeVe)? + keBEA(ne + babc)(acVe — pe)? ’ e

Then V¢ is decreasing function of V. Consequently, the isocline fQL(VZ, Vo)
intersects the Vo —axis at Vo = V¢ and the Vz—axisat Vy = Vy = ﬁ% (R(LJ —1).

The above analysis shows that the two Equations (39) and (40) intersect at a point
(‘72, ‘70), where ‘72 S (0, %) s ‘70 S (0, ’Z%) if

Bz

‘7Z > V; == Ré >14+ FVZ* = Ré,inv > 17
‘//\YC > VC = Ré > 1+ %VC‘ = Ré’inv S 1
Hence
o A
X = = — >0,
d+ BzVz + BcVe
VI — (1- 92)5Z~)\VZ .
(nz +bz)(d+ BzVz + BcVe)
> b0 AV
Y4 = (Uz+zz)§z Z__
(nz +bz)(d + BzVz + BoVe)
(nc + bo)(d + BzVz + BoVe)
> bol AV,
Y4 = (no +bcbe)BeAVeo -

aclbe +ne)(d+ B2Vz + BeVe)
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WZ = - vz = > 07
pz —qzVz
pe —qcVe
Thus, the ZIKV-CHIKV co-infection steady state SS = ()N( , EN/ZL,
?ZA, }76@, 175‘, Vi, Ve, Wy, WC) exists whenever Ré’m” > 1and Ré’m” > 1. O

6.2. Global stability analysis

In this section, we adopt the Lyapunov functional technique introduced by
Korobeinikov [60] to establish the global asymptotic stability of all steady states. Let
ONX, YL Y2 YE Y4, Vg, Vo, Wz, W) be a Lyapunove function and denotes fJL
be the largest invariant subset of

=L L yvA L A dGJL :

Uy ={(X, Yz, Y, Y5, Y&, Vg, Ve, Wz, We) e 0},7=0,1,2,3.

We also employ the arithmetic mean-geometric mean inequality:
1
n n 1 n
(1—11%1> < n;%i,%i >0,1=1,2,....,n. “41)
1= 1=

Theorem 1. The disease-fiee steady state SS° = (X9,0,0,0,0,0,0, W2, W2) is
globally asymptotically stable if Ry < 1, otherwise, it becomes unstable.

Proof. Define OF (X, YL, YA, YE YA, V2, Vo, Wz, We) as:

X X Nz Nz+bz A e L
@L:XO(—l—In>+YL+ Y, Y,
X0 X0 nz+0zbz 7 " nz4+0zb5 7 " no+0cbe €
nc + be yA az(nz +bz) ac(nc + bc)
B R B N
nc + 0cbe kz(nz +0zbz) kc(nc + bcbc)

o 1) gy (W2, 1)
kzaz(nz +0zbz) 72 \ W} Wy
acrc(ne + be) o (We 11 We
k ocbo) . C\wo ~ T e )
cqc(nc + 0cbe) s, C

We observe that OF (X, YE, Y2 YE YA, Vy, Ve, Wz, W) > 0 for all (X,Y2,

YA YE YA, Vs, Vo, Wz, We) > 0 and ©F(X°,0,0,0,0,0,0, W2, W) = 0.
L

Calculating % along the solutions of Equations (1)—(9) as:

o < X XO) X 0z dYE  ng+by dYS ne  dYg
dt X ) dt gz +0sb; dt g+ 0sby dt | one +0cbe dt
ne +be dYE az(nz +bz) dVz | ac(nc +bc) dVe

ne+0cbe dt  kz(nz +0zbz) dt  ko(nc +0cbc) dt
azrz(nz +bz) (1 B W§> dWz | acrc(ne +be) (1 N Wg) dWe

kzqz(nz +0zbz) Wz ) dt kcge(ne + 0cbe) We ) dit
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Substituting from Equations (1)—~(9) we get

ek X0
0 _ (12 ) (A —dX — BsXVy — BeX
7 ( e ) ( BzXVy — BcX Vi)
Nz L
—((1—-460 XVy — b)Y,
+ﬁz+ezbz(( 2)BzXVz — (nz +bz)Y7)
Nz +bz A I
———= (0 X —azY, Y,
nz-l-ezbz( 282XVz —azYs +nzYy)
e (1 = 0c)BcXVe — (ne +be)YE)
ne + Bcbe
nc + be A L
— (0 XVe —acYA +ncY,
nc+9¢*bc( cBeXVe —acYé +ncYE)
az(nz +bz) A
—= = (kyYS —c; Vg —rV; W
kz(nz+9262)( 7Yy —czVy —rzVaWy)
ac(nc + be)

— T E (ko Y& — ccVo — re VoW,
kc(nc+9cbc)( cYé cVo —rcVeWe)

azrz(nz +bz) (1 _ W%)
kzqz(nz +0zbz) Wy

X (vz+azVzWz — uzWy)

acrc(ne + be)
kcqc(ne + 0cbe)

WO
<1 - WC> (ve + acVeWe — peWe).
c

Collecting terms we obtain

ok

XO
ks (1 - ) A —dX) + B2 XV + Be X Ve — WVZ

X kz(nz +0zbz)
accc(ne + bo) 2
kc(nc + 6cbe)
azrz(nz +bz) ( WB)
1= 22 (v — puzWy) —
kzqz(nz +02bz) Wz Oz —uzWz)
acrc(nc + be) < Wg)
1- 7€) (ve — peWe) —
kcao(ne +0cbe) We (o = neWe)

azrz(nz +bz)
kz(nz +0zbz)
acrc(nc +bc)
kc(ne + 0cbe)

VW5

VeWy.

Using (A, 7z,7¢) = (dX°, uzW3, ucW), we obtain

dof — d(X =X°) agrzuz(nz +bz) Wz —W3)*
dt X kz(]z(nz + Qsz) Wz
_acrcpc(ne +be) (We — we)?
kcqe(ne + 0cbeo) We
az(nz +bz)(czpz +r272) < BzkzpnzX°(nz +0zbz) 1) v
kzpz(nz +07bz7) az(nz +bz)(czpz +rzvz) z
ac(no +be)(copc + reve) ( Bekepe X (ne +0cbe) 1) v
kcpc(ne + 0cbe) ac(nc +be)(copc +reve) ¢
d(X =X agrzpz(ng +bz) (Wz —Wy)*
X kzqz(nz +0zbz) Wz
_acrepc(ne +bo) (We — WE)?
kcqe(ne + Ocbe) We
az(nz +bz)(czpz +rz27v2)
kzpz(nz +0zbz)
ac(nc +be)(copc + reve)
kcpc(ne +0cbe)

(RE —1) Vg

(R& —1) Vo

L
If RL < 1and RL <1, then 20 < 0,V (X, YL, YA, YE, Y&, Vg, Vo, Wg,We) >

20
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L

0. Moreover, % = 0 when (X, Wz, W¢) = (XO,WB,WCQ) and (Ré -1V =
(RL —1)Vix = 0. The solutions of system Equations (1)—(9) converge to fé [61]. The
set has elements satisfying (X, Wz, W¢) = (X°, W2, W),

(R —1)Vz =0 and (RL — 1)Ve = 0. (42)

There are four cases:
(1) Ré = 1and Ré = 1. Then from Equation (1) we get
X 0 0 0 0
0= —- =A—dX" = B, XV = BoX Vo = (B7Vz + BcVeo) X" =0 (43)
= Vz(t) =0, Vo(t) = 0 for any ¢,

and then % = % = 0. From Equations (6) and (7), we find that

dV,
0= d7t2 = kZYZA(t) = YZA(t) =0 forany ¢, (44)
d
0= % = kCYé“(t) = Yéq(t) =0 foranyt, (45)
50 % = % = 0. From Equations (3) and (5), we find that
dYZA L L
0= "2 =z} = V(1) = 0 foranyt, (46)
dy# L L
0= = ncYy = Y5 (t) =0 forany t. (47)

Thus T} = {S5°}.

(ii) R% < land Ré < 1. Then from Equation (42) we have V; = Vo = 0 and
Equations (44) and (45) indicate YZA = 0and Yé“ = 0. From Equations (46) and (47)
we get Y = 0 and Y% = 0 and hence Ty = {S5°}.

(ii1) R% = 1 and Ré < 1. Then from Equation (42) we get Vo = 0 and from
Equation (43) we obtain Vz = 0. Equations (44)— (47) imply that /! = Y4 = Y} =
Y% = 0. Thus T} = {S5°}.

(iv) Ré < 1and RE = 1. Then from Equation (42) we obtain V; = 0 and from
Equation (43) we get Vi = 0. Equations (44)—(47) indicate Y/ = Y4 =Y =YVE =
0. Thus T} = {$5°}.

By applying LaSalle’s invariant principle as formulated in Khalil’s study [62], it
follows that SS? is globally asymptotically stable.

To establish the instability of SS? when R% > 1 and/or Ré > 1, we examine
the characteristic equation obtained by linearizing Equations (1)—(9) about S.S°. The

resulting characteristic polynomial is given by:
(@+8)(uz +8)(uc +€) (€ + DEe + Die + PE) (€6 + B + Ble + BE) =0, (48)
where £ is the eigenvalue and
ﬁQL:az+bz+cz+772+7“zW§,

21
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DY =az(nz +bz) +azez +cz(nz +bz) +azrzW
+ (nz +bz)rzWy — 0282k2X°,

D = az(nz +bz)(cz +12Wg) — Bzkz X (nz + 02bz)
~az(nz +bz)(czpz +1272) (
nz

Ef =ac +bc + cc +nc + reW,

R; —1),

E’lL =ac(nc + be) + acee + co(ne + bC) + aC""CVVgY
+ (e + be)reWe — bcBeke X°,
E§ = ac(nc +be)(cc + reW) — Boke X (ne + 6cbe)

_ac(ne + be)(copc + reve) (
ue

RE—1).

It is evident that if ROL > 1, then ﬁé < 0 and/or E’é < 0. Consequently, Equation (48)
admits at least one positive root, implying that S.S is unstable. O

Theorem 2. The ZIKV-only infection steady state SS* = (X*, YZL*, YZA*, 0,0,V7,0,
W3, W¢) is globally asymptotically stable
if Ré > 1 and Ré’im} < 1. Furthermore, SS™ is unstable when Ré S 1.

Proof. Define O (X, YL YA YE YA, Vs, Vo, W, We) as

X X Nz vE vk
oF = x* —1—In— +7Y —1—1In
<X* I’IX*> Nz +‘9ZbZ <YL* YL*

L Nzt bz y A (YA 1t YA)+ nc__yr ., NMetbo ya

nz +0zbz % \y/ Y4 ne+0cbe ¢ " ne +0cbe” ©
az(nz +bz) v (VZ . VZ) ac(nc + be)

a3 V2 |\ 1l -In— ) + o

kz(nz +0zbz) V; % kc(nc + 0cbe)
azrz(nz +bz) s (Wi e Wi)

kzqz(nz +0zbz) w3 W
acrc(ne +bc) . (Wf 1 WS) _

kcge(ne + 0cbe) W WE

We observe that OF(X, YL YA VE YA, Vy, Vo, Wz, We) > 0 for all (X,Y2,
YZ"‘,YC,YC,VZ,VC,WZ,WC) > 0and OF(X* V¥, Y4*,0,0, V0, W5, WE) =
0. Calculatmg dt along the solutions of Equations (1)—(9) as:

ﬂ: 1 X* diX_i_ Nz 1_YZL* dy}
dt X ) dt  mz+0zby YE ) dt
nz +bz (1 B YZA*> dys ne  dYk
Nz +0zbz Y dt no +0cbe  dt
e +bo dYe | _az(nz +bz) (1 Vz> vz | _aclic+bc) dVe
ne + 0cbe  dt ]fz(nz + ezbz) 4 dt kc(nc + ecbc) dt

azrz(nz +bz) (1 ) dWz  acrc(ne +be) (1 ) dWe
kzqz(nz +0zbz) Wz ) dt kcqc(ne + 0cbe) We ) dt
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Substituting from Equations (1)—~(9) and collecting terms we get

dert X*
n 7<17 X)(/\de)

« azcz(nz+bz) azrz(nz+bz) *>
+ X" - - V.
(ﬂz kz(nz +0zbz) kz(nz+0zbz) z)rz
« accc(nc +bc) acrc(ne +be) *)
+ (BoX" - - We ) Ve
(ﬂc ke(ne + 0cbe)  ko(no +6cba) ©) 7¢
nz(1—0z)Bz Yz
- 122 92)P7 vy,
nz +0zbz ZYE
nz(nz +bz) yL*_ (nz +bz)0z8z XV Y+ az(Nz +bz) A«

nz +0zbz 7 Nz +0zbz Yi * nz +0zbz 7
_ nz(nz + bz)YLYLA* _ az(nz +bz) ALZ* azcz(Mz +bz) .«
nz+0zbz 7 YA nz+0zbz 7V kz(nz+0zbz) °
azrz(nz +bz azrz(mz + bz W
kz(nz(n+ 9ZbZ; kzqz(éz + szi) ( - Wi) (vz = nzWz)
acrc(ne + be) (1 _ We
kcqo(ne + 0cbe) We

VzWz +

) (ve — peWe).
Using the steady state conditions

A =dX* + Bz X"V,
(1—02)B2X"Vy = (bz +n2)Y5",
azY " = 02B8,X "V +nzY5",
kY = Vy +r VEWs,
vz = wzWz —azVz Wy,

vo = pucWe.
We obtain

ot _  d(X —X*)?

dt X
nz(1 —0z) - X*  XVzYEr  YEiYS vivg
7/BZXVZ 4— = - «yvL L A Ax
Nz +0zbz X  X*VpYE YEYE YAV
02Nz +b2) , urrs X XVeYgt YRV
2T 2, XV |3 - S — -

Tz 4050, VNV X XVpYE YAV

acd(nc + be)(copc +reye)
kcAue(ne + 0cbe)
_agrzpz(nz +bz) Wz —W3)?  acrcpc(ne +be) (We — WE)?
kzqz(nz +0zbz) Wz kcqe(ne + 0cbe) We
azrz(nz +bz) v (Wz —W3)?
kz(nz +0zbz) 7 Wz '

X* (Ré 1 Ré*) Ve

From steady state conditions of SS*, we have V} — £2 = — 7‘,2[,* . It follows that
qz qz Vv 7

dey d(X - X*)2

dt X
772(1 — 02) oy ok X* XVZYZL* YZLYZA* YZAVZ*
B XV |4 - — — I VieyvA  yA
Nz +0zbz X X*VyYy Y *Yy Y Vg
0 +b - X' XVaYZr YRR
Mﬁzx V|3 — _ Z*ZA_ i z
Nz +9ZbZ X X*VZYZ YZ*VZ

+

ac(nc +be)(copc +reve) (L, ine
Rz —1) WV
kopc(ne + 0cbe) ( © ) ¢
~azrzyz(nz +bz) Wz — W3)? _acrepc(ne +be) (We — We)?
kzqz(nz +0zbz) WiWyg kcge(ne + 0cbe) We '
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Applying Equation (41) we obtain

X*  XVpyke vivie  yhvy
X Xx<vpylk o vhEva o v,

> 4.

Consequently, if Ré’mv < 1, then d%f <0, forall (X,YE YA YE YV, Ve,

Wz, Wo) > 0. Moreover, %91 = 0 when X = X* Y = YF*, YA = v/,
Vi = Vi, Wz = Wz, Wo = Wz and (RE™ ~1) Ve = 0. The solutions of
Equations (1)—~(9) approach ff as t — oo. This set consists of elements for which
X=X Yi=YE Y=YV, =V}, Wy =W}, We = W and

(Rgmv . 1) Vo = 0. (49)

We have two cases:
(i) When Ré’im’ < 1, Equation (49) implies that Vo = 0. Substituting this into
Equation (7) yields:

B dVo

0= el kcYZ(t) = YE(t) = 0 for any t. (50)

From Equation (5) we have

dye L L

0= W = 'I’]CYC (t) = YC (t) = 0 for any t. (51)
Hence 'l = {55*}.
(ii) When Ré’m” = 1, it follows from Equation (1) that
dX * *Y 7k *
0= Y A—dX* = Bz X"V, — Bc X Vo= Ve(t) =0 forany t.

Using Equations (50) and (51) we obtain Y2 = Y = 0. Therefore, It = {SS5*}. By
applying LaSalle’s invariant principle, it follows that SS* is globally asymptotically

stable.
To assess the instability of SS* when Ré’mv > 1, we derive the characteristic
equation at S'S* by evaluating the Jacobian matrix of the system, which yields:

(ne +€) (€ + B + BEe + B ) lazrzViWi(az +€)(d+ B2V5 + ) (bz +nz +)

—(q2Vz —pz = &) ((az +E)(cz +rzWz +&)(d+ B2zVz +E)(nz + bz +§)
—kzBzX (d+ &)+ (nz + 0z (bz +£)))]
-0,

(52)

where the coefficients FQL, FlL and FOL are defined as:

Fy = ac +bc + cc +nc +reWe,

Ff' = ac(nc +be) + acce + co(ne + be) + acre W
+ (nc + be)reWe — 0cBeke X ™,

EY = ac(ne +bo)(co + reWe) — Boke X* (nebe + be)

_ _ac(ne +bc)(reve +ecpc) (prine _
-~ v (re™ =1).
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If Ré’m” > 1, then FOL < 0, and hence, Equation (52) has a positive root and hence
S5* is unstable. O

Theorem 3. The CHIKV-only infection steady state SS = (Y,o,o,?é,
Yé, 0,Veo, Wz, W) is globally asymptotically stable ifRé > 1 and Ré’im} < 1.

Furthermore, SS is unstable. when Ré’mv > 1.

Proof. Define ©X(X,VE YA YE Y Vy, Vo, Wy, W) as:

/X X Nz Nz+bz 4
@L:X :—1—111: +7YL+7Y
(X X) nz+0zb7 % " nz+0zb5 7

Lo g (Yo oy, Ye
nc + 0cbe ?é Yé

be —a (Y ' b
o F0C A (C—l—lnc>+ az(nz +bz)

ne +0cbe” © 72 73 kz(nz +0zbz) z
i) (Ve T
kc(ne + 0cbe) Ve Ve
oot ) gy (W W)
kzqz(nz 4+ 62bz) Wy Wy
el bl g (Ve 02
kcqo(ne + 0cbe) We We

Calculating % along the solutions of Equations (1)—(9) as:

X

—L —A
nc (1 Yc> dyk  nc+be (1 Yc) dy¢!

d@%_ 1_X de Nz dYZL Nz + bz dYZA
dt dt  ng+0zby dt  ny+0zby dt

- ne + 0cbe B Té dt ne + 0cbe B Yic‘? dt

az(nz +bz) dVz | ac(nc+bc) <1 B Vc) Ve
kZ(nZ + ezbz) dt kc(nc + ecbc) Ve dt
azrz(nz +bz) (1 WZ) AWz n acrc(ne + be) (1 Wc) dWe

kzqz(nz +0z07) \© Wz ) dt keqe(ne +0cbe) \© We ) dt -

Substituting from Equations (1)—(9) and collecting terms we obtain

aek ( X> ( — agcz(nz+bz) azrz(nz +bz)— )
= (1-Z ) (AN —dX)+ (X — - Wy )V,
dt x) ! )+ Pz kz(nz +0zbz)  kz(nz +0zbz) 2) 7

n (ﬁcX _accc(ne +bc)  acre(ne +be)
kc(ne +0cbe)  ke(ne + 6cbe)

Wc) Ve

—L
1-6 Y be)—
_ el C)ﬁcXVc—g L nelne + C)Yé
nc + 0cbe Y5 ne + 0cbe
(nc +bc)bcBo Yo [ ac(ne +bc)a  nelme +bc), 1Yo
- XVo3 Yo-— Yo oq
ne + 0cbe Y4 ne + 0cbe nc +0cbe 7 Y4
ac(nc +bc) , aVe | accc(ne +bo)w | acrc(ne +be) <

VW,
ne +0cbe € Vo ! kelne +0cbe) € kelne +0cbe) €

azrz(nz +bz) ( WZ)
1— 22 (y5 — uzW.
kzqz(nz 4+ 02bz) Wy Oz =1z Wz)
acrc(ne + be) ( Wc)
1— —= — Weo).
kcqc(ne + 0cbe) We (e = neWe)
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Applying the steady state conditions

A—dX = BcX Ve,
(1—00)BcX Ve = (no + b)Y e,
OcBeX Ve + UC?é = ac?g,
Ve +reWe Ve = koY,
Yz = pzWz,
Yo+ qcWeVe = pecWe,

we get
doy _  d(X -X)?
at X
ne(l —ec)ﬁcX—Vc 4 X B XVc?é B Yé?g B YC’?VC
ne + cbe X XVeYe YéYCA Yive
— 7A —
0 b — X  XVeY YAV
yfelietbe)y 3y |s- 2 - XVe¥e  YeVe
nc + 0cbe X XVeYd  Yove
az(nz +bz)(czpuz +rz7vz) ( oL inv
+ R,y —1)V,
kzpz(nz + 0zbz) ( z ) z
_ azrzpz(nz +bz) (Wz — Wz)? B acropc(ne +be) (We — We)?
kzqz(nz +0zbz) Wz kcge(ne + 0cbe) We
acrc(nc + bC)Vc (Wo —We)?
kc(ne + 0cbe) We '
From Equilibrium conditions of SS, we have V¢ — ’;—g = —qwi%. It follows that
cWc
doy _ d(X -X)?
dt X
17(;(1 —ec)ﬁcX—VC 4 X B XVc?é B Yé‘?g B YéqVC
nc + Ocbe X  XVeYe ?éch‘ Yave
bole +he) g 7, |3 X _ XVeVe YéVe
ne + cbe X XVeYd  Yeove
az(nz +bz)(czpz +rzvz) (pLine
+ R,y —1)V;
kzpuz(nz +0zbz) ( z ) z
_ azrzpz(nz +bz) (Wz — W z)? _ acrcye(ne +be) (We — We)?
kzqz(nz +0zbz) Wz kcge(ne +0cbe)  WeWe
C . L,inv . . ot
onsequenty, if R < 1, using Equation (40), we get —7* < 0, where
4ok

— = 0 occurs at (X, Yé,Yé‘,VC,WZ,WC) = (Y,?g,?g,VC,WZ,WC) and
(Ré’mv - 1) Vz = 0. The solutions of the model converge to 'y which contains

elements with (X, Y&, YA, Vo, Wz, We) = (X, Y6, Y0, Vo, Wy, We) and
(Rg’”“’ - 1) Vy = 0. (53)

We have two cases:
1 If Ré’im’ < 1, then Equation (53) implies that V; = 0 and from Equation (6)
we get

0= % =kzY = Y (t) =0 foranyt. (54
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From Equation (3) we have

0= de =nzY}t = YE(t)=0 foranyt. (55)

Hence I'} = {5S}.
(ii) When RL ™ — 1, Equation (1) gives

A—dX + 52YVZ + BcXi‘/C =0= Vyz(t) =0 forany t.

From Equations (54) and (55) we have Y = Y/ = 0. Hence fL = {SS}. LaSalle’s

invariant principle shows that SS is globally asymptotlcally stable.
To investigate the instability of S'S when R " > 1, we derive the characteristic
equation at S.S by evaluating the Jacobian matrlx of the system, leading to:

det(J(58) — ¢1) = (uz +€) (6* + G5 + Gle + GF ) [(regeWeVelac +)(BcVe +d +¢)

X (bc +1nc+ &) = (qcVeo — po — &) ((ac +&)(cc +reWe + &) (BcVe +d +€)
ne +be +€) — keBoX(d+€) + (ne + o (be +)))] (56)

x (
-0,

where the coefficients G%, G¥ and G are defined as:

G =az +bz4cz+nz+r7Wa,
GE =az(nz +bz)+azez +czlbg +nz) +azrzWy
+ (nz +bz)rzWz — Bzkz X,

GOL _ _aZ(ﬁZ + bZ)LCZMZ +7rz7z) (Ré,im} B 1) .
z

If Ré’im’ > 1, then QOL < 0, and hence, Equation (56) has a positive root and hence
SS is unstable. O

Theorem 4. The ZIKV-CHIKV co-infection steady state SS = ()?7}7;,}72‘47

?CL,?g‘,VZ,VC,WZ,’WVC) is globally asymptotically stable if RL s 1 and
L,inv

R > 1

Proof. Define O (X, Y} YA VE YA Vs Vo, Wy, We) a
- L
®§:X(£—1—1n£)+"7zy Y2 | Y2
X X Nz +0zbz Yk yL

Z
_ A
Lmths gy (L
nz + 0zbz YA YA

z
_ L L _ A A
p e yr(Ye Yo ), metbe ga(Ye | Yo
nc + 0cbe Yk \ nc + 0cbe % \ 5
az(nz +bz) = (VZ Vz) ac(nc +bc) = (VC Vc)
y 22z r0z) g (V2 g gy 22 4 eclethe) gofYe g,
kz(nz +0zbz) z \ \ kc(ne + 0cbe) © Vo Ve
azrz(nz +bz) 5 (% 11— %)
kzgz(nz +0zbz) Wy Wz
acrc(nc +bc) = (We WC
kcqc(ne + 0cbe) We Wc

We observe that ©% (X, Y2, Y2, YL YA, Vi, Vo, Wy, We) > 0 forall (X, VE, Y,
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YE YAV Vo, Wz, We) > 0 and OF (X, YE YA, YE YA Vg, Vo, Wy, We) =
L
0. Calculating % along the solutions of Equations (1)—(9) as:

@_ 1_% diX_FniZ l_ﬁ dYZL_|_ 77Z+bZ 1 E dYZA
dt X dt Nz +0zbz YZL dt Nz +0zbz YZA dt
e [, YE\dYE  motbe [ Ve ave
nc + 0cbe YC{J dt nc + 0cbe YCA dt
az(nz +bz) (1 ‘7Z> dVz | ac(nc +bc) <1 ‘7c> dVe

kz(ﬁz + ezbz) B Vy W kc(?]c + ecbc) B Ve W

azrz(nz +bz) [, Wz \ dWz | acrc(ne +be) 1 We '\ dWe
kzqz(nz +02bz) Wz | dt kcgc(ne + 0cbe) We ) dt -

Substituting from Equations (1)—~(9) and collecting terms we obtain

L Y ~ —
d@3 _ (1 _ X) ()\—dX) + <5ZX _ aZCZ(nZ“‘bZ) aZTZ(nZ‘f'bZ)WZ) Vy

dt X kz(nz +0zbz)  kz(nz +0zbz)

< accc(nc +bc)  rcac(ne +be) >
+(BeX — - We ) Ve
(ﬂ ko(ne +0cbe)  ke(ne + 0cbe) @)re

nz(1—02)87 ., Y%
_ N2\ T Z)PZ Ny 12
Nz + 0zbz ZYZL
nc(1l —0c)Be YE  mznz+bz) s | nelne +be) sy
_NeemYe)be yy ey Y,
ne + Ocbe CYCL nz +0zbz 7 ne+0cbe €
(nz +b2)0282 Y4 (ne +be)bcBe Y4 az(nz +bz)oa
Wz 02)02P7 vy Tz WO TRCCPC oy Te o, 02Uz TO7) g
nz +0zbz ZYZA nc + 0cbe CYé‘ nz +0zbz 7

ne +0cbe ¢ nz +0zb7 ZYFE  ne+0cbe ¢ YicA

ac(nc +bc)ga  nz(nz +bz), 1 Y7 ne(ne + be)y 1 v

az(nz +bz) vA Vz  ac(nc +be) vA Ve
- Y = Y —
Nz +0zbz Vz nc + 0cbe Ve
azcz(nz +bz) % acce(ne +be) 7
c

kz(nz +0zb7) ° kc(ne + 8cbe)

azrz(nz +bz) Wy
1 22 (y — pgWa) +
kzqz(nz +6zbz) ( Wy Oz = nzWz)

acrc(ne + beo) Weo
1- %) (o — peWe) +
kcae(ne + 0cbe) ( (e = neWe)

azrz(nz +bz)~
— =V, W,
kz(nz +0zbz) 2

acrc(nc + be) =
——— —V-We.
kc(ne + 0cbe) e

We
Applying the steady state conditions

A=dX + B, XV, + BcXVe,
(1—02)B2XVz = (nz +bz)Y%,
azYg = 078,XVy +nzY7,
(1= 0c)BcX Ve = (be +nc)YE,
acYd = 0cBcXVe +ncY,
kZEN/ZA =cyVy + rz\N/ZWZ,
kc?é‘ = ccf/c + Tc‘7bW(j,

Yz = ,UZWZ - QZ‘N/ZWZ,

28



Advances in Differential Equations and Control Processes 2026, 33(2), 4021.

ve = ueWe — acVeWe,
we get

Ao} d(X —X)*  nz(1—6y) X XV,VE YEVS YAV,

XVy |42 - 2222 -
dt X w0, VT X T R Vv,
ne(l—10c) , <=~ X XVeYE YEYE YAV
o PeXVe |4 - - —= L vLyA A
nc + 0cbe X XVeYE  YEVE YAV
9 b ~~ X XVzYA YAV
M/@ZXVZ 32 _4YZlz 2z V2
nz +0zbz X XVzvy YV
Oc(nc +bc) , == X XVeYE YAV
BeXVe |3- v —==—1 =,
ne + cb X XVeYd  YAVe

rzaziiz(nz +bz) Wz = Wz)?  reacpc(ne +be) We — Wo)?

 kzaz(nz +0zb7) Wz kcqo(ne + 0cbe) We
azrz(nz +bz) v, (Wz —Wz)?  acre(ne + bo) 7 (We —We)?
kz(nz +0zbz) Wy kc(ne + 0cbe) We '
From the steady state conditions, we have Vy—bz — _ 9z apqd ‘70 —kC — __Jg |
4z azWz qc qcWe
It follows that

dof _ d(X - X)*  nz(1-0z) X XVVE YEVS YAV

XV l4—-2 - 2= ~ ~
dt X w0, VT X T R Vv, v,

no(1=00) 55 [, X XVeYE YEVE YAV

ne +0cbe "¢ X X’VCYCL ffCLYé“ ?é“Vc

0 b g X  XVpY) YAV

2z +b2) 5 5, 13- X XVaYg YiVz

nz +0zbz X XVzYs YV

0 b . X XVeYE YAV,

c(nc + C)BCXVC g X _XVeY4 YiVe

ne + bcbe X XVeYd  YAVe

rzagyz(nz +bz) Wz = Wz)®  reacyc(ne +be) (We — We)?
kzqz(nz +0zbz)  W,W, kcqo(ne +0cbe)  WoWe

We can see from Equation (4L1) that, % < 0, for all (X, YZL , Yé“, YC@ , Yé“, Vz, Ve,
Wy, We) > 0. Moreover, % = 0 occurs at S.S. The model’s solutions converge to
I~“§ = {5’5’ }. LaSalle’s invariant principle implies that SS is globally asymptotically
stable. O

Table 1 provides an overview of the existence and global stability conditions for
each steady state of the Equations (1)—(9).

Table 1. Criteria for existence and global stability of steady staes of Equations (1)—(9).

Steady state Existence conditions Stability conditions
EQO:(X07030707030’07W27W8) - RéﬁlandRéSl
EQ*:(X*aYZL*7YZ14*70707VZ*7OaW}aWE) Ré>1 Ré>1andRé’i”“§1
EiQ:(Y7O7O,?é,?é70,VC7WZ,WC) Ré>1 Ré>1andRé’”w§1
EQ = (X,Y£, YA YE YA Vs, Vo, Wa, We) RL™ > 1land RE™ > 1 RL™ > 1land RE™ > 1
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7. Co-infection model with different treatment strategies

In the context of within-host dynamics of viral co-infections, developing effective
therapeutic strategies is crucial for minimizing disease severity and limiting viral
spread. The model considered here addresses the co-infection of ZIKV and CHIKYV,
under the impact of different treatment strategies. To study the impact of different
treatment strategies through mathematical modeling, we consider four approaches,
each targeting infection through a distinct mechanism. These strategies include: (1)
blocking viral entry into healthy cells, (2) inhibiting viral replication within infected
cells, (3) enhancing antibody production, and (4) increasing the rate of natural antibody
production. The mathematical formulation of each strategy allows us to assess its
effectiveness in reducing viral replication and stabilizing the disease-free state. In the
following sections, we describe the modifications introduced by each treatment to the

basic system.

7.1. Strategy I: Antiviral treatment for blocking viral infection

One of the most direct and biologically intuitive antiviral strategies involves
preventing the virus from successfully infecting healthy target cells. This can be
achieved through pharmacological agents that block viral entry into host cells, thereby
reducing the effective infection rate. In the context of within-host mathematical
modeling [63], this strategy is incorporated by reducing the infection transmission
parameters S and 8¢ using treatment controls vz and uc, respectively. This results

in the following modifications to the original system of Equations (1)—(9):

dX
o S A TAX - (1—uz)BzXVz — (1 —uc)BcX Ve, (57)
dy} I
T (1-02) 1 —uz)BzXVz—(z+bz)Y7, (58)
dyg L A
= 071 —uz)BzXVz+nzYs —azYy, (59)
dyk I
el (1—=0c)(1 —wuc)BcXVe — (nc + b)Y, (60)
ayg L A
W = 90(1 — UC)BCXVC +ncYs —acYy, (61)
dV;
dTZ = kY4 — czVy —ryVy Wy, (62)
d
% = koY — coVe —reVeWe, (63)
dw
dtZ =v7 +qzVz Wz — uzWy, (64)
aw,
WC =vc +qcVeWe — peWe. (65)

Where uyz, uc € [0, 1] are antiviral efficacy against ZIKV and CHIKYV, respectively.

The effect of antiviral treatment manifests in the basic reproduction numbers for
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Equations (57)—(65) as:

RL(uy) = kz(1 —ugz)BzA\uz(nz + 5292)7
azd(nz +bz)(rzvz +czpz)

RE(ue) = ko(1 —uc)Beruc(no + bcec)'
acd(nc +be)(reve + cope)

When all other parameters are held constant, RZ(uz) and RE(uc) decrease
monotonically with increasing treatment intensities uz and uc, respectively. This
decline highlights the role of antiviral therapy in inhibiting the infection of susceptible
cells by the virus. As a result, increasing the control parameters uz and uc leads
to a reduction in the effective infection rates, thereby decreasing the influx of
newly infected latent (Y}, V%) and active (Y7, YZ') cells. Consequently, the
viral concentration (Vz, V) also diminish, as fewer infected cells are available
to produce new virions. Therefore, this treatment mechanism acts as a powerful
preventive strategy to limit viral spread and control the severity of ZIKV and CHIKV
co-infections.

The minimum efficacy levels required to bring Ré <land Ré < 1 are calculated

as:

B — {1 ~azd(nz +bz)(rzyz + cz,uz)’ } ’
kzBzAnz(nz + bzbz)
; d b
U — max {1 _acd(ne +be)(reve + CcMc)7 } ‘
kcBornc(ne + bebo)

Corollary 1. If u%‘in <uyz <1and urgi“ < uc <1, then the disease-free steady state
SS0 is globally asymptotically stable.

7.2. Strategy II: Antiviral treatment for blocking viral production

One of the key antiviral strategies targeting intracellular stages of viral replication
involves inhibiting the production of new virions from actively infected cells. This
mechanism can be implemented through therapeutic agents that interfere with viral
assembly, maturation, or release processes [64]. In within-host mathematical models,
this strategy is reflected by reducing the viral production rates k£ and k¢ via treatment
controls vz and v¢, respectively. Incorporating this intervention leads to the following
modified version of the original Equations (1)—(9):

dX

E =A—dX — BzXVy; — BcX Ve, (66)
dYy L
e (1-02)B2XVz — (nz +bz)Y;, (67)
dyy L A
T 0782XVz +nzY7 —azYy, (68)
dyk L
T (1 =0c)BcXVe — (nc + be)Ye, (69)
dy¢! L A
—= =0cBcXVe +ncYs —acYs, (70)

dt
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% = (1 —vg)kzYZ —czVg —rgVaWy, (7D
d?:Z =7z +4zVzWz — nzWaz, (73)
% =vc + qcVeWe — ucWe. (74)

Where vz, ve € [0, 1] are efficacy of antiviral treatment in inhibiting virus production
from actively infected cells with ZIKV and CHIKY, respectively.
The basic reproduction numbers corresponding to Equations (66)—(74) are

expressed as:

(1 —wvz)kzBzA\uz(nz +bz027)
azd(nz +bz)(rzvz +czpz)
(1 —ve)kcBeAnc(ne + bebc)
acd(nc +bo)(reve + copc)

RY(vz) =

R§(ve) =

They are structurally identical to those derived in the first strategy (blocking infection).
The key difference lies in the biological interpretation: while the first strategy reduces
infection rates by limiting virus entry into target cells, the second strategy directly
suppresses viral output from actively infected cells. Nevertheless, the mathematical
formulation of RL and R% remain unchanged. Clearly, RZ(vz) and R5(ve) are
strictly decreasing functions of the treatment intensities vz and vo, respectively.
Therefore as vz and ve are increased the viral concentration (Vy, V) are decreased.
Strengthening this inhibitory effect can drive the reproduction numbers below or equal
one, ensuring the global asymptotic stability of the disease-free steady state S.S° and

confirming the clinical potential of targeting viral production in managing coinfections.

7.3. Strategy I1I: Immune-enhancing therapy

The third type of therapeutic intervention aims to enhance the host’s immune
response against ZIKV and CHIKV by stimulating antibody production. In this
approach, treatment parameters wz and wc amplify the antibody generation rates
for each virus, thereby increasing the levels of W, and W. This mechanism is
incorporated into the within-host model by modifying the antibody dynamics equations,
while all other equations remain consistent with the original system. The modified

model equations are as follows:

dX

= A—dX — 7XVz — Bc XV, (75)
dy} L
3 (1-02)B82XVz — (nz +bz)Y7, (76)
dYZA L A
ek 0z82XVz +nzYy —azYy, (77)
dyk L
- (1 =0c)BcX Ve — (ne +bc)Yes (78)
dyz L A
= = OcBcX Ve +neYs —acYsd, (79)
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dd% = kY4 — eV — 17V Wy, (80)
% = ke Y& — ccVo — reVeWe, 81
d?;z =vz+ (1 +wz)qzVzWz — pzWo, (82)
% =9c + (1 +we)ecVeWe — peWe. (83)

Where wyz, wo € [0,w™] are control parameters representing the efficacy of the
immune-enhancing therapy in boosting the antibody response and w™®* denotes the
maximum achievable level of treatment efficacy, defined as the treatment level beyond
which no further improvement in efficacy is expected [65].

The basic reproduction numbers Ré and Ré are identical to those in the original
model, showing no direct dependency on the immune-enhancing parameters. However,
the immune-enhancing strategy may influence the transient dynamics by accelerating
immune activation and viral clearance, which will be discussed further later in the

simulation.

7.4. Strategy IV: Treatment for enhancing antibodies’ flow rate

This fourth type of treatment involves enhancing the baseline production rate of
antibodies by directly stimulating the immune system. Unlike the previous approaches,
such as infection blocking, viral production suppression, or immune stimulation
through virus interaction-this strategy augments the constitutive source term of the
immune components vz and ¢, modulated by control parameters xz and k¢. This
leads to an increase in baseline antibody levels W, and W. The modification within

the host co-infection model under this treatment is given as:

dX

E =A—dX — 82XV, — BcX Ve, (84)
dyt .
e (1=02)82XVz —(nz+bz)Yy7, (85)
vy L A
T 0z82XVz +nzY; —azYy, (86)
dyk .
g = L= 0c)BeXVe — (e +be)Ye, (87)
dye! L A
el OcBcXVe +ncYs —acYs, (88)
dV,

7: =kyYj — czVz — rgVeWa, (89)
dV

cTtC = keYE — ccVe —reVeWe, (90)
dW.

2= (L4 K2)7z + 42Va Wz — nzWa, 1)
dW,
70 = (14 ke)ve +acVeWe — pcWe. (92)

Here k7, ko € [0, k™| represent the intensities of immunotherapy aimed at enhancing
the natural production rates of antibodies, respectively. These parameters model the

therapeutic boost applied to the baseline antibody generation, thereby amplifying the
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host’s immune response against ZIKV and CHIKYV infections [43].
Equations (84)—(92) has a disease-free steady state SS?S DH-(92) = (%, 0,0,0,

0.0.0 (A+rz)vz (1+'€C)’YC)
T pz %] ’
Equations (84)—(92) are expressed as:

The basic reproduction numbers corresponding to

kzBzA\uz(nz +bz0z)

RLi(k,) = ,
282) = @z + b2+ w2y T )
RE(e) = keBornc(ne + bcbe)
¢ acd(nc +bc)((1 + ko)reve + copc)
We have
ORy _ kzBzMizrzyz(nz +bz0z)
0Kz azd(nz +bz)(1+ kz)rzvz + czpz)?’
ORG kcBeucreye(ne + bebe)

Okc  acd(nc +bc)((1+ se)reve + copc)?

When all other parameters are held constant, the reproduction numbers R%(rz) and
Ré(/ﬁlc’) decrease monotonically as the treatment intensities xz and k¢ increase.
This behavior reflects the role of immunotherapy in suppressing viral replication. In
particular, increasing xz and k¢ enhances the antibody responses W, and W, while
simultaneously lowering viral loads as well as the populations of latently and actively
infected cells. Hence, strengthening the immune response through treatment constitutes
an effective approach for controlling DENV-CHIKYV co-infection.

Our objective is to identify the threshold levels of k7 and k¢ that ensure Ré <1
and Ré < 1. It follows that

Ré(HZ) <1forall ky € [Hrgin’ Hrgax} 7
Ré(ﬁC’) <1 for all Ko € [ﬁgin’ Hrgax} ’
where the minimum efficacy levels required are given by:
A max {0, rgYz + Calz pr o) 1)} |

rzvz

K = max {0, e ?CC“ < (RE(0) - 1)} .
crc

Corollary 2. If /ﬁ??in < kz < kY™ and n%in < ko < KEY, then the disease-free

steady state S.S ?8 - (92) is globally asymptotically stable.

8. Numerical simulations

In this section, we present a series of numerical simulations aimed at validating
and extending the theoretical findings. By utilizing specific parameter values, we
illustrate the model’s dynamic behavior under varying conditions. The analysis
includes assessing the stability of steady states, and the impact of different types of

treatment strategies.
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8.1. Stability of steady states

The system of Equations (1)—(9) is solved numerically using the MATLAB solver
ode45. The values of the model parameters used in the simulations are given as: A = 10
cells mm~2 day~!,d = 0.14 day !, 07 = 0.3, 0c = 0.3,z = 0.9 day !, nc = 0.9
day~!, by = 0.14 day !, b = 0.14 day ™!, ay = 0.14 day~ !, ac = 0.4443 day !,
kz = 10 viruses cells~! day~!, ko = 4 viruses cells™! day™!, c; = 3.5 day !,
cc = 0.4418 day_l, rz = 0.01 cells~! mm? day_l, ro = 0.001 cells™! mm? day_l,

vz = 1.402 cellsday !, yo = 1.402 cells day !, gz = 0.00219 viruses ' mm? day—!,

1 1 and pc = 0.4 day—!. Parameters

gc = 0.002 viruses—! mm? day !, iz = 0.4 day~
Bz and B¢ are varied.

Some model parameters were chosen from published studies on CHIKV or ZIKV
single infections whenever dependable estimates were available. For parameters
without direct experimental measurements, values consistent with established
within-host viral dynamics literature were adopted within biologically reasonable
ranges. The parameter set used in the numerical experiments is mainly intended
to show that the theoretical stability and threshold conditions are reflected in the
simulated solutions of the model. The key qualitative findings of the study, including
threshold behavior, virus persistence leading to dominance or elimination, and
possible coexistence patterns, are obtained from reproduction number and invasion
analysis rather than from particular numerical parameter choices. The simulation
results indicate that these qualitative dynamical properties remain valid under
moderate variations of parameter values. The current lack of detailed clinical data for
CHIKV-ZIKYV co-infection limits precise parameter calibration. Future availability of
reliable patient data would allow more accurate estimation of model parameters and
support comprehensive quantitative validation of the proposed framework.

To analyze the global behavior of the system, ten different sets of initial conditions

were used, defined as follows:

X =50—3s, YZ=1+2s,
Y4 =142s, YE=1+2s,
Y4 =142s, Vy=1+5s,
Vo =204 5s, Wz =6 —0.5s,
We =T7—0.6s,
s=1,2,...,10.

These initial conditions were chosen to examine whether the system’s solutions
converge to one of the steady states regardless of the starting values.

By selecting different values for the parameters (57, 5¢) while keeping all other
parameters fixed, four distinct plans arise as follows:

Plan 1 (Stability of SS%): (3z,5c) = (0.0001,0.0001). With this choice, we
find the basic reproduction numbers Ré and Ré take the following values
RL = 0.1307 < 1and RL = 0.1308 < 1. Figure 2 illustrates that all

trajectories, initiated from various initial conditions, tend toward the steady state
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SS90 = (71.43,0,0,0,0,0,0,3.51,3.51). This convergence confirms the global
asymptotic stability of S5, in agreement with the conclusion stated in Theorem
1. In this scenario, the system converges to the baseline steady state, where
uninfected cells and virus-specific antibodies for both ZIKV and CHIKV return
to their normal levels. Meanwhile, all other compartments-including infected
cells and viral loads-gradually decline to zero. Consequently, the infections are
completely cleared, and both viruses are eliminated from the host. This behavior
indicates the existence of a stable disease-free steady state, where the immune
response, whether natural or treatment-enhanced, effectively suppresses viral
replication and leads to complete eradication of the pathogens.

Plan 2 (Stability of SS*): (B2, 8c) = (0.004,0.0001). We obtain R = 5.2291 >
1 and Ré’im’ = 0.02589 < 1, confirming that the conditions listed in Table 1
are satisfied. Accordingly, the steady state SS* exists, with numerical values
SS* = (14.13,5.40,58.34,0,0,141.91,0,15.72,3.51). Figure 3 shows that
solutions corresponding to different initial conditions converge to SS*, which
is consistent with Theorem 2. Under these parameter values, ZIKV remains the
only persistent infection, whereas CHIKV is completely cleared. Although both
viruses are present initially, the CHIK V-related components-including infected
cells and viral load-decrease to zero over time. In contrast, ZIKV continues to
persist, indicating that the immune response, in this setting, is not strong enough
to eliminate it. This outcome reflects a clear difference in the persistence of the
two viruses during co-infection, with ZIKV showing a stronger ability to sustain
infection within the host.

Plan 3 (Stability of SS): (52, 3c) = (0.0001,0.004). For this parameter set, we
obtain RS = 5.2321 > 1 and Ré’mv = 0.0255 < 1. Therefore, the conditions
in Table 1 are fulfilled, ensuring the existence of the steady state S'S. Figure
4 shows that solutions corresponding to different initial conditions converge
to SS = (13.93,0,0,5.42,16.41, 0, 144.45,3.51,12.62), in agreement with
Theorem 3. Under these conditions, CHIKV persists as the only active infection,
whereas ZIKV is eliminated. Although both viruses are initially present, the
ZIKV-related components-including infected cells and viral load-decrease to zero
over time, leading to its complete clearance from the host. In contrast, CHIKV
maintains its presence, with both infected cells and free viral particles persisting
over time. This result suggests that the immune response is sufficient to clear
ZIKV but are less effective in eradicating CHIKV. The findings underscore the
differential persistence capabilities of the two viruses during co-infection, with
CHIKYV exhibiting a stronger potential for long-term survival within the host,
while ZIKV is successfully suppressed.

Plan 4 (Stability of SS): (8z,6c) = (0.008,0.008). We obtain RL™ =
1.0309 > 1 and Ré’m” = 1.0583 > 1. Accordingly, the steady state
SS = (6.87,2.63,25.27,3.45,10.46,71.03,93.34,5.74,6.57) is globally

asymptotically stable consistent with Theorem 4. Figure 5 shows that solutions
from different initial conditions converge to this steady state. Under these
conditions, both ZIKV and CHIKV persist within the host. Each virus maintains
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a sustained level of replication, with their corresponding infected cells and viral
loads remaining present over time. Although the immune response is active
against both infections, it does not eliminate either one, leading to a long-term
co-infection state. This behavior reflects the interaction between the two viruses,

where neither is suppressed sufficiently, allowing their continued coexistence.
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Figure 2. All trajectories of Equations (1)—(9) starting from different initial states converge
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Figure 5. Phase portraits of Equations (1)—(9) for different initial conditions showing
convergence to ZIKV-CHIKV co-infection steady state S.S = (6.87,2.63,25.27, 3.45, 10.46,
71.03,93.34,5.74,6.57) under the conditions R;*"" > 1 and R5"™ > 1.

8.2. ZIKV-CHIKY co-dynamics under different treatment strategies
To investigate the impact of different treatment strategies on the ZIKV and CHIKV

co-dynamics, we conducted numerical simulations using a unified initial condition
across all strategies:

(X(0),YZ(0),Y5(0), Y2'(0), Y£(0), V2 (0), Ve (0), Wz (0), We (0))

93)
= (45,9,11,4,6,25,45,8, 10).

Each strategy is governed by a distinct system of equations tailored to the nature of
the intervention. To evaluate treatment efficacy, we varied the intensity parameters

uz,uc,Vz, Ve, Wz, W, kz and ko representing control levels for ZIKV and CHIKYV,
respectively.

For strategies I and 11, which target viral infection and production mechanisms, we
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examined the following levels of control:

uz =uc =vz =vc =0, 94)
uy = uc = vz =vg = 0.1,
Uy = uc = vz =vg = 0.2,

uyz = uc = vz = ve = 0.5.

For strategies III and IV, which involve immune-enhancing interventions, we applied

higher intensity levels reflecting immunomodulatory stimulation:

wz =wo =kyz = ke =0, 95)
wz =wo = kz = ke = 10,
wz =wo = kz = ko = 20,

Wz =we = Kz = ko = 50.

In particular, Plan 4 is further explored by fixing 8z = fSc = 0.001 and
varying the treatment parameters, as shown in Figure 6. This simulation framework
facilitates a comparative analysis of the dynamic responses under different therapeutic
approaches, enabling assessment of each strategy’s capacity to reduce viral load and

promote infection clearance.
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Figure 6. Effect of different treatment strategies on ZIKV and CHIKYV viral concentrations
during co-infection.

8.2.1. Model simulation under treatment strategy I

In this strategy, we examine the behavior of the Equations (57)—(65) under varying
treatment efficacies by simulating the model using levels of efficacies uz and u¢ in
Equation (94) with initial Equation (93). Figure 6a shows that increasing uz and uc,
directly reduces the levels of free viruses (Vz, Vz). This reduction in viral concentration
subsequently leads to a decrease in latently and actively infected cells, as fewer target
cells become infected. Moreover, the decline in infection burden allows for a marked
increase in uninfected cells and antibody concentrations. These findings highlight
the primary role of antiviral therapy in lowering viral presence, with downstream
benefits for immune function and infection control, thereby supporting its effectiveness
in co-infection management. It is shown in Table 2 that, increasing the treatment
parameters uyz and uc, will decrease the reproduction numbers Ré and Ré. The
values Rg = 1 and Ré = 1 are reached whenuy ~ 0.23505 and uc ~ 0.23549.
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Beyond this point, the infection cannot persist within the host. To examine the impact
of antiviral efficacy on the system dynamics, we derived the Jacobian matrix .J,, from
Equations (57)—(65) and computed its eigenvalues, which determine the local stability
of the equilibrium points. When there is no treatment (uz = uc = 0), we obtain
RL(0) > 1 and R5(0) > 1, and only the ZIKV-CHIKV co-infection steady state SS
will be locally stable, indicating the coexistence of ZIKV and CHIKV. At the values
uy = uc = 0.1, S'S remains stable while other steady states are unstable. This
suggests that mild antiviral is insufficient to shift the system toward eradication. At
uz = uc = 0.2, a critical transition emerges: one of the partially a CHIKV-only
infection steady state SS becomes locally stable, while the full SS disappears. This
indicates a qualitative shift in the infection dynamics, where treatment is sufficient
to eliminate one virus but not both. At the critical thresholds vz = 0.23505 and
uc = 0.23549, where both Ré and Ré approach 1, leading to local stability of S.S°,
while all other steady states disappear. Beyond this threshold (e.g., uz = uc = 0.3),
both reproduction numbers drop below 1, confirming that sufficient suppression of viral

entry effectively clears both ZIKV and CHIKYV infections, as summarized in Table 2.

Table 2. The effect of treatment efficacies uz, uc, vz and v on the associated reproduction
numbers RL and RL, as well as the resulting stability of steady states in case of strategies I

and II.
Treatment and reproduction numbers Stability of steady states
uz, vz RL uc, ve RL SS° Ss* SS SS
0.0 1.30727 0.0 1.30802 U U U S
0.1 1.17654 0.1 1.17722 U U u S
0.2 1.04582 0.2 1.04642 6] 8] S -
0.23505 1 0.23549 1 S - - -
0.3 0.9151 0.3 0.9156 S - - -
Note: S = stable, U = unstable; “—” indicates equilibrium does not exist.

8.2.2. Model simulation under treatment strategy II

In this strategy, we examine the dynamics of Equations (66)—(74) under varying
treatment efficacies by simulating the model using levels of control vz and v in
Equation (94) with initial conditions of Equation (93). As previously noted, this
adjustment acts on the parameter k7 and k¢, which governs viral release from infected
cells. Although this differs from treatment strategy I, which targets the transmission
parameter Sz and 5S¢, both modifications result in the same expression for the basic
reproduction numbers. Consequently, the values of R% and Ré obtained here are
identical to those in strategy I, including the critical threshold where a shift to the
disease-free steady state occurs, as detailed in Table 2. However, a notable difference
arises in the behavior of the viral concentrations V; and V. Since this treatment
directly inhibits viral output from infected cells rather than blocking new infections, it
produces a faster and more consistent reduction in viral concentrations across increasing

treatment levels as illustrated in Figure 6b.
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8.2.3. Model simulation under treatment strategy I11

In this strategy, we examine the behavior of Equations (75)—(83) under varying
treatment intensities by simulating the model using levels of immune stimulation
wz and we in Equation (95) with initial conditions of Equation (93). Based on
the visual results in Figure 6c¢, this treatment strategy leads to a noticeable decline
in the concentrations of both ZIKV and CHIKV as the treatment intensity wy and
we increases. However, despite this reduction, the viral loads stabilize at positive
levels even at the highest stimulation level (wz; = w¢c = 50), indicating that the
immune-enhancing response alone is insufficient to fully clear the infection. This
outcome can be attributed to the fact that the basic reproduction numbers Ré and Ré
remain above one, indicating that the immune-enhancing effect alone cannot eliminate
the infection. Although these strategies reduce viral load and slow disease progression,
they are not sufficient to eliminate the virus. Therefore, combining them with other
interventions, such as antiviral therapies, may improve effectiveness in controlling

co-infections.
8.2.4. Model simulation under treatment strategy IV

In this part, we examine the impact of treatment aimed at enhancing the antibody
production rate on the co-dynamics of ZIKV and CHIKV. This is done through
numerical simulations of Equations (84)—(92) using the initial conditions in Equation
(93) and varying the parameters xz and x¢ as specified in Equation (95). Figure 6d
shows that as k7 and k¢, both ZIKV and CHIKYV concentrations are declined. This
treatment approach effectively suppresses viral replication, emphasizing the role of
enhancing antibody production. The local stability of the steady states was examined by
evaluating the eigenvalues of the corresponding Jacobian matrix for different treatment
levels (kz, kc). When kz = ke = 0, both reproduction numbers Ré(O) and
RE(0) exceed unity. Under these conditions, SS°, SS*and SS are unstable, while the
coexistence steady state SS remains stable, indicating that both viruses persist within
the host. As the treatment intensities increase, the same stability pattern is initially
preserved: SS? and SS* remain unstable, whereas the coexistence state SS is stable,
and one of the single-infection steady states disappears. This indicates that moderate
levels of immunomodulation are not sufficient to shift the system away from endemic
persistence. A transition occurs near kz = 39.134 and k¢ = 30.9906, where both
RL and RE decrease to 1. At this threshold, SS° becomes locally stable, while the
other steady states no longer exist, showing that viral replication has fallen below the
level required for persistence. For larger treatment values (for example, kz = 50 and
ko = 50), both reproduction numbers satisfy Ré < 1and Ré < 1 and only SS°
remains locally stable. This confirms that sufficiently strong enhancement of baseline
antibody production can eliminate both ZIKV and CHIKYV infections, as also shown in

Table 3. The main drawbacks of this strategy are that the minimum treatment m‘}in and
mrgin may exceed the £ and k5. In this case such treatment strategy will not be able

to make Ré and Ré below one and hence clearance of viruses will not be achieved.
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Table 3. Influence of the treatment effectiveness parameters xz and k¢ on the reproduction
numbers R%(rz) and RE (k¢ ), together with the corresponding stability of the steady states
under strategy I'V.

Treatment and reproduction numbers Stability of steady states

Kz R% Ko RE 58° SS* SS Ss

0.0 1.30727 0.0 1.30802 U U U

10 1.18935 10 1.21258 U U S -

20 1.09094 20 1.13012 U U S -

30 1.00757 30 1.05816 U U S -

39.134 1 30.9906 1 S - - -

40 0.93604 40 0.99482 S - - -
Note: S = stable, U = unstable; “—” indicates equilibrium does not exist.

8.2.5. Model simulations under combined treatment strategies I-1V

In this scenario, we investigate the system’s dynamics when all four treatment
strategies (I-IV) are applied simultaneously. Under this combined therapeutic

intervention, the co-infection model is reformulated as follows:

dX

o AT AX - (1—uz)BzXVz — (1 —uc)BcXVe,
dy} I
T (1—-02)1—uz)BzXVy —(nz+bz)Y,,
dyy L A
W = HZ(l — 'LLZ)/BZXVZ + nZYZ — aZYZ .
dyk L
Tk (1=0c)(1 —uc)BcXVe — (nc + bo)Ye s
dy¢! L A
T Oc(1 —uc)BcXVe +ncYs —acYe,

dV;

ditz = (1 — Uz)kizyfl —czVg —rzVaWy,

dV,

ditc = (1 — Uc)/'{fcy(jv4 —ccVo —rcVeWe,
aw

dtZ =(1+kz)vz +az(1+wz)V Wz — uzWy,
dW,
WC = (14 ke)ve + ac(1 +we)VeWe — pcWe,

where uyz, uc, vz, vo, Wz, Wo, kz and ko represent treatment efficacy, regulating
the magnitude of each therapeutic effect. The system is simulated under the combined

application of treatment strategies -1V, using varying drug efficacies as follows:

DEy:uz =uc =vz =v0 =wz =wc = kg = kg = 0,
DEs:uyz =uc =vgz =v0 =0.1, wy =wec =ky = ko = 10,
DE;:uz =uc =vz =v0 =02, wy =wc = ky = ko = 20,

DEy:uz =uc =vz =vo =0.5; wy =wo = kz = ko = 50.
We solve the system using the initial conditions of Equation (93). As illustrated in

Figure 6e, the combined application of treatment strategies I-1V results in a rapid and

sustained reduction of viral concentrations V; and V-, achieving complete clearance
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in a shorter time than any single strategy alone. This outcome highlights the synergistic
potential of combining antiviral and immune-enhancing interventions, providing both

direct suppression of viral replication and reinforcement of host immunity.

9. Discussion and conclusion

This study has developed and carefully examined a within-host mathematical
model describing the dynamics of ZIKV-CHIKYV co-infection. In the analytical study,
we first demonstrate the well-posedness of the proposed model. We then characterize
all possible steady states of the system and derive four threshold quantities: the
basic reproduction number for ZIKV infection, RL ., and that for CHIKV infection,
Ré, the invasion reproduction numbers for ZIKV infection Ré’m” and that for
CHIKV infection, Ré’im’. The model has been extended to include the effects of
four therapeutic strategies: (i) antiviral therapy that prevents viral infection of target
cells, (ii) antiviral therapy that suppresses viral production, (iii) immune-stimulating
treatment, and (iv) therapy that increases the rate of antibody circulation. We have
studied the global threshold behavior of the co-infection model through proposing
suitable Lyapunov functions:

We obtain the following results:

« The disease-free steady state SS° is guaranteed to exist, and it is globally
asymptotically stable provided that R% < 1 and R(LJ < 1. This means that
even if a small number of infected cells or viruses are introduced, the infection
will eventually die out and the system will return to the healthy state. Our
analysis further demonstrates that these inequalities can be realized through the
implementation of appropriate therapeutic strategies. Specifically:

1. Antiviral treatment for blocking viral infection: This mechanism reduces the
probability of uninfected cells being infected by viruses. Mathematically, this is
represented by modifying the infection rate constants 8z and B¢ to by (1 —uz)S8z
and (1 — u¢)Bc, respectively.

2. Antiviral treatment for blocking viral production: In this case, the number of
viral particles produced by infected cells is reduced. This effect is incorporated in
the model by replacing the viral production rates kz and k¢ with (1 — vz)kz and
(1 —ve)ke.

3. Treatment for enhancing the antibody flow rate: Strengthening the natural
immune defense is represented by an increased rate of antibody production. In
the model, this is achieved by modifying the antibody generation parameters from
vz and vo by (1 + kz)yz and (1 + K¢ )ve.

Through these interventions, the basic reproduction numbers for both ZIKV and
CHIKYV can be effectively reduced below unity, ensuring that the disease-free
steady state remains stable.

«  The ZIKV-only infection steady state SS* exists when RZ > 1 and it is globally
asymptotically stable when RL > 1 and Ré’mv < 1. Biologically, this stability
scenario reflects the dominance of ZIKV infection in the host, where the viral

replication of ZIKV continues, but CHIKV cannot establish long-term infection.
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The inequality RZ > 1 typically holds in the absence of therapeutic interventions
against ZIKYV, since in that case the viral infection proceeds unchecked and
successfully invades the target cell population. On the other hand, enforcing the
condition Ré’m” < 1 can be achieved through the implementation of treatment
strategies directed against CHIKV. These therapies act to lower its reproduction
potential by incorporating treatment efficacies uc, vc, K¢

By sufficiently applying one or more of these interventions, the effective invasion
reproduction number of CHIKV can be suppressed below 1, ensuring that ZIKV
persists while CHIKYV is cleared from the system.

«  The CHIKV-only infection steady state SS exists when Ré > 1 and it is globally
asymptotically stable when Ré > 1 and Ré’mv < 1. This case corresponds to a
scenario in which CHIKYV persists within the host, whereas ZIKV is completely
cleared. The condition R% > 1 may arise in the absence of effective treatment
against CHIKV. In contrast, ensuring that Ré’im’ < 1 requires reducing the
reproduction number associated with ZIK'V. This can be achieved by implementing
treatments targeting ZIKV, such as uz, vz and k7.

* The ZIKV-CHIKV co-infection steady state SS exists and it is globally
asymptotically stable when Ré’im’ > 1 and Ré’mv > 1. This case may occur
when no treatment is applied to either virus and the immune system fails to clear

both infections, leading to long-term coexistence of ZIKV and CHIKV.

We performed some numerical simulations to investigate the within-host
co-dynamics of ZIKV and CHIKV. We examined the stability of the four steady
states by varying the infection rate parameters 3z and S¢c. Analyzing these variations
provides deeper insight into the interactions between the two viruses within the
host. We show that the numerical and theoretical results are consistent. To illustrate
the global stability of the steady states, we solved the system using different initial
conditions and showed that, for all such cases, the solutions converge to a steady
state. Finally, we performed simulations under four treatment strategies. The results
indicate that antiviral approaches are more effective than immune-enhancing strategies
in clearing the viral co-infections. Moreover, combining both offers synergy by
suppressing replication and enhancing host defenses.

Despite the theoretical insights obtained, one of the main limitations of this
work lies in parameter uncertainty. Reliable parameter estimation requires clinical
or experimental datasets, which are currently scarce for individuals co-infected
with CHIKV and ZIKV. Although information may exist for single-virus infections,
obtaining detailed measurements for dual infection cases remains challenging.
Therefore, the parameter values used in this study are primarily intended for theoretical
exploration. Future work will focus on refining parameter estimation using clinical
observations when such data become available to improve model reliability and
predictive performance.

The treatment mechanisms incorporated in this study are formulated within a
simplified theoretical framework. In particular, dose-dependent pharmacological
effects and potential treatment-related side effects are not considered.  The
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objective of this formulation is to facilitate analytical tractability and to obtain
qualitative insights into the co-infection dynamics rather than to provide clinical
treatment recommendations. These simplifying assumptions are adopted to focus
on the mathematical properties of the model and its threshold behavior. The
incorporation of more realistic pharmacological structures, including toxicity effects
and pharmacokinetic-pharmacodynamic interactions, is an important direction for

future research.
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