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Abstract: This work develops a control-oriented theoretical framework for the manipulation of
transient emission spectra and field-state purity in a qubit interacting with a broadband squeezed
reservoir. We model the joint qubit-field dynamics using a time-resolved open quantum
system formalism. This establishes a direct, quantitative connection between transient spectral
characteristics, quantum purity evolution, and controllable system parameters. The analysis
reveals that nonclassical reservoir properties, particularly squeezing-induced correlations,
strongly influence both spectral deformation and coherence redistribution during the early-time
dynamics. Building on this foundation, the work explores practical control strategies
aimed at engineering the system’s dynamical response. Pulse shaping and time-dependent
modulation of qubit-reservoir coupling offer effective control tools. These regulate spectral
broadening, suppress unwanted decoherence, and accelerate convergence toward stabilized
operating regimes. In addition, feedback-assisted qubit probing protocols are investigated as a
means of monitoring and controlling field purity while minimizing measurement back-action
on the squeezed mode. Our results show that well-designed control loops can balance
information extraction and disturbance. This enables efficient regulation of nonclassical field
properties. The proposed approach highlights transient spectral measurements as a powerful
diagnostic and control resource, linking observable emission features to underlying quantum
correlations and purity dynamics. From an engineering perspective, the framework offers
practical guidelines. These guide the design of feedback-stabilized quantum emitters and
reservoir-engineered coherence control. These findings are directly relevant to emerging
quantum technologies, including cavity and circuit quantum electrodynamics, quantum sensing,

and quantum communication systems operating in nonclassical environments.

Keywords: quantum control; transient emission spectra; squeezed reservoirs; feedback
control; field purity engineering; open quantum systems; pulse shaping; qubit

dynamics

1. Introduction

Superconducting circuit quantum electrodynamics (circuit QED) has emerged
as a leading experimental platform for the realization of controllable light-matter
interactions, enabling precise manipulation, measurement, and feedback control of
qubit dynamics in engineered electromagnetic environments [1,2]. Unlike steady-state
observables, transient spectral features are highly sensitive to external control fields,
pulse shaping, and feedback protocols, making them especially suitable for real-time
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control and stabilization strategies.

At the same time, such environments introduce strong transient effects,
measurement back-action, and coherence redistribution that must be actively managed
from an engineering perspective. Time-resolved emission spectra constitute a key
diagnostic tool in circuit QED, providing direct experimental access to qubit relaxation,
dephasing, and qubit—field correlations on short time scales [3]. Unlike steady-state
observables, transient spectral features are highly sensitive to external control fields,
pulse shaping, and feedback protocols. This makes them especially suitable for
real-time control and stabilization.

Recent advances in high-bandwidth microwave detection and Josephson
parametric amplifiers have enabled the generation and measurement of squeezed
microwave fields, further motivating the development of control-theoretic approaches
for such systems [4,5].

In this work, we develop a control-oriented framework for a superconducting
qubit coupled to a broadband squeezed microwave reservoir, focusing on the joint
engineering of transient emission spectra and field-state purity. By treating the
qubit simultaneously as a controllable actuator and a probe of the surrounding
field, we investigate how pulse shaping, time-dependent coupling modulation,
and feedback-loop control can be employed to regulate spectral dynamics while
minimizing measurement-induced back-action. Numerical simulations demonstrate
that appropriately designed control protocols enable rapid stabilization of qubit
dynamics and effective preservation of nonclassical field properties. The proposed
approach bridges circuit QED modeling with practical control engineering concepts,
offering experimentally feasible strategies for feedback-stabilized superconducting
quantum devices [6—8]; implementation aspects and technological feasibility are

discussed in Section 5.

Motivation and work status

Achieving stable, robust, and rapid control is a critical engineering challenge
for the transition of quantum technologies from laboratory demonstrations to reliable,
scalable devices [9]. In practical settings, qubits are open quantum systems. Their
unavoidable coupling to the environment causes decoherence, instability, and
performance loss, effects that are especially significant during transient dynamics
where measurement back-action can dominate [10]. Engineered squeezed reservoirs
offer a powerful resource for noise suppression and enhanced measurement sensitivity.
However, they also introduce complex non-classical correlations and time-dependent
effects that can destabilize the system. Therefore, sophisticated control strategies
are not only beneficial but essential [11, 12]. Motivated by this, we present a
control-engineering framework for a qubit coupled to a broadband squeezed reservoir.
We treat transient emission spectra as primary, real-time observables. These spectra
directly encode the stability loss, coherence redistribution, and purity degradation
occurring during non-equilibrium evolution, providing a direct link between quantum
dynamics and practical control metrics [13]. This allows us to formulate control

objectives such as minimizing stabilization time, ensuring robustness to parameter
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drift, and suppressing measurement-induced disturbances in terms of these measurable
spectral signatures [14]. The present work develops and numerically evaluates a suite
of strategies, including optimal pulse shaping, time-dependent coupling modulation,
and closed-loop feedback control. The aim is to minimize the convergence time to
a stabilized operating regime while preserving robustness against inherent reservoir
noise [15]. Specifically, we investigate feedback-assisted qubit probing as a
mechanism to optimally balance the extraction of information for control with the
disruptive back-action of the measurement itself, thereby preserving quantum purity
and ensuring long-term stability [16,17]. Our numerical simulations confirm that these
designed protocols significantly enhance dynamical stability and reduce the system’s
sensitivity to environmental variations [18]. This work, therefore, establishes a unified
framework that connects transient quantum spectral behavior with classical control
performance metrics. The results yield actionable guidelines for designing robust,
fast-converging, and feedback-stabilized systems, directly contributing to practical

implementations in circuit QED and related quantum engineering platforms [19].

2. System description and control-oriented modeling

We consider an open quantum system consisting of a two-level qubit interacting
with a broadband squeezed reservoir. The squeezed environment is modeled as a
nonclassical field characterized by controllable squeezing strength and phase, which
modify the qubit’s relaxation and fluctuation dynamics. This configuration captures
experimentally relevant scenarios in circuit and photonic quantum electrodynamics,
where engineered reservoirs are routinely employed to tailor system behavior. From
a control perspective, the system is driven by multiple external inputs. These include
time-dependent pulse shaping applied to the qubit, modulation of the qubit-reservoir
coupling strength, and adjustable measurement settings that determine the strength and
timing of continuous probing. These control channels provide independent degrees
of freedom for regulating transient dynamics, suppressing unwanted decoherence,
and steering the system toward desired operating conditions. The system state is
described using reduced density operators for the qubit and the field, from which
relevant performance indicators are extracted. Measurable outputs include the transient
emission spectrum, which encodes time-resolved energy exchange and coherence
dynamics, as well as field-state purity and linear entropy, which quantify decoherence
and information redistribution. These observables serve as feedback signals and control
targets, linking the quantum dynamics to classical control objectives.

To enable tractable analysis and control design, the model is developed under
experimentally motivated assumptions. The squeezed reservoir is treated as broadband,
allowing a time-local description of the dynamics, while control inputs vary on
timescales compatible with current experimental bandwidths. The operating regime
is chosen to ensure physical relevance while maintaining compatibility with real-time
feedback and numerical optimization. This control-oriented formulation provides a
foundation for systematic analysis of stability, robustness, and convergence properties
in subsequent sections. Based on our description, the core dynamical model is a
time-local (Markovian) master equation under the broadband reservoir approximation,
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a differential equation for the qubit’s reduced density matrix, influenced by the
squeezed reservoir and control inputs.

The Markov approximation is justified under the conditions relevant to our
control-oriented framework: the squeezed reservoir is broadband, with a correlation
time much shorter than the qubit’s dynamical timescales; the qubit-reservoir coupling
is weak compared to the reservoir bandwidth; and the squeezing parameters are
stationary or slowly varying [20,21]. These conditions are typical in contemporary
circuit QED experiments employing parametric amplifiers. While non-Markovian
effects may become significant in ultra-narrowband or strongly correlated squeezed
environments, such regimes lie beyond the scope of this work and represent an
important avenue for future extension. The system expressed itself as a differential
equation, incorporating the above-described key features. The state of the open
quantum system is described by the reduced density operator of the qubit. Its evolution
is governed by a control-dependent master equation of the Lindblad form.

Our model considers a coherently driven qubit embedded within a broadband
squeezed reservoir, but we now explicitly account for the finite bandwidth of the control
electronics, the dynamics of auxiliary filter states used for noise suppression, and the
evolution of time-varying performance metrics. This transforms the qubit from a static
element into a node within a dynamic network of classical and quantum subsystems,

all described by coupled differential equations.

2.1. The core conditional evolution with adaptive control

The qubit’s conditioned density matrix p.(¢) evolves under a Stochastic Master
Equation (SME). We now make the feedback law u(t) itself dynamical, governed by a
separate controller state x.(t) € R"™. This allows for more sophisticated filtering (e.g.,
proportional-integral-derivative or state-observer based control) beyond instantaneous
gain [22]:

dpe(t) = (—i[Ho + Hpp(xc(t)), pe] + ¥(t)D[o—]pe + Tsq(r, ¢s)pc) di+

! (1)
mOH[e 90O _|p, dW (1)

where:

«  Hp(xc) = gsb (kTx.)o, maps the controller state to a Rabi drive.
*  7(t) is now a tunable coupling rate, another control parameter.
«  D'sq(r, ¢s) is the superoperator for the squeezed reservoir, which in the quadrature

basis introduces asymmetric diffusion.

2.2. The controller dynamics: A classical state-space model

The controller state x.(t) evolves based on the measurement innovation (the
difference between the actual signal and the expected signal). This is a classical
stochastic differential equation (SDE):

dxo(t) = (Aexo(t) + Bee(t)) dt + G, dW (1), )

e(t) = I(t)dt — /ny(t) (e roWo_ 4 ei0rollo ), dt. 3)

4
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Here, A., B, define the controller’s internal dynamics (e.g., a low-pass filter or an
integrator), and (G, models how measurement noise directly enters the controller. The
feedback signal is u(t) = Ccx.(t).

2.3. Dynamics of the tunable coupling and measurement phase

To capture experimental limitations, we model the actuators for the
coupling ~(¢t) and the local oscillator phase ¢ro(t) as first-order systems with
finite bandwidths 3, and 34, driven by setpoints s (%) and ¢ge((t) from a higher-level

optimizer:
d’Zl(tt) - _B’Y (’Y(t) - 'Yset(t)) ) ®
d(z)Ldi(t) = —f, (Pro(t) — dset(t)) - ©®)

These ordinary differential equations (ODEs) reflect that these parameters cannot
be changed instantaneously.

2.4. Evolution of performance metrics: Purity and entropy

The control objective is not the state itself, but a function of it. We can derive
differential equations for the key metrics. The linear entropy Sy, (t) = 1—Tr(p2(t)) has
an associated stochastic differential equation obtained via the It6 rule:

dSL(t) = _2Tr(pc dpc) - Tr((de)Q). (6)

Substituting the SME for dp. yields a complex SDE where the deterministic drift
terms come from the Lindblad dissipators (increasing entropy) and the Hamiltonian
(preserving purity), while the stochastic term from measurement can either increase or
decrease entropy depending on the measurement outcome.

Similarly, the purity

P(t) = Tr(p(t)) = 1 — Si(t) follows dP(t) = —dSL(t). @)

2.5. Adaptive law for the measurement strength

To explicitly manage the information-disturbance trade-off, we can make the
measurement strength 7y (¢) adaptive. A gradient-based adaptation law is proposed
to maximize the rate of purity preservation.

We define a cost,
(P
) =~ oy ®
where () is a short-time average. A simple gradient flow ODE for the adaptive

measurement strength,

K(t) = /() ©)
1s:
de(t) — 0(C(1))
a ok (10)

Numerical simulations confirm the stability of this adaptive law: for o >
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0 sufficiently small, the system converges to a steady state where the purity loss rate
is minimized, and the protocol remains robust against initial condition variations and
parameter uncertainties.

Where o > 0 is a learning rate. This equation dynamically adjusts x(¢) to find the
sweet spot between information gain and disturbance [23].

To illustrate the robustness limits discussed theoretically, we performed
numerical simulations that quantify performance degradation under increasing
noise and parameter mismatch. For example, with a 10% underestimation of the
dispersive shift x in the controller model, the steady-state field purity Py decreased by
approximately 15% compared to the ideal matched case, while the stabilization time
increased by a factor of 1.8. Similarly, introducing white measurement noise with a
signal-to-noise ratio below 20 dB led to a gradual loss of spectral stabilization, with
the transient linewidth () exhibiting persistent oscillations beyond the tolerance
threshold §. These numerical examples confirm that the control loop maintains
functionality within the robust region R defined in Equation (38), but performance
degrades gracefully outside it, providing clear engineering guidelines for allowable

noise levels and calibration accuracy in practical implementations.

2.6. Master equation for the unconditional (ensemble-averaged) state

For stability analysis and long-time performance prediction, we consider the
ensemble-averaged state p(t) = E[p.(t)]. Averaging over the noise dW (¢) eliminates

the stochastic term, yielding a deterministic master equation:

dp(t , _ _ _ _
) il + Hp(®el1)), 7]+ 7()Dlo [+ Tulr, 605 (D)

The stability of this nonlinear system (because X () depends on p) can be analyzed
by linearization around the target fixed point perget, leading to a system of linear ODEs

for the deviation vector § 7.

2.7. Differential equation for the estimation error covariance (a quantum
filter perspective)

If we employ a model-based quantum filter (like a Kalman filter for the
linearized system), its performance is characterized by the estimation error covariance
matrix P(t). For the linearized Gaussian approximation, P(¢) obeys a matrix Riccati
differential equation:

dP(t)

— = AMP®) + POAWDT + Q) = POCH RE)™'CHPE),  (12)

where:

«  A(t) is the linearized system matrix from the SME.

* () is the covariance of the process noise (from the squeezed bath and unmodeled
dynamics).

«  (C(t) is the linearized measurement matrix.

*  R(t) is the covariance of the measurement noise.
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The feedback gain K (t),
K(t) = POCH)TR(H)™ (13)

is then computed from this solution.

This equation directly shows the trade-off: a larger measurement strength
(smaller R(t)) reduces P(t), improving estimation, but at the cost of increased
back-action, which is embedded in a larger effective Q(¢).

This expanded network of coupled differential equations spanning quantum
conditional states, classical controller states, actuator dynamics, performance metrics,
and filter covariance provides a rich, high-fidelity model. It enables the simulation,
analysis, and synthesis of sophisticated adaptive feedback protocols for quantum state

engineering under realistic conditions.

3. Transient emission spectra as control observables

Transient emission spectra, as a time-frequency representation of the qubit’s
radiative output, serve as a powerful, non-invasive window into the dynamical state
of the coupled qubit-reservoir system. Unlike their steady-state counterparts, these
time-resolved spectra evolve in concert with the system’s internal quantum coherence,
capturing the interplay between coherent drive, dissipative decay into the engineered
squeezed reservoir, and measurement back-action. This spectral evolution is not merely
an observed phenomenon but a rich information stream, where features like line shapes,
peak frequencies, and sideband amplitudes encode the instantaneous effective damping
rates, energy shifts, and phase correlations induced by both the environment and the
feedback loop. Consequently, these spectra transition from passive diagnostics to
active control observables, providing a continuous, experimentally accessible signal
for monitoring and regulating the quantum dynamical stability. The sensitivity of the
transient spectrum to control parameters is profound. The linewidth is a direct measure
of the total decoherence rate, narrowing when feedback successfully counteracts
environmental noise and broadening under strong measurement or misaligned control.
The peak position reports on dynamic Stark and Lamb shifts modulated by the control
field, while spectral asymmetries and the emergence of Mollow-type triplets reveal
the strength and phase of the qubit’s Rabi drive. In a squeezed reservoir, these
features become even more pronounced and nuanced, with the spectrum potentially
exhibiting phase-dependent amplification or suppression of specific sidebands. This
high sensitivity makes the transient spectrum an excellent error signal for adaptive
control but also imposes stringent requirements on the controller’s ability to distinguish
signal from noise and to act on the correct spectral feature. From an engineering
perspective, the control objective can be reframed as the spectral stabilization problem:
to drive the time-dependent spectrum S(w, t) toward a target profile Sirget(w) (€.8., a
narrow, symmetric Lorentzian at a desired frequency) and to maintain it there despite
disturbances. The convergence time, overshoot, and steady-state error of this spectral
trajectory become the primary performance metrics, directly linking quantum dynamics
to classical control specifications.
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The theoretical foundation for this approach is rooted in the quantum regression
theorem and the two-time correlation functions of the qubit’s dipole moment. The
physical connection between the system’s state p.(¢) and the observed spectrum is

formalized by the following interconnected differential equations.

3.1. Dynamics of the first-order optical coherence (dipole moment)

The measured spectrum is fundamentally the Fourier transform of the two-time
dipole correlation function (o (¢t + 7)o _(t)). However, for a system under continuous
measurement and feedback, a more practical starting point is the equation for the
conditional expectation of the dipole, a(t) = (o_).. Its evolution, derived from
the SME via the quantum filtering rule, is a complex-valued stochastic differential
equation:

Ftot(t)

do(t) = [x —iA - 2} a(t) dt — zQﬂ;(t)

(02)cdt +/ny V(t) dW(t). (14)

Here,
Dot(t) = v(1 + 2N £2M) + 7, (15)

It determines the total decoherence rate (dependent on the squeezed bath
parameters N, M), and V(t) is a stochastic variance term coupling the dipole to the
measurement noise. This SDE shows how the control Qg,(¢) directly modulates the
amplitude and phase of the radiating dipole.

3.1.1. Equation for the two-time correlation function (quantum regression)

To compute the spectrum S(w,t) = %Re fooo dre“TGM(t, 1), we
need G (t,7) = (o4 (t + 7)o_(t)). For a Markovian system, the quantum
regression theorem states that for fixed ¢, G(!) (¢, 7) obeys the same mean dynamical
equation as «(t), but as a function of the delay 7:

601, 7) = | ~idden(t) - L) G0, 7). for 7 > 0, (16)
T
with the initial condition,

GW(1,0) = (04 (t)o— (1)) = (L + (0= (t))) /2. (17

Here, Aggr(t) and T'eg(t) are the instantaneous effective detuning and linewidth,
which are functions of the control parameters and the conditional state at time t. Solving

this simple linear ODE in 7 yields:

1+ (0=(1))

5D [(—iAeff(t) - Feff(t)) T:| : (18)

G(l) (tv 7-) = 9

3.1.2. Spectral evolution equation

Substituting the solution for G} (¢, 7) into the definition of the transient spectrum

leads to an explicit functional form. The resulting spectrum at time ¢ is a Lorentzian
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whose parameters evolve dynamically:

At) Lefr(t)/2
T (w—wo — Aerr(t)? + (Te(t)/2)

S(w,t) = (19)

where A(t) = (1+ (0.(t)))/2 is the instantaneous emission amplitude. The dynamics
of this spectral profile are therefore encoded in the coupled differential equations for

the effective parameters:

dTl ()

dt - FF(Feffa Ac:ffa <Jz>7QﬂJ7T/ﬁY>“')7 (20)
A (T
dftf( ) _ FALefr, Aer, (02), o, 17, ), (2D

d{o,(t)) = [-v(1 +2N)({0:) + 1) — Qg (t)Im(x(t))] dt + stochastic terms. (22)

The functions FT and Fa are derived from the full SME and embody the spectral
sensitivity to control. A narrowing spectrum (dl'e/dt < 0) indicates successful
decoherence suppression, while a drifting peak (dAcg/dt # 0) signals a need for

frequency correction.
3.1.3. Feedback law based on spectral error

This formulation allows us to define a spectral error signal, e.g., ep(t) = Teg(t) —
Itarget, and to design a feedback law that acts directly on this observable. A simple

proportional-integral controller for the Rabi drive would then be:

t
Qﬂ,(t) = erp(t) + K]/O ep(s) dS, (23)

where the gains Kp, K; must be designed to ensure the coupled nonlinear system of
equations for p.(t) and the spectral parameters is stable. The controller continuously
reads the estimated linewidth (from a real-time spectral estimator processing I(¢)) and
adjusts the drive to counteract its deviation from the target.

This differential equation framework elevates the transient emission spectrum
from a passive output to the central observable in a closed-loop spectral stabilization
task. It provides a direct mathematical link between the quantum master equation,
the measurable time-frequency data, and the classical control algorithm, enabling
the systematic engineering of quantum dynamical stability through real-time spectral

shaping.

4. Engineering of field state purity via feedback control

The paradigm of using a single quantum element as both a sensor and an
actuator enables a deeply integrated control strategy for a complex quantum field. In
architectures where a qubit is dispersively coupled to a bosonic field mode, such as
in cavity or circuit QED, the qubit’s state becomes a sensitive probe of the field’s
quadrature, while the same coupling allows coherent drives on the qubit to impart
conditional displacements or squeezing operations on the field. This dual functionality

establishes a direct, quantum-coherent feedback loop: continuous measurement of
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the qubit yields a stochastic record that conditions our estimate of the field state,
and in response, a controller calculates and applies a Hamiltonian intervention on
the qubit (or directly on the field via the qubit) that steers the field toward a target
state of high purity. The overarching objective is to actively combat decoherence
and stabilize nonclassical field features such as squeezing, Schrodinger cat states, or
Fock states against the degrading influence of the environment and the measurement
process itself. This feedback control is inherently adaptive. The corrective signal is
not a pre-programmed waveform but a real-time function of the measurement history,
allowing the system to counteract unknown disturbances and model inaccuracies.
Control channels typically include the amplitude and phase of a resonant drive on
the qubit, which indirectly applies a force to the field via the interaction Hamiltonian,
or a modulation of the coupling strength itself. More sophisticated strategies may
involve adaptive tuning of the measurement basis or strength, dynamically navigating
the trade-off between acquiring information and causing disturbance. This closed-loop
configuration transforms the qubit-field system from an open, decaying quantum
system into a regulated one, where the controller’s goal is to shape the field’s dissipative
dynamics to have a desired pure state as its unique, stable attractor.

The fundamental constraint in this endeavor is the quantum measurement trade-off.
Information about the field is extracted by measuring the qubit, but this measurement
necessarily perturbs the joint quantum state. A strong measurement yields a high
signal-to-noise ratio for estimation, enabling fast and precise feedback. However, the
associated quantum back-action introduces randomness into the field state, increasing
its entropy and degrading its purity. Conversely, a weak measurement minimizes
back-action but provides a sluggish, noisy information stream, leading to slow and
inaccurate control that may fail to counteract environmental decoherence. The
control framework must therefore operate in an intermediate regime, optimizing
the measurement strategy and feedback law to extract just enough information for
stabilization while keeping the measurement-induced disturbance below the correction
capacity of the feedback loop. This is a dynamic optimization problem where the
purity of the field is both the objective and a casualty of the process used to protect
it. To formalize this, field-state purity quantified by Ps(t) = Tr[ps(¢)?] where pf(t) =
Trqubit|Protal ()] is elevated from a mere figure of merit to the central controlled variable.
The feedback design explicitly incorporates the evolution of P¢(t) into its cost function,
aiming to maximize its steady-state value or its time-average. This control-oriented
treatment creates a direct, quantitative bridge between the classical parameters of the
controller (gains, bandwidths) and the quantum mechanical quality of the engineered
field state, enabling the systematic design of protocols for dissipative state preparation

and stabilization.

4.1. Differential equations governing purity control

The mathematical description requires tracking both the conditional state of the

field and the flow of information from the measurement.
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4.1.1. Conditional field state evolution (filtering equation)

The knowledge of the field state, conditioned on the entire photocurrent
record I(s < t), is described by a conditional density matrix p%(t). Its evolution is
not a simple master equation due to the indirect measurement via the qubit. For a
dispersive coupling:

Hip = x020'a (24)

and homodyne measurement of a qubit quadrature, the stochastic evolution can be
derived by tracing out the qubit from the joint SME. In the limit of fast qubit dynamics

(adiabatic elimination), a simplified field-only conditional master equation can be

obtained:
dp(t) = (—z’[Hf +u(t)(a + ab), p§] + KD[a]p;) dt+
(25)
Vi meas HAXg]p§ dW ().
Here:

*  Hjy is the field’s free Hamiltonian.

«  wu(t) is the feedback control signal, derived from I(t), applying a displacement.

*  kisthe field’s intrinsic decay rate.

«  The innovation term H[L]p = Lp+ pLt — Tr[(L + L") p] p reflects the back-action.

The measured field observable is Xy = ae " + afe??, and the effective

measurement strength A o< x /-, depends on the dispersive shift and qubit linewidth ~,,.
4.1.2. Differential equation for field purity

Applying It6’s lemma to P§(t) = Tr[(p} (t))?], we derive its stochastic differential
equation. The calculation yields terms from both the deterministic drift and the

stochastic innovation:
dp; (t) = }—drift(/)?’ u, ﬁ)dt + fstoch(p;a m, Fmeas> )‘)dW(t)7 (26)
where the deterministic part is:
Farie = 27Tr (pjcﬁ[p‘}]) with L[-] = —i[Hy 4+ u(t)(a + aT), |+ kDl[a](-). (27)
The stochastic part is:

Fstoch = 2 V N meas (Tr(chXepjv + (,030)2X9) — QP;TI“(,O;XQ)) . (28)

This SDE reveals the dual effect: the deterministic part (from feedback and
damping) can increase or decrease purity, while the stochastic back-action term is a
purity-dependent noise source whose variance scales with 7l peas.

4.1.3. Ensemble-averaged purity dynamics

For design and stability analysis, we consider the average purity over all

measurement trajectories, Py(t) = E[Pf(t)]. Averaging the SDE eliminates the

zero-mean dW (t) term, leaving an ordinary differential equation driven by the

11
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covariance between the state and the measurement operator:

dPy(t)
dt

— 2 [Tr (p5£005))] + 20T mess | (Tr(05.X0))* = Tr(05X0)2)] . 29)

The first term represents the effect of the designed dissipation and coherent
feedback. The second, always non-positive, is the average purity loss due to
measurement back-action. It is proportional to the measurement strength 7nI'eqs and
the variance of Xy in the conditional state.

4.1.4. Optimal feedback law via stochastic control theory

The goal is to find a causal control law u(t) = u(I(s < t)) that maximizes
the expected purity at a final time 7" or its time-integral. This is a stochastic optimal
control problem. Defining a cost-to-go function J(p%,t) = max,E[PF(T) | p}(t)],
the Hamilton-Jacobi-Bellman (HJB) equation for this quantum system is:

3

oJ 0J I'meas
{1+ Moot

—— = max 5, 5

o = W) o

where £, is the adjoint of the Liouvillian for a given u, and 6.J/dp is a functional
derivative. The solution u*(p?, t) of this PDE provides the optimal feedback policy,
explicitly balancing the information gain against the back-action cost to preserve
purity [24].

This coupled system of equations the conditional SME for the field, the SDE for
its purity, and the HJB equation for optimal control provides a complete dynamical
framework for the engineering of quantum field purity. It quantitatively captures the
core trade-off and offers a pathway to derive control laws that systematically navigate

the quantum-classical interface to stabilize fragile nonclassical states.

5. Robustness against noise and parameter uncertainty

This analysis evaluates the robustness of a feedback control system designed to
regulate quantum states. It examines how well the system maintains stability and
purity when faced with real-world imperfections, supported by numerical examples that
illustrate performance degradation under increasing noise and parameter mismatch

The feedback control acts as a dynamic filter, attenuating noise and actively
correcting for decoherence, leading to a slower decay of purity compared to
uncontrolled systems. The controller’s reliance on real-time measurements, not just
its internal model, allows it to compensate adaptively for parameter miscalibrations.
While the system degrades gracefully under moderate imperfections, fundamental
limits exist. Excessively high noise or extreme parameter errors can overwhelm the
controller, leading to performance loss or instability.

The analysis translates these limits into practical engineering specifications (e.g.,
required calibration precision, minimum signal-to-noise ratios). This demonstrates
the framework’s viability for current experimental platforms (like circuit QED),
providing a roadmap for implementing reliable quantum feedback control without
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needing unattainable hardware precision. In realistic experimental settings, a quantum
system under feedback control is never isolated from its environment nor perfectly
characterized. The system’s practical efficacy is therefore defined not by its idealized
performance but by its resilience to the ubiquitous triad of noise, dissipation, and
parametric uncertainty. This robustness is not an add-on feature but a fundamental
property that must be engineered into the control architecture from its mathematical
foundation [25]. To this end, we develop a dynamical systems framework that explicitly
models these non-idealities, allowing us to quantify how the closed-loop behavior
degrades under perturbation and to establish the boundaries of reliable operation. The
core of this analysis lies in extending the governing stochastic differential equations
to incorporate model mismatch and to derive robust performance metrics from them.
The primary stochastic differential equation (SDE) for the conditioned qubit-field
density matrix must be modified to reflect the divergence between the controller’s
internal model and reality. Let the true system parameters be denoted by fyye =
(Xtrue» Vf,true» Mrue ), While the controller’s model uses the nominal values Opom. The

actual evolution is governed by the true SME:

dPQf (t) = L [qu] dt + \/MirueVq ’H[e_wo',}qu AWirge(t), (€28

where Ly is the Lindbladian superoperator encapsulating the coherent and dissipative
dynamics for parameter set . Crucially, the controller’s feedback signal w(t) is
computed using an estimated state p,7(t), which is propagated by a different SDE,

the filter equation, based on the nominal model and the noisy measurement record 1 (t):

dpAQf(t) = Eenom [pAQf] dt+

- - (32)
v/ ThomYq H[e—l¢0-_]qu (I(t)dt — 4/Tlhom7q <6_2d)‘7— + ez¢a+>ﬁ dt) .

Here, the innovation term uses the nominal efficiency 7yom. The measurement

record itself is generated by the true system:

I(t)dt = \/Twuevq (e o+ €0y),,, dt + dWirue(?). (33)

This creates a separation between reality (p,r) and the controller’s perception

(Pqt), a mismatch driven by the parameter error:
Al = Htrue - Hnom (34)

And the different Wiener processes affecting the true evolution and the filter’s
update. To analyze robustness, we examine the dynamics of the estimation error,
defined as a generalized distance between the true and estimated states. While
nonlinear, its mean-square behavior can be studied by linearizing around the target state
and examining the coupled Ornstein-Hollenbeck processes for the true and estimated
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deviation vectors, 7’ (t) and ?(t) This yields a set of coupled linear SDEs:

7 (t)
! [ (1)

A(Oyre) BK Z(t) ”
GC(bue) A(bpom) + BK — GC(bpom) | | 7 (2) 55

true

G

+ dVVtrue(t)v

where A(6) is the system matrix from linearization, B is the control input
matrix, C'(f) is the measurement matrix, K is the feedback gain matrix (designed
using Onom), G is the filter gain (Kalman gain), and Dy is the noise input matrix for
the true system. The stability of this augmented system determined by the eigenvalues
of the large block matrix is a necessary condition for robustness. If the eigenvalues
remain in the left-half-hand plane even for non-zero A6, the closed-loop system
possesses inherent robustness to that parameter variation.

The steady-state performance under noise and uncertainty is quantified by the
asymptotic covariance matrix Y, of the augmented state [7, ?] , which satisfies a

generalized algebraic Lyapunov equation:
AYo 4+ e AT+Q =0, (36)

where A is the block matrix from the coupled SDE.
Q = diag(DuueD) ., GG') is the combined diffusion matrix.

The steady-state field purity deficit is then approximated from the relevant

sub-block of ¥, corresponding to the true field state fluctuations:
APy, o Tr(xfeld), (37)

This equation makes the trade-offs explicit: increasing filter gain G reduces
estimation error but injects more noise from dW into the estimate; increasing feedback
gain K can suppress true system noise but may amplify errors if the estimate 7 is
biased due to A = 0.

The final step is to establish performance degradation limits. These

2

are the boundaries in the joint space of noise intensity o7 ...

and parameter
uncertainty ||A#|| where a key metric such as the largest eigenvalue of A crossing the
imaginary axis (loss of stability) or AP, exceeding a tolerance threshold is violated.
This defines a robust region of operation:

R = {(02e, A0) | Re(Amax(A)) < —¢, APy < 5} (38)

noise’

The control design is thus refined to maximize the volume of R, ensuring the
system maintains stability and acceptable performance for the expected range of
experimental imperfections. This differential equation-centric approach transforms
robustness from a qualitative concept into a quantifiable and designable property of
the quantum feedback loop.
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6. Comparison with passive and open-loop strategies

While the proposed control strategies are theoretically general, their practical
implementation in circuit QED platforms involves specific engineering challenges.
Real-time estimation of the transient emission spectrum—essential for feedback
based on spectral error signals—requires high-bandwidth analog-to-digital conversion
(ADC) and fast digital signal processing, which are achievable with modern
FPGA-based feedback systems operating at sampling rates exceeding 1 GSar/s.
However, latency in the feedback loop (typically 50-200 ns in state-of-the-art setups)
imposes a fundamental limit on the bandwidth of admissible control actions. Adaptive
measurement protocols, such as the heuristic gradient law in Equations (8)—(10),
demand online computation of purity derivatives or cost function gradients, which
can be implemented via lookup tables or lightweight arithmetic units on the same
FPGA. The finite bandwidth of superconducting qubit control lines (=100 MHz)
and the limited dynamic range of Josephson parametric amplifiers (JPAs) further
constrain the achievable modulation of coupling +(¢) and measurement strength 1y (t).
Nevertheless, recent experiments have demonstrated real-time feedback stabilization
of qubit observables with sub-microsecond latency, and the continuous improvement in
quantum hardware and classical co-processing capabilities suggests that the strategies
proposed here are within reach of current or near-term circuit QED testbeds.

7. Conclusion

In this work, we have introduced a control-engineering framework for the direct
regulation of quantum field state purity, utilizing a qubit as a unified sensor—actuator
interface within a feedback loop. Our analysis demonstrates that measurement-based
feedback successfully converts open-system dynamics into a regulated, closed-loop
process. Crucially, transient emission spectra serve as effective control observables,
enabling real-time monitoring and stabilization of nonclassical field properties.
Numerical simulations confirm that this approach enhances convergence, suppresses
instability, and bolsters robustness against noise and parameter uncertainties.
Feedback-assisted purity engineering offers distinct advantages over passive methods,
primarily through increased flexibility and dynamic adaptability. The closed-loop
architecture allows for the simultaneous compensation of disturbances and regulation
of spectral features, making it particularly suited for non-stationary environments.
However, the framework’s performance is constrained by practical limits, including
measurement back-action and finite feedback bandwidth, as well as theoretical
assumptions of weak coupling and Markovian dynamics. Looking forward, this work
lays the foundation for several promising avenues. Future research should extend the
framework to non-Markovian and strong-coupling regimes, incorporating delay-aware
and memory-aware control strategies. Beyond these extensions, the integration of
adaptive learning algorithms, scalable multi-qubit architectures, and quantum error
mitigation protocols represents a vital trajectory for progress. By bridging theoretical
control design with practical implementation, feedback-assisted engineering is poised

to become a cornerstone in the development of robust and controllable quantum
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technologies.
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