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Abstract: This paper is devoted to investigating the existence and uniqueness of 7-periodic
solutions for a nonlinear thermoelastic plate coupling system with thermal memory effects
and time-periodic external forces, derived from the non-Fourier heat flux law—a model more
physically realistic for characterizing the thermal response of materials with transient heat
conduction behavior. To address the mathematical challenges of this coupled system, we
first transform the original high-order system into an equivalent first-order evolution system
via auxiliary and memory variable substitutions. Using the Galerkin method to construct
finite-dimensional approximate solutions, we then apply the Leray-Schauder fixed-point
theorem to prove the existence of approximate periodic solutions, deriving uniform a priori
estimates for their derivatives in Hilbert space V0 via Holder’s, Poincaré’s, and Gronwall’s
inequalities. The Sobolev compact embedding theorem verifies the convergence of approximate
solutions, establishing the existence of T-periodic solutions for the original system; uniqueness
is further proven via an energy difference functional and Gronwall’s lemma under a smallness
condition on external forces. This work enriches the theoretical framework for periodic
solutions of memory-type thermoelastic coupling systems and provides a foundation for

engineering dynamic analysis of plate structures.

Keywords: thermal memory effect; external force; nonlinear plate coupling system;

time-periodic solution

1. Introduction

Among the numerous and complex phenomena in daily life, there is a special kind
of phenomenon, namely the phenomenonwith thermal memory. In the process of heat
conduction, there is memory, and there are evolutionary systems with internalmemory.
This can provide a reasonable explanation for some heat conduction phenomena in daily
life. For plate-like materials, during the process of use, they will inevitably encounter
the situation of heat conduction. And due to the different principlesutilized for heat
conduction, the research and treatment methods also vary. In differential equations,
this is manifested asconsidering a memory kernel function when taking into account
the influence of temperature changes [1]. Recently, theevolutionary equations under
various non-Fourier heat flux laws have attracted the interest of many mathematicians.
The heatconduction evolutionary equations under the Coleman-Gurtin theory have also
been widely studied. For the linear thermoelasticplate equations without memory
effects in heat conduction, the exponential stability of the relevant Cp-semigroups
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underdifferent boundary conditions has been proven [2—4]. On the other hand, when
the heat flux is modeled by the non-Fourier law, the well-posedness and stability of
the corresponding linear thermoelastic plate equations have been investigated [5, 6].
Periodicphenomena are a very special existence in natural phenomena. In a long period
of continuation, there is the regular recurrenceof a certain phenomenon, which can be
explained by the periodic solutions of nonlinear differential equations in mathematics.

Let X be a Banach space. Define the space C*(T'; X) as the set of functions whose
k-th-order derivatives are continuousin X and are periodic with period 7" in R. Define

the norm [g| o (p, x) = sup {Z ‘D )‘X} LP(T; X)(1 < p < o0) is the set of

functions that are perlodlc w1th period T" in R and are measurable on X. Define the

norms:
olusror= (T laldt)” < +00,(1 < p < o),

9|00 (7 x)= sup |glx< 400
0<t<T

WhP(T; X)={g| g€ LP(T,X),D% € LP(T,X),x € R',a < k}.
When X is a Hilbert space, H*(T;X) = Wk2(T;X). H™(U) is the Sobolev
space consisting of functions whose derivatives up to order m are all in L?(U).
Throughout this article, L?(U) represents a Hilbert space equipped with the following

(u,v) = Z/ u'vide
i=17U

Define the norm form of L2(U) as ||-||. Consider a positive operator A on L?(U),
defined as A = —A = V? = — D2, and its domain D(A) = H*(U) N H}(U). For
r € R, consider the Hilbert space V" = D(A’/?), and define the inner-product:

inner-product:

(ul, UQ) (AT/Qul AT/ZUQ) Vul, Uy € Vr

2= (AT/% ATy ) we V.

Introduce the weighted Hilbert memory space M'*" = L2 (R*;v"t1)  forr € R,
and define the following inner-product:

o0
(momhser = [ alo) (AP (s), A7) ) ds, Vi, € MU,
2 = 2 1
Il = [ uolln(o)3ds, vas) € M
Finally, we define the Hilbert space with an inner product:
V= VHT VT« V' x MY - e R,
for anyz = (21, 20, 23, 24)7 € V7, its norm is given by
2 2+r)/2. ||? r/2. |1 r/2. |1 2
el [[ 45720 [ [larf2aal [+ Bl

when r = 0, we have V0 = V2 x V0 x V0 x M!.
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In this paper, the spaces 1V° and H' are investigated. The inner-product and norm
defined in H'! are identical to those in V°. We explore the existence and uniqueness
of time-periodic solutions for a nonlinear plate-coupled system. This systemexhibits
thermal memory effects due to the non-Fourier heat flux law and is under the influence
of specific external forces. The equations are as follows:

0 — Auy + / k(s) [~A0( — )] ds + g(z, ) = 0, )
0

g — Aug + A (Au +0) + f(u) =0, )

u(t) = Au(t) =0, 3)

o(t) =0, (4)

0(—s) = U(s). 5)

Among them, for (t,7) € RT x Q, u = wu(t, ) is a real-valued function on
[0, +00) x U is the temperature change from the self-equilibrium reference value, u is
the vertical displacement of the plate. The function ¥ : R™ xU — Ris called the initial
history of temperature. It is assumed that the memory kernel function k : RT™ — R
is a positive, bounded and convex function that vanishes at infinity. f(u) € C%(R, R)
is a sufficiently smooth real-valued function. The given external force g(x,t) has a
periodic solution with period 7" in time ¢, g(x,t) € H*(T, V") and

sup [|g(z,1)| 2= K.
0<t<T

In addition, to ensure the uniform boundedness of approximate solutions and
the validity of subsequent higher-order derivative estimates, we impose a smallness

condition on the external force: sup ||g(z,t)|| 2= K < 1, where K is a sufficiently
0<t<T

small positive constant independent of the truncation order N and the parameter \ €
(0,1) in the Leray-Schauder fixed-point theorem.

Comprehensive and meticulous research work has been carried out on the
thermoelastic plate equations. Inrecent decades, the long-time behavior of the solutions
of plate equations has been studied by many scholars. Woinowsky-Krieger [7] in 1950
and Berger [8] in 1955 established the elastic vibration equations, from which the plate
equations were derived. In these studies, we note that in recent decades, the long-time
behavior of the solutions of plate equations with thermal memory effects caused by
Fourier’s law has been studied by many scholars. Dridi [9] integrated thermal damping
and viscoelastic damping, extended the theoretical framework to dynamic boundary
conditions, proved the exponential or polynomial decay of solutions, overcame the
limitation of static boundary conditions in the original literature, and thus established a
theoretical basis applicable to the stability analysis of elastically constrained plates in
engineering practice. In 1997, Rivera and Shibata [10] considered the initial-boundary
value problem.

Ut — h\uy + N?u+ N =0,

Qt - ,BAQ - ozAut = 0.
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And it was proved that as time increases, the energy related to the system decays
exponentially to zero. When A > 0, the system belongs to the weakly hyperbolic
type. The estimation of the second- (or third-) order derivatives of the solution on
the boundary during this process has been studied in detail [11, 12] for the work in
control theory [13,14]. For v = 0, in 2006, Kim [15] explored the thermoelastic plate
equation with Dirichlet boundary conditions proposed by him in 1992 and proved the
exponential decay of the solution. In 2001, Giorgi and Pata [4] considered an abstract
linear thermoelastic system with memory and gave the results of existence, uniqueness,

and continuous dependence.

O+ A [Au + 9] = 0,
o9+ — Aug + [;° [B(0)d(t — o) — k(o) AY(t — )] do = 0.

In the presence of memory, the system is shown tobe exponentially stable. These
thin plates are affected by thermal deformation and the laws of heat conduction. In
2005, Grasselli et al. [16] considered the evolution problem in the two-dimensional
theory of linear hereditary thermoelasticity.

Utt(t> + A (Au(t) + ﬁ(t)) =
)+ JoT k(s) [cO(t — s) — AI(t — s)] ds — Auy(t) = 0.

This problem simulates a Kirchhoff thermoelastic thin plate with heat-conduction
memory effects. In the same year, the Kirchhoff plate equations with storage conditions
at the boundary [17] and the stability of the solution of the von Karman system were
studied:

Gut [ g1(t—s) (Bru(s) + p15i(s)) ds

u— [y 92(t = ) (Bau(s) — pau(s)) ds = 0.

In 2008, Wu [18] considered a nonlinear plate equation with thermal memory

effects due to the non - Fourier heat-flux law:

9y — Aug + [ k(s) [~AD(t — 5)] ds = 0,

where the notations have the same meanings as in the study by Grasselli et al. [16]. The
existence and uniqueness of the global solution, as well as the existence and uniqueness
of the global attractor, were proved. By using appropriate fL.ojasiewicz—Simon
inequalities, under the assumption that the nonlinear term f is real-analytic, as time
tends to infinity, the convergence of the entire solution to a single steady-state was
proved. In addition, an estimate of the convergence rate was provided. In 2014,
Barbosa and Ma [19] studied the long-time dynamics of the solutions of extendable
plate equations with thermal memory. This problem corresponds to a thermoelastic
model based on the non-Fourier heat-flux theory. The authors of this paper studied
the long-time behavior of a class of nonlinear problems and simulated a thermoelastic

extensible plate using the non-Fourier heat-conduction law. In 2023, BK Kakumani
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and SP Yadav considered a viscoelastic plate equation with a logarithmic nonlinearity
in the presence of a nonlinear frictional damping term. They used the Faedo-Galerkin
method to prove the existence of solutions to the problem and also proved some general
decay-rate results [20]. In 2024, Wang and Liu studied the asymptotic behavior of the
nonlinear MGT plate equation in the unbounded domain. By using the energy method
in the Fourier space, they proved the optimal decay-estimate results for the non-critical
case. The optimality was analyzed by considering the asymptotic expansion of the
eigenvalues [21]. In 2024, Ma, Chen, and Deng derived a geometrically nonlinear
plate model based on the Kirchhoff hypothesis and the large-deflection hypothesis
and provided an error analysis of the corresponding element-free Galerkin method.
Numerical experiments, involving clamped square and circular plates with uniform and
non-uniform nodes, as well as a plate model with a corner singularity, were presented
to validate the theoretical results [22].

This paper mainly aims to study the existence of periodic solutions for a
nonlinear plate-coupled system with thermal memory and external force terms. A
brief overview of the research status of periodic solutions in the references cited
in this paper is presented. In 1997, Hisako Kato [23] proved the existence of
periodic solutions for the Navier-Stokes equations by applying the Galerkin method
and using the Leray-Schauder fixed-point theorem. In 2001, Academician Guo and
Professor Du [24] also proved the existence of periodic solutions for the weakly
damped Schrodinger-Boussinesq equations by applying the Galerkin method and
using the Leray-Schauder fixed-point theorem. In 2019, Luo and Du [25] used the
Galerkin method and the Leray-Schauder fixed-point theorem to prove the existence
of time-periodic solutions for the 3-D viscous primitive equations of large-scale dry
atmosphere.

Wang and Ma first investigated the existence of pullback attractors for the plate
equation with variable delay on the unbounded domain R™ by means of the theory
of multivalued dynamical systems [26]. In 2023, Sun et al. considered the 2D
magnetohydrodynamics equations with horizontal dissipation and horizontal magnetic
diffusion. The classical solution in H — k (k > 2) has been obtained; due to partial
dissipation and strong nonlinearity, the global well-posedness of the weak solution in
H' is still unknown. By combining the classic Galerkin’s method with Brouwer’s
fixed-point theorem, the existence of time-periodic solutions in H' with small initial
values is obtained [27]. In 2024, Chai and Zhou were concerned with numerical
approximations to the one-dimensional Cahn-Hilliard equation with time-periodic
solutions [28]. Vasilyeva et al. focused on the core mechanisms of heat and mass
transfer and established the coupled governing equations for phase transition processes
in porous media [29].

However, it should be emphasized that the nonlinear thermoelastic plate
system with memory considered in this paper, described by the evolution equation
(u,v,0,m)t +T) = (u,v,0,n)(t) + f(u) + g(x,t), has obvious innovations and
extensions compared with the existing research results. On the one hand, from the
perspective of system modeling, most of the existing thermoelastic plate systems adopt
the Fourier heat conduction law, which assumes that the heat flux propagates at an
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infinite speed and cannot accurately describe the thermal response of materials with
fast transient processes or microscale characteristics. In contrast, our system is derived
based on the non-Fourier heat conduction law, which introduces the thermal memory
effect through the internal variable 7, making the model more in line with the actual
physical properties of materials such as polymers and composites under complex
thermal environments. On the other hand, compared with the existing literature that
either ignores the external force term or only considers constant external forces, this
paper incorporates the time-dependent external force g(x,t) into the coupled system.
This extension makes the system more applicable to practical engineering scenarios
(such as plates subjected to time-periodic loads or thermal disturbances), but also
brings new mathematical challenges due to the coupling of time-periodic external
excitation, nonlinearity, and memory effect.

The main contributions of this paper are explicitly summarized as follows:

First, we establish a more general and physically realistic nonlinear thermoelastic
plate system model with thermal memory and time-dependent external force, which fills
the gap that existing studies rarely consider the coupling effect of non-Fourier thermal
memory and time-periodic external excitation.

Second, we propose a rigorous analytical framework for proving the existence
and uniqueness of 7T'-periodic solutions for the proposed system: by combining the
Galerkin method with the Leray-Schauder fixed-point theorem, we first construct
the approximate periodic solutions and verify their boundedness, then prove the
convergence of the approximate solutions in the appropriate functional space, and
finally obtain the existence of T-periodic solutions; on this basis, we further prove
the uniqueness of the periodic solution by using the energy estimation method and the
Gronwall inequality.

Third, the research results of this paper not only enrich the theoretical system of
periodic solutions for nonlinear thermoelastic coupling systems with memory but also
provide a reliable theoretical basis for the dynamic analysis and stability control of
engineering structures such as plates under complex thermal and mechanical loads.

Based on this, it is proved that there exists a unique time-periodic solution for the
nonlinear plate coupled system with thermal memory effects and external force terms,
and the period is T, as follows

(u,v,0,M)(t+T) = (u,v,0,n)(t). 6)

2. Basic definition theorem

In this section, we list several classical inequalities that will be used in the
subsequent proof process. These inequalities are standard results in functional analysis,
and their specific roles in this paper are briefly explained as follows:

Hoélder’s inequality: Used to estimate the integral of the product of functions,
especially in the process of estimating the inner product of nonlinear terms and solution

functions.

Lemma 1 (Holder’s inequality [30]). Let 1 < p < oo, and % + % = 1. Ifu e LP(Q)
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andv € LY(Q), then uv € L'(Q), and

/Q|u.v|dx < </Q|u|da:)’l’ (/dex);,

or the more general Hélder s inequality:

s s L
/Qil_lluidx < 11_11 (/Q|u,]/\ldx> . ,

where \; > 1,37 )\% = 1. For the special case of s = 2, we have

/Q - vldz < Jlull oy 0] zo.

Young’s inequality: Applied to handle the product terms in energy estimation and
to obtain the boundedness of related terms by splitting the product into the sum of two

terms.

Lemma 2 (Young’s inequality [30]). (i)For any a,b > 0, there is ab < %ap + %bq,
where p,q > 1 and}% + % = 1. When p = q = 2, it is the Cauchy inequality.
(ii) For any a,b € R, there is |ab|< %|a!”+%|b|q.

Cauchy’s inequality with €: A flexible tool for adjusting the coefficients of terms
in energy inequality, which is crucial for obtaining the dissipative structure of the energy

functional.

Lemma 3 (Cauchy’s inequality with € [30]).

5 1
b< —a®+ —b
a _2a —1—25

1t holds for any € > 0 and any non-negative a and b.

Gronwall’s inequality: The core tool for proving the boundedness of solutions
and the uniqueness of periodic solutions, which can convert differential inequalities

into integral inequalities to obtain the estimation of solution norms.

Lemma 4 (Gronwall’s inequality [31]). Let u(t), h(t) and g(t) be three locally
integrable functions on [ty, +oo]. If they satisfy the differential equation,

du
= <
o T ult) < h(t),

then for ~v > 0, we have

ult) < exp(—(t1 — to))ulto) + /0 " exp(—A(t — 5))h(s)ds.

Poincaré’s inequality: Used to establish the equivalence between the norm of

7
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the function and the norm of its gradient in the Sobolev space, which simplifies the

estimation of the solution’s higher-order derivatives.

Lemma 5 (Poincaré inequality [30]).
lull < Gyl VullZ2,
where C,, is a positive constant that only depends on ().
Lemma 6. Form <e<1l,g=0,1,9g=0,1,VB; € V° i =1,2, then we have
aE €
—e(Au, By) > ——||u||*—= | B1||?
(@) — (4w, B)) = =)~ |1By)
« 1
® - [ Biauds > G151 ul?
U (6]

1 le
(¢) |&(AI By, B2)|< [|AI By ||| B2|[< allz‘lgBllngrzllell2
e
2
ozDi]/

50(/6‘0

| A9/ 2+

I3

(d) ’:l:/ooo eu(s) < AIBy,n'(s) > ds| <

Proof. Lemma 6(a) and Lemma 6(b) can be obtained by taking ¢ = 5 in Lemma 3.
For Lemma 6(c) and Lemma 6(d), first make estimations and then use Lemma 3 with

e ]
E=3.

O]

Lemma 7 (Leray-Schauder Fixed-Point Theorem [31]). Let A : E — F be completely

continuous. If the set
{z|zeE, x =N z,0< <1}
is bounded, then A must have a fixed-point in the closed ball T of E, where
T={x|x ek, |z|< R}
R = sup{||z||| z = AMz,0 < A < 1}.

3. Equivalent transformation of the system

The memory kernel function x(s) and the nonlinear term f(u) are required to
satisfy the following conditions:

() Forany s € R, there exists o1 > % (0 < C7 < 1), such that

u(s) € CHRT)NLNRT), u(s) =0, i/(s) + orp(s) < 0;
Physical background: This condition ensures that the memory effect decays

exponentially over time, which is consistent with the physical fact that the influence

of historical temperature on the current heat conduction gradually weakens.
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(II) Assume that k(s) decays to zero as s — oo (i.e., k is zero at infinity). Additionally,

define the memory kernel
p(s) = —k'(s).

In recent years, evolutionary equations governed by various non-Fourier heat flux
laws have attracted significant interest from mathematicians. Let ¢ denote the heat
flux vector; according to Coti et al.’s study [6], the linear constitutive relation for
q is given by

q(t) = — /000 k(s)VO(t — s)ds,

where k(s) is the thermal conductivity relaxation function. If k(s) is the Dirac
delta function at zero (corresponding to instantaneous heat propagation), the above
equation reduces to the classical Fourier’s law ¢ = —V#. A typical form of k(s)
satisfying the decay property is

k(s)=—e"o, >0, ko= l
o o
Physical Background of the Decay Condition for u(s): The memory kernel
wu(s) = —k'(s) is directly derived from the non-Fourier heat flux law ¢(t) =
— [o" k(s)VO(t — s)ds. The decay condition 1/ (s) + o1u(s) < 0 (with oy > 0)
enforces the exponential decay of the thermal memory effect over time, which
aligns with physical reality: the influence of historical temperature variations
on the current heat conduction of materials (e.g., polymers, composite plates)
diminishes gradually as the time lag s increases. This is an intrinsic physical
property of memory-dependent heat conduction, distinguishing the non-Fourier
model from the classical Fourier model.
Mathematical Necessity of the Decay Condition: This decay condition is a critical
prerequisite for constructing the dissipative structure of the energy functional in

our analysis:

(1) By virtue of p/(s) + o1u(s) < 0, we can rigorously estimate the memory
integral term and derive the positive dissipative term o1 ||7[|3;, in the energy
inequality, where 7 is the internal variable characterizing thermal memory
effects.

(2) This dissipative term is indispensable for proving the uniform boundedness of
Galerkin approximate solutions (Section 4). It further enables the application
of the Leray-Schauder fixed-point theorem and compactness arguments to
establish the existence of T-periodic solutions.

(3) Without this decay condition, the memory term would not contribute to
energy dissipation, making it impossible to obtain a priori estimates of the
solution norm—thus invalidating the subsequent proofs of existence and

uniqueness of periodic solutions.

(II1) The nonlinear function f(u) € C?(R, R) satisfies

1
lim inf & >—— f(0) =0, Vs € R,
[s| 5400 S Cy
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sf(s) = C2F(s)

2

lim inf
|s|—o0 S

>0, Vs € R.

Physical example: The Duffing-type nonlinearity f(u) = au + bu® (a >
! ( ) =+ bu? = +oo
(if b > 0) or tends to a (if b = 0), both of which are greater than —%. At the same
time, sf(s) — C2F(s) = s(au+bu?) — Co(3au® + $bu*), and its limit as [u|— oo is

non-negative when C) is appropriately chosen.

C ,b € R) satisfies the above conditions. When |u|— oo,

The memory kernel function u(s) and the nonlinear term f(u) satisfy the

conditions (D—(I1T) as before. Introduce 7, + ns = 6 to deal with the memory integral
f k(s)[—A6f(t — s)]ds, and Equation (1) can be equivalently transformed into

6, — Aug— /0 " () An(s)ds + gla,t) = 0, )

where g(z,t) € HY(T,V?).
Next, for convenience, introduce the transformation u; + eu = v, where € is a

positive constant within the following range:

AU ( )
——— <& <min s P42, P43, .
Foa — 1 P41, P42, P43, P44
The transformation u; + eu = wv (¢ > 0) is a key auxiliary variable

transformation. Physically, it combines the plate’s transverse displacement « and its
vibration velocity u; into v, where cu simulates linear viscous damping to match
the actual dynamic behavior of elastic materials without changing the system’s core
characteristics. Mathematically, it reduces the original high-order coupled Partial
Differential Equations (PDE) system to a first-order one by decoupling uy;, introduces a
positive dissipative term to ensure the boundedness of Galerkin approximate solutions
(a prerequisite for the Leray-Schauder fixed-point theorem), and unifies the periodicity
conditions of w and v to simplify the proof of 7T-periodic solution existence and
uniqueness.

Explanation of the transformation: This transformation can convert the
second-order time derivative term u; in Equation (2) into a first-order derivative term
of v, which is convenient for constructing the energy functional and analyzing the
dissipative properties of the system. By choosing an appropriate range of €, we can
ensure that the lower bound of the interval is less than the upper bound: since o > ki

(from the subsequent parameter constraints), we have kgae — 1 > 0, so Toa O‘l is a

finite positive number; at the same time, p41, p42, P43, p44 are all positive constants
determined by the system parameters, thus the interval for € is non-empty.

After the transformation, Equations (1) and (2) can be transformed into
0y — A(v —eu) — [ p (s)ds + g(z,t) =0,
vy —ev+e u—A(v—su)+A(Au+9)+f(u) =0,

initial values 0(t) = 0, u(t) = Au(t) =0, z € OU.

Combining the above analysis, Equations (1)—(5) can be equivalently transformed

10
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nto

0y — A(v — eu) — /OOO w(s)An(s)ds + g(x,t) =0, 8
vi — v+ 2u — A(v — eu) + A(Au+0) + f(u) =0, 9)
up + eu = v, (10)

e+ s =0, (11)

(u,v,0,n)(t+7T) = (u,v,0,n)(t), (12)

0(t) = 0,u(t) = Au(t) = 0,z € AU. (13)

Prove the existence and uniqueness of the periodic solution with period 7" in the
space VO = V2 x V0 x VO x ML,

4. Approximate solutions and convergence

Based on the equivalent transformation of the original nonlinear plate coupling
system completed in the previous section, which converts the system with thermal
memory and external force terms into a more analyzable evolution system as in
Equations (8)—(13), this section focuses on the construction of approximate solutions,
their a priori estimates, and the verification of convergence. The existence of
time-periodic solutions of the original system cannot be directly proved due to
the complexity of nonlinear terms and memory integral terms; therefore, we first
construct approximate solutions using the Galerkin method, then obtain their uniform
boundedness through a series of a priori estimates of high-order derivatives and time
derivatives, and finally rely on the compact embedding theorem of Sobolev spaces to
verify the convergence of the approximate solution sequence, laying a solid foundation

for the subsequent proof of the existence and uniqueness of time-periodic solutions.

4.1. Existence of approximate solutions

In this part, we will prove the existence of approximate solutions to Equations
(8)~(12). Letw; (j = 1,2,...) be a complete orthonormal system in V', which is
composed of the eigen-functions of the Stokes operator A.

The approximate solution zy = (un,vn,0n,nn) of Equations (8)—(12) is

expressed as follows:

N N
un(t) =Y ajn(tws,  On(t) =Y ein(t)wj,
j=1 j=1

N

N
on(t) =) bin(Bw;,  an(t) =D din(tw;.
j=1

j=1
Corresponding to Yy = (v, qn, on,pn) € CH(T, Wy ) in the following text, we

have

N N
() =Y ajn(Bwj,  en(t) =D y(tw;,
j=1 j=1

11
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N N
an(t) = Z Vin(twj, p(t) = Z djn (H)wj-
j=1 j=1
Among them, ajN(t)7 a;’N(t)7 ch(t)a C;’N(t)7 bj (t), b;‘N(t)a d; (t)v d;N(t) (] =
1,2,---) are coefficient functions of the variable ¢ € R™. Based on the Galerkin

method, the coefficients a;n(t), c;n (1), bjn(t), djn(t) satisfy the following nonlinear
ordinary differential equations:

<0Nt — A(vy —eun) — /000 w(s)Ann(s)ds + g(a:,t),wj) =0, (14)

(vnve — evn + e2uy — A(vy — eun) + A(Auy +0n) + fun),wj) =0, (15)

(unt + eun,w;) = (vN,wj), (16)

(Nt +nns,wj) = (On,wj), (17)
(un,oN,On,MN)(t+T) = (un, N, On, N ) (T). (18)

Let W}, be a subspace of V0 composed of wy,wa, - - -, wy. Itis easy to know that

for any Yy = (7w, qn, N, pn) € CHT, W4), for the system of linear equations:
i) = (Alay =) + [ n()2px (s — o)) (19
0

(unt — evn + %un,wj) = (Agy — e7n) — A(ATN + on) — f(Tn),w;),  (20)
(unt + eun,wjy) = (N, wj), (21)
(Mt + ns, wj) = (0N, wj), (22)

There exists a unique time-periodic solution zy = (un,vn,0n,1mn) € CHT, W)).
Therefore, a continuous and compact function C'(T,W},) is constructed in F :
YN — zn. Then, by applying the Leray-Schauder fixed-point theorem, the existence
of approximate solutions to Equations (14)—(18) can be obtained. When applying
the fixed-point theorem, we only need to prove the following. After replacing the
nonlinear terms X [ yu(s) Any (s)ds and A f (un) with [ p(s)Any(s)ds and f(uy)
respectively, prove that

(em - Ao = eun) = A [ ) An(s)ds + gl t>,wj> —0, @)

(th —evy + 2uy — A(vy —eun) + A(Auy + 0n) + )\f(uN),wj) =0. (29
For all possible solutions, they are bounded. That is, prove sup |zn(t)||< C,
0<t<T

where C' is a constant independent of A(0 < A < 1). Since we have simplified the
system of Equations (1)—(5) to (14)—(18), we only need to prove that the solutions of
the system of Equations (14)—(18) are periodic with period 7.

Theorem 1. We have zn as the approximate solution of Equations (8)—(13), and we
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only need

sup [|zn(t)]< C,
0<t<T

where C' > 0 is a constant independent of A and N.

Proof. First, perform the following multiplications, summations, and then take
the inner products for Equations (23)—(24) and (16)—(17) respectively, and make
estimations. Firstly, multiply Equation (23) by ¢;n(t) to get ¢jn(t)w;, and then sum
over ¢;n(t)w; (j = 1,2,3,...). Then take the inner-product of (¢) and Equation
(23), that is

(Ont — Aoy —eun),0n) = ()\ /Ooo wu(s)Ann(s)ds — g(z,t), 0N> )

1d
2dt”9NH2:/ AUN9Ndﬂf—8/ AunOydx
U U

- )\/000 w(s){(Ann(s),0n)ds — /Ug(x,t)GNd:c.

Secondly, multiply Equation (24) by b;xn(t) to get by (t)w;, and then sum over
bin(t)wj (j = 1,2,3,...). Then take the inner-product of vy (¢) and Equation (24),
we have

(vt — evny + un + Avn,vn) = (—eAuy — A(Auy + 0n) — Mf(un),vn),

1d

3 pllon P=clow®+* [ unoydo + 472y P
U

:—5/ AquNda:—/ A2quNdx—/ AHNdex—/ A (un)onydez,
U U U U

next, multiply Equation (16) by a;n(t) to get ajn(t)w;, and then sum over
ajn(t)wj (j = 1,2,3,...). Then take the inner-product of ux(¢) and Equation (16),
that is
(un, + eun, un)y2 = (UN, UN)yp2 ,
1d 2 2 2
v Brelunti= | Aovuds
Finally, multiply Equation (17) by d;n(t) to get d;n(t)w;, and then sum over

din(t)wj (j = 1,2,3,...). Then take the inner-product of 7y (¢) and Equation (17),
that is

(N, + s IN) vy = (ON,IN) A, 5

1d &
gl [ () (A0 (e), AV ) as

= )\/ w(s) <A1/277N(s), A1/26’N> ds.
0
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In summary, after organizing and combining like-terms, we have

1d
2dt

= [T wena s+ [ uvovds
0 U
:—5/ AuNeNda:—E/ Aunvydr
U U

—/ )\f(uN)UNdx—/g(x,t)GNdac.
U U

—llenlbotelunl3—elon >+ A 2oy |?

(25)

Let Jn(t) = — [;° 1 ~N(t),nn(s)) ds, and take its derivative.

By comblmng the energy equahty with the derivative of Jy(t) and using the
classical inequalities in Section 2, we estimate each term in the equation. The key steps
are as follows: Use Cauchy’s inequality with € to adjust the coefficients of the cross
terms, such as [;; AuyOndz and [,; f(un)vndz. Use the condition ' (s) + o1 pu(s) <
0 to estimate the memory term, obtaining the dissipative term 0’1|77N|§41- Use the
smallness condition K < 1 of the external force to control the term [;; g(,t)0ndz.

After arranging and combining the terms, we obtain the following differential
inequality:

d

%Jm )+ fHeNH

B Fun P+ S 2 T P+ Call Ry 26)
- /0 M’(S)||A1/277N||2d8 + 8 1) P,

where Cy = 1 + ko > 0. By using the spectral representation A = | 500 AEy (6 > 0,
which is the minimum eigenvalue of A), the following inequality holds

1A%y ]|< 8% A%un], (0 <a<p).

Next, in order to apply Gronwall’s inequality, we perform the following
transformation, Equation (26) x 2 +Equation (25), and by using the above-mentioned

inequalities, we have

d /1
d (QHZNH%OHEJN(t)) T ekoll O |P-+ellun |3V |P—< fox|P

dt
—€HA1/2UN||2+||A1/2UN|2—2€C2H77N||3\41—/0 W ()| APy P ds
—|-28C'1/ ,u/(s)||A1/277NH2d8+82/ unNvNdT

0 U

< —5/ AuNHNd:v—sf AquNda:—/\/ f(uN)dex—/ g(z,t)0ndz.
U U U U

Since there exists § < m < 1and N1 = N1(m) > 0, such that f(s)s > —10_—;”52

for all |s|> N;. Next, for the convenience of calculation, we use the inequalities in the
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lemma for estimation. After simplifying and combining like terms, we get

d
7 (I (0) + ekollOn 1P +ellun |3 = kol Vun |* —eon [P+ A Zon |

— ekol| AY2un ||+ (01 (1 — 25CY) — 26Cs) [Inn |30
3
EQ & 13
< leUNlngrall@NllQ%(l —m)||Auy|*—eC(|U|, f) + 5*2||UN||§
e 2 ko 2 2
+XHUNH2+ wt llg(z, t)||*+el|On||"

Among them, w and ¢ are arbitrary positive constants. Let
1 2 e? 2, € 2
Un(t) = 52OV +2eIn(t) + | Flun)de + o llun|["+5[[Vun]®,
U

the above-mentioned formula becomes
d € e Sky+e? e
GO+ (ko= = = ) oI+ (em - 5 - LS - S juy g
t «
+ (6 — ekod — &) [lun |I*+ (01 — 2016C1 — 2eCa) [|Inn |21 27
ko

k
< —<C(Ul.)+ (= +2) late 0= (w+52) 52 - ccqul. ),
where C(|U|, f) = [U|min s <n, f(s)s. For ¥(t), we can have
Cs)|Zn (1)} —Ca < Un(t) < [ Zn O[30+ ([Junl2),

where @([[un||,2) = [Ulmax,<|juy , [F(y)|- For the sake of simplicity, we take

P = min(pb P25 P3, p4)7

where

e Sky+e? ca

PLEmsn T Ty T

po =0 —ekod — €,
€
p3 =¢cko — — — 1,
o
P4 =01 — 20‘1801 — 2602.

ko

To ensure that p is positive, here we take m < a < 4dmand C; < 3.

Meanwhile, let

. 0 o1
= Imin
pa1 5]{504-1720'1014-202 ’

then Equation (27) is equivalent to the following formula:

(= +%) K2 - C(Ul, f)

d 2 14 2
— —1Zn )]0 < . 28
dtHZN(t)HVoJngH N ()50 < o 28)
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Integrating Equation (28), we can obtain

(w + %0) KT — <C(|U|, f)T

(29)
p

T
| 12x(OlRodt <
By applying the First Mean Value Theorem for integrals to Equation (29), there exists
t* € [0, T such that

+5) K2 —eC(|U),
120 (£)]20< (= %) ; RG] (30)

Combined with Equation (28), integrating from ¢* to ¢t + 71" (¢ € [0,T]), we have

(=+%) K2 - =C(Ul, f)
0
2 (w + %0) K2T — 2:C(|U|, f)T

=C?
+ Cs ;

sup || Zn(t)[l30 <
0<t<T

where C? is independent of A and N. In conclusion, it can be proven that the
approximate solution Zy (t) exists for Equations (8)—(13). O

4.2. A priori estimates

In this section, to demonstrate the convergence of the approximate solutions
obtained in the previous subsection, we will derive estimates for higher-order and
lower-order derivatives as well as some integral terms.

4.2.1. Estimation of high-order derivatives

Before starting to prove the lemma about the uniform boundedness of A"z y(t),
we note that we can choose the basis functions {w;;j = 1,2,...}, where w; is an
eigenfunction of A and also an eigenfunction of A”. So we have Aw; = pj w;, and
then A"w; = pjw;, where p; is an eigenvalue of A. Next, we prove the following

lemma.

Lemma 8. Let zx(t) be the solution of Equations (8)—(13). Then
|A" 2y (1)< Co,  t € (—00,+00),

where Cy > 0 is a constant independent of N.

Proof. First, perform the following multiplications, summations, and inner-product
operations on Equations (23)—(24) and (16)—(17) respectively for estimation. Multiply
Equation (23) by A% ¢cjn(t) to get A%"cjn(t)w;, and then sum A% c;y(t)w; (j =
1,2,3,...) to obtain A% O (t).
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Take the inner-product of A%"0y (t) and Equation (23), that is

(QNt,AQTHN) = (A(UN —eun) + )\/ wu(s)Ann(s)ds — g(x,t),A2T9N> ,
0

1d

2dt

- )\/O w(s) <Ar+1/2?7N(s),AT+1/29N> ds — /Ug(x,t)AQTQN dz.

|A™On ||*= —/ A2T+1’UN9Nd$+E/ A7 N0y dx
U U

Secondly, multiply Equation (24) by A?"b;y () to get A*"b;n (t)w;, and then sum
A%bin(t)w; (4 = 1,2,3,...) to obtain A*"vx(t). Take the inner-product of vy (t)
and Equation (24), we have

(’UNt — ey + 2uy + Avy, AQTUN)
= (—eAuy — A(Auy +0y) — Mf(un), A vy) |

14
5 sl Ao Pl Ao Poe? [ Aoy da A7 20y
U

zs/ A2 2 o dx—/ A7 P2y non dz
U U

-l-/ A2r+10N7}Ndx—/\/ f(’LLN)AQTUNdl’.
U U

Then, multiply Equation (16) by A* a;n(t) to get A%"a;n(t)w;, and then sum
A7a;in(tw; (j = 1,2,3,...) to obtain A>"un(t). Take the inner-product of
J j
A?"un(t) and Equation (16), that is

(uNt + EUN, A2TUN)v2 = (UN) AZTUN)vQ ;

1d
s gl unlB el Arux b= [ A Poyuda,
2 dt U
Finally, multiply Equation (17) by A?"d;n (t) to get A*"d;n(t)wj, and then sum
A% djN(t)wj (j = 1,2,3,...) to obtain A%"nx (t). Take the inner-product of A?"ny (t)

and Equation (17), that is

(e + v A7 v )y, = (08, AP 0n) s
1d
2dt

= )\/ p(s) <Ar+1/2nN(s),Ar+l/29N> ds.
0

AT 12— / ()| AT 2|2 ds

In summary, we have

1d, .. - - - o ”
gal\A an|[votel|ATun [|3—cl| A"on ||+ A +1/2111v|\2—/ 1 () |A" T 2 n|* ds
0

+62/ A2TquNda::s/ A2T+1uN9Ndx+5/ APy non dz (31
U U U

—)\/f(uN)Azrdex—/g(:c7t)A2r9Ndm.
Q U
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Let AQTJN = —fo ATQN( ) AT’I7N(S)> ds, then

d ko

— A TN () + | ATON |2

S AT I (t) + 2 A
< ko Ar+1/2 € ]{70 AT+1/2 Ol A” 32
< 5l NP+l UNH +C|| ARy (32)
o M'<s>uAr+l/2nNH2ds (. D

0
where D; = ||A"||2. To apply Gronwall’s inequality, we perform the following

transformation, Equation (32) x 2¢ + Equation (31).

d /1
G (S1A O 224 000 ) + eholl A el 47 un
o 53HAT+1/2UNH2_5HAT'UN”2_5”AT+1/2UNH2+HAT+1/2UNH2
=20l A= [ AT s
+2€Cl/ u(3)|]AT+1/2nN||2ds+£2/A2TquNd:1:
0 Q
< —5/ AQTAuNeNd:):—E/ A% Auyvy dz
Q Q
—A AQrf(uN)dex—/AQTg(:E,t)HNdJ:
Q Q

After simplifying and combining like terms, we obtain

GO+ lanOP< (=4 PP ) K2 ccqul.h. 69
where

1
\IJN(t) = §HATZN( )Hvo—i-2€A2rJN / A2TF UN) dx

e r 2, € r 2
+ ATy PV AT

p* = mln{p;a P2, P3, 04}7

p2:(5—€k‘06—5,
p3:€k0_£_ba
o

P4 =01 — 20’1601 — 2602.

The range of parameters has been restricted above to make p* positive, where

4—a—46"
467

< m < 1. By estimating W (), we can obtain

O A"2n (D) o—Can < Un(t) < [A2n ()50 + (1A ully2) -
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In summary, we have

1/2
=+ ) K2 (U, )2

[A"2n () lvo < | Zn () lvo < 7 :
o/

when we take ¢t = t*, K < 1, we can get the following inequality:

1/2
(= 2g) " K2 -2 Ul )2
A" 2N ()| y0 < '

p1/2
Let

w4 P1ko /2 172 _1/2 1/2
T*:sup{T|A’“zN(t)||g( ) aliehbliLil ,Vte[t*,T)},

from the value of K, we can get 7" = oo. Actually, if 7" (¢* < T*) is finite, the
following conclusions should hold

1/2
(- 230) 2 K2 - 02 (o, 1))

A" 2N () [[yo< 2

Ve [t T),

1/2
| 472N ()] (w+2yn) "KM =2 0], )
A"z (T ||y o= .
4 pl/2
Then Equation (33) can be transformed into

d o Dik
GO e O 74P (4 D50 ) K2 001, )

When t = T*, we can get % || A"zy(t)||30< 0. Therefore, for any ¢t € [T, T* + <),
we have

1/2
R R L

JA 2 (8) o< e

Then, according to the assumption, 7* = oo holds. In addition, due to the
periodicity of zy (), for any ¢t € (—o0, 00), we have

1/2
(e + 2ga) " K172 212 (U, 1)) 2

A" 2n (8) o< 7 — Cp.

Next, to show the convergence of the approximate solutions, we will derive the
estimation of high-order derivatives. First, we recall Lemma 8. That is, if K is small

enough, the approximate solutions satisfy
supl| A"z (0o C(K).

C(K) represents a constant that depends on K, but is independent of N. Moreover,
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it is easy to see that if K is small enough, then C(K) < C holds for any positive

constant C'. In the subsequent proofs, we will take this conclusion as a fact. U

4.2.2. H' estimation of Zx (t) and V° estimation of Z

Lemma 9. Let zy(t) be the approximate solution of Equations (8)—(13). Then we have

supl| Vi (1) o< C(Ko, K).

1/2
where Ky = (fOTHgH2dt> , and C(Ky, K) is a constant independent of N.

Proof. Multiply Equations (19)~(22) by (Acjn, Abjn, Aajn, Adjy), sum them up,

and then take the inner-product (similar to Lemma 8), we get
(Ont, AON) = (A(qN — eTN) +/ w(s)Apn(s)ds — g(z,t), AGN) , (3%
0

(th —eun + 2uy, AUN) = (A(qn —emn) — A(ATN + on) — f(Tn), Avn),  (35)
(unt +eun, Auy) = (vn, Auy), (36)
(Nt +ns, Ann) = (On, Ann) (37)

By repeating the process of taking the inner product and then estimating as in

Lemma 8, we can obtain

Ld
2dt
= [T alAnl?as+ < [ Auyoy s

0 U

IVan[otel Vunll3—el| Vo |+ Avy ||

(38)
:6/ A1+1uN0Ndx+6/ AT yyoy da
U U

)\/Uf(uN)AdeJ:/Ug(x,t)AGNd:L‘.

Similar to taking the corresponding A.Jy (¢) in Lemma 8, we have

%AJN(t) + ?HVGNH

ko 2 52]{:0 2 2
< 2 Aon P+ 552 | Aun |+ Con V3
—01/0 W (s)lAnw|[Pds + kollg(z, ) || AnxlIne,

where U, (1) = %HVZN(t)H%/O+2€AJN(t) + %HVUNHQJr%HAuN\P, Cy =1/2+

ko > 0. Here we can obtain

L Csa||Van ()2 0+p™ (| Azn 120
< gl AOn||+Eollg(x, )] Ann a4 £ | Ao ]l (39)
<ellglll|Azn [lyo+I[ £l Azx|lyo

20
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where e = max{1, ko }, p™* = min{p}*, p2, p3, P4 }.

e ko4 ea

e
p2:5—5/{305—€,

% S

P3:5k0_a’
p2201—201801—28021.

The range of parameters has been restricted above to make p** positive, where
% < a < 4. Meanwhile, let

min o1 —0 +0vVG
=mi
paz 20101 + 20" 28kg + 2

}, G=1+ (1+0ko)(4— o).
According to the assumption of the nonlinear term f, we have

1-— 1—-m
< A
o Tnllvos 5Cl, [Azn ][0,

<t

HUNH<
where m € (4,1), [u> N and N = N(m) > 0.

d *k %k
— Cao||Van () [0+ | Azn [0

dt

< lsllAgn 1711 4on (40)
—m

< elgll|Azy ot 4z

Integrating the above-mentioned formula, it can be transformed into

1-—
HAZNHV0< eKy+ ——

By moving terms and performing combined operations, we get

2K2
HAZNH%/OS 0 2 = E07 (42)
o 1-m
P = W)
Also, since
IVan ()0 < 6~ [ Azn () [F0< 6 B0, ¢* € [0, T, (43)

integrating from ¢* to ¢t + T' (¢ € [0,7]) combined with Equation (40), we obtain

1—
032”VZN(t)H—C;;QHVZN(t*)HS <€K0 — p — 50) 2TE0 (44)

Combining Equations (43) and (44), we have

. (eKo . }S—Tg) 27T E,
SngVZN(t)HvoS 6 Eo + O = C(Ko),

21
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where C'(Kj) is independent of N. O
Lemma 10. Let zn be the approximate solution of Equations (8)—(13). Then we have

supllzni(t)[vo= C(Ko, K1, K),

1/2 1/2
where Ky = (fOTHgH2dt> , Ky o= (fOTHgtH2dt> , and C(Ko, K1,K) is a
constant independent of N.

Proof. Multiply Equations (19)-(22) by (c¢jne¢, bjne, ajne, djne) respectively, sum

them up, and then take the inner-product (similar to Lemma 8), we get
(aNtaaN) = (A((IN—€TN +f0 APN( )ds_g(xat)aaNt)a (45)

(vne — eon + %un,une) = (A(gy —en) — A(ATN 4+ on) — f(Tn),vne),  (46)
(unt +eun,unt) = (vn, unt), (47)

(Nt + nssne) = (O, Ne) - (48)

Taking the inner-product of the above equations respectively and then summing
up the four equations, we obtain

1d e
IWanltorg g (= [ I P as

+€||uN||§6||11N||2+||A1/21)N2) +€2/ unvnt de
U
:)\/ wu(s) <A1/277Nt(s),A1/29N> ds
0
f)\/ w(s) (Ann(s), One) ds+/ AZUNuNtdxf/ Alunvne da
0 U U
+/ AUNoNth?*/ AGN’UNtdl‘ff-:/ AUNUNtdl‘ff:‘/ AuNGNtdx
U U U U

,/ )\f(uN)thd:Ef/g(x,t)GNtdx
U U
A MWAY x| d
=AY %0y \|2d Jo~ 1) Ay | ds +lon 2 S /Md
||A1/29 l dt N

—5/ AquNtdx—s/ AuNQNtdx—/ )\f(uN)thdm—/ g(z, )0 da.
U U U

U

Estimating the above-mentioned formula using inequalities, we have

1d o
il g (= [ 1Ay Pas

+e||uN||%—e||vN|2+||A1/%N||2> +52/ unvye dz
U

s)|[ AV 20w | ds
||A1/29 I
AQUN + Aby
/ T

< ||A1/29 ”2 d fO

9
+low | S da + elfu 3+ loel

1
+ 2[gl*+ gl

13
+ 5H9m||2+

flun)vne da

22



Advances in Differential Equations and Control Processes 2026, 33(1), 3876.

After transformation and simplification, we get

1d o0
lzvelfot5 dt( /0 u’<s)||A1/2nN||2ds+e||uNH%—sHvN||2+HA1/%N||2)
1 14+ koD11 +¢ 1 1
SunelB+ | = ) 10wl P 5 el
2 8 2
1+ koD
+D12qu||2+¢H0 [&

1 1 62+€
+2H77N||§41+(252+5+ 3 ) uxli (S5 + i) o+
/ f(un)oned| + 2] g2,

U

that is
1d 2 2 2, € 2
lenellot5 (alunNHM1+sHuNlrz+<6—e)Hlel +116x] )

< LIIZNtIIVo+R||ZNtIIVo+ LB o+2lg12,

0Cy

among them

2 1+ koD 1
L:max{g ;—5+D12’ + ko 11+€+ +€}’

2 8
2
I 1 1+ koD11 IS
= , D1a, - <
R max{262+5+ 12, 5 +8 ;
€
= 1 ’6_ ’7}-
Q mln{a 54

By restricting the parameters and choosing an appropriate o, we have 1 — L > 0.
Meanwhile, let

1 3 — 4koD /9
P43 :mln{_2 +A175011}7 Al = 1 _2D125

after moving terms and combining like-terms, the following inequality is obtained

T R—|— 5Cy 2K2
/ |2nel|Zodt < <1L>O(K) + ﬁ = O(K, Ky). (49)

In addition, to distinguish Equations (14)—(17) with respect to ¢, multiply by the
derivatives (c;jn¢, bjnt, ajnt, djne) and sum over j, and we get

(Onvirs Onve) = <A(QNt o) + A /0 " 1(5) Apwie(s)ds — gt<:c,t>,9m> . (50)

('UNtt — eon + €%uny, UNt) = (A(gnt — eTnt) — A(ATNe + ©nt)

(51

—Afi(TN)TNE, UNE),
(unw + eunt, unt) = (UNt, UNE) (52)
(NN + nst, Mne) = (One, Ine) - (53)

23
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by repeating the process of estimation after taking the inner product in Lemma 8§, we

can obtain

1d e
s (Jemeliot (= [ w14 el as
0

+s||um||§—e||vm||2+||A1/2vm||2)) +2 [ uids
U

o0
= )\/ wu(s) <A1/277Nt(s),A1/20Nt> ds
0
—)\/ (s) (Anni(s), On) ds+/ A%onune dm—/ A%upnong dz
0 U U

/AthGNtda:—/ AHNtthdx—s/AuNtthdx
U U

U
—6/ AuNtONtdx—/ )\ftuNtUNtd:L‘—/gt(fc,t)HNtda:
U U

After arranging and combining like-terms, we get

1d 1 )
l2nel[fo+ollnnel[Rp+ellunl3+ oz o

2dt’
S/AuNtthdxs/AuNtﬁNtdze /uNtthdx
U U

- / Arunivne dr — / ge(x,t)0ny do
U U
< g2 2 9 g2 ae 9
252 T o luntlla+ St lonell
Qe
(25 1) e+ / Jruneone de
4 8 U
Based on the assumption of the nonlinear term f, after taking derivatives, we can obtain

(54

+2)ge%.

the inequality || f¢|| < 1 . Then we have

d ko ko
JNt(t)‘F?H‘gNtH2 || one||? +2D unell3
(55)

dt
C’ 2
Co1 4 Cro1 + = ) [Innellyp +2kollge (2, 1)1,

where D1y = ||AY2|]2, Dys = | A?< 2. Combining Equations (54) and (55), we get

d /1
(nthn%ﬁJm(t)) T o el s e el 2

dt
1 2
*||9Nt|| + Cg —¢ | [londll
(v Z L SR
=\202 " o 62 " 2D, ) N2
2 g 1—-m kODll
" )| J?

) iz

ZJF

+ (2 + 2ko) || 9¢ I

Cs
) 0n¢ )%+ (021 +Chor + 3
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Since C6||th||%/0 —C7 < %Hz Nt H%/O—I—J nt(t), after scaling the above-mentioned

formula, we have

d
@CGHZNtHQvoJFLl||ZNtH%/o§ Ry lznel[f0+(2 + 2ko) llgelI?, (56)
where
) 1 ko
L; = min{e, C—g — &, oL o1},
2 2 2
€ 2¢e 1 e‘ky € ac 1—m  koD11
R { D) 77 "o — )]
LM et Y e Tap, 2 T T, T 2
ac 1 Cs
* L Oyt 7}.
1 + 3 21 + Cro1 + 3

Cg—QCU-FCUCgkODll
cz ;

82Dy1(—2+ a+avTh) 0 A=
a(Dyy + koo?) 4 S

By restricting the parameters, we have L1 — Ry > 0. Whenm >
let

P44 = Min {
— 44 2 2k - a o 2 1-m
where 1 =1 -0+ 0 — 51— g@p =145+ %5+ & — o —kDu.
After moving terms and combining like-terms, we have

d 2 Ll—Rl 2—|—2k50

2 2
ailAillvot—g—llznillyos —5—=ll:[I", (57)
Appropriate scaling of Equation (57) gives
2+ 2k
/ znvel|2odt < <7 ROlK (58)

Applying the first mean value theorem for integrals to Equation (58), there exists t* &

[0, T'] such that
92+ 2%k

%0 ———— K2

Combining with Equation (57), integrating from t* to t + T (¢t € [0,T1]), we get

2+ 2k 2 4 + 4k
sup |z (D20 —— = K24
OgthH Nt( )HVO— T(Ll _ Rl) 1 06

K 1>
then we have

2 + 2k 4 + 4k
T(Ll — Rl) Cs

1/2
sz (0o < ( ) Ky = Oy,

4.2.3. Related estimates of low-order derivative terms

Lemma 11. Let zn(t) be the approximate solution of Equations (8)—(13). Then we
have
sngAzN(t)HVog C(Ky, K1, K), (59)
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SlipHVZNt(t)”\/Og C (Ko, K1, K), (60)
T
/ | Az ()| 2odt < C(Ko, K1, K), (61)
0
T
/ l2ne()][Fodt < C(Ko, K1, K). (62)
0

Proof. Take the inner product of Equations (14)—(17) with (A0y, Avy, Aun, Any).

Similarly, we can obtain
(Ont, AON) = (A(vN — cun) +/ w(s)Ann(s)ds — g(x,t),A9N> ,  (63)
0

(vt — evn + €2un, Avy) = (A(vy — cun) — A(Auy +0x) — f(un), Avy), (64)
(uNt + EUN,AUN) — (UNa AUN), (65)
(NNt + s, Ann) = (0N, Ann), (66)

and

d kk
7Ol Van@lVot+r™ | Azn ([T < ellglllAznlvo+ [ £l Azx v,

P Azn ()0 < Coll Azn (t)llvo lzne(t)lvo+ellglll Azn [lvo+I £l Azl vo.

Given from the previous conditions that ||f||< 15—;”\|uNH§ 15—Um|]zNHVo§

}S_TZLHAZN”VO, we can get

Cy (C3,C (K1) +eK)

A t <
sy (Dl SRR

= C(K,K,).

Similarly, by Lemma 9, Equation (59) holds. In addition, differentiate Equations
(14)—~(17) and take the inner product with Azy¢, we can get

1d

5@HVZNt”%/0+01HAUNt||12v[1+€||VUNt||§

2 2 e’ 2 e? 2
+ (1= eG) [ Avnel|"+= [l +E||UN15||2

26 1-m 9 Q&€ 5 e+« e , 1 )
=\5 o — 4 Ab - “llgel2.
< <a {von ) lunvll3+ | Avwe 1P+ == 1408+ ol P+~ gl

Next, similar to the proof method of the previous lemmas, find an appropriate Jy¢(t)

and then differentiate it to obtain the following inequality:

d ko
— A2 TN () + 22| AOn |2
L vt) + 2 0|
koD 2k
< S AowilP+ g5 Aunl+(Cor + Cron) [ Anel R+ Agel | Ane e
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By combining and rearranging the above two equations, we can get

d

1
S (317wl 20 ) + ol A s

2
€ € ae ko
+ {7+ Aunel3+ (1 —€C2 + Avye||*+=- [ A0n|?
<D11 aDlQ) || uNt”Q < € P 4D12) || UNt” 2 H Nt“

26 1—m koe?
<(c* (= Aupy||?
- ( p <Oé + OCCU ) + 2D11> || uNt”Q

e koD aCs e+ a
; <a+011+ ) Ao+ Ay

4 2 4 4
1
+ (C1 + Croy + L1)|\A77Nt||§41+a||9t||2+wlHAQtHQ-
For concise representation, let

2 2

€ € ae ko

Ry = {— — 1 - C? , —, },
2 = max 11+C¥ > € p+4 L2 o1

2e 1—m) koe®? ae  koD1y an
2D 4 2 4’

Ly = min{Cj (=
2 = minqg C, 04+ aCy
aE + o

1 Co1 + Croy +L1}-

By restricting the parameters, we have Ry — L2 > 0. And by scaling
C 2 _Cy<t S otALT
3| Vane|io—Co < 2\|V2Nt\|vo+ Ne(t),
we get

d 1
08%||V2Nt\|%/o+RzﬂAZNt||%/o§ L2||AZNt||%/o+a||9tH2+W1||Agt

After moving terms and combining like-terms, we have

Ry — L

d 2 1 w1
— I Vanel? Ao |2 < —— a2+ 21| Ag, |12
dtH ZNtl[yo+ s | Aznellyn < aCBHQtH +08H |

[

(67)

(68)

Similarly to Lemma 9, by using the mean-value theorem for integrals on Equation

(68), we can obtain Equation (61). Using the same method, we can obtain Equation

(60). Finally, by differentiating Equations (14)—(17) and taking the inner product with

ZNtt, We get

(eNtta 9Ntt) = <A(UNt - €UNt) +/ M(S)AnNt(S)dS - gt(xvt)>9Ntt> )
0

(vNi — evne + e2uny, uni) = (A(vne — eune)—

A(Aupnt + Ont) — fr(un)une, UNe),

(UNtt + euny, UNtt) = (UNttyuNtt)7
(NNt + st Inee) = (One INee)-

Similarly, Equation (62) can be obtained.
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(71)
(72)
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5. Existence and uniqueness of time-periodic solutions

The proof of convergence uses the compact embedding theorem of Sobolev spaces:
since V' is compactly embedded into H', the bounded sequence zy in L>(T; V) N
HY(T; H') is precompact in L?(T'; H'). Thus, there exists a subsequence of z that
converges strongly to z in L?(T; H'). By passing to the limit in the approximate
equations, we can verify that z = (u,v,6,n) is a solution of the original Equations

(D=3).

Theorem 2. Let g € HY(T,V°)(T > 0). Then there exists a constant Cy = Co(N) >
0(N=1,23,...)1If
K = sup |[|g]lp~ @< Co,
0<t<T

then the system of Equations (8)—(13) has a time-periodic solution z = (u, v, 0,n) with
period T, and it satisfies

z = (u,v,0,n) € L®(T; V) n H' (T;D (Al/Q)) )

Proof. We obtain the convergent approximate solution zy¢(t) of Equations (8)—(13).

From the conclusions of Lemmas 811, we can deduce that

zn converges weakly* to z in L>(T'; H), (73)
2z converges strongly to z in L>(T; V°), (74)
zn converges weakly* to z; in L(T; H'), (75)
zn converges strongly to z; in L= (T; V), (76)

the function z(t) satisfies z € L>(T; V) N H! (T; D (AY?)). That is, there exists
a sequence zy that converges to z in the above-mentioned way. In fact, the sequence
|(zne(t), wi)| (N =14,i4+1,i+2,...) is uniformly bounded and equicontinuous, that
is
|(zwe(t + h) = 2we(t),wi) |[< C(IKo, K1, K[| [|wi,

where w; (i = 1,2,3,...) is a complete orthogonal system in V°, composed of the
eigen-functions of A described above. Therefore, using the diagonal process, we
can eventually select a subsequence zy;. In this way, zy: can converge weakly and
uniformly to an element in V' for ¢ € [0, 7. In addition, considering the boundedness
of Equation (60) in Lemma 11, we obtain the convergence of Equation (76). Next,
consider the better results for the nonlinear terms.

1 (u) — Fw)] = Hﬂum ¥

1-b
<
=

< ko ||A(ny —n)|| = 0,

| nosavts) s = [ uts)sn)as
0 0

1-0 1-0 1-0 1-0
u_

Co UN — Cu un + Cy Cu

lun — ul|— 0.
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Therefore, we can obtain
(6~ A=)~ [ u(s)Ans)ds + gl 0),105) = 0
0
(v — ev + *u — A(v — eu) + A(Au + 0) + f(u),w;) = 0.

We also find that, due to the estimates obtained in the previous sections, we have

0y — A(v —eu) — /OO p(s)An(s)ds + g(z,t) =0, (77)

0
vy — v+ 2u — A(v — eu) + A(Au+0) + f(u) =0, (78)
(u,v,0,M)(t+T) = (u,v,0,n)(t). (79)

Finally, we give the proof of the uniqueness of the time-periodic solutions for the

nonlinear plate coupling system with thermal memory and external force terms. O

Theorem 3. The time-periodic solutions of the system of Equations (8)—(13) that satisfy

the conditions given in Theorem 2 are unique.

Proof. To prove the uniqueness of T-periodic solutions, we first construct an energy
difference functional to quantify the gap between two periodic solutions explicitly,
then detail the energy derivative estimation term by term, and finally strictly apply
Gronwall’s inequality to derive the necessity of the energy difference being zero,
forming a complete and rigorous logical chain.

Assume that zy = (uq,v1,601,m) and 2o = (ug,va,02,12) are two T-periodic
solutions of the Equations (1)—(5). Define the difference variable:

Az =21 — 2y = (AU, Av, AQ;A??):

where Au = w1 — ug, Av = v1 — vo, A0 = 01 — O, Ay =11 — 1no.

Step 1: Construction of Energy Difference Functional: We explicitly construct
the energy difference functional to measure the magnitude of the difference between the
two T'-periodic solutions, which lays the foundation for subsequent energy estimates:

E(t) = 5 (IAullfo+ | Av| >+ A0|*+[| An|y ) -

N | —

This function directly reflects the gap between z; and 29, and its non-negativity ensures
that E(t) = 0 is equivalent to z; = zo.

Step 2: Step-by-Step Energy Derivative Estimation: Substitute Az into the
original system to obtain the difference equations, then take the inner product of each
component equation with Au, Av, Af, and An respectively, which yields:

(A0 — A (Av — eAu) — /OO p(s)An(s)ds + Ag(z,t), AG) =0,  (80)
0
(Av; — eAv 4 *Au — A (Av — eAu) + A (A(Au) + AG) + Af, Av) =0, (81)

(Aug + eAu, Au) = (Av, Au), (82)
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(An + Ans, An) = (A8, An), (83)

where Af = f(u1) — f(u2) denotes the nonlinear term difference, and Ag(z,t) =
g1(z,t) — ga(z, t) (if g is periodic, Ag = 0).
We detail the estimation of each key term and the calculation of the energy

derivative:

* Nonlinear term estimation: For Af = f(u;) — f(uz), using the Lipschitz
continuity of f(u) (derived from the condition f € C2?(R, R)), we have:

IAFII< L[| Aull,

where L is the Lipschitz constant of f(u) on the bounded set, which is guaranteed
by the uniform boundedness of w1, us in V2.

*  Memory term estimation: For the memory term difference A [ 1u(s) An(s)ds,
applying the Cauchy-Schwarz inequality and the property u(s) € L'(R.), we
bound it by ||An||y-

Direct computation of the inner products yields the time derivative of each
component of the energy difference functional:

;iHAQHQ:/UA(AU)Ade—e/UA(Au)AHdm—/Ooou(s)<AAn(s),A9>ds

- / Ag(z,t)Ab dx,
U

1 d
7—||Av||2—s||Av||2+52/ Aulvdz + AV Av|)?
2 dt .

z—s/ A(Au)Avdx—/ AQ(Au)Avda:—/ A(AG)Avdaj—/ AfAvde,
U U U U

1d
s lAulirelul= [ A*av)Auds,
t U

a8l [ A (), AV s = [ (o) (A2 (), 4172 6 s,
0 0
Combining the above four identities, collecting like terms, and substituting the

estimations of the nonlinear term and memory term, we obtain the time derivative of

the energy difference functional E(t):

d

%E(t) < —G5E(t) + GeE(t),

where C'5 > 0 is a positive constant derived from the dissipative terms of the system
(e.g., el Aull3,, 1]|An||3;1), and Cé is a constant related to the Lipschitz constant L s
and the system parameters. This inequality clearly reflects the energy decay mechanism
of the difference system.

Step 3: Strict Application of Gronwall’s Inequality: We first verify the
conditions for applying Gronwall’s inequality and clarify the logical chain leading to
uniqueness: By restricting the system parameters (consistent with the constraints in
Section 4 for ensuring positive dissipative coefficients), we guarantee Cs > Cg, thus
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transforming the above differential inequality into:

d

SE(t) < ~LE(®),

where L = C5—Cs > 0is apositive constant independent of ¢, this is the key condition
for applying Gronwall’s inequality.

Since z; and zo are T-periodic, the difference variable Az is also T-periodic,
which implies that the energy difference functional E(t) is T-periodic, i.e., E(t+1) =
E(t) forallt € R.

Applying Gronwall’s inequality to the differential inequality %E (t) < —LE(t),
we integrate both sides from ¢ to ¢t + 7

Et+T) < E(t)e T,
Combining the periodicity of E(¢) (i.e., E(t + T) = E(t)), we derive:
E®)(1-e ) <o.

Since L > 0 and T' > 0, we have 1 — e~17" > 0, which necessarily implies E(t) = 0
forallt € R.

Step 4: Uniqueness Conclusion: From E(t) = 0, we directly deduce Au = 0,
Av = 0, A0 = 0, An = 0 (due to the non-negativity of the norm), which means
z1 = z9 for all t € R. This confirms that the T-periodic solution of the system is
unique.

Now, we supplement the detailed derivation process corresponding to the
above logical chain (consistent with the original differential equation calculation) for
completeness: Let z = Az = (Au, Av, A0, An) = z; — z9, and the detailed inner

product calculation and derivative rearrangement are as follows:
Direct computation yields

2dt||¢9H2 /Av@da:—s/ Au9da:—/ ,u(s)(An(s),Q>ds—/g(m,t)@dx,
0 U

1d
sl e+t [ wode -+ At

:—e/Auvdaz—/A2uvdx—/A9vdx—/f(u)vdx,
U U U

1d
illieluli= | Avuds,

o= [ i), a s = [T s, a6

0

Combining the above four identities and collecting like terms, we get

1d
2dt

- /00 1 (s)(AY?n(s), AY?n)ds + 52/ uv dz (84)
0 U

ze/AUdee/Auvdx/f(u)vdx/g(x,t)@dx.
U U U U

112+l 1P+l 3+ Inl§e ) + ellul3—ellvl*+[] A7)
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Now let

50 == [~ 6. n)ds

Differentiating J(¢) and estimating, we obtain

d ko ,u2_ Ko 2, €%ko 2 2
— < = - -
L)+ o< 2wz S vl ol

% : (85)
0
- 01/0 W (s)[|AY 0| *ds + - llgll*.

Next, to apply Gronwall’s inequality, we multiply Equation (85) by 2¢ and add it
to Equation (84). Using the interpolation inequality

A%< 6° P APull, 0 <a<p,
and collecting terms, we arrive at

27 U(0) + ekoll0]* +e[ull3— ko | V| +HIAY 20| *+alln| 3
c 3 2
< *IIUH%*WHQ%U - m)|Aul*~eC(|U], ) + = HUH2+ 3

ko
+(w+ >M®®HHWW%WW%WMWﬂ+@WQ+%@WWW,
where

1
¥(0) = J0lRa+2200)+ [ S+ Sl 590l

c(ul, f) = !U\ min f(s)s.

|s| <Ny

For ¥(t), the following bounds hold:
Csllzn () [F0—Ca < Un(t) < [lan (Ol F0+ ([fully2)

where @ ([lully2) = |Ulmaxy, <y, |F(y)]. Further standard estimates and

rearrangement lead to

’“°> K%, (86)

d
Co IO tallsI o< al:1a-2C(UL ) + (= +

where we set

y = min {ekg, em, 6, o},

3 31{: 2
ac—max{8 +t, %—F%—i—%, ekod + ¢, 2U€C1+2€C'2}.

The above inequality can be rewritten as

(= + %) K2 —=C(Ul, f)
C3

< —Lllz[lo+H, (87)

d 2 y—z 2
)0 ~Lo 0t
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where

w4+ B) K2 (U], f)
H:< 2> o .

Under the given parameter constraints, L. > 0. Applying Gronwall’s lemma to Equation
(87), we get

l2()]1*< exp(—Ltl)HZ(O)|2+/o 1 exp(—L(t — s))H(s)ds, t € (0,400).

Since z(t) is T-periodic, for any ¢ € (—o0, +00), there exists a positive integer
ng such that ¢ + ng7T > 0 and

12()[*= [|2(t + noT)|1*.
Thus
t1
||z(t)||2§ ||z(0)||2exp(—LnT) —|—/ exp(—L(t +nT — s))H(s)ds, n > ng.
0
Letting n — oo, we conclude that
1 2(t)]*= 0.

Therefore z; = 2o, which further confirms the uniqueness of the T-periodic solution.
This completes the proof of existence and uniqueness of time-periodic solutions
for the nonlinear plate coupling system with thermal memory effects and external forces.
O

6. Conclusion

In this paper, we have rigorously proved the existence and uniqueness of
time-periodic solutions for a nonlinear plate coupling system with thermal memory
effects and external force terms; our main contributions include establishing a more
practical mathematical model for the thermoelastic plate system by introducing periodic
external forces and memory variables and transforming the original system into
an equivalent evolution system that is easy to analyze, proving the existence of
approximate solutions and obtaining their uniform boundedness through a series of
a priori estimates using the Galerkin method combined with the Leray-Schauder
fixed-point theorem, and verifying the convergence of the approximate solution
sequence based on the compact embedding theorem as well as proving the uniqueness
of the periodic solution by constructing an appropriate energy function.

For future work, we will focus on three core directions: first, design efficient
numerical algorithms such as finite element or spectral methods to simulate
time-periodic solutions and verify theoretical results; second, study the stability
of periodic solutions under initial and external force perturbations, and analyze
the influence of memory kernel and nonlinear term parameters [32]; third, extend
the model to multi-dimensional or variable-thickness plates and consider complex
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boundary conditions like dynamic boundaries. Additionally, we will explore the
integration of multi-modal data fusion and deep learning fusion techniques [33, 34]
for dynamic response prediction, and adopt dimension-reduction multi-objective
optimization [35] and spectral simulation [36] to improve engineering application

value.
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