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Abstract: This paper is devoted to investigating the existence and uniqueness of T -periodic
solutions for a nonlinear thermoelastic plate coupling system with thermal memory effects
and time-periodic external forces, derived from the non-Fourier heat flux law—a model more
physically realistic for characterizing the thermal response of materials with transient heat
conduction behavior. To address the mathematical challenges of this coupled system, we
first transform the original high-order system into an equivalent first-order evolution system
via auxiliary and memory variable substitutions. Using the Galerkin method to construct
finite-dimensional approximate solutions, we then apply the Leray-Schauder fixed-point
theorem to prove the existence of approximate periodic solutions, deriving uniform a priori
estimates for their derivatives in Hilbert space V 0 via Hölder’s, Poincaré’s, and Gronwall’s
inequalities. The Sobolev compact embedding theorem verifies the convergence of approximate
solutions, establishing the existence of T -periodic solutions for the original system; uniqueness
is further proven via an energy difference functional and Gronwall’s lemma under a smallness
condition on external forces. This work enriches the theoretical framework for periodic
solutions of memory-type thermoelastic coupling systems and provides a foundation for
engineering dynamic analysis of plate structures.

Keywords: thermal memory effect; external force; nonlinear plate coupling system;
time-periodic solution

1. Introduction

Among the numerous and complex phenomena in daily life, there is a special kind
of phenomenon, namely the phenomenonwith thermal memory. In the process of heat
conduction, there is memory, and there are evolutionary systems with internalmemory.
This can provide a reasonable explanation for some heat conduction phenomena in daily
life. For plate-like materials, during the process of use, they will inevitably encounter
the situation of heat conduction. And due to the different principlesutilized for heat
conduction, the research and treatment methods also vary. In differential equations,
this is manifested asconsidering a memory kernel function when taking into account
the influence of temperature changes [1]. Recently, theevolutionary equations under
various non-Fourier heat flux laws have attracted the interest of many mathematicians.
The heatconduction evolutionary equations under the Coleman-Gurtin theory have also
been widely studied. For the linear thermoelasticplate equations without memory
effects in heat conduction, the exponential stability of the relevant C0-semigroups
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underdifferent boundary conditions has been proven [2–4]. On the other hand, when
the heat flux is modeled by the non-Fourier law, the well-posedness and stability of
the corresponding linear thermoelastic plate equations have been investigated [5, 6].
Periodicphenomena are a very special existence in natural phenomena. In a long period
of continuation, there is the regular recurrenceof a certain phenomenon, which can be
explained by the periodic solutions of nonlinear differential equations in mathematics.

LetX be a Banach space. Define the spaceCk(T ;X) as the set of functions whose
k-th-order derivatives are continuousinX and are periodic with period T in R. Define

the norm |g|Ck(T ;X) = sup
0≤t≤T

{
k∑

i=0

∣∣Di
tg(t)

∣∣
X

}
. Lp(T ;X)(1 ≤ p ≤ ∞) is the set of

functions that are periodic with period T in R and are measurable on X . Define the
norms:

|g|Lp(T ;X)=
(∫ T

0 |g|pXdt
) 1

p
< +∞, (1 ≤ p ≤ ∞),

|g|L∞(T ;X)= sup
0≤t≤T

|g|X< +∞

W k,p(T ;X) =
{
g | g ∈ Lp(T,X), Dαu ∈ Lp(T,X), x ∈ R1, α ≤ k

}
.

When X is a Hilbert space, Hk(T ;X) = W k,2(T ;X). Hm(U) is the Sobolev
space consisting of functions whose derivatives up to order m are all in L2(U).
Throughout this article, L2(U) represents a Hilbert space equipped with the following
inner-product:

(u, v) =

n∑
i=1

∫
U
uividx

Define the norm form of L2(U) as ∥·∥. Consider a positive operator A on L2(U),
defined as A = −∆ = ∇2 = −D2

x, and its domain D(A) = H2(U) ∩ H1
0 (U). For

r ∈ R, consider the Hilbert space Vr = D(Ar/2), and define the inner-product:

(u1, u2)Vr = (Ar/2u1, A
r/2u2), ∀u1, u2 ∈ Vr,

∥u∥2Vr=
(
Ar/2u,Ar/2u

)
, u ∈ Vr.

Introduce the weighted Hilbert memory spaceM1+r = L2
µ(R

+; vr+1) , for r ∈ R,
and define the following inner-product:

(η1, η2)Mr =

∫ ∞

0
µ(s)

〈
Ar/2η1(s), A

r/2η2(s)
〉
ds, ∀η1, η2 ∈ M1+r,

∥η∥2M1+r =

∫ ∞

0
µ(s)∥η(s)∥22ds, ∀η(s) ∈ M1+r.

Finally, we define the Hilbert space with an inner product:

V r = V2+r × Vr × Vr ×M1+r, r ∈ R,

for anyz = (z1, z2, z3, z4)
T ∈ V r, its norm is given by

∥z∥2V r=
∥∥∥A(2+r)/2z1

∥∥∥2 + ∥∥∥Ar/2z2

∥∥∥2 + ∥∥∥Ar/2z3

∥∥∥2 + ∥z4∥2M1+r

when r = 0, we have V 0 = V2 × V0 × V0 ×M1 .
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In this paper, the spaces V 0 andH1 are investigated. The inner-product and norm
defined in H1 are identical to those in V 0. We explore the existence and uniqueness
of time-periodic solutions for a nonlinear plate-coupled system. This systemexhibits
thermal memory effects due to the non-Fourier heat flux law and is under the influence
of specific external forces. The equations are as follows:

θt −∆ut +

∞∫
0

k(s) [−∆θ(t− s)] ds+ g(x, t) = 0, (1)

utt −∆ut +∆(∆u+ θ) + f(u) = 0, (2)

u(t) = ∆u(t) = 0, (3)

θ(t) = 0, (4)

θ(−s) = Ψ(s). (5)

Among them, for (t, x) ∈ R+ × Ω, u = u(t, x) is a real-valued function on
[0,+∞)×U is the temperature change from the self-equilibrium reference value, u is
the vertical displacement of the plate. The function Ψ : R+×U → R is called the initial
history of temperature. It is assumed that the memory kernel function k : R+ → R

is a positive, bounded and convex function that vanishes at infinity. f(u) ∈ C2(R,R)

is a sufficiently smooth real-valued function. The given external force g(x, t) has a
periodic solution with period T in time t, g(x, t) ∈ H1(T, V 0) and

sup
0≤t≤T

∥g(x, t)∥L2≡ K.

In addition, to ensure the uniform boundedness of approximate solutions and
the validity of subsequent higher-order derivative estimates, we impose a smallness
condition on the external force: sup

0≤t≤T
∥g(x, t)∥L2≡ K ≪ 1, whereK is a sufficiently

small positive constant independent of the truncation order N and the parameter λ ∈
(0, 1) in the Leray-Schauder fixed-point theorem.

Comprehensive and meticulous research work has been carried out on the
thermoelastic plate equations. In recent decades, the long-time behavior of the solutions
of plate equations has been studied by many scholars. Woinowsky-Krieger [7] in 1950
and Berger [8] in 1955 established the elastic vibration equations, from which the plate
equations were derived. In these studies, we note that in recent decades, the long-time
behavior of the solutions of plate equations with thermal memory effects caused by
Fourier’s law has been studied by many scholars. Dridi [9] integrated thermal damping
and viscoelastic damping, extended the theoretical framework to dynamic boundary
conditions, proved the exponential or polynomial decay of solutions, overcame the
limitation of static boundary conditions in the original literature, and thus established a
theoretical basis applicable to the stability analysis of elastically constrained plates in
engineering practice. In 1997, Rivera and Shibata [10] considered the initial-boundary
value problem. utt − h△utt +△2u+ α△θ = 0,

θt − β△θ − α△ut = 0.
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And it was proved that as time increases, the energy related to the system decays
exponentially to zero. When h > 0, the system belongs to the weakly hyperbolic
type. The estimation of the second- (or third-) order derivatives of the solution on
the boundary during this process has been studied in detail [11, 12] for the work in
control theory [13,14]. For γ = 0, in 2006, Kim [15] explored the thermoelastic plate
equation with Dirichlet boundary conditions proposed by him in 1992 and proved the
exponential decay of the solution. In 2001, Giorgi and Pata [4] considered an abstract
linear thermoelastic system with memory and gave the results of existence, uniqueness,
and continuous dependence.∂ttu+∆ [∆u+ ϑ] = 0,

∂tϑ+ ϑ−∆ut +
∫∞
0 [β(σ)ϑ(t− σ)− k(σ)∆ϑ(t− σ)] dσ = 0.

In the presence of memory, the system is shown tobe exponentially stable. These
thin plates are affected by thermal deformation and the laws of heat conduction. In
2005, Grasselli et al. [16] considered the evolution problem in the two-dimensional
theory of linear hereditary thermoelasticity.utt(t) + ∆ (∆u(t) + ϑ(t)) = 0,

ϑt(t) +
∫∞
0 k(s) [cϑ(t− s)−∆ϑ(t− s)] ds−∆ut(t) = 0.

This problem simulates a Kirchhoff thermoelastic thin plate with heat-conduction
memory effects. In the same year, the Kirchhoff plate equations with storage conditions
at the boundary [17] and the stability of the solution of the von Kármán system were
studied: ∂u

∂v +
∫ t
0 g1(t− s)

(
B1u(s) + ρ1

∂u
∂v (s)

)
ds = 0,

u−
∫ t
0 g2(t− s) (B2u(s)− ρ2u(s)) ds = 0.

In 2008, Wu [18] considered a nonlinear plate equation with thermal memory
effects due to the non - Fourier heat-flux law:ϑt −∆ut +

∫∞
0 k(s) [−∆ϑ(t− s)] ds = 0,

utt −∆ut +∆(∆u+ ϑ) + f(u) = 0,

where the notations have the same meanings as in the study by Grasselli et al. [16]. The
existence and uniqueness of the global solution, as well as the existence and uniqueness
of the global attractor, were proved. By using appropriate Łojasiewicz–Simon
inequalities, under the assumption that the nonlinear term f is real-analytic, as time
tends to infinity, the convergence of the entire solution to a single steady-state was
proved. In addition, an estimate of the convergence rate was provided. In 2014,
Barbosa and Ma [19] studied the long-time dynamics of the solutions of extendable
plate equations with thermal memory. This problem corresponds to a thermoelastic
model based on the non-Fourier heat-flux theory. The authors of this paper studied
the long-time behavior of a class of nonlinear problems and simulated a thermoelastic
extensible plate using the non-Fourier heat-conduction law. In 2023, BK Kakumani
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and SP Yadav considered a viscoelastic plate equation with a logarithmic nonlinearity
in the presence of a nonlinear frictional damping term. They used the Faedo-Galerkin
method to prove the existence of solutions to the problem and also proved some general
decay-rate results [20]. In 2024, Wang and Liu studied the asymptotic behavior of the
nonlinear MGT plate equation in the unbounded domain. By using the energy method
in the Fourier space, they proved the optimal decay-estimate results for the non-critical
case. The optimality was analyzed by considering the asymptotic expansion of the
eigenvalues [21]. In 2024, Ma, Chen, and Deng derived a geometrically nonlinear
plate model based on the Kirchhoff hypothesis and the large-deflection hypothesis
and provided an error analysis of the corresponding element-free Galerkin method.
Numerical experiments, involving clamped square and circular plates with uniform and
non-uniform nodes, as well as a plate model with a corner singularity, were presented
to validate the theoretical results [22].

This paper mainly aims to study the existence of periodic solutions for a
nonlinear plate-coupled system with thermal memory and external force terms. A
brief overview of the research status of periodic solutions in the references cited
in this paper is presented. In 1997, Hisako Kato [23] proved the existence of
periodic solutions for the Navier-Stokes equations by applying the Galerkin method
and using the Leray-Schauder fixed-point theorem. In 2001, Academician Guo and
Professor Du [24] also proved the existence of periodic solutions for the weakly
damped Schrödinger-Boussinesq equations by applying the Galerkin method and
using the Leray-Schauder fixed-point theorem. In 2019, Luo and Du [25] used the
Galerkin method and the Leray-Schauder fixed-point theorem to prove the existence
of time-periodic solutions for the 3-D viscous primitive equations of large-scale dry
atmosphere.

Wang and Ma first investigated the existence of pullback attractors for the plate
equation with variable delay on the unbounded domain Rn by means of the theory
of multivalued dynamical systems [26]. In 2023, Sun et al. considered the 2D
magnetohydrodynamics equations with horizontal dissipation and horizontal magnetic
diffusion. The classical solution in H − k (k ≥ 2) has been obtained; due to partial
dissipation and strong nonlinearity, the global well-posedness of the weak solution in
H1 is still unknown. By combining the classic Galerkin’s method with Brouwer’s
fixed-point theorem, the existence of time-periodic solutions in H1 with small initial
values is obtained [27]. In 2024, Chai and Zhou were concerned with numerical
approximations to the one-dimensional Cahn-Hilliard equation with time-periodic
solutions [28]. Vasilyeva et al. focused on the core mechanisms of heat and mass
transfer and established the coupled governing equations for phase transition processes
in porous media [29].

However, it should be emphasized that the nonlinear thermoelastic plate
system with memory considered in this paper, described by the evolution equation
(u, v, θ, η)(t + T ) = (u, v, θ, η)(t) + f(u) + g(x, t), has obvious innovations and
extensions compared with the existing research results. On the one hand, from the
perspective of system modeling, most of the existing thermoelastic plate systems adopt
the Fourier heat conduction law, which assumes that the heat flux propagates at an
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infinite speed and cannot accurately describe the thermal response of materials with
fast transient processes or microscale characteristics. In contrast, our system is derived
based on the non-Fourier heat conduction law, which introduces the thermal memory
effect through the internal variable η, making the model more in line with the actual
physical properties of materials such as polymers and composites under complex
thermal environments. On the other hand, compared with the existing literature that
either ignores the external force term or only considers constant external forces, this
paper incorporates the time-dependent external force g(x, t) into the coupled system.
This extension makes the system more applicable to practical engineering scenarios
(such as plates subjected to time-periodic loads or thermal disturbances), but also
brings new mathematical challenges due to the coupling of time-periodic external
excitation, nonlinearity, and memory effect.

The main contributions of this paper are explicitly summarized as follows:
First, we establish a more general and physically realistic nonlinear thermoelastic

plate systemmodel with thermalmemory and time-dependent external force, which fills
the gap that existing studies rarely consider the coupling effect of non-Fourier thermal
memory and time-periodic external excitation.

Second, we propose a rigorous analytical framework for proving the existence
and uniqueness of T -periodic solutions for the proposed system: by combining the
Galerkin method with the Leray-Schauder fixed-point theorem, we first construct
the approximate periodic solutions and verify their boundedness, then prove the
convergence of the approximate solutions in the appropriate functional space, and
finally obtain the existence of T -periodic solutions; on this basis, we further prove
the uniqueness of the periodic solution by using the energy estimation method and the
Gronwall inequality.

Third, the research results of this paper not only enrich the theoretical system of
periodic solutions for nonlinear thermoelastic coupling systems with memory but also
provide a reliable theoretical basis for the dynamic analysis and stability control of
engineering structures such as plates under complex thermal and mechanical loads.

Based on this, it is proved that there exists a unique time-periodic solution for the
nonlinear plate coupled system with thermal memory effects and external force terms,
and the period is T , as follows

(u, v, θ, η)(t+ T ) = (u, v, θ, η)(t). (6)

2. Basic definition theorem

In this section, we list several classical inequalities that will be used in the
subsequent proof process. These inequalities are standard results in functional analysis,
and their specific roles in this paper are briefly explained as follows:

Hölder’s inequality: Used to estimate the integral of the product of functions,
especially in the process of estimating the inner product of nonlinear terms and solution
functions.

Lemma 1 (Hölder’s inequality [30]). Let 1 ≤ p ≤ ∞, and 1
p + 1

q = 1. If u ∈ Lp(Ω)
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and v ∈ Lq(Ω), then uv ∈ L1(Ω), and

∫
Ω
|u · v|dx ≤

(∫
Ω
|u|dx

) 1
p
(∫

Ω
|v|dx

) 1
q

,

or the more general Hölder’s inequality:∣∣∣∣∣
∫
Ω

s∏
i=1

uidx

∣∣∣∣∣ ≤
s∏

i=1

(∫
Ω
|ui|λidx

) 1
λi

,

where λi ≥ 1,
∑s

i=1
1
λi

= 1. For the special case of s = 2, we have∫
Ω
|u · v|dx ≤ ∥u∥Lp(Ω)∥v∥Lq(Ω).

Young’s inequality: Applied to handle the product terms in energy estimation and
to obtain the boundedness of related terms by splitting the product into the sum of two
terms.

Lemma 2 (Young’s inequality [30]). (i)For any a, b > 0, there is ab ≤ 1
pa

p + 1
q b

q,
where p, q > 1 and 1

p + 1
q = 1. When p = q = 2, it is the Cauchy inequality.

(ii) For any a, b ∈ R, there is |ab|≤ 1
p |a|

p+1
q |b|

q.

Cauchy’s inequality with ε: A flexible tool for adjusting the coefficients of terms
in energy inequality, which is crucial for obtaining the dissipative structure of the energy
functional.

Lemma 3 (Cauchy’s inequality with ε [30]).

ab ≤ ε

2
a2 +

1

2ε
b2.

It holds for any ε > 0 and any non-negative a and b.

Gronwall’s inequality: The core tool for proving the boundedness of solutions
and the uniqueness of periodic solutions, which can convert differential inequalities
into integral inequalities to obtain the estimation of solution norms.

Lemma 4 (Gronwall’s inequality [31]). Let u(t), h(t) and g(t) be three locally
integrable functions on [t0,+∞]. If they satisfy the differential equation,

du

dt
+ γu(t) ≤ h(t),

then for γ ≥ 0, we have

u(t) ≤ exp(−γ(t1 − t0))u(t0) +

∫ x

0
exp(−γ(t− s))h(s)ds.

Poincaré’s inequality: Used to establish the equivalence between the norm of
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the function and the norm of its gradient in the Sobolev space, which simplifies the
estimation of the solution’s higher-order derivatives.

Lemma 5 (Poincaré inequality [30]).

∥u∥2L2≤ C2
p∥∇u∥2L2 ,

where Cp is a positive constant that only depends on Ω.

Lemma 6. For m < ε < l, g = 0, 1, g = 0, 1, ∀Bi ∈ V 0, i = 1, 2, then we have

(a) − ε(Au,B1) ≥ −αε

4
∥u∥2− ε

α
∥B1∥2

(b) −
∫
U
B1Au dx ≥ −α

4
∥B1∥2−

1

α
∥u∥22

(c) |±(AgB1, B2)|≤ ∥AgB1∥∥B2∥≤
1

α
∥AgB1∥2+

α

4
∥B2∥2

(d)

∣∣∣∣± ∫ ∞

0
εu(s) < AgB1, η

t(s) > ds

∣∣∣∣ ≤ εαk0
4

∥Ag/2B1∥2+
ε

αD
g/2
1

∥ηt∥2M1

Proof. Lemma 6(a) and Lemma 6(b) can be obtained by taking ε = α
2 in Lemma 3.

For Lemma 6(c) and Lemma 6(d), first make estimations and then use Lemma 3 with
ε = α

2 .

Lemma 7 (Leray-Schauder Fixed-Point Theorem [31]).  Let A : E → E be completely
continuous. If the set

{x | x ∈ E, x = λAx, 0 < λ < 1}

is bounded, then A must have a fixed-point in the closed ball T of E, where

T = {x | x ∈ E, ∥x∥≤ R},

R = sup{∥x∥| x = λAx, 0 < λ < 1}.

3. Equivalent transformation of the system

The memory kernel function µ(s) and the nonlinear term f(u) are required to
satisfy the following conditions:

(I) For any s ∈ R+, there exists σ1 > 8C21+C5
8(1−C1)

(0 < C1 < 1), such that

µ(s) ∈ C1(R+) ∩ L1(R+), µ(s) ≥ 0, µ′(s) + σ1µ(s) ≤ 0;

Physical background: This condition ensures that the memory effect decays
exponentially over time, which is consistent with the physical fact that the influence
of historical temperature on the current heat conduction gradually weakens.

8
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(II) Assume that k(s) decays to zero as s → ∞ (i.e., k is zero at infinity). Additionally,
define the memory kernel

µ(s) = −k′(s).

In recent years, evolutionary equations governed by various non-Fourier heat flux
laws have attracted significant interest from mathematicians. Let q denote the heat
flux vector; according to Coti et al.’s study [6], the linear constitutive relation for
q is given by

q(t) = −
∫ ∞

0
k(s)∇θ(t− s)ds,

where k(s) is the thermal conductivity relaxation function. If k(s) is the Dirac
delta function at zero (corresponding to instantaneous heat propagation), the above
equation reduces to the classical Fourier’s law q = −∇θ. A typical form of k(s)
satisfying the decay property is

k(s) =
1

σ
e−

s
σ , σ > 0, k0 =

1

σ
.

Physical Background of the Decay Condition for µ(s): The memory kernel
µ(s) = −k′(s) is directly derived from the non-Fourier heat flux law q(t) =

−
∫∞
0 k(s)∇θ(t − s)ds. The decay condition µ′(s) + σ1µ(s) ≤ 0 (with σ1 > 0)

enforces the exponential decay of the thermal memory effect over time, which
aligns with physical reality: the influence of historical temperature variations
on the current heat conduction of materials (e.g., polymers, composite plates)
diminishes gradually as the time lag s increases. This is an intrinsic physical
property of memory-dependent heat conduction, distinguishing the non-Fourier
model from the classical Fourier model.
Mathematical Necessity of the Decay Condition: This decay condition is a critical
prerequisite for constructing the dissipative structure of the energy functional in
our analysis:

(1) By virtue of µ′(s) + σ1µ(s) ≤ 0, we can rigorously estimate the memory
integral term and derive the positive dissipative term σ1∥η∥2M1 in the energy
inequality, where η is the internal variable characterizing thermal memory
effects.

(2) This dissipative term is indispensable for proving the uniform boundedness of
Galerkin approximate solutions (Section 4). It further enables the application
of the Leray-Schauder fixed-point theorem and compactness arguments to
establish the existence of T -periodic solutions.

(3) Without this decay condition, the memory term would not contribute to
energy dissipation, making it impossible to obtain a priori estimates of the
solution norm—thus invalidating the subsequent proofs of existence and
uniqueness of periodic solutions.

(III) The nonlinear function f(u) ∈ C2(R,R) satisfies

lim inf
|s|→+∞

f(s)

s
> − 1

CU
, f(0) = 0, ∀s ∈ R,

9
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lim inf
|s|→∞

sf(s)− C2F (s)

s2
≥ 0, ∀s ∈ R.

Physical example: The Duffing-type nonlinearity f(u) = au + bu3 (a >

− 1
CU

, b ∈ R) satisfies the above conditions. When |u|→ ∞, f(u)
u = a + bu2 → +∞

(if b > 0) or tends to a (if b = 0), both of which are greater than − 1
CU

. At the same
time, sf(s)−C2F (s) = s(au+ bu3)−C2(

1
2au

2 + 1
4bu

4), and its limit as |u|→ ∞ is
non-negative when C2 is appropriately chosen.

The memory kernel function µ(s) and the nonlinear term f(u) satisfy the
conditions (I)–(III) as before. Introduce ηt + ηs = θ to deal with the memory integral
∞∫
0

k(s)[−∆θ(t− s)]ds, and Equation (1) can be equivalently transformed into

θt −∆ut −
∫ ∞

0
µ(s)∆η(s)ds+ g(x, t) = 0, (7)

where g(x, t) ∈ H1(T, V 0).

Next, for convenience, introduce the transformation ut + εu = v, where ε is a
positive constant within the following range:

αι

k0α− 1
< ε < min{ρ41, ρ42, ρ43, ρ44}.

The transformation ut + εu = v (ε > 0) is a key auxiliary variable
transformation. Physically, it combines the plate’s transverse displacement u and its
vibration velocity ut into v, where εu simulates linear viscous damping to match
the actual dynamic behavior of elastic materials without changing the system’s core
characteristics. Mathematically, it reduces the original high-order coupled Partial
Differential Equations (PDE) system to a first-order one by decoupling utt, introduces a
positive dissipative term to ensure the boundedness of Galerkin approximate solutions
(a prerequisite for the Leray-Schauder fixed-point theorem), and unifies the periodicity
conditions of u and v to simplify the proof of T -periodic solution existence and
uniqueness.

Explanation of the transformation: This transformation can convert the
second-order time derivative term utt in Equation (2) into a first-order derivative term
of v, which is convenient for constructing the energy functional and analyzing the
dissipative properties of the system. By choosing an appropriate range of ε, we can
ensure that the lower bound of the interval is less than the upper bound: since α > 1

k0

(from the subsequent parameter constraints), we have k0α − 1 > 0, so αl
k0α−1 is a

finite positive number; at the same time, ρ41, ρ42, ρ43, ρ44 are all positive constants
determined by the system parameters, thus the interval for ε is non-empty.

After the transformation, Equations (1) and (2) can be transformed intoθt −∆(v − εu)−
∫∞
0 µ(s)∆η(s)ds+ g(x, t) = 0,

vt − εv + ε2u−∆(v − εu) + ∆(∆u+ θ) + f(u) = 0,

initial values θ(t) = 0, u(t) = ∆u(t) = 0, x ∈ ∂U .
Combining the above analysis, Equations (1)–(5) can be equivalently transformed

10
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into
θt −∆(v − εu)−

∫ ∞

0
µ(s)∆η(s)ds+ g(x, t) = 0, (8)

vt − εv + ε2u−∆(v − εu) + ∆(∆u+ θ) + f(u) = 0, (9)

ut + εu = v, (10)

ηt + ηs = θ, (11)

(u, v, θ, η)(t+ T ) = (u, v, θ, η)(t), (12)

θ(t) = 0, u(t) = ∆u(t) = 0, x ∈ ∂U. (13)

Prove the existence and uniqueness of the periodic solution with period T in the
space V 0 = V2 × V0 × V0 ×M1.

4. Approximate solutions and convergence

Based on the equivalent transformation of the original nonlinear plate coupling
system completed in the previous section, which converts the system with thermal
memory and external force terms into a more analyzable evolution system as in
Equations (8)–(13), this section focuses on the construction of approximate solutions,
their a priori estimates, and the verification of convergence. The existence of
time-periodic solutions of the original system cannot be directly proved due to
the complexity of nonlinear terms and memory integral terms; therefore, we first
construct approximate solutions using the Galerkin method, then obtain their uniform
boundedness through a series of a priori estimates of high-order derivatives and time
derivatives, and finally rely on the compact embedding theorem of Sobolev spaces to
verify the convergence of the approximate solution sequence, laying a solid foundation
for the subsequent proof of the existence and uniqueness of time-periodic solutions.

4.1. Existence of approximate solutions
In this part, we will prove the existence of approximate solutions to Equations

(8)–(12). Let ωj (j = 1, 2, . . . ) be a complete orthonormal system in V 0, which is
composed of the eigen-functions of the Stokes operator A.

The approximate solution zN = (uN , vN , θN , ηN ) of Equations (8)–(12) is
expressed as follows:

uN (t) =

N∑
j=1

ajN (t)ωj , θN (t) =

N∑
j=1

cjN (t)ωj ,

vN (t) =
N∑
j=1

bjN (t)ωj , ηN (t) =
N∑
j=1

djN (t)ωj .

Corresponding to YN = (τN , qN , φN , pN ) ∈ C1(T,W ′
N ) in the following text, we

have

τN (t) =
N∑
j=1

a′jN (t)ωj , φN (t) =
N∑
j=1

c′jN (t)ωj ,

11
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qN (t) =
N∑
j=1

b′jN (t)ωj , pN (t) =
N∑
j=1

d′jN (t)ωj .

Among them, ajN (t), a′jN (t), cjN (t), c′jN (t), bjN (t), b′jN (t), djN (t), d′jN (t) (j =

1, 2, · · ·) are coefficient functions of the variable t ∈ R+. Based on the Galerkin
method, the coefficients ajN (t), cjN (t), bjN (t), djN (t) satisfy the following nonlinear
ordinary differential equations:(

θNt −∆(vN − εuN )−
∫ ∞

0
µ(s)∆ηN (s)ds+ g(x, t), ωj

)
= 0, (14)

(
vNt − εvN + ε2uN −∆(vN − εuN ) + ∆(∆uN + θN ) + f(uN ), ωj

)
= 0, (15)

(uNt + εuN , ωj) = (vN , ωj), (16)

(ηNt + ηNs, ωj) = (θN , ωj), (17)

(uN , vN , θN , ηN )(t+ T ) = (uN , vN , θN , ηN )(t). (18)

LetW ′
N be a subspace of V 0 composed of ω1, ω2, · · · , ωN . It is easy to know that

for any YN = (τN , qN , φN , pN ) ∈ C1(T,W ′
N ), for the system of linear equations:

(θNt, ωj) =

(
∆(qN − ετN ) +

∫ ∞

0
µ(s)∆pN (s)ds− g(x, t), ωj

)
, (19)

(vNt − εvN + ε2uN , ωj) = (∆(qN − ετN )−∆(∆τN + φN )− f(τN ), ωj) , (20)

(uNt + εuN , ωj) = (vN , ωj), (21)

(ηNt + ηNs, ωj) = (θN , ωj), (22)

There exists a unique time-periodic solution zN = (uN , vN , θN , ηN ) ∈ C1(T,W ′
N ).

Therefore, a continuous and compact function C1(T,W ′
N ) is constructed in F :

YN → zN . Then, by applying the Leray-Schauder fixed-point theorem, the existence
of approximate solutions to Equations (14)–(18) can be obtained. When applying
the fixed-point theorem, we only need to prove the following. After replacing the
nonlinear terms λ

∫∞
0 µ(s)∆ηN (s)ds and λf(uN )with

∫∞
0 µ(s)∆ηN (s)ds and f(uN )

respectively, prove that(
θNt −∆(vN − εuN )− λ

∫ ∞

0
µ(s)∆ηN (s)ds+ g(x, t), ωj

)
= 0, (23)

(
vNt − εvN + ε2uN −∆(vN − εuN ) + ∆(∆uN + θN ) + λf(uN ), ωj

)
= 0. (24)

For all possible solutions, they are bounded. That is, prove sup
0≤t≤T

∥zN (t)∥≤ C,

where C is a constant independent of λ(0 < λ < 1). Since we have simplified the
system of Equations (1)–(5) to (14)–(18), we only need to prove that the solutions of
the system of Equations (14)–(18) are periodic with period T .

Theorem 1. We have zN as the approximate solution of Equations (8)–(13), and we

12
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only need
sup

0≤t≤T
∥zN (t)∥≤ C,

where C > 0 is a constant independent of λ and N .

Proof. First, perform the following multiplications, summations, and then take
the inner products for Equations (23)–(24) and (16)–(17) respectively, and make
estimations. Firstly, multiply Equation (23) by cjN (t) to get cjN (t)ωj , and then sum
over cjN (t)ωj (j = 1, 2, 3, . . . ). Then take the inner-product of θN (t) and Equation
(23), that is

(θNt −∆(vN − εuN ), θN ) =

(
λ

∫ ∞

0
µ(s)∆ηN (s)ds− g(x, t), θN

)
,

1

2

d

dt
∥θN∥2 =

∫
U
∆vNθNdx− ε

∫
U
∆uNθNdx

− λ

∫ ∞

0
µ(s)⟨AηN (s), θN ⟩ds−

∫
U
g(x, t)θNdx.

Secondly, multiply Equation (24) by bjN (t) to get bjN (t)ωj , and then sum over
bjN (t)ωj (j = 1, 2, 3, . . . ). Then take the inner-product of vN (t) and Equation (24),
we have

(vNt − εvN + ε2uN +AvN , vN ) = (−ε∆uN −∆(∆uN + θN )− λf(uN ), vN ) ,

1

2

d

dt
∥vN∥2−ε∥vN∥2+ε2

∫
U
uNvNdx+ ∥A1/2vN∥2

= −ε

∫
U
∆uNvNdx−

∫
U
∆2uNvNdx−

∫
U
∆θNvNdx−

∫
U
λf(uN )vNdx,

next, multiply Equation (16) by ajN (t) to get ajN (t)ωj , and then sum over
ajN (t)ωj (j = 1, 2, 3, . . . ). Then take the inner-product of uN (t) and Equation (16),
that is

(uNt + εuN , uN )V2 = (vN , uN )V2 ,

1

2

d

dt
∥uN∥22+ε∥uN∥22=

∫
U
∆2vNuNdx.

Finally, multiply Equation (17) by djN (t) to get djN (t)ωj , and then sum over
djN (t)ωj (j = 1, 2, 3, . . . ). Then take the inner-product of ηN (t) and Equation (17),
that is

(ηNt + ηNs, ηN )M1
= (θN , ηN )M1

,

1

2

d

dt
∥ηN∥2M1−

∫ ∞

0
µ′(s)

〈
A1/2ηN (s), A1/2ηN

〉
ds

= λ

∫ ∞

0
µ(s)

〈
A1/2ηN (s), A1/2θN

〉
ds.

13
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In summary, after organizing and combining like-terms, we have

1

2

d

dt
∥zN∥2V0+ε∥uN∥22−ε∥vN∥2+∥A1/2vN∥2

−
∫ ∞

0
u′(s)∥A1/2ηN∥2ds+ ε2

∫
U
uNvNdx

= −ε

∫
U
∆uNθNdx− ε

∫
U
∆uNvNdx

−
∫
U
λf(uN )vNdx−

∫
U
g(x, t)θNdx.

(25)

Let JN (t) = −
∫∞
0 µ(s) ⟨θN (t), ηN (s)⟩ ds, and take its derivative.

By combining the energy equality with the derivative of JN (t) and using the
classical inequalities in Section 2, we estimate each term in the equation. The key steps
are as follows: Use Cauchy’s inequality with ε to adjust the coefficients of the cross
terms, such as

∫
U ∆uNθNdx and

∫
U f(uN )vNdx. Use the condition µ′(s)+σ1µ(s) ≤

0 to estimate the memory term, obtaining the dissipative term σ1|ηN |2M1 . Use the
smallness conditionK ≪ 1 of the external force to control the term

∫
U g(x, t)θNdx.

After arranging and combining the terms, we obtain the following differential
inequality:

d

dt
JN (t) +

k0
2
∥θN∥2

≤ k0
2
∥∇vN∥2+ε2k0

2
∥∇uN∥2+C2∥ηN∥2M1

− C1

∫ ∞

0
µ′(s)∥A1/2ηN∥2ds+ k0

2
∥g(x, t)∥2,

(26)

where C2 = 1 + k0 > 0. By using the spectral representation A =
∫∞
δ λdEλ (δ > 0,

which is the minimum eigenvalue of A), the following inequality holds

∥AαuN∥≤ δα−β∥AβuN∥, (0 ≤ α ≤ β).

Next, in order to apply Gronwall’s inequality, we perform the following
transformation, Equation (26)×2ε+Equation (25), and by using the above-mentioned
inequalities, we have

d

dt

(
1

2
∥zN∥2V0+2εJN (t)

)
+ εk0∥θN∥2+ε∥uN∥22−ε3∥∇uN∥2−ε∥vN∥2

− ε∥A1/2vN∥2+∥A1/2vN∥2−2εC2∥ηN∥2M1−
∫ ∞

0
µ′(s)∥A1/2ηN∥2ds

+ 2εC1

∫ ∞

0
µ′(s)∥A1/2ηN∥2ds+ ε2

∫
U
uNvNdx

≤ −ε

∫
U
∆uNθNdx− ε

∫
U
∆uNvNdx− λ

∫
U
f(uN )vNdx−

∫
U
g(x, t)θNdx.

Since there exists α
4 < m < 1 andN1 = N1(m) > 0, such that f(s)s ≥ −1−m

CU
s2

for all |s|≥ N1. Next, for the convenience of calculation, we use the inequalities in the

14
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lemma for estimation. After simplifying and combining like terms, we get

d

dt
(ΨN (t)) + εk0∥θN∥2+ε∥uN∥22−ε3k0∥∇uN∥2−ε∥vN∥2+∥A1/2vN∥2

− εk0∥A1/2vN∥2+(σ1(1− 2εC1)− 2εC2) ∥ηN∥2M1

≤ εα

4
∥uN∥22+

ε

α
∥θN∥2+ε(1−m)∥AuN∥2−εC(|U |, f) + ε3

δ2
∥uN∥22

+
ε2

δ
∥uN∥22+

(
ϖ +

k0
2

)
∥g(x, t)∥2+ι∥θN∥2.

Among them, ϖ and ι are arbitrary positive constants. Let

ΨN (t) =
1

2
∥ZN (t)∥2V0+2εJN (t) +

∫
U
F (uN )dx+

ε2

2
∥uN∥2+ε

2
∥∇uN∥2,

the above-mentioned formula becomes

d

dt
ΨN (t) +

(
εk0 −

ε

α
− ι
)
∥θN∥2+

(
εm− ε3

δ2
− ε3k0 + ε2

δ
− εα

4

)
∥uN∥22

+ (δ − εk0δ − ε) ∥vN∥2+(σ1 − 2σ1εC1 − 2εC2) ∥ηN∥2M1

≤ −εC(|U |, f) +
(
ϖ +

k0
2

)
∥g(x, t)∥2=

(
ϖ +

k0
2

)
K2 − εC(|U |, f),

(27)

where C(|U |, f) = |U |min|s|≤N1
f(s)s. For ΨN (t), we can have

C3∥ZN (t)∥2V0−C4 ≤ ΨN (t) ≤ ∥ZN (t)∥2V0+Φ(∥uN∥v2),

where Φ(∥uN∥v2) = |U |max|y|≤∥uN∥v2 |F (y)|. For the sake of simplicity, we take

ρ = min(ρ1, ρ2, ρ3, ρ4),

where
ρ1 = εm− ε3

δ2
− ε3k0 + ε2

δ
− εα

4
,

ρ2 = δ − εk0δ − ε,

ρ3 = εk0 −
ε

α
− ι,

ρ4 = σ1 − 2σ1εC1 − 2εC2.

To ensure that ρ is positive, here we take 1
k0−2C1t

< α < 4m and C1 < k0
2ι .

Meanwhile, let

ρ41 = min

{
δ

δk0 + 1
,

σ1
2σ1C1 + 2C2

}
,

then Equation (27) is equivalent to the following formula:

d

dt
∥ZN (t)∥2V0+

ρ

C3
∥ZN (t)∥2V0≤

(
ϖ + k0

2

)
K2 − εC(|U |, f)

C3
. (28)

15
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Integrating Equation (28), we can obtain

∫ T

0
∥ZN (t)∥2V0dt ≤

(
ϖ + k0

2

)
K2T − εC(|U |, f)T

ρ
. (29)

By applying the First Mean Value Theorem for integrals to Equation (29), there exists
t∗ ∈ [0, T ] such that

∥ZN (t∗)∥2V0≤

(
ϖ + k0

2

)
K2 − εC(|U |, f)

ρ
. (30)

Combined with Equation (28), integrating from t∗ to t+ T (t ∈ [0, T ]), we have

sup
0≤t≤T

∥ZN (t)∥2V0 ≤

(
ϖ + k0

2

)
K2 − εC(|U |, f)

ρ

+
2
(
ϖ + k0

2

)
K2T − 2εC(|U |, f)T

C3
= C2,

where C2 is independent of λ and N . In conclusion, it can be proven that the
approximate solution ZN (t) exists for Equations (8)–(13).

4.2. A priori estimates
In this section, to demonstrate the convergence of the approximate solutions

obtained in the previous subsection, we will derive estimates for higher-order and
lower-order derivatives as well as some integral terms.

4.2.1. Estimation of high-order derivatives

Before starting to prove the lemma about the uniform boundedness of ArzN (t),
we note that we can choose the basis functions {ωj ; j = 1, 2, . . . }, where ωj is an
eigenfunction of A and also an eigenfunction of Ar. So we have Aωj = µjωj , and
then Arωj = µr

jωj , where µj is an eigenvalue of A. Next, we prove the following
lemma.

Lemma 8. Let zN (t) be the solution of Equations (8)–(13). Then

∥ArzN (t)∥≤ C0, t ∈ (−∞,+∞),

where C0 > 0 is a constant independent of N .

Proof. First, perform the following multiplications, summations, and inner-product
operations on Equations (23)–(24) and (16)–(17) respectively for estimation. Multiply
Equation (23) by A2rcjN (t) to get A2rcjN (t)ωj , and then sum A2rcjN (t)ωj (j =

1, 2, 3, . . . ) to obtain A2rθN (t).
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Take the inner-product of A2rθN (t) and Equation (23), that is

(
θNt , A

2rθN
)
=

(
∆(vN − εuN ) + λ

∫ ∞

0
µ(s)∆ηN (s) ds− g(x, t), A2rθN

)
,

1

2

d

dt
∥ArθN∥2= −

∫
U
A2r+1vNθN dx+ ε

∫
U
A2r+1uNθN dx

− λ

∫ ∞

0
µ(s)

〈
Ar+1/2ηN (s), Ar+1/2θN

〉
ds−

∫
U
g(x, t)A2rθN dx.

Secondly, multiply Equation (24) byA2rbjN (t) to getA2rbjN (t)ωj , and then sum
A2rbjN (t)ωj (j = 1, 2, 3, . . . ) to obtain A2rvN (t). Take the inner-product of vN (t)

and Equation (24), we have

(
vNt − εvN + ε2uN +AvN , A2rvN

)
=
(
−ε∆uN −∆(∆uN + θN )− λf(uN ), A2rvN

)
,

1

2

d

dt
∥ArvN∥2−ε∥ArvN∥2+ε2

∫
U
A2ruNvN dx+ ∥Ar+1/2vN∥2

= ε

∫
U
A2r+1/2uNvN dx−

∫
U
A2r+2uNvN dx

+

∫
U
A2r+1θNvN dx− λ

∫
U
f(uN )A2rvN dx.

Then, multiply Equation (16) by A2rajN (t) to get A2rajN (t)ωj , and then sum
A2rajN (t)ωj (j = 1, 2, 3, . . . ) to obtain A2ruN (t). Take the inner-product of
A2ruN (t) and Equation (16), that is

(
uNt + εuN , A2ruN

)
V2 =

(
vN , A2ruN

)
V2 ,

1

2

d

dt
∥AruN∥22+ε∥AruN∥22=

∫
U
A2r+2vNuNdx.

Finally, multiply Equation (17) by A2rdjN (t) to get A2rdjN (t)ωj , and then sum
A2rdjN (t)ωj (j = 1, 2, 3, . . . ) to obtainA2rηN (t). Take the inner-product ofA2rηN (t)

and Equation (17), that is

(
ηNt + ηNs, A

2rηN
)
M1

=
(
θN , A2rηN

)
M1

,

1

2

d

dt
∥ArηN∥2M1−

∫ ∞

0
µ′(s)∥Ar+1/2ηN∥2 ds

= λ

∫ ∞

0
µ(s)

〈
Ar+1/2ηN (s), Ar+1/2θN

〉
ds.

In summary, we have

1

2

d

dt
∥ArzN∥2V 0+ε∥AruN∥22−ε∥ArvN∥2+∥Ar+1/2vN∥2−

∫ ∞

0

µ′(s)∥Ar+1/2ηN∥2 ds

+ ε2
∫
U

A2ruNvN dx = ε

∫
U

A2r+1uNθN dx+ ε

∫
U

A2r+1uNvN dx

− λ

∫
Ω

f(uN )A2rvN dx−
∫
U

g(x, t)A2rθN dx.

(31)
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Let A2rJN (t) := −
∫∞
0 µ(s) ⟨ArθN (t), ArηN (s)⟩ ds, then

d

dt
A2rJN (t) +

k0
2
∥ArθN∥2

≤ k0
2
∥Ar+1/2vN∥2+ε2k0

2
∥Ar+1/2uN∥2+C2∥ArηN∥2M1

− C1

∫ ∞

0
µ′(s)∥Ar+1/2ηN∥2 ds+ D1k0

2
∥g(x, t)∥2,

(32)

where D1 = ∥Ar∥2. To apply Gronwall’s inequality, we perform the following
transformation, Equation (32)× 2ε+ Equation (31).

d

dt

(
1

2
∥ArzN (t)∥2V 0+2εA2rJN (t)

)
+ εk0∥ArθN∥2+ε∥AruN∥22

− ε3∥Ar+1/2uN∥2−ε∥ArvN∥2−ε∥Ar+1/2vN∥2+∥Ar+1/2vN∥2

− 2εC2∥ArηN∥2M1−
∫ ∞

0
µ′(s)∥Ar+1/2ηN∥2 ds

+ 2εC1

∫ ∞

0
µ(s)∥Ar+1/2ηN∥2 ds+ ε2

∫
Ω
A2ruNvN dx

≤ −ε

∫
Ω
A2r∆uNθN dx− ε

∫
Ω
A2r∆uNvN dx

− λ

∫
Ω
A2rf(uN )vN dx−

∫
Ω
A2rg(x, t)θN dx

After simplifying and combining like terms, we obtain

d

dt
(ΨN (t)) + ρ∗∥zN (t)∥2≤

(
ϖ +

D1k0
2

)
K2 − εC(|U |, f), (33)

where

ΨN (t) =
1

2
∥ArzN (t)∥2V 0+2εA2rJN (t)−

∣∣∣∣∫
U
A2rF (uN ) dx

∣∣∣∣
+

ε2

2
∥AruN∥2+ε

2
∥∇AruN∥2,

ρ∗ = min{ρ∗1, ρ2, ρ3, ρ4},

ρ∗1 = ε− ε3

δ2
− ε3k0 + ε2

δ
− εα

4
− ε(1−m)δr,

ρ2 = δ − εk0δ − ε,

ρ3 = εk0 −
ε

α
− ι,

ρ4 = σ1 − 2σ1εC1 − 2εC2.

The range of parameters has been restricted above to make ρ∗ positive, where
4−α−4δr

4δr < m < 1. By estimating ΨN (t), we can obtain

C31∥ArzN (t)∥2V 0−C41 ≤ ΨN (t) ≤ ∥ArzN (t)∥2V 0+Φ(∥Aru∥V2) .
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In summary, we have

∥ArzN (t∗)∥V 0≤ ∥ZN (t∗)∥V 0≤

(
ϖ + D1k0

2

)1/2
K − ε1/2 (C(|U |, f))1/2

ρ1/2
,

when we take t = t∗,K < 1, we can get the following inequality:

∥ArzN (t)∥V 0≤

(
ϖ + D1k0

2

)1/2
K1/2 − ε1/2 (C(|U |, f))1/2

ρ1/2
.

Let

T ∗ = sup

{
T | ∥ArzN (t)∥≤ (ϖ+

D1k0
2 )

1/2
K1/2−ε1/2(C(|U |,f))1/2

ρ1/2 , ∀t ∈ [t∗, T )

}
,

from the value of K, we can get T ∗ = ∞. Actually, if T ∗ (t∗ < T ∗) is finite, the
following conclusions should hold

∥ArzN (t)∥V 0≤

(
ϖ + D1k0

2

)1/2
K1/2 − ε1/2 (C(|U |, f))1/2

ρ1/2
, ∀t ∈ [t∗, T ∗),

∥ArzN (T ∗)∥V 0=

(
ϖ + D1k0

2

)1/2
K1/2 − ε1/2 (C(|U |, f))1/2

ρ1/2
.

Then Equation (33) can be transformed into

d

dt
C3∥ArzN (t)∥2V 0+ρ∗∥ArzN∥2≤

(
ϖ +

D1k0
2

)
K2 − εC(|U |, f).

When t = T ∗, we can get d
dt∥A

rzN (t)∥2V 0< 0. Therefore, for any t ∈ [T ∗, T ∗ + ς),
we have

∥ArzN (t)∥V 0≤

(
ϖ + D1k0

2

)1/2
K1/2 − ε1/2 (C(|U |, f))1/2

ρ∗
1/2

.

Then, according to the assumption, T ∗ = ∞ holds. In addition, due to the
periodicity of zN (t), for any t ∈ (−∞,∞), we have

∥ArzN (t)∥V 0≤

(
ϖ + D1k0

2

)1/2
K1/2 − ε1/2 (C(|U |, f))1/2

ρ1/2
= C0.

Next, to show the convergence of the approximate solutions, we will derive the
estimation of high-order derivatives. First, we recall Lemma 8. That is, if K is small
enough, the approximate solutions satisfy

sup
t
∥ArzN (t)∥V 0≤ C(K).

C(K) represents a constant that depends onK, but is independent ofN . Moreover,
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it is easy to see that if K is small enough, then C(K) < C holds for any positive
constant C. In the subsequent proofs, we will take this conclusion as a fact.

4.2.2. H1 estimation of ZN(t) and V 0 estimation of ZNt

Lemma 9. Let zN (t) be the approximate solution of Equations (8)–(13). Then we have

sup
t
∥∇zN (t)∥V 0≤ C(K0,K),

where K0 =
(∫ T

0 ∥g∥2dt
)1/2

, and C(K0,K) is a constant independent of N .

Proof. Multiply Equations (19)–(22) by (AcjN , AbjN , AajN , AdjN ), sum them up,
and then take the inner-product (similar to Lemma 8), we get

(θNt, AθN ) =

(
∆(qN − ετN ) +

∫ ∞

0
µ(s)∆pN (s) ds− g(x, t), AθN

)
, (34)

(
vNt − εvN + ε2uN , AvN

)
= (∆(qN − ετN )−∆(∆τN + φN )− f(τN ), AvN ) , (35)

(uNt + εuN , AuN ) = (vN , AuN ) , (36)

(ηNt + ηNs, AηN ) = (θN , AηN ) . (37)

By repeating the process of taking the inner product and then estimating as in
Lemma 8, we can obtain

1

2

d

dt
∥∇zN∥2V 0+ε∥∇uN∥22−ε∥∇vN∥2+∥AvN∥2

−
∫ ∞

0
µ′(s)∥AηN∥2 ds+ ε2

∫
U
AuNvN dx

= ε

∫
U
A1+1uNθN dx+ ε

∫
U
A1+1uNvN dx

− λ

∫
U
f(uN )AvN dx−

∫
U
g(x, t)AθN dx.

(38)

Similar to taking the corresponding AJN (t) in Lemma 8, we have

d

dt
AJN (t) +

k0
2
∥∇θN∥2

≤ k0
2
∥AvN∥2+ε2k0

2
∥AuN∥2+C21∥∇ηN∥2M1

− C1

∫ ∞

0
µ′(s)∥AηN∥2ds+ k0∥g(x, t)∥∥AηN∥M1 ,

where ΨN2(t) =
1
2∥∇zN (t)∥2V 0+2εAJN (t) + ε2

2 ∥∇uN∥2+ ε
2∥AuN∥2, C21 = 1/2 +

k0 > 0. Here we can obtain

d
dtC32∥∇zN (t)∥2V 0+ρ∗∗∥AzN∥2V 0

≤ ∥g∥∥AθN∥+k0∥g(x, t)∥∥AηN∥M1+∥f∥∥AvN∥,

≤ e∥g∥∥AzN∥V 0+∥f∥∥AzN∥V 0

(39)
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where e = max{1, k0}, ρ∗∗ = min{ρ∗∗1 , ρ2, ρ
∗
3, ρ

∗
4},

ρ∗∗1 = ε− ε3

δ2
− ε3k0 + ε2

δ
− εα

4
,

ρ2 = δ − εk0δ − ε,

ρ∗3 = εk0 −
ε

α
,

ρ∗4 = σ1 − 2σ1εC1 − 2εC21.

The range of parameters has been restricted above to make ρ∗∗ positive, where
1
k0

< α < 4. Meanwhile, let

ρ42 = min

{
σ1

2σ1C1 + 2C21
,
−δ + δ

√
G

2δk0 + 2

}
, G = 1 + (1 + δk0)(4− α).

According to the assumption of the nonlinear term f , we have

∥f∥≤ 1−m

CU
∥uN∥≤ 1−m

CU
∥zN∥V 0≤

1−m

δCU
∥AzN∥V 0 ,

wherem ∈
(
α
4 , 1
)
, |u|≥ N and N = N(m) > 0.

d

dt
C32∥∇zN (t)∥2V 0+ρ∗∗∥AzN∥2V 0

≤ e∥g∥∥AθN∥+∥f∥∥AvN∥

≤ e∥g∥∥AzN∥V 0+
1−m

δCU
∥AzN∥2V 0

(40)

Integrating the above-mentioned formula, it can be transformed into

ρ∗∗∥AzN∥V 0≤ eK0 +
1−m

δCU
∥AzN∥V 0 . (41)

By moving terms and performing combined operations, we get

∥AzN∥2V 0≤
e2K2

0(
ρ∗∗ − 1−m

δCU

)2 = E0, (42)

Also, since

∥∇zN (t∗)∥2V 0≤ δ−1∥AzN (t∗)∥2V 0≤ δ−1E0, t∗ ∈ [0, T ], (43)

integrating from t∗ to t+ T (t ∈ [0, T ]) combined with Equation (40), we obtain

C32∥∇zN (t)∥−C32∥∇zN (t∗)∥≤
(
eK0 − ρ∗∗ − 1−m

δCU

)
2TE0. (44)

Combining Equations (43) and (44), we have

sup
t
∥∇zN (t)∥2V 0≤ δ−1E0 +

(
eK0 − ρ∗∗ − 1−m

δCU

)
2TE0

C32
= C(K0),

21



Advances in Differential Equations and Control Processes 2026, 33(1), 3876.

where C(K0) is independent of N .

Lemma 10. Let zN be the approximate solution of Equations (8)–(13). Then we have

sup
t
∥zNt(t)∥V 0≤ C(K0,K1,K),

where K0 =
(∫ T

0 ∥g∥2dt
)1/2

, K1 =
(∫ T

0 ∥gt∥2dt
)1/2

, and C(K0,K1,K) is a
constant independent of N .

Proof. Multiply Equations (19)–(22) by (cjNt, bjNt, ajNt, djNt) respectively, sum
them up, and then take the inner-product (similar to Lemma 8), we get

(θNt, θN ) =
(
∆(qN − ετN ) +

∫∞
0

µ(s)∆pN (s)ds− g(x, t), θNt

)
, (45)

(
vNt − εvN + ε2uN , vNt

)
= (∆(qN − ετN )−∆(∆τN + φN )− f(τN ), vNt) , (46)

(uNt + εuN , uNt) = (vN , uNt) , (47)

(ηNt + ηNs, ηNt) = (θN , ηNt) . (48)

Taking the inner-product of the above equations respectively and then summing
up the four equations, we obtain

∥∇zN∥2V 0+
1

2

d

dt

(
−
∫ ∞

0

µ′(s)∥A1/2ηN∥2 ds

+ ε∥uN∥22−ε∥vN∥2+∥A1/2vN∥2
)
+ ε2

∫
U

uNvNt dx

= λ

∫ ∞

0

µ(s)
〈
A1/2ηNt(s), A

1/2θN

〉
ds

− λ

∫ ∞

0

µ(s) ⟨AηN (s), θNt⟩ ds+
∫
U

∆2vNuNt dx−
∫
U

∆2uNvNt dx

+

∫
U

∆vNθNt dx−
∫
U

∆θNvNt dx− ε

∫
U

∆uNvNt dx− ε

∫
U

∆uNθNt dx

−
∫
U

λf(uN )vNt dx−
∫
U

g(x, t)θNt dx

= ∥A1/2θN∥2 d

dt

λ
∫∞
0

µ(s)∥A1/2ηN∥ ds
∥A1/2θN∥

+ ∥vN∥2 d

dt

∫
U

∆2uN +∆θN
vN

dx

− ε

∫
U

∆uNvNt dx− ε

∫
U

∆uNθNt dx−
∫
U

λf(uN )vNt dx−
∫
U

g(x, t)θNt dx.

Estimating the above-mentioned formula using inequalities, we have

∥zNt∥2V 0+
1

2

d

dt

(
−
∫ ∞

0

µ′(s)∥A1/2ηN∥2 ds

+ ε∥uN∥22−ε∥vN∥2+∥A1/2vN∥2
)
+ ε2

∫
U

uNvNt dx

≤ ∥A1/2θN∥2 d

dt

∫∞
0

µ(s)∥A1/2ηN∥ ds
∥A1/2θN∥

+ ∥vN∥2 d

dt

∫
U

∆2uN +∆θN
vN

dx+ ε∥uN∥22+
ε

2
∥vNt∥2

+
ε

2
∥θNt∥2+

∣∣∣∣∫
U

f(uN )vNt dx

∣∣∣∣+ 2∥g∥2+1

8
∥θNt∥2.
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After transformation and simplification, we get

∥zNt∥2V 0+
1

2

d

dt

(
−
∫ ∞

0
µ′(s)∥A1/2ηN∥2ds+ ε∥uN∥22−ε∥vN∥2+∥A1/2vN∥2

)
≤ 1

2
∥uNt∥22+

(
1 + k0D11 + ε

2
+

1

8

)
∥θNt∥2+

1

2
∥ηNt∥2M1

+D12∥vN∥2+1 + k0D11

2
∥θN∥2

+
1

2
∥ηN∥2M1+

(
ε2

2δ2
+ ε+

1

2

)
∥uN∥22+

(
ε2 + ε

2
+D12

)
∥vNt∥2+∣∣∣∣∫

U
f(uN )vNtdx

∣∣∣∣+ 2∥g∥2,

that is

∥zNt∥2V 0+
1

2

d

dt

(
σ1∥ηN∥2M1+ε∥uN∥22+(δ − ε)∥vN∥2+ε

4
∥θN∥2

)
≤ L∥zNt∥2V 0+R∥zNt∥2V 0+

1−m

δCU
∥zN∥2V 0+2∥g∥2,

among them

L = max

{
ε2 + ε

2
+D12,

1 + k0D11 + ε

2
+

1 + ε

8

}
,

R = max

{
ε2

2δ2
+ ε+

1

2
, D12,

1 + k0D11

2
+

ε

8

}
,

Q = min
{
σ, δ − ε,

ε

4

}
.

By restricting the parameters and choosing an appropriate α, we have 1 − L > 0.
Meanwhile, let

ρ43 = min

{
−1

2
+ ∆1,

3− 4k0D11

5

}
, ∆1 =

√
9

4
− 2D12,

after moving terms and combining like-terms, the following inequality is obtained

∫ t

0
∥zNt∥2V 0dt ≤

T
(
R+ 1−m

δCU

)
1− L

C(K) +
2K2

0

1− L
= C(K,K0). (49)

In addition, to distinguish Equations (14)–(17) with respect to t, multiply by the
derivatives (cjNt, bjNt, ajNt, djNt) and sum over j, and we get

(θNtt, θNt) =

(
∆(qNt − ετNt) + λ

∫ ∞

0
µ(s)∆pNt(s)ds− gt(x, t), θNt

)
, (50)

(
vNtt − εvNt + ε2uNt, vNt

)
= (∆(qNt − ετNt)−∆(∆τNt + φNt)

−λft(τN )τNt, vNt),
(51)

(uNtt + εuNt, uNt) = (vNt, uNt) , (52)

(ηNtt + ηNst, ηNt) = (θNt, ηNt) . (53)
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by repeating the process of estimation after taking the inner product in Lemma 8, we
can obtain

1

2

d

dt

(
∥zNt∥2V 0+

(
−
∫ ∞

0
µ′(s)∥A1/2ηNt∥2 ds

+ ε∥uNt∥22−ε∥vNt∥2+∥A1/2vNt∥2
))

+ ε2
∫
U
uNtvNt dx

= λ

∫ ∞

0
µ(s)

〈
A1/2ηNt(s), A

1/2θNt

〉
ds

− λ

∫ ∞

0
µ(s) ⟨AηNt(s), θN ⟩ ds+

∫
U
∆2vNtuNt dx−

∫
U
∆2uNtvNt dx

+

∫
U
∆vNtθNt dx−

∫
U
∆θNtvNt dx− ε

∫
U
∆uNtvNt dx

− ε

∫
U
∆uNtθNt dx−

∫
U
λftuNtvNt dx−

∫
U
gt(x, t)θNt dx.

After arranging and combining like-terms, we get

1

2

d

dt
∥zNt∥2V 0+σ1∥ηNt∥2M1+ε∥uN∥22+

(
1

C2
p

− ε

)
∥vNt∥2

≤ −ε

∫
U
∆uNtvNt dx− ε

∫
U
∆uNtθNt dx− ε2

∫
U
uNtvNt dx

−
∫
U
λftuNtvNt dx−

∫
U
gt(x, t)θNt dx

≤
(

ε2

2δ2
+

2ε

α

)
∥uNt∥22+

(
ε2

2
+

αε

4

)
∥vNt∥2

+

(
αε

4
+

1

8

)
∥θNt∥2+

∣∣∣∣∫
U
ftuNtvNt dx

∣∣∣∣+ 2∥gt∥2.

(54)

Based on the assumption of the nonlinear term f , after taking derivatives, we can obtain
the inequality ∥ft∥≤ 1−m

CU
. Then we have

d

dt
JNt(t) +

k0
2
∥θNt∥2≤

k0D11

2
∥vNt∥2+

ε2k0
2D11

∥uNt∥22

+

(
C21 + C1σ1 +

C5

8

)
∥ηNt∥2M1+2k0∥gt(x, t)∥2,

(55)

whereD11 = ∥A1/2∥2,D12 = ∥A∥2< 9
8 . Combining Equations (54) and (55), we get

d

dt

(
1

2
∥zNt∥2V 0+JNt(t)

)
+ σ1∥ηNt∥2M1+ε∥uNt∥22

+
k0
2
∥θNt∥2+

(
1

C2
p

− ε

)
∥vNt∥2

≤
(

ε2

2δ2
+

2ε

α
+

1

δ2
+

ε2k0
2D11

)
∥uNt∥22

+

(
ε2

2
+

αε

4
+

1−m

2CU
+

k0D11

2

)
∥vNt∥2

+

(
αε

4
+

1

8

)
∥θNt∥2+

(
C21 + C1σ1 +

C5

8

)
∥ηNt∥2M1

+ (2 + 2k0)∥gt∥2.
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Since C6∥zNt∥2V 0−C7 ≤ 1
2∥zNt∥2V 0+JNt(t), after scaling the above-mentioned

formula, we have

d

dt
C6∥zNt∥2V 0+L1∥zNt∥2V 0≤ R1∥zNt∥2V 0+(2 + 2k0)∥gt∥2, (56)

where

L1 = min{ε, 1

C2
p

− ε,
k0
2
, σ1},

R1 = max
{ ε2

2δ2
+

2ε

α
+

1

δ2
+

ε2k0
2D11

,
ε2

2
+

αε

4
+

1−m

2CU
+

k0D11

2
,

αε

4
+

1

8
, C21 + C1σ1 +

C5

8

}
.

By restricting the parameters, we have L1−R1 > 0. Whenm >
C2

p−2CU+CUC2
pk0D11

C2
p

,
let

ρ44 = min

{
δ2D11(−2 + α+ α

√
I1)

α(D11 + k0δ2)
,−1− α

4
+
√
I2,

4k0 − 1

2α

}
,

where I1 = 1− 4
α + 4

α2 − 2
δ4

− 2k0
δ2D11

, I2 = 1 + α
2 + α2

16 + 2
C2

p
− 1−m

CU
− k0D11.

After moving terms and combining like-terms, we have

d

dt
∥zNt∥2V 0+

L1 −R1

C6
∥zNt∥2V 0≤

2 + 2k0
C6

∥gt∥2, (57)

Appropriate scaling of Equation (57) gives∫ T

0
∥zNt∥2V 0dt ≤

2 + 2k0
L1 −R1

K2
1 . (58)

Applying the first mean value theorem for integrals to Equation (58), there exists t∗ ∈
[0, T ] such that

∥zNt(t
∗)∥2V 0≤

2 + 2k0
T (L1 −R1)

K2
1 .

Combining with Equation (57), integrating from t∗ to t+ T (t ∈ [0, T ]), we get

sup
0≤t≤T

∥zNt(t)∥2V 0≤
2 + 2k0

T (L1 −R1)
K2

1 +
4 + 4k0

C6
K2

1 ,

then we have

sup
t
∥zNt(t)∥V 0≤

(
2 + 2k0

T (L1 −R1)
+

4 + 4k0
C6

)1/2

K1 = C(K1).

4.2.3. Related estimates of low-order derivative terms

Lemma 11. Let zN (t) be the approximate solution of Equations (8)–(13). Then we
have

sup
t
∥AzN (t)∥V 0≤ C(K0,K1,K), (59)
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sup
t
∥∇zNt(t)∥V 0≤ C(K0,K1,K), (60)

∫ T

0
∥AzNt(t)∥2V 0dt ≤ C(K0,K1,K), (61)

∫ T

0
∥zNt(t)∥2V 0dt ≤ C(K0,K1,K). (62)

Proof. Take the inner product of Equations (14)–(17) with (AθN , AvN , AuN , AηN ).
Similarly, we can obtain

(θNt, AθN ) =

(
∆(vN − εuN ) +

∫ ∞

0
µ(s)∆ηN (s)ds− g(x, t), AθN

)
, (63)

(vNt − εvN + ε2uN , AvN ) = (∆(vN − εuN )−∆(∆uN + θN )− f(uN ), AvN ) , (64)

(uNt + εuN , AuN ) = (vN , AuN ), (65)

(ηNt + ηNs, AηN ) = (θN , AηN ), (66)

and

d

dt
C32∥∇zN (t)∥2V 0+ρ∗∗∥AzN∥2V 0≤ ε∥g∥∥AzN∥V 0+∥f∥∥AzN∥V 0 ,

ρ∗∗∥AzN (t)∥2V 0≤ C∗
32∥AzN (t)∥V 0∥zNt(t)∥V 0+ε∥g∥∥AzN∥V 0+∥f∥∥AzN∥V 0 .

Given from the previous conditions that ∥f∥≤ 1−m
CU

∥uN∥≤ 1−m
CU

∥zN∥V 0≤
1−m
δCU

∥AzN∥V 0 , we can get

∥AzN (t)∥V 0≤
δCU (C∗

32C(K1) + εK)

ρ∗∗δCU − 1 +m
= C(K,K1).

Similarly, by Lemma 9, Equation (59) holds. In addition, differentiate Equations
(14)–(17) and take the inner product with AzNt, we can get

1

2

d

dt
∥∇zNt∥2V 0+σ1∥AηNt∥2M1+ε∥∇uNt∥22

+ (1− εC2
p)∥AvNt∥2+

αε2

4
∥vNt∥2+

ε2

α
∥uNt∥22

≤
(
2ε

α
+

1−m

αCU

)
∥uNt∥22+

αε

4
∥AvNt∥2+

αε+ α

4
∥AθNt∥2+

α

4
∥vNt∥2+

1

α
∥gt∥2.

Next, similar to the proof method of the previous lemmas, find an appropriate JNt(t)

and then differentiate it to obtain the following inequality:

d

dt
A2JNt(t) +

k0
2
∥AθNt∥2

≤ k0D11

2
∥AvNt∥2+

ε2k0
2D11

∥AuNt∥22+(C21 + C1σ1)∥AηNt∥2M1+∥Agt∥∥AηNt∥M1 ,
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By combining and rearranging the above two equations, we can get

d

dt

(
1

2
∥∇zNt∥2V 0+A2JNt

)
+ σ1∥AηNt∥2M1

+

(
ε

D11
+

ε2

αD12

)
∥AuNt∥22+

(
1− εC2

p +
αε

4D12

)
∥AvNt∥2+

k0
2
∥AθNt∥2

≤
(
C4

p

(
2ε

α
+

1−m

αCU

)
+

k0ε
2

2D11

)
∥AuNt∥22

+

(
αε

4
+

k0D11

2
+

αC4
p

4

)
∥AvNt∥2+

αε+ α

4
∥AθNt∥2

+ (C21 + C1σ1 + ι1)∥AηNt∥2M1+
1

α
∥gt∥2+ϖ1∥Agt∥2.

(67)

For concise representation, let

R2 = max
{ ε

D11
+

ε2

αD12
, 1− εC2

p +
αε2

4D12
,
k0
2
, σ1

}
,

L2 = min
{
C4
p

(2ε
α

+
1−m

αCU

)
+

k0ε
2

2D11
,
αε

4
+

k0D11

2
+

αC4
p

4
,

αε+ α

4
, C21 + C1σ1 + ι1

}
.

By restricting the parameters, we have R2 − L2 > 0. And by scaling

C8∥∇zNt∥2V 0−C9 ≤
1

2
∥∇zNt∥2V 0+A2JNt(t),

we get

C8
d

dt
∥∇zNt∥2V 0+R2∥AzNt∥2V 0≤ L2∥AzNt∥2V 0+

1

α
∥gt∥2+ϖ1∥Agt∥2.

After moving terms and combining like-terms, we have

d

dt
∥∇zNt∥2V 0+

R2 − L2

C8
∥AzNt∥2M1≤

1

αC8
∥gt∥2+

ϖ1

C8
∥Agt∥2. (68)

Similarly to Lemma 9, by using the mean-value theorem for integrals on Equation
(68), we can obtain Equation (61). Using the same method, we can obtain Equation
(60). Finally, by differentiating Equations (14)–(17) and taking the inner product with
zNtt, we get

(θNtt, θNtt) =

(
∆(vNt − εuNt) +

∫ ∞

0
µ(s)∆ηNt(s)ds− gt(x, t), θNtt

)
, (69)

(vNtt − εvNt + ε2uNt, vNtt) = (∆(vNt − εuNt)−

∆(∆uNt + θNt)− ft(uN )uNt, vNtt),
(70)

(uNtt + εuNt, uNtt) = (vNtt, uNtt), (71)

(ηNtt + ηNst, ηNtt) = (θNt, ηNtt). (72)

Similarly, Equation (62) can be obtained.
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5. Existence and uniqueness of time-periodic solutions

The proof of convergence uses the compact embedding theorem of Sobolev spaces:
since V 0 is compactly embedded into H1, the bounded sequence zN in L∞(T ;V 0) ∩
H1(T ;H1) is precompact in L2(T ;H1). Thus, there exists a subsequence of zN that
converges strongly to z in L2(T ;H1). By passing to the limit in the approximate
equations, we can verify that z = (u, v, θ, η) is a solution of the original Equations
(1)–(5).

Theorem 2. Let g ∈ H1(T, V 0)(T > 0). Then there exists a constant C0 = C0(N) >

0 (N = 1, 2, 3, . . . ). If
K ≡ sup

0≤t≤T
∥g∥LN (U)≤ C0,

then the system of Equations (8)–(13) has a time-periodic solution z = (u, v, θ, η) with
period T , and it satisfies

z = (u, v, θ, η) ∈ L∞(T ;V 0) ∩H1
(
T ;D

(
A1/2

))
.

Proof. We obtain the convergent approximate solution zNt(t) of Equations (8)–(13).
From the conclusions of Lemmas 8–11, we can deduce that

zN converges weakly* to z in L∞(T ;H1), (73)

zN converges strongly to z in L∞(T ;V 0), (74)

zN converges weakly* to zt in L∞(T ;H1), (75)

zN converges strongly to zt in L∞(T ;V 0), (76)

the function z(t) satisfies z ∈ L∞(T ;V 0) ∩ H1
(
T ;D

(
A1/2

))
. That is, there exists

a sequence zN that converges to z in the above-mentioned way. In fact, the sequence
|(zNt(t), ωi)| (N = i, i+1, i+2, . . . ) is uniformly bounded and equicontinuous, that
is

|(zNt(t+ h)− zNt(t), ωi)|≤ C(K0,K1,K)|h|1/2∥ωi∥,

where ωi (i = 1, 2, 3, . . . ) is a complete orthogonal system in V 0, composed of the
eigen-functions of A described above. Therefore, using the diagonal process, we
can eventually select a subsequence zNt. In this way, zNt can converge weakly and
uniformly to an element in V 0 for t ∈ [0, T ]. In addition, considering the boundedness
of Equation (60) in Lemma 11, we obtain the convergence of Equation (76). Next,
consider the better results for the nonlinear terms.∥∥∥∥∫ ∞

0
µ(s)∆ηN (s) ds−

∫ ∞

0
µ(s)∆η(s) ds

∥∥∥∥ ≤ k0 ∥∆(ηN − η)∥ → 0,

∥f(uN )− f(u)∥ =

∥∥∥∥f(uN ) +
1− b

CU
uN − 1− b

CU
uN +

1− b

CU
u− 1− b

CU
u− f(u)

∥∥∥∥
≤ 1− b

CU
∥uN − u∥→ 0.
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Therefore, we can obtain

(θt −∆(v − εu)−
∫ ∞

0
µ(s)∆η(s)ds+ g(x, t), ωj) = 0,

(vt − εv + ε2u−∆(v − εu) + ∆(∆u+ θ) + f(u), ωj) = 0.

We also find that, due to the estimates obtained in the previous sections, we have

θt −∆(v − εu)−
∫ ∞

0
µ(s)∆η(s)ds+ g(x, t) = 0, (77)

vt − εv + ε2u−∆(v − εu) + ∆(∆u+ θ) + f(u) = 0, (78)

(u, v, θ, η)(t+ T ) = (u, v, θ, η)(t). (79)

Finally, we give the proof of the uniqueness of the time-periodic solutions for the
nonlinear plate coupling system with thermal memory and external force terms.

Theorem 3. The time-periodic solutions of the system of Equations (8)–(13) that satisfy
the conditions given in Theorem 2 are unique.

Proof. To prove the uniqueness of T -periodic solutions, we first construct an energy
difference functional to quantify the gap between two periodic solutions explicitly,
then detail the energy derivative estimation term by term, and finally strictly apply
Gronwall’s inequality to derive the necessity of the energy difference being zero,
forming a complete and rigorous logical chain.

Assume that z1 = (u1, v1, θ1, η1) and z2 = (u2, v2, θ2, η2) are two T -periodic
solutions of the Equations (1)–(5). Define the difference variable:

∆z = z1 − z2 = (∆u,∆v,∆θ,∆η),

where∆u = u1 − u2, ∆v = v1 − v2, ∆θ = θ1 − θ2, ∆η = η1 − η2.
Step 1: Construction of Energy Difference Functional: We explicitly construct

the energy difference functional to measure the magnitude of the difference between the
two T -periodic solutions, which lays the foundation for subsequent energy estimates:

E(t) =
1

2

(
∥∆u∥2V2+∥∆v∥2+∥∆θ∥2+∥∆η∥2M1

)
.

This function directly reflects the gap between z1 and z2, and its non-negativity ensures
that E(t) ≡ 0 is equivalent to z1 ≡ z2.

Step 2: Step-by-Step Energy Derivative Estimation: Substitute ∆z into the
original system to obtain the difference equations, then take the inner product of each
component equation with∆u, ∆v, ∆θ, and∆η respectively, which yields:

(∆θt −∆(∆v − ε∆u)−
∫ ∞

0
µ(s)∆η(s) ds+∆g(x, t), ∆θ) = 0, (80)

(∆vt − ε∆v + ε2∆u−∆(∆v − ε∆u) + ∆ (∆(∆u) + ∆θ) + ∆f, ∆v) = 0, (81)

(∆ut + ε∆u, ∆u) = (∆v, ∆u), (82)
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⟨∆ηt +∆ηs, ∆η⟩ = ⟨∆θ, ∆η⟩, (83)

where ∆f = f(u1) − f(u2) denotes the nonlinear term difference, and ∆g(x, t) =

g1(x, t)− g2(x, t) (if g is periodic,∆g ≡ 0).
We detail the estimation of each key term and the calculation of the energy

derivative:

• Nonlinear term estimation: For ∆f = f(u1) − f(u2), using the Lipschitz
continuity of f(u) (derived from the condition f ∈ C2(R,R)), we have:

∥∆f∥≤ Lf∥∆u∥,

whereLf is the Lipschitz constant of f(u) on the bounded set, which is guaranteed
by the uniform boundedness of u1, u2 in V 2.

• Memory term estimation: For the memory term difference ∆
∫∞
0 µ(s)∆η(s)ds,

applying the Cauchy-Schwarz inequality and the property µ(s) ∈ L1(R+), we
bound it by ∥∆η∥M1 .
Direct computation of the inner products yields the time derivative of each

component of the energy difference functional:

1

2

d

dt
∥∆θ∥2=

∫
U

∆(∆v)∆θ dx− ε

∫
U

∆(∆u)∆θ dx−
∫ ∞

0

µ(s)⟨A∆η(s),∆θ⟩ds

−
∫
U

∆g(x, t)∆θ dx,

1

2

d

dt
∥∆v∥2−ε∥∆v∥2+ε2

∫
U

∆u∆v dx+ ∥A1/2∆v∥2

= −ε

∫
U

∆(∆u)∆v dx−
∫
U

∆2(∆u)∆v dx−
∫
U

∆(∆θ)∆v dx−
∫
U

∆f∆v dx,

1

2

d

dt
∥∆u∥22+ε∥∆u∥22=

∫
U

∆2(∆v)∆u dx,

1

2

d

dt
∥∆η∥2M1−

∫ ∞

0

µ′(s)⟨A1/2∆η(s), A1/2∆η⟩ds =
∫ ∞

0

µ(s)⟨A1/2∆η(s), A1/2∆θ⟩ds.

Combining the above four identities, collecting like terms, and substituting the
estimations of the nonlinear term and memory term, we obtain the time derivative of
the energy difference functional E(t):

d

dt
E(t) ≤ −C5E(t) + C6E(t),

where C5 > 0 is a positive constant derived from the dissipative terms of the system
(e.g., ε∥∆u∥2V2 , σ1∥∆η∥2M1), and C6 is a constant related to the Lipschitz constant Lf

and the system parameters. This inequality clearly reflects the energy decaymechanism
of the difference system.

Step 3: Strict Application of Gronwall’s Inequality: We first verify the
conditions for applying Gronwall’s inequality and clarify the logical chain leading to
uniqueness: By restricting the system parameters (consistent with the constraints in
Section 4 for ensuring positive dissipative coefficients), we guarantee C5 > C6, thus
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transforming the above differential inequality into:

d

dt
E(t) ≤ −LE(t),

whereL = C5−C6 > 0 is a positive constant independent of t, this is the key condition
for applying Gronwall’s inequality.

Since z1 and z2 are T -periodic, the difference variable ∆z is also T -periodic,
which implies that the energy difference functionalE(t) is T -periodic, i.e.,E(t+T ) =

E(t) for all t ∈ R.
Applying Gronwall’s inequality to the differential inequality d

dtE(t) ≤ −LE(t),
we integrate both sides from t to t+ T :

E(t+ T ) ≤ E(t)e−LT .

Combining the periodicity of E(t) (i.e., E(t+ T ) = E(t)), we derive:

E(t)
(
1− e−LT

)
≤ 0.

Since L > 0 and T > 0, we have 1− e−LT > 0, which necessarily implies E(t) ≡ 0

for all t ∈ R.
Step 4: Uniqueness Conclusion: From E(t) ≡ 0, we directly deduce ∆u ≡ 0,

∆v ≡ 0, ∆θ ≡ 0, ∆η ≡ 0 (due to the non-negativity of the norm), which means
z1 = z2 for all t ∈ R. This confirms that the T -periodic solution of the system is
unique.

Now, we supplement the detailed derivation process corresponding to the
above logical chain (consistent with the original differential equation calculation) for
completeness: Let z = ∆z = (∆u,∆v,∆θ,∆η) = z1 − z2, and the detailed inner
product calculation and derivative rearrangement are as follows:

Direct computation yields

1

2

d

dt
∥θ∥2=

∫
U

∆v θ dx− ε

∫
U

∆u θ dx−
∫ ∞

0

µ(s)⟨Aη(s), θ⟩ds−
∫
U

g(x, t)θ dx,

1

2

d

dt
∥v∥2−ε∥v∥2+ε2

∫
U

uv dx+ ∥A1/2v∥2

= −ε

∫
U

∆uv dx−
∫
U

∆2uv dx−
∫
U

∆θv dx−
∫
U

f(u)v dx,

1

2

d

dt
∥u∥22+ε∥u∥22=

∫
U

∆2vu dx,

1

2

d

dt
∥η∥2M1−

∫ ∞

0

µ′(s)⟨A1/2η(s), A1/2η⟩ds =
∫ ∞

0

µ(s)⟨A1/2η(s), A1/2θ⟩ds.

Combining the above four identities and collecting like terms, we get

1

2

d

dt
(∥θ∥2+∥v∥2+∥u∥22+∥η∥2M1) + ε∥u∥22−ε∥v∥2+∥A1/2v∥2

−
∫ ∞

0
µ′(s)⟨A1/2η(s), A1/2η⟩ds+ ε2

∫
U
uv dx

= −ε

∫
U
∆uθ dx− ε

∫
U
∆uv dx−

∫
U
f(u)v dx−

∫
U
g(x, t)θ dx.

(84)
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Now let
J(t) = −

∫ ∞

0
µ(s)⟨θ(t), η(s)⟩ds.

Differentiating J(t) and estimating, we obtain

d

dt
J(t) +

k0
2
∥θ∥2≤ k0

2
∥∇v∥2+ε2k0

2
∥∇u∥2+C2∥η∥2M1

− C1

∫ ∞

0
µ′(s)∥A1/2η∥2ds+ k0

2
∥g∥2.

(85)

Next, to apply Gronwall’s inequality, we multiply Equation (85) by 2ε and add it
to Equation (84). Using the interpolation inequality

∥Aαu∥≤ δα−β∥Aβu∥, 0 ≤ α ≤ β,

and collecting terms, we arrive at

d

dt
Ψ(t) + εk0∥θ∥2+ε∥u∥22−ε3k0∥∇u∥2+∥A1/2v∥2+σ∥η∥2M1

≤ εα

4
∥u∥22+

ε

α
∥θ∥2+ε(1−m)∥Au∥2−εC(|U |, f) + ε3

δ2
∥u∥22+

ε2

δ
∥u∥22

+

(
ϖ +

k0
2

)
∥g(x, t)∥2+t∥θ∥2+ε∥v∥2+εk0∥A1/2v∥2+(2εσC1 + 2εC2) ∥η∥2M1 ,

where

Ψ(t) =
1

2
∥z(t)∥2V 0+2εJ(t) +

∫
U
f(u)dx+

ε2

2
∥u∥2+ε

2
∥∇u∥2,

C(|U |, f) = |U | min
|s|≤N1

f(s)s.

For Ψ(t), the following bounds hold:

C3∥zN (t)∥2V 0−C4 ≤ ΨN (t) ≤ ∥zN (t)∥2V 0+Φ(∥u∥V2) ,

where Φ(∥u∥V2) = |U |max|y|≤∥u∥V2
|F (y)|. Further standard estimates and

rearrangement lead to

C3
d

dt
∥z(t)∥2V 0+y∥z(t)∥2V 0≤ x∥z∥2V 0−εC(|U |, f) +

(
ϖ +

k0
2

)
K2, (86)

where we set

y = min {εk0, εm, δ, σ} ,

x = max

{
ε

α
+ t,

ε3

δ2
+

ε3k0 + ε2

δ
+

εα

4
, εk0δ + ε, 2σεC1 + 2εC2

}
.

The above inequality can be rewritten as

d

dt
∥z(t)∥2V 0≤ −y − x

C3
∥z∥2V 0+

(
ϖ + k0

2

)
K2 − εC(|U |, f)

C3
≤ −L∥z∥2V 0+H, (87)
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where

H =

(
ϖ + k0

2

)
K2 − εC(|U |, f)

C3
.

Under the given parameter constraints,L > 0. ApplyingGronwall’s lemma to Equation
(87), we get

∥z(t)∥2≤ exp(−Lt1)∥z(0)∥2+
∫ t1

0
exp(−L(t− s))H(s) ds, t ∈ (0,+∞).

Since z(t) is T -periodic, for any t ∈ (−∞,+∞), there exists a positive integer
n0 such that t+ n0T > 0 and

∥z(t)∥2= ∥z(t+ n0T )∥2.

Thus

∥z(t)∥2≤ ∥z(0)∥2exp(−LnT ) +

∫ t1

0
exp(−L(t+ nT − s))H(s) ds, n ≥ n0.

Letting n → ∞, we conclude that

∥z(t)∥2≡ 0.

Therefore z1 ≡ z2, which further confirms the uniqueness of the T -periodic solution.
This completes the proof of existence and uniqueness of time-periodic solutions

for the nonlinear plate coupling systemwith thermalmemory effects and external forces.

6. Conclusion

In this paper, we have rigorously proved the existence and uniqueness of
time-periodic solutions for a nonlinear plate coupling system with thermal memory
effects and external force terms; our main contributions include establishing a more
practical mathematical model for the thermoelastic plate system by introducing periodic
external forces and memory variables and transforming the original system into
an equivalent evolution system that is easy to analyze, proving the existence of
approximate solutions and obtaining their uniform boundedness through a series of
a priori estimates using the Galerkin method combined with the Leray-Schauder
fixed-point theorem, and verifying the convergence of the approximate solution
sequence based on the compact embedding theorem as well as proving the uniqueness
of the periodic solution by constructing an appropriate energy function.

For future work, we will focus on three core directions: first, design efficient
numerical algorithms such as finite element or spectral methods to simulate
time-periodic solutions and verify theoretical results; second, study the stability
of periodic solutions under initial and external force perturbations, and analyze
the influence of memory kernel and nonlinear term parameters [32]; third, extend
the model to multi-dimensional or variable-thickness plates and consider complex
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boundary conditions like dynamic boundaries. Additionally, we will explore the
integration of multi-modal data fusion and deep learning fusion techniques [33, 34]
for dynamic response prediction, and adopt dimension-reduction multi-objective
optimization [35] and spectral simulation [36] to improve engineering application
value.
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