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Abstract: This paper makes a rigorous mathematical analysis of the time-optimal control
problem for a nonlinear microwave heating system described by coupled partial differential
equations. The work extends the established theory for linear models to a physically realistic
nonlinear regime, where magnetic field permeability exhibits a nonlinear dependence on the
material’s evolving temperature field. The first result establishes the exact controllability of this
nonlinear distributed parameter system. This is achieved by applying the Kakutani Fixed-Point
Theorem to an appropriately defined solution operator, proving that the system state can be
driven from any admissible initial temperature distribution to a specified target profile within a
finite time horizon using suitable control inputs. Leveraging this controllability foundation and
employing crucial a priori energy estimates, we subsequently prove the existence of at least one
time-optimal control via minimizing sequences and weak compactness arguments. The central
contribution is the rigorous analytic proof of the bang-bang property for these time-optimal
controls. This structural property is demonstrated by contradiction, using a pivotal quantitative
relation—derived from the controllability analysis—that links the minimum achievable control
time to the L?-norm of the control force. The proof conclusively shows that any time-optimal
control must saturate the prescribed control constraints almost everywhere in the time-space
domain, taking values only at the extremes of the admissible set. These results lay a firm
theoretical foundation for optimal control protocol design in nonlinear microwave heating,
confirming that efficient strategies are inherently of switching type and offering a benchmark

for future numerical and experimental work as well.

Keywords: nonlinear microwave heating system; strongly coupled PDE system;
time-optimal control; controllability; bang-bang property

1. Introduction

Microwave heating is widely employed in various applications, such as food
processing and sterilization, due to its effectiveness, convenience, rapidity, and
cleanliness [1, 2]. However, two significant challenges persist. The first is the
nonuniform distribution of heat generated during the microwave heating process,
which can lead to localized overheating. This may engender temperature spikes that
exceed desired thresholds, potentially damaging the heated material. The second
challenge stems from the inherent nonlinearity of microwave heating systems, where

the electromagnetic field distribution varies with the temperature of the material. This
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nonlinear behavior complicates the assurance that a prescribed control input can drive
the system to a desirable state.

Typically modeled as a coupled system of Maxwell’s equations and the
heat equation, microwave heating dynamics have attracted considerable research
interest. While significant work has addressed the solvability and optimal control
of such systems [3—6], the time-optimal control (TOC) problem remains relatively
underexplored [7-9], primarily due to the difficulties introduced by system nonlinearity
in both control design and controllability analysis. In practical applications, a key
objective is to achieve a target heating profile as quickly as possible without causing
thermal damage, which naturally aligns with the TOC framework. Given the
advantages of microwave heating in speed and efficiency, TOC problems in this
context trigger much interest in further research among engineers and researchers.

In this paper, similar to the study by Luo et al. [8], we look at the TOC problem for
a class of nonlinear microwave heating systems and establish the bang-bang property
of the corresponding optimal controls. Prior studies [8, 10—12] considered a weakly
coupled linear model under the assumption that the magnetic field distribution is
temperature-independent. In practice, however, the material properties of the heating
device vary with temperature, resulting in a strongly coupled nonlinear system. Owing
to this nonlinearity, controllability cannot be deduced via standard methods such as
the Carleman inequality, commonly used for linear systems [13—16]. Instead, we
employ the Kakutani Fixed-Point Theorem to set up controllability. The proof of the
existence of a time-optimal control also requires techniques distinct from those for
linear cases, despite some parallels with prior works [17-20]. Unlike the methods
used for linear systems [21-24], we prove this property by contradiction, utilizing a
quantitative relation between the control duration and the norm of the control force.
This key inequality is derived directly from the controllability analysis.

The remainder of this paper is organized as follows. Section 2 is devoted to
the rigorous mathematical formulation of the microwave heating process, culminating
in the precise statement of the time-optimal control problem, denoted as (P). In
Section 3, we establish a crucial observability estimate for the system, which serves
as the foundation for deriving the controllability of problem (P). Building upon the
controllability result, Section 4 addresses the existence of a time-optimal control via
the method of minimizing sequences. Finally, Section 5 presents the main contribution
of this work: a proof by contradiction of the bang-bang property for the time-optimal
control.

2. Mathematical model for the time optimal control problem of
microwave heating

This section is devoted to the rigorous mathematical formulation of microwave
heating. In accordance with the standard approach widely adopted in the literature [5—
8], the microwave heating process is mathematically described as a coupled system of
Maxwell’s equations and the heat conduction equation. To facilitate the analysis, we
adopt the assumption [3, 8], that the object heated is placed in a microwave heating
processor cavity denoted by Q C R? with C'— boundary 952, and let E(z,t) and
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H(x,t) denote the electric and magnetic fields at z € ) and time ¢ correspondingly.
Through Faraday Law, Ampere Theorem and Ohm Principle for electromagnetics, the
distribution of the electric and magnetic field strengths can be exemplified by Maxwell

Equation as follows [1-3]:
eE(z,t) + oE(z,t) =V x H(z,t), x € Q,t>0,

pHy(z,t) + V x E(z,t) =0, z€Q,t>0,
V- -H(z,t) =0, ze€Qt>0,

where ¢, ¢ and o are the electric permittivity, magnetic permeability, and electric
conductivity, respectively. It is noted that V - H = 0 holds automatically as long
as an initial field H(z, 0) satisfies the same condition.

Due to the high frequency of the microwaves, the scale of the time variable in
electromagnetic fields is different from that of heat conduction. It is usually assumed
that the electric and magnetic fields are time-harmonic, in practice, with fixed frequency

w, then

{ Ei(z,t) = E(x)elvt,

Ht(x7 t) I:I(w)ejwt7

where j denotes the unit complex number, on the basis of assumptions that Maxwell’s
equations can be reduced to a Helmholtz type of system, and simplified as equations
containing a single electronic field E (or only a magnetic field H). Here we only
consider the electronic field system denoted by E, taking the place of E, then
the simplified time-harmonic Maxwell’s equation, namely, the Helmholz system is

obtained, which is a single system germane to the electromagnetic field E [3-7].
1 .
V x (=V X E) +w(—we + jo)E = 0.
W

Take account of the dissipative effect and assume the dielectric constant £ and

permeability constant 1 both are complex numbers [3]:

e =¢o(e1 — jea), o= po(p1 — juz),

where g is the permittivity in free space, ¢; is the relative electric permittivity, €5 is the
effective loss factor of electric energy, 1 is the permeability in free space, y; represents
the relative magnetic permeability, po is the relative magnetic loss factor. Set v = %,
& = —coe1w + j(epeaw + 0) £ a1+ jas, then the above equation can be expressed
as follows:

V x [7V x E] + ¢E = 0.

During the heating process, both induced current and eddy current will act on the
heated object, according to Ohm’s law: J. = £(jw)E and J, = oE, then it holds that

J=J.+J, =¢(jw)E + 0E = (a2 — ja1)E.
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Therefore, the heat energy generated by a microwave per unit time and unit volume is
1 o 1
W(z,t) = §R€[E J) = §a2|E| ,

where J* is the complex conjugate function of J. According to the Fourier Law, the
distribution of the temperature y(x, t) satisfies the following

1
pocoys(x,t) =V - (k(z)Vy(z,t)) = §G2|E!27 z €Q,t>0,

where pg > 0 is the density of matter, ¢ > 0, specific heat coefficient, here it is
assumed to be constant; k(z) is the thermal conductivity, which is generally related to
its position, to non-thermal materials, the value is independent of temperature and time.
Set pgcyp = 1, then the mathematical model of microwave heating can be similarly
formulated as a coupled system with corresponding initial and boundary valuable

condition [8].

p

VX (yV XE)+ (—a1 +ia)E=0, (z,t)€Qx[0,T],
nxE=nxG, (zt)ecdQx][0,T],

vy — V- (kVy) = 3a2E[%,  (2,t) € Q% [0,T], (1)
y(z,t) =0, (z,t) € 9Q x [0,T],

( y(2,0) =y(z), z€Q,

where n is the external unit normal vector on 92, and G is the electric field generated by
the external photoelectric device. If v = v(z), a1 = a1(x), az = az(x), k = k(x), the
system above is a weekly coupled system. In practical microwave heating, virtually all
experimental results demonstrate that the relative electric permittivity 1, the effective
loss factor of electric energy e3, the relative magnetic permeability p; and the relative
magnetic loss factor uo are usually relative to the temperature y, consequently, the
corresponding variables should be formulated in the form of v(z,y) = y(z,y) +
Jve(z,y),&(z,y) = ai1(x,y) + az(z,y), which implies their inherent dependence on
temperature y, then the system above becomes a strongly coupled one. In this paper,
we consider a class of strongly coupled microwave heating systems.

In the context of microwave heating, a primary engineering objective is to achieve
a desired heating profile within the shortest possible time, which naturally leads to the
formulation of a time-optimal control (TOC) problem. From a practical standpoint,
a common operational constraint is the binary nature of the control input, where the
heating process is regulated simply by switching the microwave power on or off.
Mathematically, this constraint implies that the control force is spatially uniform, i.e.,
independent of the spatial variable. Consequently, the admissible control set is formally

defined as follows:
K=1{g:]0,T] - Ris measurable and 0 < ¢(t) < 1},

where g € K, g(t) = 0 means the switch is off and ¢g(¢) = 1 means the switch is on.
Following the standard approach adopted in previous studies [5-7,25], to facilitate
a mathematically tractable formulation, we introduce a time-dependent control function
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g(t), which multiplies the source term on the right-hand side of the heat equation. This
function serves to modulate the intensity of the microwave heating input. The resulting
controlled mathematical model for the microwave heating process is thus formally

expressed as follows:

V x (’Y(x’y)v X E) + (_al(x7y) + iaQ(x7/y))E = 07 (l‘,t) €N x [OvTL
nxE=nxG, (z,t)ecdQx]0,T],

ye — V- (k(2)Vy) = jas(z,y)[EPg(t), (2,t) € Qx[0,T], (2)
y(z,t) =0, (x,t) €0 x[0,T],

y(x,0) = yo(z), z €.

To establish a well-posed mathematical framework for the coupled microwave
heating system, we adopt the following assumptions, consistent with the methodology
in studies [8,26—28]. These assumptions are designed to ensure solution existence while
deliberately abstracting from the complexities introduced by boundary conditions, even

external force, thereby focusing the analysis on the core nonlinear coupling mechanism.

H1. Functions yo(-),yr(-) € L?(Q), function k : Q — R is C1(Q) and there exist
positive constants o and py such that 0 < g < k(x) < pq, for any x € Q.

H2. (i) Function a;(-) and ax(-) are real measurable, and there exist positive numbers
by and ag such that 0 < ag < a1(z), az(x) < by, YV € €,

(ii) Function v(-) = ﬁ := y1(+) + iv2(+) is complex value, and there exists a
constant vo > 0 such that vy1(x),v2(x) > v > 0, Vo € Q;

(iii) Function G : 0 — R3 can be extended to Q, and the extension G satisfies

G|z (curt, ) < ollGll 12050,

where cq is a constant only depending on ().

H2a. The functions v1(z,y),v2(x,y),a1(z,y) and ax(z,y) are real positive
measurable, where y(z,y) == y1(z,y)+jv2(2,y) and {(z, y) = a1(z,y)+jaz(z, y).
are uniformly Lipschitz continuous to the variable y. For any x € Q,y € R, there

exist positive constants ag and Ao, such that

(2, y), a2(z,y) > a0 >0, |y(z,y)| + [§(z,y)| < Ao.

To the system, if the switch is off, it is trivial that E = 0; hence, the system
solution of the Equation (2) is obvious. According to the conditions for the uniqueness
of solution for the coupled system in papers [3,27], Equation (2) naturally has a unique
electric field intensity.

To be convenient to discuss the TOC problem later, several inner product spaces

are defined [3,8] as the following:
H(curl,Q) = {E € (L*(Q))® : V x E € (L*(2))%},
Ho(curl, Q) = {E € (L*(Q))®: V x E € [L*()]*,n x E = 0 on 99},
H(div,Q) = {E € (L*())* : V-E € L*(Q)},

5
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then the spaces Hy(curl, 2) and H (curl, §2) are Hilbert spaces with inner product
(€.G) = [ [(VXE) (VX G)+E- G,
Q

where G* is the complex dual to G. Since the norm is derived by inner product, then
the function spaces H (curl, ), Hy(curl,2) and H (div, ) are Banach spaces.

Then the TOC problem (P) of the strongly coupled microwave heating system is to
find a control g € K, to lead the temperature y(t, x; yo, g) to some expected temperature
yr(-) € L*(Q) as soon as possible, where (¢, z; 4o, g) is the solution of Equation (2)
corresponding to the control g € K, and the optimal time 7 > 0 is defined as follows:

T = inf{T : y(T,x;y0,9) = yr(x),a.e.,xz € Q, Vg € K}.

Prior to addressing the time-optimal control (TOC) problem, we introduce several
preliminary results that are instrumental to the subsequent analysis. First, we recall the
statement of the Kakutani Fixed-Point Theorem [26], a cornerstone result in nonlinear
functional analysis that will play a pivotal role in establishing the controllability of the
system.

Lemma 1 (Kakutani Fixed-Point Theorem). Suppose that

(i) the multivalued map T : K — 2K is upper semicontinuous;

(79) K is a nonempty, compact and convex set in a locally convex space X;
(i7) the set T(X) is nonempty, closed and convex for all x € K.

Then T has a fixed point.

The following section presents key results pertaining to linear parabolic systems,
which serve as foundational tools for establishing both the controllability and the
existence of a time-optimal control for the microwave heating system. For linear
parabolic equations, the Carleman inequality [8, 13] provides a powerful method
for proving controllability. In what follows, we consider the initial-boundary value

problem for a homogeneous linear parabolic system:

y— V- (k(‘r)Vy) =0, (.%',t) €0 x [T()?T]?
y(ﬂj‘,t) = Oa (l‘,t) € 00 x [TOaT]v (3)
y(x)TO) = yTo(l‘)v HARS Qv

then there is the proposition.
Lemma 2. Set w to be a nonempty open subset <), if H1 holds, then there exists a
positive constant C = C(Q,w) only depending on Q) and w, for any given time T > 0

and a initial value yo € L*(SY), such that the solutiony € C ([0, T]; L*(Q)) of Equation
(3) satisfies

T
1y T) 220 sexp[C(H;)]/o /w|y(:c,t)]2dxd7'. @
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According to the inequality above, we have the controllability for the following
similar system [8, 13].

Yy — V- (k(z)Vy) = v(z, 1), z e t>0,
y(z,t) =0, (z,t) € 0Q,t > 0, (5)
y(x7 0) = y()(x)a T € Q

Lemma 3. Assume w to be any nonempty subset of ), and T' > Ty > 0 to be a
constant decided, if y(Ty) € L*(Q) and HI holds, then there exists a control function
v € L®(Ty, T; L*(Q)) such that the solutiony € W [Ty, T)NC([To, T]; L*(2)) of the

following system:

yr — V- (k(z)Vy) = x1(t)xw(@)v(2, 1), (2,1) € Q x [Tp, T7,
y=0, (z,t) € 00 x [Ty, T], (6)
y(x,To) = yr, (x), = € £,

satisfies
ly(, D)l z2(0) = 0,

and

vl oo (1, 7:22(02)) < 2exp[C(1 + My (To)ll 20,

T—1Ty
where C' > 0 is a constant only depending on Q,w,I; the function xi(-) and
the function x.,(-) are character functions of time t on I and space x on space w,

correspondingly.
Proof. Consider the Equation (3) is a dual equation,

pt+ V- (k(x)Vp) =0, (x,t) € Q x [Ty, T,
p(z,t) =0, (z,t) € 0Q x [Ty, T, (7
p(z,T) € L*(Q),

sets =T —tand p(z,s) = p(x,T — s), then the Equation (7) is transformed to

ﬁt -V (k(l’)Vﬁ) =0, ($7t) €N x [T07T]7
1/7\('7;7” =0, (x7t> € 00 x [TO7T]7 (®
Pz, To) € L*(Q),

and for any p(x, Tp) € L%(1Q), there exists a unique solution p € C([Tp, T]; L*(2)) of
Equation (8) by Lemma 2. Consequently,

~ 1 T e
. <

and

1 T
(-, To) |l 2y < exp[C(1 + T TO)] /To /w Ip(z, t)|*dxdt. 9)
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To the equation
ye = V- (k(x)Vy) = xr(t)xw(@)v,

multiply both sides by inner production for p, and integrate both sides on Q x [Tp, T,
then, applying integration by parts yields the following identity:

<y('vT)7p("T)>L2(Q) - T0)> L2(Q)

—2/ /XI Xw(@)v(z, t)p(z, t)dadt.
To

To show y(-,T) = 0 in the L%(Q), it only needs a v € L>(Tp, T; L?(2)) such

(10)

that

(0 T) - To)) ey = 2 | T | vt opte. it
In the space
Q = {xa®xw(@)p(e,t) 1 p(-, T) € L*(Q)},
where p(x, t) is the solution of the Equation (7), a linear functional
F:Qc LYTy, T; L*(Q)) — R,

is defined by
F(x1xwp) = _<y(T0)(‘)7p(‘vT0)>L2(Q)7
where p € L1(Ty, T; L?(£2)) is the solution of Equation (7), then

|E(xrxwp)|? < Mly(To) 1720y 1( To) 1720
(11)

1
< 2exp[C(1 + 7= TO)]”y(TO)H%Q(Q)HXIpr”%l(TO,T;LQ(Q))

namely

IFI? < 2expiC(1+ 7= (T

where || F'|| is the norm of the linear operator F, then F' is a bounded linear functional.

According to Hahn-Banach theorem [26], there exists a boundary linear functional
F: LTy, T; L*(Q)) — R,

such that
Flg =F,

and

. 1
IFI* = 1F[|* < 2exp[C(1 + 7 T My(To) 720y

According to Riesz Theorem [26], there exists a funciton v € L (Tp, T; L*(£2)) such
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that T
F(xrxwp) = / / Xixwpvdrd,
To JQ
and
ol ) = IFIP < 269(C(1+ 7=l T
therefore,

T
(- To) o To)) ey = 2 /T /Q X (B v ()0 (2, Op(a, £)dadt.

3. Controllability of the microwave heating system

This section is devoted to the analysis of controllability for the coupled microwave
heating system. As a preliminary step toward establishing the controllability of the
controlled system Equation (23), we first present and prove two essential corollaries.
The subsequent analysis will be developed within the framework of the system

described below:

{ V x [y(2,8)V x E] + £(z, )E =0, (z,t) € Q x [0,T], 12

nxE=nxG, (z,t)e€dQx][0,T].
Consequently, we arrive at the following conclusion regarding this matter.

Lemma 4. Assume that H2 and H2a hold, it is obvious that
(1) = (),
En(z,t) = &(z, 1),
in L*(0,T; L*()), as n — +oc, and
E,(z,t) — E(z,t) in L*(0,T;L*(R)),
where E,, and E are the solutions of the Equation (23) corresponding to v, £,,7y and €.
Proof. Set W,,(z,t) = E,,(z,t) — E(x,t), then W,,(z, t) satisfies the following:

VX (@, )V x Wy 4 & (2,6 )Wy,
=-Vx [(’7n(w7t) - 7(w7t))v X E] - (gn(x7t) - g(w7t))E» (x7t) € x [O,T], (13)
nxW, =0, (z,t)€oQx]0,T],

multiply both sides of the above equation by W,, and integrate it on €2, then

—/'yn(x,t)|V><Wn|2dx+/§n(x,t)|wn|2dx
Q Q

= / (nl@,t) — (2, ))(V X E) - (V x W,)dz — / (€nl,1) — &2, 1)) EW,de (14)
Q Q

= Il +IQ
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Take into account both the real and imaginary parts, then
Re(l) + Iz) = / Yin (2, )|V x W, |2dz —/ arn(z,t)|Wy|2dz,
Q Q

and
Il + 1) = / o (@ 1)V X Wy 2 — / o (2, 1) W, [2d.
Q Q

From the Cauchy-Schwarz inequality, it is known as follows:

L= / a2, 8) — A, (T X E) - (V x W,)|

@ (15)

<4 / IV % Wi 2de + 1 (61) / alas ) — (e, 21V x E[2da,
Q Q

and

L) = | / (e, 1) — &, ) - Wyda]
. (16)

<4 /Q W 2z + Ca(65) /Q 62 t) — E(x, 1) 2| E[2da,

where ¢1 and - are small enough positive constants. According to H2a, if the constants
01 and d9 are small enough, then

Jo IV x Wy [2dz + [ |Wy|?dz < Cy [ |vm — 7I*V x E|*dz+

Jieio (17)
Cs Jo & — EPP[E[Pda,
integrate both sides of the formula above on the interval [0, T'], then
T T
/ / IV x W,,|?dzdt + / / |W,,|*dxdt
0 Q 0 Q (18)

T T
< / / I — 12V x E[2dadt + 02/ / &, — £L2|E2dadt.
0 Q 0 Q

An application of the Lebesgue dominated convergence theorem [13,27-29] yields

T
/ / N — ||V x E|?dzdt — 0, (19)
0 Q
and
T
| [ie-e—o 0)
0 Q
Therefore,
V x W,, — 0in L*(0,T; L*(Q)), W,, — 0 in L*(0, T; L*(2)).

Furthermore,

E, — E in L?(0,T; L*(Q)), V xE, — V x E in L?(0,T; L*(Q)).



Advances in Differential Equations and Control Processes 2026, 33(1), 3873.

Without loss of generality, assume y7(-) = 0. The controllability of Equation (2)
is established by the following theorem.

Theorem 1. If the hypotheses HI and H2a hold, for any T > Ty > 0 and y(Ty) €
L2(Q), there exists a g € L>[Ty, T) such that

Dy(To)llz2@ 21

1 1
| QGZ(%:U)’EPQ(U | oo (1, 7522(0)) < exp(C(1 + T—T,

and
(E,y) € L>®(Ty, T; H(curl,Q)) x (W[Ty, T) N C([Ty, T); L*(R2))),
satisfy the following equation:

V x (y(z,y)V X E) +&(x,y) E=0, (z,t) € Qx [To,T],

e = V- (k(2)Vy) = gx1(t)xw(@)az(z, y)[EPg (1), (x,t) € Qx [1p,T],
nxE=nxG, (z,t)ecdQx][TT,

y(x,t) =0, (x,t) € 0Q x [Ty, T],

y(:IJ,T()) = yTo(x)a z € £,

y(x, T)=0, z€Q,

(22)

where C'is a constant, I is any measurable subset of the interval [Ty, T with positive
measure |I| > 0, any set w C Q, and x A(-) is the character function on set A with

corresponding variable.

Proof. To show the above result with Kakutanis Fixed-Point Theorem [25], the set is
defined by
I = {u(x,t) € W[To, T|llull L2(z, 7,22 (02)) < Ko}

where the constant kg will be decided later for some certain goal. Obviously, that is
I c L*(Ty,T; L*(Q)). To any u € II, considering the following weakly coupled
system

V x (y(x,u)V X E) + &(z,v)E =0, (z,t) € Qx [Ty, T],

ye = V- (k(2)Vy) = gxr(t)xw(@)az(z, w) [E[g(t),  (w,t) € @ x [To, T,
nxE=nxG, (z,t)€dx|[TpT],

y(z,t) =0, (z,t) € 00 x [Ty, T,

y(ZL’,TQ) = yTo(x)v YIS Qv

ylxz, T)=0, z€Q,

(23)

according to Lemma 3, there exists a solution
E x y € L®(Ty, T; H(curl, Q) x (W/[Ty, T) 0 C(([To, T); L*(%2)))
with

g € L>=(Ty,T),

11
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which satisfies

1
| §a2($7u)’E\29(t) | Lo (10,1 12(02)) < exp(C(1 + My(To)llz2@)- 24

1
T—-Tp
Define the mapping

@10 — L*(Ty, T; L*(Q)),
where ®(u) = {y| for u € II} and y satisfies the Equation (24), and where y is the
solution to the Equation (23), then

Yu € 1L ®(u) # ¢.

(i) To show II C L2(Ty, T;L*()) to be convex. Since the embedding
W(To, T) < L*(To,T;L*(Q)) is compact, then IT is convex and compact in
L*(Tp, T; L*(2)), therefore, ®(u) is convex and compact in L?(Ty, T'; L*(12)).

(ii) For any u € 11, there exists a g € L°°[Ty, T, such that the solution y satisfies
the Equation (23), and according to Lemma 4, Vt € [Ty, 17,

/ |V x E[%dz +/ |E|2dz < C4,
Q Q

where C1 > 0 depends on  and G.
For N = 3, according to the embedding theorem in Sobolev space [13,21, 28],
there exists a Ko > 0, such that

/ |E|%dz < Ky, Vt € [Ty, T). (25)
Q
From the heat Equation (23), for any ¢ € [Ty, T'], then

d 1
G [vdes [ k@i 9yPde = [ Sxivuas(e, o) ERg(0ds

(26)
< K /Q y2da + /Q IE[4dz)[g(1)] 1,

and

d
< / YR < I / yRde + / E[*da)|g(0)]1,
dt Jo Q Q

for k(z) > po > 0.

By Gronwall’s inequality in the differential form, then

/ yide < emp(Kg/ g(s)|ds)[/ ly(To)|?dz + [ |E|*dz)],a.et € [Ty, T).
Q 0 Q To

According to Equations (24) and (25), it shows that there exists a constant K3 > 0 only
depending on y(7p) and €2, such that

/ y2d$ < K35
Q

where K3 = (TﬁiOTO). This means ¢ (1II) C II.

12
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(iii) If ® is upper semicontinuous in the space L?(Ty, T'; L%(R)), it only needs
Uy €T —u in  L*(Ty, T; L*(Q))

and
Ym € B(um) —y in L*(Ty, T; L*(Q)),

theny € ®(u).
By Lemma 4, for

E,.(z,t) = E(z,t) in L*(Ty, T; L*(Q)),
then there exists a subsequence of {E,, (x,t)} still denoted by {E,,(z, )}, such that
{Ep(z,t)} = E(z,t),a.e [z,t] € Qx [Ty, T].
For subhypothesis H2a, it is known that
ag(z,um) — ag(z,u),a.e [z,t] € Q x [Ty, T).

Considering

1
| a2 (@, ) gm () [l ooz, rir2) < exp(C(L + DIy(To)ll 20

T T,

as and |E|? are bounded, then g,,, € L°°[Tp, T] C LP[Ty, T) for any p > 1, and g is
bounded, therefore, there exists subsequence {g;, }, which is still named by {g¢,, }, and

gm — g in LY(Ty,T; L*(Q)),

where — means weak convergence. Then for any ¢(z,t) € C>(Q x [Ty, TY) , it will
satisfy

T
;/T /QXI(T)XW(:U)GQ(:E’um)’Em|2gm(7)¢(x,t)dajd7- .

T
% /T /Q X1(7)xw(@)az(z, w)|E|2g(7)d(x, t)dxdr.

For y,, = ®(uyy,), then

Ly =V - (k(2)Vym) =

@7n
X1 ()X (2)a2 (2, ) (B [P (t), (2, ) € Q x [T, T,
Since t € [Ty, T, then
t
/]ym(x,t)|2dx+2/ /k:(x)|Vym|2da:dT
Q To JQ (28)

T
< / lymy 2 + / / ()X () (2, 1) [Ee gz
Q To JQ
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Therefore, there exists a constant K5 > 0 such that

t
/Iym(x,t)IQda:+/ /k(x)|Vym|2dxdT§K5,
Q To JQ

so {ym} is a bounded sequence in the space W [Ty, T]. Therefore, there exists a

subsequence of {y,, }, still denoted by {y,, } for simplicity, such that
ym =y in L*(To, T; L*(Q),

Vym — Vy in  L*(Ty, T; L*(Q)).

According to both sides of the Equation (27), there is a weak solution such that

Yt — V(k(a:)Vy) = %Xl(t)Xw(x)CQ(xvu)‘E|2g(t)ﬂ (xvt) €N X [T07TL (29)

as m — oo, namely, y € ®(u).

In view of the preceding analysis from (i)—(iii), all the conditions required for the
application of the Kakutani Fixed-Point Theorem are satisfied. Consequently, there
exists a point y € II such that y = ®(y), thereby completing the proof of the theorem.

O

4. Existence of time-optimal control for the microwave heating
system

In this section, we establish the existence of a time-optimal control for problem
(P), governed by the strongly coupled microwave heating Equation (2). By Theorem
2, the admissible control set is nonempty, and controllability is verified via the method
of minimizing sequences. Owing to the strong coupling inherent in the system, the
analysis necessitates techniques tailored to nonlinear problems. Following the approach
employed in studies [8,28,30,31], we first derive key estimates for solutions of the
strongly coupled system.

Lemma 5. Assume that HI, H2 and H2a hold, then for any g € K, the controlled
system Equation (2) has a solution (E ,y) € L*(0,T; H(curl,Q)) x WI[0,T] N
C([0,T); L?(2)) and it satisfies

/\E\de < Gy, (30)
Q
/|V><E\2dx—|—/ |E|Sdz < (1, (31)
Q Q
/ IV (@E)P + |V - (E)Pldz < G (32)
Q
T
sup /|y|2d$—|—/ /|Vy|2d:vdt < Cs, (33)
0<t<T JQ 0 Q

where positive constants Cy, C1, Co and Cs only depend on some known data.
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The controllable set is defined by
Kug = {g|E|T >0, s.t. y(quvg) = 0}7

where y(x, T’ g) is the solution of the Equation (2) corresponding to g € K.
Based on Theorem 1 and Lemma 5, we establish the following result, following

an approach analogous to that of Theorem 2 [8].

Theorem 2. Assume that the conditions HI, H2 and H2a hold, for any given yg €
L?(Q) \ {0}, there exist a positive number T > 0 and a control g € K such that
the strongly coupled system Equation (2) corresponding to the control g has a unique

solution
(E,y) € L(0,T; H(curl, Q) x W[0,T] N C([0, T}; L*(%2)),
and y satisfies

ly(-s T390, 9)l L2() = O-

Based on Theorem 1, which establishes that the admissible control set K, is
nonempty (i.e., the strongly coupled system is controllable), we now proceed to

demonstrate the existence of a time-optimal control for problem (P).

Theorem 3. Assuming that HI, H2 and H2a hold, for any initial statement yy €
L?(Q) \ {0}, the time optimal control problem (P) of Equation (2) has a solution,
namely, there exists the optimal time T > 0, which is defined by

T* == inf{T|y(-,T; 90, 9) = 0,9 € K},

this control g € K is defined as the time-optimal control, denoted by g*. For
the time-optimal control, it is established that the corresponding state y fulfills the

following relation:

(-, T*; 90, 9 L2 (02) = O-
Proof. According to Theorem 1, we know K4 # (), then
{T">0ly(-,T;y0.9) = 0,9 €K} #10)
is obvious. By the definition of the optimal time,
T* = inf{T > 0ly(-,T;y0,9) = 0,9 € K},
there exists a time sequence {7}, } m>1, such that

T = lim T,,,

m—0o0

the corresponding ¢g,, € K, E,, € L*(0,T;H(curl,Q), y, € WI[0,T] N
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C([0,T]; L*(2)), and Ty, > 0 is large enough constants and satisfies

V x (y(z,ym) X En) + (2, ym)Em =0, (2,1) € Q x [0, Tpy],

()t — V- (5(2) V) = 202, o) [Bon g (2), (1) € Q% [0, T,
nxE,=nxG, (z,t)€dxI0,Ty],

ym(z,t) =0, (x,t) € 9Q x [0,T),],

ym(z, To) = y(To), =€,

ym(z, Tn) =0, x €.

(34)

According to Lemma 5, then E,,, € L°°(0,T; H(curl,Q) N L5(Q2 x [0,T]) and
Ym € W0, T are bounded, such that

OfgagTHym( B2 <C

holds for a constant C > 0. Since the embeddings H(curl,)) < L*(Q)
and W[0,T] < L%*(0,T;L*(Q)) are compact, it indicates that there exists a
subsequence of (E,, ¥, ), still denoted by (E,, yp,) and E* € L°(0,T'; H (curl, 2))N
L>(0,T; L5(9), y* € W0, T, such that they satisfy

E, — E* in LP(0,T; H(curl,)),
Vym — Vy* in L*0,T; H 1(Q)),
E.(-,t) — E*(-,t) in L*(Q), a.e. te][0,T],

and
Ym — y* in L*(Q), Vte[0,T], (35)

asm — +00.

In space L2, strong convergence implies that there exists a subsequence of the
pairs (E,,, ym ), which, for notational simplicity, is still denoted by (E,,, ), such that
the following relation holds:

E,(z,t) — E*(z,t) ae. (x,t) € Qx[0,T],

Ym(z,t) — y*(x,t) forany ¢e€[0,T], ae. z€Q, as m — +oo.

From condition H2a and Lemma 4, then it yields

T
| [ Neato, ) = aso. )P P (36)
0 Q

T

2 |22

st[; jguaz@aym>0Emw B 2)) 2t

T
+/‘/K@u@m—@uy»m%WMﬁ
<A0/ / (B2 — [EP)] d:cdt+/ /ya2 22 ym) — as(, ) PIE* [Pt

— 0,( m — +00).
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To the equation

(vm)e = ¥ - (6(2) Vi) = 520, ) B P (), G

multiply its both sides by yy,, (z, t) — y*(z, t), and integrate it over [0, T'] x €2, by Green
integral formula, then it satisfies

4 T
/0 /Q(ym)t(ym —y*)dzdt —i—/o /Qk(x)Vym V(Y — y*)dadt
T
= [ [ dese v Balon (vt

Since {gm,m} C K is a bounded subsequence in LP(0,7),1 < p < +oo, then there
exists a weakly converge subsequence, which is also denoted by {g,, }, namely, there
exists g* € K such that

gm — g* in LP(0,T).

Therefore, y* satisfies the following system
* * 1 * * *
(W) = V- (k(z)Vy") = Saa(w, y")[E" " (1), (38)

in the sense of weak convergence.
For the embedding W10, T] — C([0,T]; L?(R2)) is continuous, then it satisfies

1Ym (> )l 22 ) — 19" (D)l 22 (), m = +00,

for any arbitrary ¢t € [0, 7.
Therefore, it holds

y*(2,0) = yo(x) in L*(Q),
and for the 0 < t,,, < T, there exists a y*(z, t,,,) such that it yields
Ym (T, tm) = y*(z,t,) in L),
as m — oo. Fory* € C((0,T], L*(Q)), T, — T*, we can obtain y*(-, T*) = 0 in the
space L2(02).
On the other hand, to the following equation

V x (Y(#,ym)V X Em) + &(@, ym)Em = 0, (39)

multiply its both sides by U € Hy(curl, 2) and integrate the variable = over the space
), then it follows that

[ A )V X En) (VX W+ [ €y B Ve 0. (40)
Q Q

Assume that v and £ are uniformly Lipschitz continuous to the statement variable y as
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they are assumed in H2a, then y,,, in the Equation (35) converges, and E* satisfies
—/ Y(z,y*)(V X E*) - (V x U)dz +/ E(z,y")E* - ¥dx = 0. (41)
Q Q

From the above, it is known that (E*,y*) € L*°(0,T; H(curl,)) x W[0,T)
is the solution to the controlled system corresponding to the control ¢* € K and y*
satisfying
ly* (T 90, 97) || 2(0) = 0.

5. Bang-bang property of the time optimal control of problem (P)

Based on the preceding analysis, the existence of a time-optimal control for
the strongly coupled microwave heating system described in problem (P) has been
established. Inspired by previous studies [8,14,29,30], this section is devoted to proving
that this time-optimal control possesses the bang-bang property. The bang-bang
property is of significant practical importance, as it not only determines the structural
form of the optimal control law but also elucidates the mechanism by which the control

force acts upon the system to achieve a specified target in minimal time.

Theorem 4 (Bang-bang property). 7o the strongly coupled microwave heating system
Equation (2), assume that the conditions H1, H2, and H2a hold, then there exists a time

optimal control g* such that it satisfies g* = 0 or g* = 1 a.e on [0,T*], and

([ VvV x (Y(z,y*)V x E) + (—a1(x,y) + iaz(z,y*))E=0, (z,t) € Qx[0,T*],

nxE=nxG, (x,t)e€dQx][0,T,

v = V- (W(@)Vy) = Saa(w, g )ERG (1), (2.8) €2 x [0,T7),
y*(z,t) =0, (z,t) € 9Qx[0,T%],

y*(x,O) = y0($)7 T e Qa

y*(z,T7) =0, zel.

(42)

Proof. By contradiction, set the optimal time as 7™, optimal control as g* € K and
the corresponding optimal solution as (E*, y*) € L*°(0,T*; H(curl, Q)) x W[0,T*]N
C([0,T*]; L?(2)) to the coupled Equation (2), namely,

;

V x (v(z,y*)V x E*) + &(x, y*)E* =0, (x,t) € Q x [0,T%],
nxE*=nxG, (z,t)€0Qx][0,T%,

yi = V- (k(z)Vy*) = qas(z, y*)[E*[g*,  (2,1) € @ x [0,T7],
y*(z,t) =0, (z,t) € 0Q x[0,T7],

y*(z,0) =yo(z), =€,

y*(z, T*) = 0.

(43)

If it contradicts the above, then there exists a constant 0 < p; < 1 and a measurable
set I'* C [0, T*] with |[I*| > 0, satisfying

0<g*"<1—py, Vtel".
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In the following, it will show that there exists a § > 0 and an optimal control
gs € K, such that the solution (Eg, ys) of the Equation (2) corresponding to the time

optimal control gs satisfy

V x (7($7y5)v X E(5) + £($7y5)E(5 = Oa (ilj‘,t) € x [OvT* - 5]7
nxEs=nxG, (z,t)€0Qx][0,T" -4,

(ys)t — V- (k(x)Vys) = %ag(x,yg)\Eg\Qgg, (x,t) € Q x[0,T* — ¢],
ys(xz,t) =0, (z,t) € 9Q x[0,T* — 4],

y5($30) = y()(l'), HAS Q7

ys(x, T* —6) =0.

(44)

At first, taking account of the heat equation in the controlled coupled system, we
assume g(t) = 0,t € [0, Tp], then it is

y — V- (k(z)Vy) =0, (x,t) € Q x [0, Tp],

y(x,t) =0, (x,t) € 0Q x [0,Tp], (45)
y(z,0) =yo, x €.

According to Lemma 4 in the studies [6,8], then we have
ly(, To)ll L2y < exp(=ATo/2)[lyo()llL2(e)- (46)
Furthermore, for any g € L>°(0,T'), it can be induced that the solution
(E,y) € L>(0,T; H(curl,Q)) x (W[0,T]N C([0,T]; L*(2)))

of the strongly coupled system Equation (2) such that there exists a constant r > 0, for
any t € [0, 7] a.e, satisfying

/ as(x,y)|E|*dz > r. (47)
Q

For the subhypothesis H2a, then there exists an as(x,y) with as(z,y) > ag, and to
show the Equation (47) is equal to the following inequality

/ |E|*dz > r. (48)
Q
By contradiction, for any positive integer n, there exists a corresponding solution
(En,yn) € L°°(0,T; H(curl,2)) x W0, T]
to the Equation (2), such that
2 1
|E,|“de < —n=1,---. (49)
0 n

According to the lemma as in the study by Wei et al. [3], y,, are bounded and compactly
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embed in the space W0, T'], namely,
W10, T] < L*(0,T; L*(2)),

then there exists a subsequence of (y,, ) still denoted by (y,,) and a functiony € W0, 7],
such that
Yo — 7§, in L2(0,T; L*(Q)), n — +oc.

According to the subhypothesis H2a, v and £ both are Lipschize continuous to the

variable y, therefore, it yields

Y@ yn) = (2, 9), (T yn) — £z, 7).

From Lemma 4 and the convergence of the sequence y,, , we have the result following:

/ [E?dz =0, / IV x E|?dz = 0.
Q Q

Since (E,,y,) satisfies the Equation (2), then the limitations of them (E, y) are the
solution to the coupled system Equation (2), correspondingly. Consequently, we can
conclude that G # 0 in the space L2(92) for a.e t € [0,T], and |Ell 222y # 0, this
contradicts the assumption, and it means the result holds.

Furthermore, to show the theorem, let dj to be a certain positive number to satisfy
oo < ‘12;', then it leads to the result

I*
| I* N (60, T*] | =] I* | =00 > | |

Let [ = I* N (8, T*), then |I| > 0 is obvious, where |I| is the measure of set /. If it
follows 0 < Tp < T4 < T*,w = Q,and I C (Ty,T"), according to Theorem 1, then

there exists § € L*°(0,T™), the corresponding solution
(E,) € L®(To, T* H(curl, ) x W[Ty, T] 0 C([To, T]; L*(©2))
will satisfy

V x (v(x,5)V X E) +e&(z, ))E =0, (x,t) € Q x [Ty, T*],
nxE=nxG, (z,t)e€dx[TpT%,

e — V- (k(2)Vi) = Ixr(t)az(z, §ELG(E), (2,t) € Qx [Tn, T7,
g(x,t) =0, (x,t) €0 x [Ty, T*],

y(z,Tp) = y(z,Tp), =z €9,

ey(x,T%) =0,

(50)

and

1

m))“y(, To)ll2(0)- (51)

1 NS
5’\02(17»y)|E|29(t)||L°<>(T0,T;L2(Q)) < exp(C(1+

From the property of the solution above and the hypothesis as(z,y) > ag > 0,

20
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the control satisfies

- 2 1
3(0)) < ooenp(O( + o D T0) 12, (52)
Combining the Equation (46), it can be established that

lim [ly(-, 7o)l z2() = 0,

To—+o00

and let 7§ to be large enough such that

exp(C(1+

1
- T <1
- e T0)>”y( STz < 1,

and this means g € K.
Assume that Ty = §, T = gy and

(1), te [Ty, T*\I*,
s = [ remn )
g(t), telIr

then we have § € K, and

V x (v(z,9) x E) + &(z, 9)E =0, (z,t) € Q x [6, T,
g — V- (k(z)Vi) = sas(x, 9)|EPg(t), (z,t) € Q x [6,T],

nxE=nxG, (1) €dQx[5T, (54)
Jlet) =0, (v,1) €00 x 5,77,
]J(l‘,é) = ]3(5), YIS Qa
i(e.T7) =0, zeQ.
Lety(-,t) = §(-,6 + ), E(-,t) = E(-, 8 + t), then it satisfies
[ VX (3(2,9) xE) +£(@,)E =0, (x,t) € Qx[0,T" - 0],
ye — V- (k(2)Vy) = 3a2(z,y)[EP§(t), (z,1) € @ x [0, T - 4],
nxE=nxG, (z,t)€dQx][0,T*—7], (55)

y(x,t) =0, (x,t) €00 x[0,T*— 4],
y(,0) =y(0) = yo, =€,
y(x,T*—=6) =0, zel.

According to Theorem 3, this means that 7 — § is a reachable time for the time-optimal
control problem (P), it contract that 7 is the optimal time for the time-optimal control
problem (P) governed by the Equation (2), then ¢g(t) = O or g(¢t) = 1, t € [0,T%]
holds. O

6. Conclusion

Based on the preceding analysis and the results [8, 29-31], it is theoretically
confirmed that microwave heating can achieve a rapid temperature rise in a target
material. Specifically, for both linear and nonlinear microwave heating systems—that

is, regardless of whether the permeability and magnetic loss factor depend on

21
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temperature—the desired final temperature can be attained in a time-optimal manner.
Moreover, the bang-bang property of the time-optimal controls implies that, in essence,
only one switching action is required to reach the target in the shortest possible time.
Thus, this study not only provides a theoretical foundation for the application of
microwave heating but also offers practical guidance for its optimal control.

Author contributions: Conceptualization, DL and LZ; methodology, DL and LZ;
validation, DL, LZ and PZ; formal analysis, DL, PZ and AZ; investigation, AZ;
resources, DL; writing—original draft preparation, LZ; writing—review and editing,
DL and AZ; supervision, DL; project administration, DL; funding acquisition, DL. All

authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by the NSF of China (No.11761021),
Guizhou Provincial Science and Technology Project (Grant No.ZK[2021]020),
and the Foundation of Zunyi Normal University for Doctor ZunshiBS[2021]06,
ZunshiBS[2023]19.

Institutional review board statement: Not applicable.
Informed consent statement: Not applicable.

Data availability statement: The data used in this study are available from the
corresponding author upon reasonable request.

Acknowledgment: We sincerely express our gratitude to Professor Wei Wei for the
insightful discussions and technical support provided to us, and to Doctor Sigui Yang

for his excellent English polishing.

Conflict of interest: The authors declare no conflict of interest.

References

10.

Metaxas AC. Foundations of Electroheat: A Unified Approach. John Wiley and Sons; 1996.

. Zhu NK, Wang S, He D, et al. Study on Improving Microwave Heating Uniformity Based on Phase-Frequency

Simultaneous Modulation Technique. IEEE Microwave and Wireless Technology Letters. 2025; 35(11): 1871-1874.

. Wei W, Yin HM, Tang J. An Optimal Control Problem for Microwave Heating. Nonlinear Analysis. 2012; 75:

2024-2036.

. Yin HM. Regularity of Solutions of Maxwell’s Equations in Quasi-Stationary Electromagnetic Field and Applications.

Partial Differential Equations. 1997; 22: 1029-1053.

. Xu J, Hao K, Meng C, et al. Dynamic Synthesis Augmented Time GAN and Adaptive Temperature Control for

Microwave Heating. Journal of Manufacturing Systems. 2025; 80: 723—733.

. Kime KA, Russell DL. Boundary Controllability of Maxwell’s Equations in a Spherical Region. STAM Journal on

Control and Optimization. 2006; 28(2): 259-262.
Krigman SS, Wayne CE. Boundary Controllability of Maxwell’s Equations with Nonzero Conductivity Inside a Cube,
I: Spectral Controllability. Journal of Mathematical Analysis and Application. 2007; 329(2): 1375-1396.

. Luo D, Wei W, Liao Y, et al. Bang-Bang Property of Time Optimal Control for a Kind of Microwave Heating Problem.

Journal of Optimization Theory and Applications. 2019; 183(1): 317-331.

. Troltzsch F. Optimal Control of Partial Differential Equations, Theory, Methods and Applications: Graduate Studies

in Mathematics Volume 112. American Mathematical Society; 2010.
Prastiyanto D, Apriaskar E, Amelia I, et al. A Novel Approach to Microwave Heating Control System: Crow Search
Algorithm-Based PID Controllers. Journal of Advanced Research in Applied Mechanics. 2024; 128(1): 1-10.

22



Advances in Differential Equations and Control Processes 2026, 33(1), 3873.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

Wang GS. L°°-nullcontrollability for the Heat Equation and Its Consequence for the Time Optimal Control Problem.
SIAM Journal on Control and Optimization. 2008; 47: 1701-1720.

Wang G, Wang L, Xu Y, et al. Time Optimal Control of Evolution Equations. Birkhéser Springer International
Publishing AG; 2018.

Yang B, Zhang MZ, Weng ZG. Time-optimal consensus control for enhanced thermal uniformity in multi-source
microwave heating systems. International Journal of Heat and Mass Transfer. 2025; 252: 127426.

Ning C, Wang Y, Yang DH. Time- Varying Bang-Bang Property of Time Optimal Controls for Heat Equation and Its
Application. Systems and Control Letters. 2018; 112: 18-23.

Wang GS, Xu Y, Zhang Y. Attainable Subspaces and the Bang-bang Property of Time Optimal Controls for Heat
Equations. Siam Journal on Control and Optimization. 2014; 53(2): 592-621.

Fattorini HO. The Time-Optimal Control Problem in Banach Spaces. Applied Mathematics and Optimization. 1974;
1(2): 163-188.

Bonifacius L, Pieper K. Strong Stability of Linear Parabolic Time-optimal Control Problems. ESIAM Control
Optimisation and Calculus of Variations. 2019; 25: 20152-20170.

Phung KD, Wang G, Zhang X. On the Existence of Time Optimal Controls for Linear Evolution Equations. Discrete
and Continuous Dynamical Systems Series B. 2007; 8: 925-941.

Wang GS, Wang LJ. The Bang-bang Principle of Time Optimal Controls for the Heat Equation with Internal Controls.
Systems Control Letter. 2007; 56: 709—713.

Karl K, Wang JL. Time Optimal Control of the Heat Equation with Pointwise Control Constraints. ESAIM Control
Optimisation and Calculus of Variations. 2013; 19(2): 460—485.

Yao Q, Zheng X, Wang R, et al. Control of Thermal Uniformity in Microwave Heating Process by BPNN and
Adaptive Particle Swarm Optimization. Heliyon. 2024; 10(21): e37971.

Kunisch K, Wang LJ. Bang-bang Property of Time Optimal Control of Semilinear Parabolic Equation. Discrete
Continuous Dynamic Systems. 2016; 36: 279-302.

Anh CT, Nguyet TM. Time Optimal Control of the Unsteady 3D Navier-Stokes-Voigt Equations. Applied
Mathematics and Optimization. 2019; 79(2): 397-426.

Phung KD, Wang LJ, Zhang C. Bang-bang Property for Time Optimal Control of Semilinear Heat Equation. Annales
de I’Institut Henri Poincaré (C), Analyse non linéaire. 2014; 31: 477-499.

Khaneja N. Time Optimal Control of Coupled Spin Dynamics: A Global Analysis. Automatica. 2020; 111:
108639—-108659.

Gonalves SN, Albuquerque DMS, Pereira JCF. Modelling and Energy Efficiency Analysis of the Microwave
Continuous Processing of Limestone. Journal of Cleaner Production. 2024; 5: 37-53.

Wu S, Wang M, Jin M, et al. Uniform L' Stability of the inelastic Bolzman Equation with Large External Force for
Hard Potential. Discrete and Continuous Dynamical Systems. 2019; 12(4): 1005-1013.

Rousseau JL, Lebeau G, Robbiano L. Elliptic Carleman Estimates and Applications to Stabilization and
Controllability, Volume I: Dirichlet Boundary Conditions on Euclidean Space. Birkhauser; 2022.

Corella AD, Wachsmuth G. Stability and Genericity of Bang-Bang Controls in Affine Problems. SIAM Journal on
Control and Optimization. 2024; 62(3): 1669—1689.

Temporelli Q, Micheau P, Boisvert M. Control of an Electromechanical Clutch Actuator by a Parallel Adaptive
Feedforward and Bang-Bang Controller: Simulation and Experimental Results. International Federation of
Automatic Control. 2017; 50(1): 4787—4793.

Jork NA, Simon JS. Analysis of Unregularized Optimal Control Problems Constrained by the Two-Dimensional
Boussinesq System. SIAM Journal on Mathematical Analysis. 2025; 57(4): 3910-3952.

23



	Introduction
	Mathematical model for the time optimal control problem of microwave heating
	Controllability of the microwave heating system
	Existence of time-optimal control for the microwave heating system
	Bang-bang property of the time optimal control of problem (P)
	Conclusion

