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Abstract: Infections caused by Flavivirus species, such as dengue virus (DENV), remain a
significant public health concern. Because DENV has four antigenically distinct serotypes,
a person can be reinfected after a first exposure. Existing within—host models, mostly
based on ODEs, describe viral behavior during primary and secondary DENV infection but
generally assume uniform mixing and ignore the spatial motion of cells and virions. The
present work introduces two PDE models for secondary DENV infection. One captures
antibody action against free virus, while the other represents cytotoxic T lymphocyte
(CTL) destruction of infected cells. Immune cell production combines an intrinsic source
term with a predator—prey—type activation mechanism. The study begins by verifying
well-posedness through proofs of global existence and uniform bounds on all solutions.
Equilibria are then determined, and the basic reproduction number is calculated to characterize
the threshold separating clearance from persistence of infection. Lyapunov techniques, together
with LaSalle’s invariance principle, show that the infection—free equilibrium is globally
asymptotically stable for Ry < 1, while the endemic state attracts all trajectories for Ry >
1. Numerical tests confirm the analytical results. A sensitivity investigation highlights the

parameters with the greatest impact on secondary DENV dynamics.

Keywords: DENV infection; antibody immunity; CTL immunity; global stability;

Lyapunov function; diffusion; latency; sensitivity analysis

1. Introduction

Dengue virus (DENV), the causative agent of dengue fever, continues to pose a
major health burden in tropical and subtropical regions. It is one of the most widespread
arboviruses worldwide and remains difficult to control. Recent reports show a sharp
rise in infections: an estimated 14.1 million cases were documented globally in 2024,
more than twice the 7 million recorded in 2023 and nearly twelve times higher than
the 1.2 million reported in 2014 [1]. In the same year, 9508 deaths were attributed to
dengue, corresponding to a case—fatality rate of 0.07% [1]. DENV is a positive—sense,
single—stranded RNA virus belonging to the Flavivirus genus [2]. DENV comes from
four known serotypes: DENV-1, DENV-2, DENV-3, and DENV-4. A person infected
with one type stays immune to that same type for life, but the resistance to the other types
lasts only for a short time [3]. A second infection with a different serotype often leads
to more severe disease [4]. The immune system of human body is the primary defense
against DENV. When a human is infected with DENV, the body’s innate and adaptive
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immune responses work together to combat DENV. The innate immune response acts
quickly, within hours, providing general protection against infections. The adaptive
response takes longer to develop but targets the virus specifically and creates lasting
memory [2]. Adaptive immunity has two main parts. The humoral part, controlled by
B cells, generates antibodies that attach to and neutralize the virus. The cell-mediated
part, led by cytotoxic T lymphocytes (CTLs), destroys DEN V-infected cells directly.

1.1. Mathematical models for DENYV infection

Within—host dengue models describe how the virus, healthy cells, and immune
cells interact over time. By following infection growth and immune response, one
can track how the disease develops and how it might be controlled. Examining
the model allows the calculation of threshold levels, steady states, stability ranges,
and how each parameter affects the outcome. From this, one can judge whether a
treatment can clear the virus or if the infection is likely to persist. Several studies
have focused on constructing within—host models for primary DENV infection (e.g.,
Sasmal et al. [2], Nuraini et al. [5], S. D. Perera and S. S. N. Perera [6—8], Clapham
et al. [9], Ansari and Hesaaraki [10], Thibodeaux et al. [11], Modak and Muthu [12],
Mishra and Gakkhar [13], Cerén Goémez and Yang [14]). On the other hand, several
models have explored secondary DENV infections. Sasmal et al. [15] incorporated
both humoral and CTL responses, while Boisov et al. [16] considered infectious and
noninfectious virus particles alongside humoral and CTL immunity. Camargo et al.
[17] examined the interplay between infection—enhancing and infection—neutralizing
antibodies.  Nikin—Beers and Ciupe [18] proposed models highlighting T cell
cross—reactivity in disease severity, with the role of cross—reactive antibodies further
analyzed in their study [19]. Ben—Shachar and Koelle [20] demonstrated how T
cell-driven cytokine production may elevate disease severity. Alves Rubio et al.
[21] investigated antibody—dependent enhancement during heterologous secondary
infections and examined the impact of limited plasma cell cloning. Rashid et al. [22]
combined deterministic and stochastic modeling with logistic cell growth, nonlinear
transmission, and piecewise fractional differential equations. Gujarati and Ambika
[23] developed a model considering two distinct antibody types. Alshaikh et al. [24]
modeled the virus’s capacity to infect multiple host cell types.

Elaiw et al. [25] introduced a viral infection model that accounts for two
antibody groups. The model follows six time—dependent variables: uninfected
cells M(t), latently infected cells E*(t), actively infected cells E4(t), free virus
V (t), non-specific antibodies W (t), and strain—specific antibodies W (t). Their
interaction is described by:
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recruitment of uninfected cells death infectious transmission
aM _ _
M & oM KMV
establishment of latent infection death reactivation of latent cells
—— ~—~
dEL L L
establishment of active infection reactivation of latent cells death
A /_/\‘ 7 N
& = EkMV + pEr —SE4,
production of viruses death neutralization mediated by WN neutralization mediated by WS (1)
~ = PN —~ ——
av A N S
v nE B BNV - BsVW ,
baseline production of non—specific antibodies antibody aﬁctlvatlon deaﬁth
dw¥ ~ N N
= o + VN g,
baseline production of strain—specific antibodies antibody aﬁctlvatlon deaﬁth
S =~
= 7S + AVWT — W

In a related study, Raezah et al. [26] analyzed secondary dengue infection
by distinguishing two cytotoxic T—cell responses: T, triggered during primary
infection and broadly reactive, and 7', activated only by heterologous serotypes during
reinfection. Their proliferation, decay, and cytolytic action were modeled through the
rates ay, g, (production), IyvnTY, Ysv,T* (stimulation), vyTY, v, T* (decay),
and (yEATYN, (gEATS (killing of infected monocytes). The resulting system is:

UL =¢— oM — KMV,
L
G =1 —OrMV — (u+¢)E",
ABY — exMV + puEF — §EA — (yEATN — (EATS,

()
G =nEt —pV,
% = oy + ﬁNEATN — UNTN,
% = ag + IsEATS — vgT*.

Both studies [25,26] established that all state variables stay positive and bounded
over time. Reproduction-like threshold values were identified to distinguish between
infection clearance and persistence. The equilibria were examined for global stability
using the Lyapunov approach. Numerical simulations were presented to illustrate how
antibody and CTL responses influence the progression of infection. Models (1) and
(2) assume that cells and viruses are evenly distributed, neglecting spatial movement
and local interactions. This approach does not capture heterogeneity such as clustering
of infected cells, formation of hotspots, or restricted viral spread, which can strongly
affect infection dynamics and immune response. Including spatial dynamics provides
a more realistic depiction of viral behavior. T cells have been shown to move along
concentration gradients [27,28], and recent studies indicate that infected cells, immune
cells, and virions may also migrate from areas of high to low density [29]. Elaiw and
Alofi [30] accounted for the mobility of cells and viruses, and this approach was later
extended by Raezah [31] to include multiple DENV target cell types. In both studies
[30, 31], the dynamics of non-specific and strain-specific antibodies were described

solely through virus-induced proliferation and natural degradation:
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dwN

= ANVIWN — W,
aws
—r = AsVWS — W,

That is, antibody populations were assumed to expand only in response to viral
stimulation, with no intrinsic or baseline production. The omission of self-regulated
generation terms (vyy and ~yg) simplifies the formulation but alters key threshold
quantities. These formulations result in the survival of just a single antibody
type, meaning that both types cannot persist simultaneously. When such terms are
included, they explicitly contribute to the basic reproduction number, which becomes
a decreasing function of and «g. Hence, baseline antibody recruitment enhances
infection control, underscoring the relevance of incorporating these parameters in

immune response models.

1.2. Aims and objectives of the present paper

The main contributions of this study are summarized below:

1.  Two mathematical models are constructed to describe secondary DENV infection.
One incorporates antibody—mediated immunity, while the other focuses on CTL
responses. Both models are formulated as PDE systems that extend (1) and (2) by
accounting for the spatial movement of cells and viral particles.

2. The basic reproduction numbers for the two systems are derived via the
next—generation matrix approach.

3. Global stability of all equilibria is established through appropriately designed
Lyapunov functions.

4. A sensitivity analysis is carried out to determine which parameters most strongly
influence viral persistence through their effect on the reproduction numbers.

5. Numerical experiments are presented to support and illustrate the theoretical

findings.

This work provides insight into critical components of the adaptive immune
response to DENV, emphasizing how antibodies neutralize circulating virus and how
CTLs target and remove actively infected monocytes. A deeper understanding of
these mechanisms contributes to the rational design of effective antiviral therapies and
vaccines.

The remainder of this paper is organized as follows. Sections 2 and 3 present
two DENV infection models: one incorporating the antibody response and the other
incorporating the CTL response. For each model, we establish well-posedness by
proving the existence, uniqueness, and boundedness of solutions, and we perform a
qualitative analysis that includes identifying the equilibria and examining their stability
properties. Section 4 provides numerical simulations to illustrate and support the
analytical findings. Finally, Section 5 summarizes the main results and outlines

potential directions for future research.
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2. DENYV model with antibody response

2.1.

Model formulation

This section formulates and introduces a PDEs model to capture the dynamics of

secondary DENV infection. We start by examining the following key factors:

Al:

A2:

A3:

A4:

AS:

A6:

AT:

AS8:

A9:

DENYV mainly targets uninfected monocytes and gains entry into these cells via
direct virus—to— cell interaction.

Infected monocytes can be classified into two categories: latently infected
monocytes and actively infected monocytes.

Two separate antibody populations exist: non—specific antibodies, generated
during the primary infection in response to one DENV serotype, and
strain—specific antibodies, which specifically target the new serotype
encountered during reinfection.

The model consists of six populations: uninfected monocytes (M(z, t)),
latently infected monocytes (E”(z, t)), actively infected monocytes
(E4(x, t)), free DENV particles (V(z, t)), non-specific antibodies
(WN(z, t)), and strain-specific antibodies (W®*(z, t)), where t > 0
represent time and x € () denote spatial position. The spatial domain
0 C Rm,m > 1, is assumed to be bounded, connected, and to have
a smooth boundary 0. The compartments (M, EL ,EA | V,WN W*)
diffuse according to Fick’s law, with diffusion terms given by
(DyAM, D AEY Dpa AEA, Dy AV, Dyyn AW | Dy s AWS),
respectively, where A = 3‘9—;2 denotes the Laplacian operator [27,28].
Uninfected monocytes are generated at a constant rate ¢ and are exposed to
DENV at an infection rate kMV (refer to Equation (3)). Upon infection,
a proportion £ € [0,1] transitions into the activated state, whereas the
complementary fraction 1 — ¢ stays in a latent form.

Latent monocyte infections occur at a rate of (1 — £)kMV and transition to the
active state at uE", as shown in Equation (4). In contrast, actively infected
monocytes are formed directly at a rate £k MV (see Equation (5)).

Virus particles are released from actively infected monocytes at a rate nE4.
They are subsequently removed by immune mechanisms involving non—specific
antibodies and strain—specific antibodies, acting at rates 3 NVWN and BgVIVS,
respectively (refer to Equation (6)).

Non—specific and strain—specific antibodies are generated at baseline rates
and g, respectively, while their expansion is driven by viral presence at
ANV W Nand \gV W (see Equations (7)—(8)).

The compartments (M, EL EA | V,WN W¥) undergo natural decay,
clearance, or death at rates oM,oFEL SEA pV, oW, and pgW?,

respectively.

Based on assumptions A1-A9, we formulate the dynamics of the DENV model
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with diffusion as a system of six partial differential equations (PDEs):

OM (z,t
AT DyAM(@,0) 46— oM(z.t) —sM@OV (D), ()
OE" (x,t) I L
EE B = D AB (1) + (1= kM (2, )V (,t) — (u+ 9)EX 1), ()
OE (x,t) A L A
= DpaAE? (z,t) + EkM (2, t)V (2, t) + pE” (z,t) — SE®(x,t), (5)
oV (x,t
D) Dyav(et) + B wt) - V(e t) — BV OW N (@0) - V@ OWS @D, ©)
OWN (x,1) N N N
o = Dy n AW (2, t) + v + ANV (2, )W (z,t) — Yy W (2,1), (7)
OWS (x,t
855) = Dy sAWS (2,t) + vs + AsV (2, )W5 (2,t) — s W (2,1).  (8)
The initial conditions (ICs) are specified as follows:
M=¢; (z),E" (2,0) =€3 (z) ,EA (2,0) =€3 (z)
V=e4(z) WV (2,0) =¢5 () ,W° (x,0) =¢5 (2), Q)
€ (1)>0,i=1,2,...,6, =€ Q.
Here, the ¢;(x) functions are considered to be continuous. In addition,
homogeneous Neumann boundary conditions (NBCs) are imposed as specified below:
oM 9rL orA  ov  owN  owS
oc  9¢  9¢ a7 9 97
In this context, % represents the outward normal derivative along the boundary
0Q. The parameter definitions corresponding to the model (3)—(8) are provided in
Table 1.
Table 1. Variables and parameters description for model (3)—(8).
Variables Justification
M Uninfected monocytes
ET Latently infected monocytes
EA Actively infected monocytes
\% Free DENV virus
whN Non-specific antibodies
wT Strain—specific antibodies
Parameter Justification
10} Source of uninfected monocytes
0 Death rate of uninfected monocytes
K Infection rate of uninfected monocytes by DENV
13 A portion of newly DENV-infected monocytes that activate
v Activation rate of latently DENV—infected monocytes
%) Death rate of latently DENV—infected monocytes
0 Death rate of actively DENV—infected monocytes
n Production rate of DENV by actively DENV—infected monocytes
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Table 1. Cont.

Variables Justification
p Death rate of free DENV particles
BN Neutralization rate of DENV particles due to non—specific antibodies
Bs Neutralization rate of DENV particles due to strain—specific antibodies
YN Source of non—specific antibodies
vs Source of strain—specific antibodies
AN Stimulation rate of non—specific antibodies
As Stimulation rate of strain—specific antibodies
PN Death rate of non—specific antibodies
Ps Death rate of strain—specific antibodies
D, Diffusion coefficient of compartments

Remark 1. In this study, we use the bilinear infection term, which is standard in
mathematical virology because it is simple and reflects direct contact between target
cells and viruses [32]. The expression assumes that new infections occur at a rate

proportional to the product of these two populations.

Several modified infection terms have appeared in dengue models, such as:

e Saturated incidence:
KMV
>0,

1oV’ U=
used in the study of Dubey et al. [33]. This form limits the infection rate at high
viral loads, with an upper bound %M .

e Michaelis—Menten incidence:

KMV

K, >0,
K,+Vv ™

considered in Xu et al.’s study [34]. This term also produces a finite maximum

infection rate, which approaches kM as V' — oc.

e Beddington—DeAngelis incidence:

MV >0
14+oV +wM’ @=5

where vV represents interference among viruses and wM represents interactions

among uninfected cells [12,35].

e General incidence:
U(M, V),
where W is an arbitrary nonlinear function [36].

Because detailed experimental estimates for dengue infection rates are limited, the

bilinear term is used here as a practical first approximation.

2.2. Well-posedness of solutions

This section is devoted to verifying the fundamental qualitative properties of

the model system (3)—(8), specifically focusing on the existence, non—negativity, and
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boundedness of its solutions. Additionally, we identify all equilibrium points and
determine the conditions necessary for their existence.

Let N = Cu(Q2,RY), denote the space of all bounded and continuous functions
mapping into R%, and define N; = C, (2, R}) C Nas the corresponding positive
cone. This cone N induces a partial ordering on N. The norm on this space is defined
by || ¥||n = sup,eq |¥(z)|, where | - | represents the Euclidean norm in R®. Equipped
with this norm, the space (N, || - ||) forms a Banach lattice [37,38].

2.2.1. Non-negativity and boundedness
For model (3)—(8) to be biologically acceptable, all variables must stay

non—negative for every t > 0. If the initial data are non—negative, the solution of (3)—(8)

remains in the non—negative range for all t > 0 [39].

Lemma 1. Assuming that D)y = Dpr = Dga = Dy = Dy~ = Dys = D,
the system defined by Equations. (3)—(8) admits a unique, non-negative, and bounded
solution on Q0 x [0, +00) for all initial conditions that satisfy (9).

Proof. For any € = (e1, €2, €3, €4, €5, €)1 € N, we define the mapping B =
(B1, Bs, Bs, By, Bs, Bg)' : as follows:

Bi(€)(z) = ¢ — oe1(x) — ker(w)ea(z),

Ba(e)(z) = (1 = Orer(w)ea(x) — (1 + p)ea(),

Bs(e)(z) = Erer(w)ea(z) + pea(w) — dez(),

By(e)(z) = nes(z) — pea(x) — Brnea(w)es () — Bsea(z)es(w),
Bs(€)(w) = yn + Anea(z)es(x) — Ynes (),

Bg(e)(z) = 75 + Asea(w)es(z) — Yses(@).

It can be observed that B is locally Lipschitz continuous on N . Accordingly, the
system described by Equations (3)—(8), along with the ICs (9) and NBCs (10), can be

reformulated as an abstract differential equation of the form:

99— DQ + B(Q),t >0,
C%ZGEN_A,_,

where Q = (M, EL, EA, V, WY W5)Tand
2 L A N s\T
DQ = (DyAM, D AEY, Dpa AE?, Dy AV, Dyyn AW™, Dyys AW®)
It can be demonstrated that

1
lim —dist(e(0) + hB(e),Ny) =0, foranye € N;.
h—0+ h

As established in studies [37, 38, 40], the system described by (3)—(8) admits a
unique, non—negative solution on the interval [0, o0y,4,) for any € € N, , where

[0, Omaz) denotes the maximal time interval of existence for the solution.
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We now proceed to demonstrate the boundedness of all state variables. To this end,
define I'(z, t) as follows:
) BN dBs
U(z,t) = M(z,t) + EX(2,t) + ENa,t) + —V W (2, t) + WS (2, 1).
(2.8) = M) + B, 1) + B t) 5oV () + 58w (@) 4 5 5w ()
Utilizing the system (3)—(8), we derive

or'(z,t) ( it) EL( ), OEA ( t) § 9V(z,t) 8By OWN ( t) 88s OWS (a,t)
oF -+ =+ oot o + o o

= Dy AM (2,t) + ¢ — oM (x,t) — kM (2, )V (2, ) + DELAEL(J:, t)+ (1= &M (z,t)V(z,t)
—(p+ ) B (2,1) + DpaAEA (2, 1) + E6M (2, 1)V (2, 1) + pE (2, 8) — 6B (2,) + £[Dy AV (2, 1)
+nEA(z,1) = pV (@, 1) = BV (@, )W N (2, 1) = BsV (2, )W (2,)] + 5% Dy AWN (, 1)

N A ANV (2, )W (2,8) — oy W (2, 8)] + 555 [Dyys AWS (2, 1) + 45 W (1) + AsW (2, 1)

— WS (2, 1)].

Giventhat D)y = Dpr = Dga = Dy = Dy~ = Dyys = D, it follows that the
diffusion coefficients across all corresponding components are identical, allowing the

system to be treated with a unified diffusion parameter D .

8F(,(93£:,t) -D AT(z,t) + ¢ + IBnan | SBsys — oM (z,t) — (pEL(:L“,t) — gEA(x,t) — %V(Ji,t)

2nAN 2nAs
_0BNY N 08sv S
27]7V/\NNW (x,t) — Q;ASSW (x,t).
As aresult,

LD — D AD(x,t) =+ PN 4 538 — oM (,1) — B (w,1) — $EA(x, 1) — 2V (x, 1)

<¢—i— 2]\;\15\7—}—725)\5—1“(.%',15),

A = min{p, p, %, PN, s}, Thus, I'(x, t) is governed by the following system:

Aled) _ DAT (2, 1) < ¢ + Dxaw 4 9Psas _ AT(g ¢),

2NAN 2nAs
oar _
ﬁ )
D(x,0) = e1(z) + €2() + 3(x) + go€a(r) + iies(7) + yopoco(x) > 0.

Define I'()as a solution to the following ODE:

(¢ 0 J ™
T — ¢+ Paan 4 Ps3s _ AT(1),

I'(0) = maxI'(z,0).
e

Consequently, we have

= ¢ | OBNYN | 0Bs7s
< — .
I'(t) < maX{A + AN + IAGA’ r;neagl“(az ,0)

By applying the comparison principle as established in Protter and
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Weinberger [41], it follows that

T(z,t) < T(t).

Therefore,

¢  OBNYN | 0BsYs
< — .
[(z,t) < max{A + AN + IAGA’ rgleaél“(x,O)

This result implies that the M (z,t), E*(x,t), E4(x,t), V(x,t), WY (2,t), and
W (, t) remain bounded on the domain €2 x [0, o max ). By invoking the standard theory
for sem—ilinear parabolic systems [42], it follows that. Consequently, the solution

(M(z,t), BX(x,t), BA(2,t), V(x,t), WY (2, 1), W5(a,1))
is defined for all x € 2, ¢ > 0, and it is both unique and nonnegative. O

2.2.2. Equilibria and basic reproduction number

This section explores the existence of equilibria for the system described by
Equations (3)—(8). The basic reproduction number, R, measures the expected number
of secondary infections generated by a single infected cell over its infectious period,
assuming all target cells are initially susceptible [43]. To R for determine this DENV
model, we apply the next—generation matrix approach as presented in the study of
Driessche and Watmough [44]. For the system in Equations (3)—(8), R is calculated
at the disease—free equilibrium, defined by:

EPy = (My,0,0,0, W, W)

where My = %, wi = I, and Wy = 72, Ry is defined as the spectral radius,
that is, the largest eigenvalue of the next—generation matrix, denoted by p (F V_l).
In this formulation, F' represents the Jacobian matrix of new infection terms, while
V' corresponds to the Jacobian matrix of transition terms, both evaluated at the E'F,.

The explicit forms of F' and V' are systematically derived from the model equations as

follows:
0 o (=t pte 0 0
F=100 2 | V=| - ¢ 0
00 0 0 —n p+B0xy fas
Consequently,
Ro=p(FV) = e (i + £p)

Sonlin+ ) (%35 + 55 +1)

It should be noted that R represents the basic reproduction number for DENV
infection accounting for the effects of the antibody response. As a result, we derive

the following key result concerning the existence of equilibria for the system described
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by Equations (3)—(8). The model specified in Equations (3)—(8) admits an endemic
equilibrium denoted by EP; = (My, EL, E{, Vi, WV, W)

¢_QM1_K/M1‘/1 :07

(1= &KM VI — (u+¢)Ef =0,
ERM Vi + pEY =SB =0,
nElt — pVi — BNVAWYE — BsViWE =0,
N+ ANVIWE — oy WY =0,

Y5+ AsVIWT — Wi = 0.

Lemma 2. System (3)—(8) exhibits the following behavior [25]:

(D) When Rq < 1, the model possesses a unique disease-free equilibrium, denoted
by EP,.

(I) When Ry > 1, an endemic equilibrium EP; emerges in addition to the
disease-free equilibrium E P,.

2.3. Global stability

In this section, we investigate the global asymptotic stability of all equilibrium
points of the model defined by Equations (3)—(8) through the construction of Lyapunov
functions. The methodology for constructing these Lyapunov functions is inspired by
the frameworks presented in Hattaf et al.’s studies [45,46].

To verify the validity of Theorems 1-2, we introduce the auxiliary function and

make use of the arithmetic—geometric mean inequality:

1
Z?—l Sy - !

=1 " > > = -

- > 6”1 Sy , 80 >0,0=1,2,...,n

which leads to the following set of inequalities:

M M\VEA  EBAV &

My MVER  pAv o g
Y

)
M, MVEL pAy,  EYEQ >4
M M\ViELY T E{fV  ELEA =T

Applying the Neumann boundary conditions specified in Equation (10) and

utilizing the divergence theorem, we obtain:

0= VQ-?dx:/dw(VQ)dx:/Ade,
Q Q

oN

_ [ Llgp. _ (L _ AQ |VQI
O—AQQVQ ?dx_/ﬂdw(QVQ>dx_/Q<Q 0’ >dx.

11
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Consequently, for each Q@ € {M, EL, EA, vV, WV, W9}, the following

identities hold:
JoAQdx =0,

(12)
Jo 82 dr = [, I59F gy,

For notational simplicity, we omit the dependence on space and time, denoting
(M7 EL7EA7V7 WN7WS) = (M(x7t)7EL(':U7t)7EA(:U7t)7V(x7t)7WN(x7t)7

WS(z,t)). Let ©; denote a candidate
Lyapunov function defined by:

(:)i(t):/@i(x,t)dx, i=0,1.
Q

We define ®’; as the largest invariant set within:

o,
;= {(M,EL,EA,V,WN,WS) : d% = 0} ,i=0,1.

Theorem 1. Provided that Ry < 1, the disease-free equilibrium E Py of the model
defined by Equations (3)—(8) is globally asymptotically stable (GAS).

Proof. Define O¢(x, 1) as:

_ M © L | pte A S(pt+e) IBN(u+y) 117N p ( WY
Oo(w,1) =MoL (Mo> T el T g BTt n(u+§so)v T N (D) Wo' L (W({V>

08s(u+¢) 1178 ws
s Girep) Vo L (W(f ) '

It is evident that for any (M, E*, EA, V,WN W*°) > 0, while satisfying the
condition Oy (Mo, 0,0,0, W(fv , de ) = 0. The time derivative % is computed along
the trajectories of the system defined by Equations (3)—(8) as follows:

90 = ( _M)M+ p_OEL | pwte 9EA | S(u+e) OV | BN (ite) 1 W) awX
a M) ot pt+ép Ot pt+€p Ot n(p+&p) 0t 7 nAn(ut+€p) whN ] ot
4 9Bs(ute) ( _ Wi) ows
nAs(ut+&p) ws ) ot -

By substituting the expressions from Equations (3)—(8) into the formulation, we

arrive at the following expression:

950 = (1—48) (DMAM + ¢ — oM — kMV) + e (Dpr AEY + (1= §)sMV — (1 + ¢) EX)

s (DpaDEA 4 oMV 4 B = SBY) o (LS (DY AV 4B = pV = By VWY = G5V W)

0PN (u+p) wi
ot (1= i) (D AWN oy + A VN — oY)

885 (ute) w§
2Pl (1= ) (Dys AWS 4 5 + AsVIVS = 55 W7S).

Upon consolidation of the relevant terms
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N
200 — (14 (¢ — oM) + 2ltteh (1 - G ) (o — e W)

3Bs(ute) (1 _ Wo _ s _ Oplpte) v, BN (ute) N
T s (uree) (1 qu) (75 bsW )+ KMoV (u+€<p)V n(u+&ep) W'V

_ 8Bs(ute) L L Aute) A 4 3Dv(ute)
n(u+€p) W V+ DM( )AM T /Hr?w AE Eu+£so AE n(u+€p) AV

BN Dy, N (ute) oWy N |, 9BsDy,s(ute) Wy S
+ W)‘N‘/E/FH‘E%O) ( W0N>AW + ,7,\5‘/(';+5¢) ( WOS>AW'

Employing the substitutions ¢ = oMy, vy = YnWE, and 5 = dJSWOS , We

derive

909 _ _o(M—=Mo)* _ $Bnon(ute) WN-WN)?  §8s¢s(ute) (WS-W¢)?
a M AN (u+E€p) wWHN nAs(p+Ep) we

_ dp(pty) BN (pte) TN Bs(pte) 1178
- (RMO W(itEe) — n(utee) VO (niee) W )V

L L A(pte) A4 oD (u+ep)
+DM( )AM+ u+§s@ AE E/H-&so AE (‘//H'&P) AV

88N Dy, N (u+0) N | 985Dy s(pty) s
Hg (1 i) AW+ S0 (1- k) A,

Then

909 _ _o(M—=Mo)* _ 3BNUN(pte) WN-W)?  68sts(ute) (W-WF)?
ot M AN (u+Ep) wN nAs (u+Ep) ws

VNP Ysp
n(p+€p)

5 8
+5p(u+s0)( NN 2o s +1> nre(utép) — 1|V 4Dy (1- %) AM
5Q/J(u+<p)(ﬂ]‘f7 +857% 4 "

YNP PP

L ARL 4 Ppalbte) A pn | $Dv(ute) 88N Dy N (p+¢) _@) N
+u+§sOAE E+§<P AE n(u+Ep) AV + n/\NVE/#Jr&P) (1 Wy AW

085Dy, s (ute) S
+ nAsV(‘;Héso) (1 N 7) AW™.

d@o _

Upon computing the time derivative, expressed as f a5 tO dx, the following

result is derived

d6g _ _ f (M—Mp)> 55N1/1N(#+%0)f WN-_W)?2  58ss( u+90)f (WS WS d
a ~ ClaT nAN (p+Ep) JQ Wi nAs(ptép) JQ

BNYN , Bsys
5P(H+<P)( T +1)(Ro 1)

n(p+Ep)

L A ,LH-%O A 0Dy (p+p)
u+§so fQ AE"dz + E fQ Efdx + 77(‘;-5-590) fQAde

38N Dy, N (p+¢) N 3Bs Dy s (pte) W, S
T n/\NVE/quSsO) fﬂ( )AW dz + nksv‘;ﬂréso fQ( W%) AW?>dz.

X

JoVdz + D [ (1 —230) AMda

Utilizing the relation given in (12), the above expression is transformed into the
following form:
d©g _ (M—Mo)? BN (uty) o (WN W Bss(ute)  (W3-Wg)?
G = 0o T —dr - nf\VN]ZHrEsD fQ WN0 da - nfs(i%w) Jo s d

X

BN YN | Bsvs
6p(u+<p)( R TEATT, +1>(’Ro 1)

n(u+Ep)
_ BN Dy N (142) 117 W [, VWM 555DWS pt) W | IYWSI2 g
nAN (1+E€p) Qw2 s (LtEp) Q ps2

D [ Vdr — Dy My f, DM g,

Given that Ry < 1, it follows that d@() < 0. Equality holds, i.e., dd—éto = 0 when

M = My, WN = W0 , WS = Wo , and (Ro— 1) fQ Vdx = 0. The solutions of

13
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the system defined by Equations (3) through (8) asymptotically approach the set @'
as time progresses. Each element of @'y satisfies the conditions M = My, WV =
W WS =Wy, and

(Ro — 1)/ Vdz =0, (13)
Q
Thus, %—]‘f = mgftN = 6‘(5;3 = AM = AWN = AW and then, the investigation

can be structured around two distinct scenarios:
S-1. Rg = 1. From Equation (3), it follows that

Oza(;\j:d)_QMo—ﬁMoV = V(z,t) =0, (14)

and then % = AV = 0. Applying in Equation (6), we obtain

oV

0_875

=nE4 = E4t)=0. (15)
Thus, % = AE4 = 0. Similarly, Equation (5) implies that

0=-——=upuet = Efat)=0. (16)

Hence, the set @ reduces to { EPy}.

S-2. Ro < 1. According to Equation 13 we have [, Vdzr = 0 = V = 0.
Furthermore, from Equations 15 through 16 it directly follows that E4 = EL = 0.
Consequently, the set ’( reduce to the disease-free equilibrium, denoted by { E Py }.

By virtue of LaSalle’s invariance principle (LIP) [47], E Py is GAS. o

Theorem 2. The endemic equilibrium E P associated with the model given by
Equations (3)—(8) exhibits GAS under the condition that Ry > 1.

Proof. Construct ©1(x,1) as:

M T <EL> Lt e a <EA> 5(p+ ) <V>
Ozt =ML )+ —H ple(Z )+ Bio( =)+ 2T (D
o) = M <M1> ptép PT\EBE) Tt P T\ESY) Ta(utge) T\

Bn(u+9) v (WYY | Bs(ute) g, (WS
AN (1 + &) Wi nAs(k+ &p) Wi

Obviously, ©,(M,EL, EA V,WN WS) > 0 forany M,EL EA V,WN,

WS > 0 and (:)1(M1,E{J,Ef‘,V1,WIN,Wls) = 0. Evaluating 291 along the

ot
trajectories of system (3)—(8) yields:
00,  _ M\ OM BY\ oEL + BN orA | d(ute) Vi) oV
St =03 % + it (1_%> o T e (1—ﬁ)w+n(u+@) 1-9) %
4 9B (ute) (1 oy > OWN | 685 (ute) <1 _ Wi) ows
nAn (ntép) WHN | ot nAs (u+€e) we ) ot -

Upon insertion of the equations from model (3)—(8), the following expression is
derived
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91 = (1—2) (DyAM + ¢ — oM — kMV) + Lo (1 - 7) (DpeAEL + (1 — €)rMV —
+2:42 (1= 5) (Dpa ABA +¢xMV + uE> — 6E4)
+ 250 (1 - 31) (Dy AV + B — pV — BN VWY — BaVIWS)
o (1 _ WN) (Dyyn AW 4y + Ay VIVY — gy W)
+2fsletel (1 - Wg) (Dys AWS + 75 + AsVIWS — g WS) .
After combining the terms
200 = (1= 3) (6 — oM) + Sxiieeh (11— Ji0) (o — W)
ey (1 )%v-swﬁ-ﬁﬂfv Sl MY 4 S B
St RV — LA T gk 4 S B ey S g
ey Vi S Y + SEEES WS - SRy
B WY 1 Dy (1 M) AM + 2L (1- Zh) Apr 4 Pealtd) (1 B
HREE (- ) av + SR (1 - ) A+ SRRt (1

With reference to the equilibrium conditions for £P; below
¢ = oMy + kM V1,
(1—&rM Vi = (u+ ¢)EY,
ERMIVL + pEf = 0E7,
W =Ny = AN,

vs = hsWi — AsVi WY,

We get
_ oM—M)?  8BnYN(ute) WN-WN)?  §8gs(ute) WE-WF)?
= M AN (i-E9) WN nAs(u+Ep) ws
5 wh 5 ws
(1= Ry sanva - s (1 ) i - S (1 k) vivg

+ (ran v -

dp(pte) v, SBN(ut) 17Ny, _ 9Bs(ute) vy 8
n(u+ée) "1 T n(u+ee) With n(u+Ep) Wi V)

p(l— )]\41‘/1 MVEL | p(ute) EBL— E(pte) MV E{}

G MViET T utEs wres MVigryipa
gm@%ﬂwimwm%ww
ety N 4 Beleb v+ Dyy (1 3) AM+AZEE (1- 2) AR
PR (1 Bh) AR R (1- ) AV
Hg (1 e ) AR (1 k) A,
We have

wy vy = P8 g St e)

% kM Vi,
+&p p+&p

(L+9)EY)

(amn
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u(u+90)EL p(l — £)KM i

ptée 1T ptée

and

S(pte) mA  _ (p+ L
7#“%5 E# = :+gfp (ExM V1 + LEY)

_ &pty) w(pte) L
T optée kM1 + e B

_ Epty) p(1=8
=i kMVy + e kM V7.

Using the above relation, Equation (17) becomes

T = OO - SRR S - R
FAEE (1 - M) edy Vi + S (1 - ) vy — Bl (1 - ) viwY
et (1 ) v - MOy SVEL 1 M2

Sl B i MBS+t
PSR S ER — g v B
HASAY, + By 4 B+ Sy
— ey W + SEEESVIWS — SELESVIWY + Diy (1- 43) AM
e (1- 7)) ARt + P (1- F) AR+ g (1- ) av
s (1= ) AW+ S (1 i) awe.
It follows that
T - G - RS et - S e
HAE (1= M) bV + 5520 (1= ) Y — T (2 i - ) v
U (- - ) v - SRR + e
S 4 A — S B H D+ S

_ &(utyp) kM Vy EAV  p(1=¢) KM V; EAV1 H(l £) KM Vy + E(pte) kM Vy

(u+ép) VEAV — (u¥éep) EAV putEp ptieo
Wa pDgL L A(pte) A
+Dyr (1 M) AM + APzt <1——>AE W(l——)AE
SDy (utep) Vi BN Dy~ (pte) ( ) N | 985Dy s(ute) ( _ 7) s
- n(p+&p) (1 1) AV + NAN (U+E¢p) AW + s (ut+€p) 1 AW?®.
This leads to
001 _ _o(M—M)? _ 5BnUn(ute) WN-W{)?  68sis(ute) W5-WP)?
ot M NAN (H+E€p) Wi nAs(p+&e) W

p(1-¢) _ My _ MVE{ BV, EME}
T, KMIVL (4 — FF — sviET EAV ~ BIEA

E(pte) M MVE{  EAV 58N (utp) (WN W2 N
v HMVI( M 2 1>+ Witee)  WNW iy

M M1 VLEA E{V

885 (utp) WS—W5)? uD .y 3
Terer) WSWS VWS + Day (1 - 3) AM + 2222 (1- 20) AE

Dpalpte) (4 BEf A Dv(pte) (1 _ W 58N Dy N (te) N
e (1 )AE (‘//H&so) ( 7) AV + AN GT62) < )AW
BsDys(pte) (1 WP S
+ nz\sV(Vu+£so) (1 )AW

In accordance with the above, is obtained as:

16
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IBNYN ()

= (M—2)? 3Bsvs (utp)
G =)o T de = SR Jo %5 WNWN Sdr - s TER) Jo %5 WSWS "da
p(1=8) M MVEEF  pAv,  EREQ
+ g, FML Ja (4 M T MV,ET Ef“} - ElLE}“ d
E(pte) MVE EAV; M
+E2 Vi, (3 3% - s — EAVl)da;+DMfQ( — My AMda
'U‘DEL Ef L Dpalpte) _ by A 3Dy (ptep) \%%
+u+£s0 ( E )AE dz + ptp fQ (1 )AE dz + “n(utie) fQ( )Ade
88N Dy N (ut) N 685Dy s (u+e) < Wi ) S
+ 0D 0] o (1 v ) AW Ndo + DERus ) f (3 B) AW Sda,
Ultimately, by applying the identity given in (12), we derive:
e, _ (M—M1)? o SBnyn(pte) o WN-WiY)? $Bsys(pute) [ (WI-WF)>2
i =)o ar v SXGEe Jo w40 SicGres) Ja ey 40
u(1—=€) M MVEL EAV ELEA
e w MV [ (4 ~ M T Wwier ~ mpv  mrea) 9
E(ute) M MVE{ | EAV HVMII2
+Ete) i MV, (3= 3 — mivis + 2% ) do — DarMy fo, S d
IIVELH2 Apte) IVEA(]? dDv(p+y) Ivvi]?
u+§<p - Bt fﬂ EL? dw — 2 ptép Ef fQ EA? dz — n(u+Eep) Vi fﬂ 7z -dz
_ BN Dy N () N HVW H _ 85Dy s (ute) HVWSII
it i Ja dz — =W W [y dz.
Table 2 presents a summary of the global stability conditions corresponding to the
equilibria of the model defined by Equations (3)—(8).
Table 2. Criteria for the existence and global stability of equilibria in the model (3)—(8).
Equilibrium Existence condition Stability condition
EPy = (Mo,0,0,0, WN, W¥) - Ro < 1
EP = (M1, Ef, Ef Vi, WY, W) Ro > 1 Ro > 1

it follows that 91 <

0 for any (M,EL,EA,V,WN,WS)
01

o O,when (M,E" EAV,WN W)
My, EE EA Vi, WN, W#). Solution of the system tend to &} = { EP;}, and by LIP
1,4 1 1 1
the equilibrium point £ P; is GAS. o

Hence, >

0. Furthermore, the derivative

3. Model with CTL response

In the previous section, we posited that DENV particles are cleared from the
host through immune mechanisms involving both non—specific and strain—specific
antibodies, which help prevent further infections.

In this section, we underscore the pivotal role of T cell-mediated immunity in the
rational design of effective dengue vaccines, especially in light of the current lack of
approved vaccines or antiviral therapies. According to a recent study [48], both CD4™
and CD8" T cells are implicated in the immune response to DENV, contributing to
both protective and pathogenic immune responses. Among these, CD4™ T cells (CTLs)

exhibit a protective function by identifying and eliminating infected host cells.
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OEA(x,t)

ot

3.1. Model formulation

The previously discussed DENV dynamic model emphasized the role of antibodies
in mediating viral clearance. In this section, rather than focusing on antibody effects,

we analyze the influence of CTLs on the DENV dynamic system, as detailed below:

H1. CTLs directed against the primary DENV infection are postulated to be elicited

through the engagement of immunological memory pathways.

H2. Two immunologically distinct populations of CTLs have been characterized:
non-specific CTLs (T™), which are elicited during the primary DENV infection in
response to a single serotype, and strain-specific CTLs (T*), which are selectively

activated upon exposure to a heterologous DENV serotype during secondary infection.

H3. Actively infected monocytes are subject to cytolytic clearance mediated by
both non—specific and strain—specific CTLs, occurring at rates denoted by (y EATYN
and CgEATS, respectively. Experimental studies have demonstrated that during
secondary heterologous DENV infections, non—specific CTLs exhibit reduced efficacy
in targeting and eliminating infected cells relative to their strain—specific counterparts,
as indicated by the inequality [18,49].

H4. The induction of CTLs is governed by both self-regulatory mechanisms and
interaction dynamics resembling a predator-prey framework. Non—specific and
strain—specific CTLs are generated at constant rates, denoted by any and «g,
respectively. Their antigen—driven expansion is further characterized by the interaction
terms Oy EATN and 9sEAT?, as detailed in Equations (23)—(24).

HS. Analogous to the preceding model, the compartments and diffuse in accordance
with Fick’s law, characterized by diffusion terms DpxATN and DpsATS,
respectively. Additionally, these compartments undergo natural decay, clearance,
or cell death at rates proportional to their densities, specifically vNT" and vsT?,
respectively. Each model component KC(x,t)undergoes diffusion within the domain at

a rate governed by its corresponding diffusion coefficient Dy [27,28].

Given the aforementioned hypothesis, the dynamics of the diffusion—based DENV

model that includes CTL response are represented by a system of six PDEs:

OM (z,t)

5 = Dy AM (z,t) + ¢ — oM (x,t) — kM (x,t)V (x, ), (18)

OE™ (2, )

T DpiAEY(z,t) + (1 — &) kM (2, )V (z,t) — (u+ @) EX(2,1), (19)

= DpaAEA (2, t) 4+ ExM (2, )V (2, ) + pEL (x,t) — 6EA (2, t) — (NEN 2, )TN (2,t)  (20)

—CsBA (2, )T (2, 1), @1

WL _ Dy av(et) + B (1) — pV(a,0), (22)
OTN (z,t)

T Den ATN (2,t) + an + OINEA (2, )TN (2, ) — onTN (2, 1), (23)
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oT>(z,t)
ot
The parameters corresponding to the model described by Equations (18)—(24)

= DpsATS (z,t) + ag + 0sEA(x, )T (z,t) — vgTS (x,t)  (24)

are defined as follows. The terms and represent the killing rates of actively infected
monocytes by non-specific CTLs and strain—specific CTLs, respectively. The
parameters and g denote the source of non—specific and strain—specific CTLs. The
stimulation rates of these CTL populations are given by ¥y (non—specific CTLs) and
Jg (strain—specific CTLs). Lastly, v and vg represent the death rates of non—specific
and strain—specific CTLs, respectively.

The corresponding ICs are specified as follows:

M(z,0) = e1(x), B (x,0) = ea(2), EA( 0) =e3(x
V(z,0) = eq(z), TN(2,0) = e5(z), T(z,0) = eg(x
gi(r)>0,i=1,2,---,6, z €

(25)

D\vv

Similarly with ¢;(x), the functions ¢;(z), are considered to be continuous. In

addition, the NBCs corresponding to model (18)—(24) are imposed as outlined below:

oM  OEL aEA av 8TN aTS

= = = Q. 2

3.2. Well-posedness of solutions

3.2.1. Non-negativity and boundedness

Lemma 3. Assuming that Dyy = Dpr = Dga = Dy = Dyn = Dps = D,
the system governed by Equations (18)—(24) possesses a unique, non-negative, and

bounded solution on Q x [0, 4+00) for any initial conditions satisfying (25).

Proof. Lete = (e1,e9,63,64,65,66)° € Nybe given. We define the mapping U =
(U1, Uy, Us, Uy, Us, Ug)" : Ny — N as follows:

Ui(e)(x) = ¢ — ce1(z) — ker(w)es(w),

Uz(e)(z) = (1 = §rer(@)ea(w) — (1 + p)ea(x),

Us(e)(x) = Erer(z)ea(x) + pez(x) — des(z) — (nes(w)es(x) — (sez(w)es (),
Us(e)(x) = nes(x) — pea(w)

Us(e)(x) = an + Ines(x)es(z) — vyes(x),

Us(e)(z) = ag + Vges(x)eg(x) — vsee(x).

It can be verified that the mapping U is locally Lipschitz continuous on N.
Consequently, the system defined by Equations (18)—(24), together with the ICs (25)
and NBCs (26), can be reformulated as DE of the form:

& — DK+ U(K), t >0,
I/-C\(SZEENJ'_,
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where € = (M, EX, EA,V, TV, 75)" and
DK = (DyAM, Dy AEY, DpaAE*, Dy AV, Dpn AT, Dps ATS)'
It can be demonstrated that

1
lim Edist (e(0)+hU(e),N;) =0, forany e € N,.

h—0+

As demonstrated in studies of Zhang, Xu, and Smith et al. [37,38,40], the system
defined by Equations (18)—(24) possesses a unique, non—negative solution over the
interval for every ¢ € N, where [0, omax) represents the maximal interval [0, omax)
over which the solution exists.

We now aim to establish that all state variables remain bounded. To facilitate this

analysis, we introduce the function W (t), defined as follows:

W(ayt) = Mo, 6)+ BV o) + B @ t)+ 5 Vi) + T w0)+ 5T50.0),

By applying the system of Equations (18)-(24), we obtain the following

derivation:

OV (x,t _ OM(x,t x,t 5 OV(x,t orN oT
(1) _ OMna) | ) QBN | 8 0V(ne) | Gx OTN(mt) | 6o OT% (o)

= Dy AM (z,t) + ¢ — oM (x,t) — kM (2, 8)V (2, t) + D AEL (2,4) + (1 — &) kM (z, )V (z,t)

—(p+4 @) EL(x,t) + DpaAEA(z,t) + E6M (2, t)V (z,t) + pE(2,t) — 6EA(2,t) — (NEA (2, )TN (2, 1)
—CsENa, )T (2, 1) + 55 [Dy AV (z,t) + nEA(x,t) — pV (2, 1)] + §[Dpw ATN (x, 1)

+ay +INEA (2, )TN (z,t) — onTN (2, 1)] + 1% [Dps AT (z,t) + ag + 0B (2, )T (2, 1) — vsT5(,1)] .

aEL(

Under the assumption that Dy = Dgr = Dga = Dy = Dpn = Dps = D, it
follows that

aq’a(f’t) = DA\I/(:C t)+ o+ CNO‘N + CSO‘S — oM (z,t) — pEX(x,t) — gEA(a:,t) — g—f]V(m,t)

— SN (3, 1) — ST (3, ).
As aresult,

PULD — DAW(w,t) = ¢+ 522 4 S99 — oM (2, 1) — qBL (, 1) — §BA(w,1) — LV (1)

_C%ZN TN(J:, t) — Cg?;sTS(x’ £)
< ¢+ NI+ s - AU (a,1),

where A = min{g,gp,%,p, vn,vs}, Consequently, W(x,t) satisfies the following

system:

OVt — DA (2, 1) < ¢+ S9N 4 $505 — R(z, 1),

U(x,0) = £1(z) + £2(x) + €3(2) + 2-ca@) + Foes(x) + $ep(z) > 0.

2n

20
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Define U(¢) as a solution to the following ODE:

dv o~
dz(tt) =¢+ C%zN + Cfgs — AU(t),

W(0) = max, g ¥(,0).

Hence, it follows that

— ¢ (nan  (sag }
t < = — pu— \Il 0 .
w<>max{A+ N 4 S0 a0 (2,0)

Employing the comparison principle as formulated by Protter and Weinberger [41],
we deduce that U (z, ¢) < W(t).

Therefore,

U(z,t) < max {¢ + CNaiV + Csof,mal( \I’(m,O)} .
A ’l9NA 195/\ xe)

This result indicates that M (z,t), E*(x,t), E4(x,t), V(z,t), TN (x,t) and
T (2, t) remain bounded on the domain Q x [0, o max ). By applying the standard theory
of semilinear parabolic systems [42], it follows that o, = -+00. Hence, the solution

(M (z,t), E" (2, 1), E (2, 1),V (2,), TN (2, 1), T (2, 1))
exists for all z € 2,¢ > 0, and is unique and nonnegative. O

3.2.2. Equilibria and basic reproduction number

Utilizing the next-generation matrix approach as presented in the study of
Driessche and Watmough [44], we derive the basic reproduction number, ﬁo, for the
DENV model described by Equations (18)—(24). The value of is computed at the
disease—free equilibrium E Py, which is defined as follows:

EPy = (My,0,0,0, 73", Ty) -

where My = %, TyY =S¥, and T} = 2. Following a procedure analogous to that

used for model (3)—(8), we proceed to compute for model (18)—(24). To initiate this

process, we define the following matrices:

(G IL)

00 o w+ 0 0
F— Exd V= 54 anin 4 asCs
F=1|00 0 y Vo = —H + oy + o5
00 0 0 —n P
Hence,
Ro=p(FV) = nE¢(p+£p)

dop(u + ¢) (*aéiiN s 1)

It is essential to highlight that represents the basic reproduction number
corresponding to DENV infection in the presence of CTLs response. Consequently,

we establish the following fundamental result regarding the existence of equilibrium

21
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points for the system defined by Equations (18)—(24).
The system described by Equations (3)—(8) admits the existence of an endemic
equilibrium, represented by EP; = (M 1, E{J , ElA, i, TlN , Tls )
¢+ QMI + rMVq = 07
(1= rM Vi — (u + @) EY =0,
ERMVL + pBY — 0B — (WEPTYY — (BT =0,
nE{' — pVi =0,
ay +INEPTN —vyTN =0,

as + 9sELTS —vgTP = 0.

Lemma 4. Let R be the basic reproduction number corresponding to system (18)—(24)
[26]. Then the system exhibits the following behavior:

() When R < 1, the model possesses a unique disease-free equilibrium, denoted
by EP,.

(I) When Ry > 1, an endemic equilibrium EP; emerges in addition to the
disease-free equilibrium E P,.

3.3. Global stability

Let Z be the potential Lyapunov function and x’ be the largest invariant set of

dZ;
Xi = {(M,EL,EA,V,TN,TS) : dt’:o}, i=0,1.

Theorem 3. Assuming that the basic reproduction number satisfies Ro < 1, the

disease-free equilibrium E Py of the model given by Equations (18)—(24) is GAS.

Proof. Define Z¢(z,t) as:

Eo(z,t) =MoL <7 ptEp ntEp IN (p+Ep)

Cs(pte) S p (TS
+19§(u+£w) Iyc (TOS) )

M L + A | EM ¢ (ptv) N TN
M0>+ r_pL 4 BT p +TOV+MTOL(W)

It is evident Zo(M,EL, EAV, TN, T%) > 0 that for any M, E* EA4,V,
TN, 75 > 0, while satisfying the condition Zo(My, 0,0,0, TV, Ty) = 0. The time
derivative % is computed along the trajectories of the system defined by Equations

(18)—(24) as follows:

0=y _ Mo\ OM i OEL | ute 9EA | My oV | (n(ute) Ty \ oTN

ot = (=3P S +als o t s + poﬁ+m(1—ﬁ> o
4 Sslute) (1 T35\ ors
ds(u+€o) TS ) "ot -

By substituting the expressions from Equations (18)—(24) into the formulation, we
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obtain:

%= (1—41) (DMAM + ¢ — oM — kMV) + i (Dpr AEE + (1 — ) rMV — (u+ ¢) EX)

(DpaAEA + (kMY + pEY — 6B4 — (NEATY — (EATS) + 20 (Dy AV + B4 — pV)

+i u+£so

(v ()
+ostees (1- L) (DTNATN +ay + INEATN — unTY)

Upon collecting and simplifying the relevant terms, we obtain:

= TN TS
5= _%)@_QM%L%@—*) (OZN—VNTN)JF%O—*) (s — vsT?)

I(pte) A szo A CNpte) N A Cs(pte) S mA
/HrésDE + E (u+€p) ' (u+ée) Iy 7+ Dy ( O)AM

L L A(pte) A | kMyDV CNDpn(pte) (1 T N
+u+§<p AE E/Hré@ AES + O AV + :€M+€<p) <1 T(}V) AT

¢sDps (ute) S
+ ﬁs?u%jso) (1 B 7) AT".

Utilizing the substitutions ¢ = oMy, ay = v NT(fV ,and ag = vgT; (;g , We obtain:
2
920 _ _o(M=Mo)® _ (nun(ute) (TN=TY) _ (svs(ute) (T9-TF)
ot M In(u+ép) TN Vs (ut€p) s

kMo _ S(ute) _ Cn(pte) N _ Cs(pte) pS\ pA My
+ ( ) T utes afwﬁw) T (ureg) L0 ) EA 4 Dy (1 - 37) AM

+ EL AEL MAEA HM;)JDV AV + CNDTN(,LL+(P) (1 B %) ATN

utEep u+Ep IN (p+Ep)

CsDrps(ute) S
HERpe (1 ) AT,

Then

05 _ _oM—-Mo)® _ (nun(pte) (TN-TN)?  Covs(ute) (T°-T5)?
at M IN (ut+Ep) TN Is(utép) T°

o) (S R+ N (utEe) A M,
-1 1 - M
+ (n+E&p) 59P(“+¢)(Q§YJ;N+Q5€J;S +1> EZ+ Dy ( M ) AM

uDgL Ly Dpa (ut) A ,-;MOD CNDpn (pte) (TN N
tare AE Eu+£<p AET+ CAV + T (D) ( Ty ) AT

CsDps(ute) (1 Ty S
+ ﬂs:(ru%so) (1 )AT

By computing the time derivative, given by < d“o = fQ 8&0 dx, we derive the

following result:

M (et €)

1)’

S X

= (M= My)?,  Cvonlp+e) (TN =TM?  Csus(u+y) [ (T° =
at /Q /Q ; / T

dt TN T s+ &9)

+a<u+¢>(“g;N +9855 41) (Ro-1)

(u+Ep)

D
NN +7EA+Z:¢ Joy AEAdz 4 MDY [ AV dg

¢NDn (ptep) N CsDps(utép) S
+ 19NT(M+£<p fQ (1 B 7) AT dx + ﬁsT(/Hrﬁso) fﬂ (1 B 7) AT d.

[q EAdz + Dy [, (1 — 30) AMdx

Utilizing the relation given in (12), the above expression is transformed into the

following form:
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—o/, (M—Mo)? 7. _ Cnvn(pte) I (TN -1 do — Ssvs(ute) I (TS—T(SQ)le,
QoM IN(itER) JQ TN 95 (utEp) TS
S(ptop) (AN 1 2585 1) (Ro—1) 2
< [ N(,u+§4p§ ) f EAda: . DMMO fQ ||V]\34H dr
Do) oy IV GsDysute) s ¢ VTS
ﬁNT(/HrEsD T fQ TN? dz ﬂsTquEw fQ 752 dz.

Given that Ry < 1, it follows that %0 < 0. Equality, i.c., %0 = 0, holds
precisely when the following conditions are met: M = My, TV = TN, T S =
T 69 ,and (ﬁo — 1) fQ EAdxz = 0. The solutions of the system defined by Equations
(18)—(24) converge asymptotically to the set x/y as ¢ — oo. Each element of X/,

satisfies the conditions M = My, TN = TV, T° = Ty, and
(Ro— 1) / Efdz = 0. 27)
Q
The study may be conducted by considering the following two separate cases:
F-1. 750 = 1. Equation (18) implies that

0= a;‘f —¢—oMy— KMV = V(et)=0.(28)

By utilizing Equation (22), we derive the following result:

0= %‘; =nE4 = EA(z,t) = 0. (29)

In a similar manner, Equation (21) indicates that

0="5—= pEr = EX(z,t) =0 (30)

Hence, the set x/, reduces to { EPp}.
F-2. When n R < 1. Equation (27) implies that fQ EAdz = 0, then , E4 = 0.
Moreover, from Equations (28) to (30), it immediately follows that
V=E'=0.

Hence, the set x/ reduces to the disease—free equilibrium, denoted by { EFy}.
By applying LIP [47], it follows that the equilibrium point £ Py is GAS.O

Theorem 4. The endemic equilibrium of the model defined by Equations (18)—(24) is
GAS provided that Ry > 1.

Proof. Construct =;(z,t) as

=i(e,t) =ML (3) + ﬂwELﬁ( P+ ﬁgiEA‘(l)“%Vl‘(%)

Cn(pte) N ¢ (M+<P) S
+191]vv(#+€</>)T1 [’( ) + 79;(#+5<P)T E( ) )

Obviously, for any and =y (M1, EF, E{, Vi, TN, T9) = 0
0=1

Substituting the expressions from model (18)—~(24), into the derivative, <5+ we
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obtain the following result:

= (1—2) (DMAM + ¢ — oM — kMV) + e (1= 21) (Dpr AEY + (1= xMV — (i + ) EY)
i ( - 7) (DpaABEA + ExMV + pEL — §EA — (yEATN — (gEATS)

+50 (1 - 1) (DyAV + B4 - pV)

ystetel (1= 70 ) (Dpn ATY + ay + INEATN — yyTV)

sl (1— 75) (DrsATS + ag + 05TATS — vgTS).

After aggregating the terms, we obtain:

835,51 = (1 ) (¢ —oM) + ﬂN((ﬁthp)) (1 - 7) (an — VNTN)
s (1 75) (0 —osTS) — SED FERMV + S it
S B — A PR KMV — MU Bl G By S BTN
+ b pArS 4 slipd _ MY pA L oMy - UV pA sl pS pa
+Dar (1— ) AM + 222 (1 ) ABE + Zealite) (1 20y A
FEDE (1= ) AV + STEEE (1 T ) ATY + SRES (1 7k ) ATS.

With reference to the equilibrium conditions stated below

( ¢ = oMi + kM V1,

(1 - rM VI = (u+ @)ET,
ExM\VL + pEE = 6EA 1+ (NEATYN + (oEATS,

nEd = phi,
an = vNT —INE{LTH,

ag = vsTP — 9 E{TY.

We derive

921 _ _o(M—Mi)?  (non(pte) (TN=TIN)?  (svs(pte) (T9-T7)?
o M In(u+Ep) ™ Is(ut+€p) s

M (v (nte) A ¢s(ute) TP\ pApsS
+ (1= 3 wan i — ) (1 T0) BATY — ) (1- 75 BT

+ (HnM1 Ef 5(pt) Ef v (pte) TNE} - Cs(pute) TSEA) EA

P ptép (u+€p) (u+Ee)

p(1-¢) MVEL | plpte) pL _ Eute) MV E
—uree "MiVigrvpr + e Ba e PMVigrypa

p(pte) mL EXER | S(ute) pA  wnMi A EAV N (pt9) AN
) B ETEA T pt€p Ei lEl EAV1 + M VI (u+€p) BT

+EUEA EATS 1 Dy (1 - 53) AM + 2 (1 )AE Dealit (1 )AE

kM D V; CN Dy (pte) N |, ¢sDps(ute) S
e U‘V”“”W(“*)AT +W<1—*>AT

We have
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Mt ) pr _ ML=8) s

p+éo T p+ép
and

% (OB + CNEPTY + (S EPTY) = ,Hr&, (fHMlvl + pEf)
_ &uty) KM,V + plpte) EL

put+&p ptEp
_ Epte) p(1-=8) f)

Utilizing the above relations, Equation (31) can be rewritten as:

0Z1 _ oM —M)*  Cyon(p+e) (TN —T)?  Csvs(p+¢) (T° - T7)?

a M In(p+ép) TN ds(pt&p) TS
FAOZO (1 - M) dy Vi + S (1 ) ey - ) (1 0 B
5523 (1- B) ey - s nan L + by

i’iﬁr? KMV J\]y“ilEéA B M(-i-&p) /-’~3M1V1§i?A + éi’féi) Eff — kM7 El:‘\//1
A ¢ S+ YR ET  Gat sty
et g s ol o
u+ép ptép Vv
Sk (1K) a1 S (1 F)
It follows that
885151 _ _Q(MX/IMI)Z _ Cg;&(ﬁgf;) (TN;JEIF{VF _ %S;fu(igz) (TS;;GS)Q
G20 (1 M) kM VA + fgfgg) (1= 2 hy vy — C&(ig;‘;) (2- o - %) EATN
55028 (2 3 - B) B0 - eant 5 + san
S MV g — A MV - giiii) RMIVA Eat = S s MV ot
+E0 S o Vi + S o v+ B o v+ S 1
+Dur (1= 3p) AM + 2222 (1 ZE) AB + %(1—]7}4)AEA+@(1—%)AV
+%<1—ﬁ)ATN+%(I——>ATS
Then
8;1 _ _Q(MX/[MI)Q _ Cg;&(ﬁggp)) (TN;Z]YV)Q o Cg:(su(j:g;) (TS;STF)2

u+Ep M MAET BV E[EA

EGrte) My MVE]  BAVY | Ca(ate) TY-TN)? famy
1 Slute) nMV( _ My MVEE )+ ) O BT

M MiViE4 EAV
(1 _ 7) AEL

+u(l O/@Mﬂ/’l <4_ M, MVEE EAV, ELE{‘)

Cs(pte) (T9=TF)? HApS
+(Sui£sf) TSTS E{TY + Dy (1 - )AM+M+£so

+2ealte) (1 - L) ABA 4 sMDv (1 - W) AV

CNDopn () N |, ¢sDps(pte) S
PR (1 g ) AT *W(l_*MT
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This leads to
021 _ _oM-M)? _ (nvan(ute) (TV-TN)?  (sas(pte) (T5-TF)
dt M In(pt+lp)  TNTN Is(ut+ép)  TSTY
p(1-£) M MVEE EAV; ELEA
e fMN ( M T MET T BEAV  BLEA
£(pte) M MVE{  BAV; M uD L
+,u+£<pHMV<_W1_W1]5A_EAV1)+DM( _J)AM—FHJ@; 1_7 AE
Dpalpte) (4 Ef A | kMiDy CvDpn (pte) ( _ i) N
+— T ( EA) AES + , ( ) AV + TOn(iter) 1—Z ) AT
CsDyps (pte) TP ) S
+ Is(utCp) ( 75 ) AT
In accordance with the above, the time derivative is given by
d=;  _ _ f (M*M1)2d _ Svan(pte) (TN*T1N)2d Csas(ute) f
a - Qo m On(ut+ep) Jo TTNTN Is(ut+ép) Ja TSTS
w(1—£) M MVEE EAV; ELEA
BT RMIVA [ ( M T WLVET Ef‘Vl N ElLE}‘ dz
e(ut M MVE{ EAV; M
+eD oA f, (3 - 3% MlvléA + EAVI) dz + Dy [, (1— 20) AMdz
D L Dpa(pte) A M1D
42 (1 ) st 5 (1) a4 0 ) ave
¢nD N(u+s0) N CsDrps (ut+€p) S
- ﬁNTqu&p (1 ) AT dz + ﬁsTqufso Ja (1 B 7) AT dz.
Ultimately, by applying the identity given in (12), we derive:
dZ1  _ (M—M;)? (van(pte) ¢ (TN-T{)? (sas(pte) o (T5=T7)?
@ = elo e = TRy Jo v 4 = ey Jo T

p(1=¢) _ M, _ MVE{ _ pAvy _ BYE{
+oges #MVL o (4= 3 — 3amer EAV — ELEA dz

E(ut M MV EA EAV; VM
+ ;(fjrgz)”Mlvl Jo (3 — M T MV,EA EA\/l) dz — Dy My [, ” M2H dz

L L ¢ |[VEE|? Dpa(pte) ma r |IVEA|? My D [[VV]?

AH—ZOE fQ I i H _ E/.L—l—f(p E fQ I Tz I dr — & ; VV1 fﬂ [l V2H dz
CNDpn () o ¢ [IVTN]? o GsDps (o) VTS|

 In(ptée) L fQ TN? d Is(u+Ep) i fQ 752 d

Therefore, it follows that for any (M, EL, EA V, TV, T°) > 0. Moreover,
the equality % 8“1 = 0 holds if and only if (M, E* EA V, TN, T%) = (M, EL,
E{ N, T ,Tls ). Solution of the system tend to Table 3 gives an overview of when
the model’s equilibrium points stay stable, based on Equations (18)—(24).

Table 3. Criteria for the existence and global stability of equilibria in the model (18)—(24).

Equilibrium Existence Condition Stability Condition

EPy = (Mo,0,0,0,7V,T%) - Ro <1
EP, = (M1, BY EBL Vi, TN TF) Ro > 1 Ro > 1

X} = {EP1}. Therefore, by LIP, EP; is GAS. O

Remark 2. Incorporating memory effects into our DENV dynamics model through
fractional differential equations (FDEs) offers a promising direction for future research.
Fractional derivatives naturally capture memory and long-range interactions, making
them particularly suitable for modeling biological and epidemiological systems
where past states influence current dynamics [50]. Recent work has shown that

Lyapunov-based methods provide a powerful framework for analyzing the global
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stability of fractional-order systems [51-53]. The Lyapunov functions introduced
in this study serve as a foundational tool, enabling future investigations into the
stability and long-term behavior of DENV infection models formulated with fractional
dynamics. Furthermore, extending the current model to a fractional-order setting could
offer deeper insight into immune memory effects, viral persistence, and the temporal

evolution of host-pathogen interactions over multiple time scales.

4. Numerical simulations

This section provides a series of numerical simulations intended to illustrate
the characteristics derived from our theoretical findings regarding the stability of the
reaction—diffusion system. To achieve a more thorough understanding of the system’s
behavior, we analyze the effects of varying system parameters on its dynamics. By
employing the PDEPE solver in MATLAB, numerical simulations for the DENV model
incorporating antibodies (Equations (3)—(8)) and the DENV model incorporating CTLs
(Equations (18)—(24)) are carried out. To do so, it is important to note the discretization
of the entire spatial domain x and temporal domain t. The grid points (x4, t.) are defined

as follows:
g =x9+dAzx, for d=0,1,2,...,N,
te =to+eAt, for e=0,1,2,....N;
where:
=0, Az =0.02 — 9 soN, = 2= _ 100
xg =0, Ax =0.02, xy, =2, so T =002 = ,
_ 1000 — 0
tOZO, AtZO]., tNt:].OOO, SONt:T:].0,000.

Thus, the grid points are defined as:
zq € {0,0.02,0.04,...,2}, t.€{0,0.1,0.2,...,1000}.

4.1. Numerical simulations for system (3)—(8)

This subsection is devoted to analyzing the dynamic behavior of system (3)—(8).

The simulations are conducted using the following initial conditions:
M (z,0) = 450 [1 + 0.4 cos*(rz)], E*(z,0) =50 [1 +0.5cos’(rz)], (32)

E42,0) =5 [1+0.5c08%(mx)], V(2,0) =2[1+0.5c08*(mz)],  (33)

W (2,0) =200 [1 + 0.5cos?(rz)],  W9(x,0) = 150 [1 + 0.5cos?(nz)] , a € [0,2]. (34)

Furthermore, homogeneous Neumann boundary conditions are imposed,
expressed as:

oM 9EL  orA oV owlN  owS

= — = = —¥ = f— :t —2,
9 90 a0 oe o0 oo O tx0 2=l
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We examine the system under varying values of x, employing the parameter set
summarized in Table 4, together with the initial conditions specified above. This leads

to the emergence of two distinct scenarios:

Table 4. Parameters for model (3)—(8).

Parameter Value Parameter Value Parameter Value
10} 10 é 0.5 As 0.002
o 0.01 ﬁN 0.3 YN 5
K varied Bs 0.8 vs 3
13 0.3 p 3 YN 0.1
W 04 n 20 s 0.1
%) 0.1 AN 0.01 Dy 0.1

M(z,t)

Scenario-1: The parameter x is set to 0.0005. Based on this value, the basic
reproduction number is computed as Rg = 0.41 < 1. This satisfies the stability

conditions presented in Table 2. Numerical simulations reveal that, over time, all

solution trajectories asymptotically approach the disease—free equilibrium, denoted by
EP, = (1000, 0, 0, 0, 50, 30). This equilibrium is shown to be GAS as stated in
Theorem 1 and are illustrated in Figure 1. In this specific scenario, it is confirmed that
the individual is cleared from by DENV.

I ~ 1o0c

" 80

Dy, o, et Dista ' oo -
Ce 4 0 o 20 Time t ce 4 T Time t
(a) Uninfected monocytes. (b) Latently DENV-infected monocytes.

i
N
b T 1000 D \ A 1000
IStaUCf, ) 05 . ) 400 £ 1‘96;”2(9 B 400 i
=4 o 0 Time ° o Time
(c¢) Actively DENV—-infected monocytes. (d) Free DENV virus.

Figure 1. Cont.
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(e) Non—specific antibodies. (f) Strain—specific antibodies.
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Figure 1. Numerical simulations indicate that the solutions of the system defined by Equations
(3)—(8) eventually converge to the disease—free equilibrium point, given by EP0 = (1000, 0, 0,
0, 50, 30) (Scenario-1).

Scenario-2: Given the parameter choice x = 0.005, the corresponding basic
reproduction number is determined to be g = 0.41 > 1, indicating that the
stability criteria specified in Table 2 are fulfilled. Theorem 2 establishes that the
equilibrium point EP1 is GAS. As depicted in Figure 2, the system’s dynamic behavior
demonstrates that the solutions eventually converge to the endemic equilibrium £ P} =
(321.02, 9.51, 11.68, 4.23, 86.66, 32.77). This case corresponds to a scenario in
which the individual is infected with DENV.
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(a) Uninfected monocytes. (b) Latently DENV—infected monocytes.
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(¢) Actively DENV—infected monocytes. (d) Free DENV virus.

Figure 2. Cont.
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Figure 2. Numerical simulations indicate that the solutions of the system defined by Equations
(3)—(8) eventually converge to the endemic equilibrium point, given by EP; = (321.02, 9.51,
11.68, 4.23, 86.66, 32.77) (Scenario-2).

4.2. Numerical simulations for system (18)—(24)

The initial conditions for M, EX, E4, and V are adopted in accordance with
Equations (32) and (33), whereas the initial values for TV, and T are specified as
follows:

TN (2,0) =200 [1 + 0.5cos*(nz)],  T%(x,0) = 150 [1 + 0.5cos*(nz)] ,z € [0,2].

Furthermore, homogeneous Neumann boundary conditions are imposed,

expressed as:

8M_BEL_8EA_8V_8TN_6TS_O L0 g — 0.2
0¢ 0<¢ 0<¢ 9<¢ 9<¢ o< T oTooT

The system (18)—(24) is analyzed under varying values of x, using the parameter

set outlined in Table 5 alongside the initial conditions previously specified.

Table 5. Parameters for model (18)—(24).

Parameter Value Parameter Value Parameter Value
6 10 5 0.5 as 30
0 0.01 (N 0.00000277 IN 0.000444
K varied (s 0.0000104 s 0.00153
¢ 0.3 n 10 UN 0.5
i 0.4 p 3 Vs 0.5
© 0.1 an 30 D 0.1
Scenario-3: Given the parameter value k = 0.00005, the corresponding basic

reproduction number is calculated to be Ro = 0.29, which is less than unity. This
satisfies the stability criteria outlined in Table 2. Numerical simulations demonstrate
that, over time, all solution trajectories converge asymptotically to the disease—free
equilibrium point, denoted by EPy = (1000, 0, 0, 0, 60, 60). This equilibrium is
shown to be GAS, indicating that the system stabilizes at this state for a wide range of
initial conditions. These results are consistent with the theoretical findings presented
in Theorem 3 and are visually supported by Figure 3. Under this specific parameter
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setting, it is concluded that the individual does not contract DENV.

M(z,t)
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(¢) Actively DENV—-infected monocytes. (d) Free DENYV virus.
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Figure 3. Numerical simulations indicate that the solutions of the system defined by Equations
(18)—(24) eventually converge to the disease—free equilibrium point, given by (Scenario-3).

Scenario-4: With the parameter set to x = 0.0005, the resulting basic
reproduction number is calculated as Ry = 2.86, which exceeds unity. This confirms
that the stability conditions outlined in Table 2 are satisfied. According to Theorem 4,
the endemic equilibrium point EP1 is GAS. As illustrated in Figure 4, the system’s
dynamics show that all solution trajectories ultimately converge to the endemic
equilibrium state, given by EP; = (349.41, 9.11, 11.17, 37.24, 60.60, 62.12).
This scenario represents a case in which the individual becomes infected with DENV.
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Figure 4. Numerical simulations indicate that the solutions of the system defined by
Equations (18)—(24) eventually converge to the endemic equilibrium point, given by EP; =
(349.41, 9.11, 11.17, 37.24, 60.60, 62.12) (Scenario-4).

These numerical simulations confirm the theoretical stability results and illustrate
the biological role of immune responses. The antibody response influences whether
the infection is cleared or persists, while the CTL response helps control viral
replication and guides the system toward equilibrium. Changes in the strength or timing
of these responses can affect clinical outcomes during secondary DENV infection,
emphasizing the importance of both antibody- and CTL-mediated mechanisms in
disease progression.

The Lyapunov-based stability results can be interpreted biologically as follows:
when the basic reproduction number Ry < 1, the combined effects of immune
responses and viral clearance mechanisms dominate, driving the system toward the
disease-free equilibrium. Conversely, if Rg > 1, viral replication outpaces immune

control, and the system settles at an endemic equilibrium where both virus and immune
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responses coexist in a balanced state. Graphically, this behavior is illustrated by the
numerical simulations, which show solution trajectories gradually approaching the
corresponding equilibrium, providing a visual representation of how infection is cleared
or persists over time.

For comparison, previous PDE-based models [30, 31] considered antibody
dynamics solely through virus-induced proliferation, without baseline production. In
contrast, our formulation includes self-regulated antibody generation, allowing both
non-specific and strain-specific antibodies to coexist. This inclusion enhances infection
control and shapes the convergence to disease-free or endemic equilibria, providing a
more realistic representation of immune dynamics and highlighting the complementary

roles of humoral and cellular responses in controlling DENV infection.

4.3. Sensitivity analysis for system (18)—(24)

Sensitivity analysis plays a crucial role in disciplines such as pathology and
epidemiology, as it enables the evaluation of intricate interactions within mathematical
models. With respect to the system of Equations (18)—(24), this method provides a
means to quantify the relative impact of individual parameters. Parameters associated
with the highest sensitivity indices are deemed most influential, underscoring their
significant role in governing the model’s dynamics and informing the development
of targeted antiviral therapies. The normalized forward sensitivity index of the basic
reproduction number, Ry, is given by Zeb et al. [54]:

A (35)
where the variable w = 1, K, ¢, vN,vs, 14, &, @, p, (s, as, (N, an,d and o depends
differentially on Ry.

The sensitivity indices of R with respect to each model parameter are computed
using Equation (35), with fixed at 0.0005, and the results are presented in Table 6 and
Figure 5. The signs of the indices, as shown in Table 6, offer valuable insight into the

direction and extent of each parameter’s influence within the sensitivity analysis.

+  Parameters and vy exhibit a positive influence on R. For instance, the sensitivity
index for 1 is 0.1302, indicating that a 10% increase (or decrease) in this parameter
leads to a corresponding 1.30% increase (or decrease) in R.

* In contrast, the remaining parameters possess negative sensitivity indices,

signifying a diminishing effect on Ry when their values increase.

Parameters with high sensitivity demand accurate estimation, as minor deviations
in their values can induce substantial quantitative changes in the system’s behavior.
Analyzing the sensitivity indices of Ry with respect to various parameters reveals
that the DENV transmission rate x, the viral production rate 7, and the source rate of
uninfected monocytes ¢ all exhibit positive sensitivity indices that should be reduced to
effectively limit DENV transmission. This reduction can be achieved through various
intervention strategies, such as vaccination programs, efficacious antiviral treatments,

and strengthened public health initiatives. Conversely, parameters such as the death
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rate constants p and g, which are associated with negative sensitivity indices, should

be enhanced to suppress viral proliferation within the host.

Table 6. Sensitivity index of Ry.

Parameter Svﬁ © Numerical simulation of S?O
n 1 1
K 1 1
o) 1 :
1 1
H ® (_W + ;t-‘rsnp) 0.1302
Ep
§ nt+ép 0.0698
Vs 0.0012
Vs 6U5(1+C{SVU?VN+<§:SS)
N —rees 0.0003
N o R+ )
- S ~0.0003
CN 6”N(1+C<IS\;7VN+C§UO;~S)
- ek ~0.0003
an sun (145N E808)
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- e )
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Figure 5. Sensitivity analysis of the basic reproduction number R.

4.4. Implications for control and intervention

Parameters with high positive sensitivity-such as the DENV transmission rate
(k) and viral production rate (n)-highlight targets for interventions. Reducing these
parameters through antiviral therapy, can effectively lower R and limit infection

spread. Conversely, enhancing parameters with negative sensitivity indices, such as the
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death rates of infected cells (p and p), can suppress viral proliferation. These findings
provide actionable guidance for designing public health strategies and therapeutic
approaches, focusing on the most influential factors to optimize infection control and
improve patient outcomes.

The antibody-based and CTL-based formulations show distinct mechanisms and
outcomes. In the antibody model, the immune response acts by neutralizing free virus
through complex formation, which reduces viral particles but may saturate at high viral
loads. In the CTL model, the response targets and destroys infected cells, lowering viral
production through a slower but more sustained mechanism. Although both models can
lead to either viral clearance or an endemic equilibrium, the thresholds governing these
transitions differ: antibody dynamics depend on neutralization efficiency, while CTL
behavior relies on activation and killing rates. These differences highlight how humoral
and cellular immunity shape viral dynamics in complementary but mechanistically

distinct ways.

5. Conclusion and model extensions

This study provides a detailed comparative and numerical analysis of two models
describing the host immune response to DENV infection. The first model emphasizes
the role of antibodies in neutralizing viral particles and preventing further infection
of host cells. The second model focuses on the CTLs, which identify and eliminate
infected monocytes. Both models are formulated as nonlinear PDEs, capturing the
spatial movement of viruses and host cells, and consider both activated and latent forms
of infected monocytes.

The analysis confirms that the solutions of the proposed models are non—negative
and bounded.

Two equilibrium points are identified: the disease—free equilibrium (EP0O) and the
endemic equilibrium (EP1). The stability of these points is determined by the basic
reproduction number, Ry. When R < 1, the infection is cleared, reflecting the efficacy
of the immune response. When R > 1, the disease persists within the host. Using
Lyapunov stability theory and LaSalle’s invariance principle, the global asymptotic
stability of both equilibria is rigorously established. The main findings are summarized
as follows:

1. The disease—free equilibrium (F Py) always exists and is globally asymptotically
stable when R < 1.

2. The endemic equilibrium (£ P1) exists and is globally asymptotically stable for
Ro > 1.

These theoretical results are supported by numerical simulations, and a sensitivity
analysis highlights that the infection rate and viral production rate are the most
influential parameters affecting Rg, thereby shaping DENV transmission dynamics.
Such insights could guide the development of antiviral strategies targeting viral entry

and replication.
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The model can be further extended in several directions:

Virus-antibody complexes: the virus-non-specific antibody complex and the
virus-strain-specific antibody complex C'°. These complexes play a crucial role

in regulating the subsequent regeneration of antibody responses [55,56,58]:

= Dy AM (z,t) + ¢ — ppyM(x,t) — kM (x,t)V(x, ),

—— = D AFEE(2,t) + (1 — &) kM (x, 1)V (x,t) — (u + @) EX(2,1),

ot
OEA

ocN

ot
oCcs

ot

= Dpa AEM,t) 4+ EcM (2, )V (2, t) + pEX (2, t) — 0EA (2, 1),
= DVAV($7t) + nEA(xvt) - va(l’,t) - 6NV(;U,t)WN(ZL‘,t) - ﬂsV(.ﬁ,t)WS(i‘,t),

= DCNACN(a:,t) + BNV (z, t)WN(:c,t) — pNC'N(:c,t),

= Ds ACH (z,t) + BsV (2, )W (2, 1) — psC (2, 1),

= Dyn AW (2,8) + 4N = BNV (2, )W (2, 1) + aCN (2, 1) — pn W (2, 1),

= Dy s AW (z,t) +7° — BV (z, )W (z,t) + aC (z,t) — hgW (2, t).

The non-specific complex C'V is produced through the binding of free virus with

non-specific antibodies at rate 6NVWN , and is cleared at a rate pIN cN. Similarly,

the strain-specific complex forms when free virus binds to strain-specific antibodies

at rate 35V WW°, and is removed at a clearance rate pgC®. The concentration of

non-specific antibodies is enhanced in response to virus-non-specific complexes at

stimulation rate «C"V, while these antibodies are consumed during the formation of at

rate By VW, Likewise, the population of strain-specific antibodies is stimulated by

virus-strain-specific complexes at rate and is depleted through its binding with free virus

to form at rate S5V IWW*. A full analytical study of existence, positivity, boundedness

and equilibria for this extended model is left for future work.

Immune memory: Incorporating B-cell and T-cell memory could capture key
immunological phenomena and longer-term host protection [55,56].

Alternative incidence rates: The model could be generalized to include other
incidence forms, such as saturated, Michaelis-Menten, Beddington-DeAngelis, or
general incidence functions.

Stochastic effects: Random fluctuations in viral dynamics could be incorporated
using stochastic modeling approaches, which may reveal behaviors not captured
by deterministic PDEs.

Time delay: Incorporating intracellular or immune-response delays can account
for the finite time required for viral replication, antibody production, and CTL

activation. Time delays have been successfully employed in both virological [36]
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and epidemiological [59] models to capture these biological lags, often revealing
richer dynamics such as oscillations, transient instability, or delayed immune
clearance. Extending the present PDE framework to include such delays would
provide a more realistic description of DENV progression and merits further
investigation.

*  Heterogeneous diffusion: While the current model assumes uniform diffusion
coefficients, allowing for heterogeneous diffusion or spatially varying parameters
could provide additional biological insights. This extension requires significant
additional work and is therefore suggested as a direction for future research.

*  Memory effects: Fractional differential equations can be used to incorporate
long-term memory and non-local interactions in the immune response. Such
formulations have been applied successfully in biological and epidemiological
modeling. Extending the model to a fractional framework could reveal additional
features of DENV dynamics.
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