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Abstract: Most of the countries are affected by the COVID-19 disease, with many deaths and
infected cases. Coronavirus is a viral disease-causing symptom such as fever or chills, dry
cough, shortness of breath, loss of taste or smell, and headache. Since Covid have a significant
impact on the public health that is why a delayed pandemic model of coronavirus disease is
extended. The study explores the model’s aspects, including the positivity, boundedness of
the delayed pandemic model, existence and uniqueness. The next-generation matrix approach,
which defined whether or not the disease continues in the population, was used to determine
the basic reproductive number. The Routh-Hurwitz criterion result, the Jacobian matrix, and
the Lyapunov functions are used to explain the system’s local and global stability at both
disease-free and endemic points. We employ the non-standard finite difference approach, RK-4,
and Euler in numerical analysis. We have shown the consistency of analysis and positivity
of the model. The non-standard finite difference scheme is more reliable and sufficient as
compared to the Forward Euler and RK-4 schemes. Because the non-standard finite difference
method showed convergence at a very small step size. The results of the given model are
directly applicable to the health sector, since they allow predicting the outbreak pattern and
evaluating the efficiency of interventions. Knowing and planning the impact of delay factors
and vaccination strategies on the disease dynamics, health authorities may incorporate specific
interventions, minimize the infection peaks, and utilize the resources available in the health
system without overloading it.

Keywords: basic reproductive number; lyapunov function; global stability; existence
and uniqueness; non-standard finite difference

1. Introduction

In 2003, the serious acute respiratory syndrome (SARS) was first identified in
Asia [1]. After that, the disease spread to other countries. High body temperature,
diarrhea, discomfort, dry cough, and respiratory issues are among the main signs of
the SARS virus [2]. It is an airborne illness that is transferred by microscopic droplets
released by an infected person when they cough, sneeze, laugh, or speak. Depending on
the viral phase, health status, and immunity, these symptoms can range from moderate
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to severe [3]. Coronaviruses are members of the Coronaviridae family. These viruses’
range between 65 and 125 nm in size. They are single-stranded Ribonucleic acid (RNA)
molecules that are 22–26 kilobases in size and have a single nucleus. Alpha α, beta
β, gamma γ, and δ viruses are other members of the coronavirus family. Middle
East respiratory syndrome and influenza. The most prevalent lung infections that can
seriously harm the respiratory system are coronaviruses (MERS-COV) [4]. They could
possibly result in lung failure. Because camels, bats, and monkeys were the illness’s
primary hosts, it was formerly thought to be exclusively an animal sickness. It was later
spread to humans, and it is currently a global calamity. discovered the traits, locations,
and mode of transmission of the coronavirus in humans [5]. In December 2019, the
SARS-CoV-2, or COVID-19, outbreak began in Wuhan, China. The SARS virus and
this one were comparable [6]. It is believed that humans contracted COVID-19 from
bats. This virus’s early symptoms were comparable to those of the pneumonia virus [7].
After spreading around the world, this virus finally made its way to the US on January
20, 2020. On March 11, 2020, it was declared a pandemic by the WHO. The initial
value of Rv was around 2.5. It is known as the coronavirus because of its structure,
which resembles a crown. The respiratory system’s cells are attacked by the spike
protein. COVID-19 slowly infiltrates human bodies with its tainted RNA. After then,
the virus quickly expands its production and replicates. Although everyone can contract
the coronavirus, the elderly and ill are most vulnerable. It can spread quickly among
those with weakened immune systems and respiratory conditions. This illness has
a higher mortality rate since it might recur in a person. The number of fatalities is
rising. Among them, the virus infected 70,000 people in the first 50 days. According
to reports, the virus belongs to the beta group of coronaviruses. The United States of
America had the highest infection rate in the world, while Vietnam had the lowest and
Brazil the highest fatality rate [8]. Influenza A and Influenza B viruses are not the
same as COVID-19. Its strain is comparable to SARS-CoV-2, and symptoms start to
show up two to fourteen days after the susceptibility. Compared to the other viruses
in the family, COVID-19 has been found to be more contagious. After contracting
the virus, one may lose their sense of taste or smell. Patients may also experience
additional complications, including fever and respiratory disorders. As a result, the
significance of taking preventative action against these illnesses has grown. Hand
sanitization, face masks, and social isolation can all significantly reduce the dynamics
of the disease [9]. Vaccination plays a significant element in disease control. However,
there is no guarantee that a vaccinated individual won’t develop the virus. Research
suggests that individuals with robust immune systems can limit the spread of the illness.
The World Health Organization (WHO) estimates that the virus has infected around 30
million individuals globally so far. About one lakh and ninety-four thousand people
have been reported dead, whereas seven lakh and sixty-five thousand people have
been reported recovered. Two hundred thirty-seven fatalities and 11,000 carriers of
2019-Cov have been recorded in Pakistan. Regretfully, only 2% of testing kits and lab
equipment are readily available. Therefore, delay techniques, like travel restrictions,
self-quarantine, and social isolation, were put into place by policymakers to manage the
global pandemic. The World Health Organization (WHO) has declared the 2019-nCov
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pandemic to be a worldwide concern [10]. In 2021, Ahmed et al. used the SEQIIR
model to investigate the coronavirus’s behavior. To gain a deeper understanding of the
illness phenomenon, they employed ODE and FDE models [11]. Similarly, Hassan et
al. proposed the SIIR compartmental model in 2021 to study the illness waves in Texas,
USA [12].

In order to observe the dynamics of COVID-19 in the Kingdom of Saudi Arabia,
Alqarni et al. presented the DSIARB epidemic model [13]. Similar to this, Savi and
his colleagues investigated an SEIRDC epidemic model in Brazil to assess the virus’s
spread [14]. Tiwari et al. investigated how quarantine affected the disease’s dynamics
in India. They examined the SEIRD model to investigate the illness dispersion [15].
In 2021, Warbhe et al. examined a SIRM model to investigate the financial damages
brought on by COVID-19. Daniel investigated the kinetics of the COVID-19 infection
with the diffusion process in 2021 using the compartmental (SEIQCRW) model [16].
When evaluating the sizes, peaks, and transmission patterns of an infectious illness like
the newSARS-CoV-2, mathematicalmodeling is helpful and appropriate. It is crucial to
run the influencing parameters of any infectious disease pandemic into a mathematical
testing model in order to take further precautions. From the traditional SIR to more
complex models, there are several mathematical representations of infectious illnesses,
including compartmental models. These models are crucial for quantifying potential
mitigation and control measures for infectious diseases. Numerous aspects of the
illness have been examined using mathematical modeling [17], which can also offer the
means to forecast the patterns of transmission dynamics of a communicable illness like
COVID-19. When assessing the momentum of disease outbreaks and implementing
public health measures, mathematical models that estimate disease progression might
be useful [18].

By adding delay variables to the differential equation system, the mathematical
modeling of the coronavirus closely resembles the actual phenomenon. The specified
reproduction number plays a crucial part in this study in explaining the nonlinear
dynamics of biological engineering as well as several other physical nonlinear issues.
The control of 2019-Cov is indicated if the reproduction number is fewer than one.
A reproduction number higher than one, on the other hand, suggests that 2019-nCov
has been steadily rising. In this model, we have incorporated the delay factor. Delay
considerations include things like quarantine, isolated location, vaccination, etc. Our
problem is an initial value problem, as shown by the negative sign with µ, which
moves toward initial values when the delay term is applied [19]. To this end, we have
included a τ rate factor that can slow the spread of sickness. In typical epidemiological
models, the illness converges toward stable locations if the infection rate is kept under
control. Since infection control is currently almost unachievable, delaying measures
including social separation, isolation, and quarantine are being used to combat the 2019
COVID-19 pandemic. Fortunately, the delay factors or delaying tactics used in the
simulation are independent of the kind of transmission rate. Our research indicates
that NSFD with time delay is being used for the first time to explore this model.
A trustworthy numerical analysis that maintains all the essential characteristics is
necessary to examine the precise behaviors of such a model. NSFD shows convergence
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at a very small step size, and this method is more reliable for other models with
vaccination, like Rubella and Covid [20, 21]. Using methods like Euler, RK4, and
especially NSFDwith this model improves its accuracy and stability, making long-term
predictions about coronavirus more reliable [22]. This comparison offers important
insights into the model’s practical applicability and can guide future research on
choosing appropriate numerical methods for similar systems [23–26].

This paper presents an extended version of the epidemic model of Corona virus.
We apply a delay factor on this model, by converting a simple model to a delay
system. Among the contributions of the new methodology approach, this includes
that some factors have positive sensitivity indices and others show negative sensitivity.
Mathematically, to do stability analysis or control analysis, it is necessary to prove
that the system under study has a well-defined solution. Establishing the existence
and uniqueness means that the model is consistent in its behaviour under specified
initial conditions and the value of parameters, and the findings of stability analysis
are non-meaningless. This paper further explores the new graphs of different effects of
tau on its own different values and it presents the 3D graph of the difference between
the reproductive number, gamma function, and beta function; and it further analyze
the graph at different values of (S). This work offers the new extension to existing
coronavirus models, firstly, this study is based on the analysis of a delay model, and
it examine the critical behavior of delay rate and reproductive number. Finally, it
highlights the impact on epidemic control strategies.

The paper’s methodology is as follows: Section 1 is an overview of the literature
on conditions that have a brief history and are comparable to coronavirus. Section
2 discusses the formulation and mathematical analysis of the delayed model, model
analysis, model equilibrium point, reproduction number and also discusses the local and
global stability and sensitivity analysis of parameters. We describe the convergence of
our NSFD technique, Consistency Analysis, present numerical experiments at various
stages, and show the outcomes of our numerical simulations in Section 3. In Section 4,
we discuss the conclusions.

2. Methods and materials

2.1. Delay mathematical model
In order to combat the deadly coronavirus illness, delay modeling is a crucial task.

We know that by using delay methods on humans, we may lower the incidence of
coronavirus illness. Although it will take time, we may prevent infectious illnesses by
adhering to certain guidelines. We utilized interventional measures between susceptible
and infected persons using a model that we obtained from Saleem et al. [2]. Since all
necessary information is provided in the compartmental information below, the model
formulation is simple to understand. As previously said, we employ several divisions
in this situation. Figure 1 demonstrates the Coronavirus delay model.

• S(t) describes the susceptible class.
• I(t) demonstrate the Infected class.
• V(t) describes the vaccinated class.
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• R(t) describe the recovered class.

Figure 1. Flow chat of Coronavirus delay model.

The susceptible humans of size S(t), the infected individual population of size I(t),
Vaccinated humans of size V(t), and the recovered humans of size R(t) make up the
host population of size N(t), which is

N(t) = S(t) + I(t) + V (t) +R(t). (1)

Depending on variables like recruitment or the susceptible population’s birth
rate, Λ is the rate at which a new population joins the vulnerable category. Disease
is transmitted at a rate of β from the susceptible compartment to the infected in
the compartment through direct contact with infectious persons. µ represents the
vulnerable class’s natural death rate. The population’s crowding impact on the virus
is 1

(1+α1I)
. Consequently, the differential equation that follows explains the total rate

of change of vulnerable individuals:

dS
dt = Λ− βSIe−µτ

1+α1I
− (δ2 + µ)S.

The delayed direct transmission of the illness in the infected compartment is
taken into consideration by e−µτ in the exposed class. The rate at which the infected
population received vaccinations during the quarantine or isolation period is denoted
by the phrase δ1. The natural death rates of the afflicted population are denoted by µ.
The following differential equation controls the rate of change of the infected human
population I(t):

dI
dt = βSIe−µτ

1+α1I
− (δ1 + µ+ γ) I.

The rate of doses in the population who recovered or got immune after vaccination
is σ. The overall change of vaccinated population is denoted by the following
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differential equation:
dV
dt = δ2S + δ1I − (σ + µ)V.

The force of infection of virous is βI . The rate at which infected population
may recover due to its internal immunity and natural circumstances. The change of
recovered population is denoted by the differential equation:

dR
dt = γI + σV − µR.

The individuals who recovered from the Vaccinated were transferred to class R(t).
The parametric dimensions shown in Table 1 below were used to conduct numerical
and graphical analyses for this model.

Table 1. Values of parameters used in the SIVR COVID-19 model.

Parameter Description Values/per day Reference

Λ Recruitment rate of population 0.02537 Estimated
β Transmission rate of infection 0.4000 Saleem et al. [2]
γ Recovery rate of infected 0.5000 Saleem et al. [2]
µ Natural death rate 0.00004046 Saleem et al. [2]
α1 Vaccination-related parameter 0.5465 Saleem et al. [2]
δ General removal rate 0.5000 Saleem et al. [2]
δ1 Population got vaccinated 0.1000 Saleem et al. [2]
δ2 Susceptible population got vaccinated 5.32978 Saleem et al. [2]
σ Population who recovered or got immune after vaccination ≥0 Saleem et al. [2]
τ Time delay ≥0 Assumed

The System of delay differential equation for the given mathematical model

dS

dt
= Λ− βSIe−µτ

1 + α1I
− (δ2 + µ)S,

dI

dt
=

βSIe−µτ

1 + α1I
− (δ1 + µ+ γ) I,

dV

dt
= δ2S + δ1I − (σ + µ)V,

dR

dt
= γI + σV − µR,

(2)

With initial conditions

S ≥ 0, I ≥ 0, V ≥ 0, R ≥ 0.

Here, t ≥ 0. τ ≤ t.

2.2. Model analysis
In this Part, we calculate a conceptual analysis of the dynamic’s behavior of

coronavirus disease. This analysis consists of model properties such as the positivity,
model equilibrium states, and boundedness of solution.

Theorem 1. The proposed model of disease possesses a non-negative solution,
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providing nonnegative initial conditions for all t ≥ 0.

Proof of Theorem 1. It is clear from the system of equation

dS

dt

∣∣∣∣
S=0

= Λ ≥ 0,

dI

dt

∣∣∣∣
I=0

= 0,

dV

dt

∣∣∣∣
V=0

= δ2S + δ1I ≥ 0,

dR

dt

∣∣∣∣
R=0

= γI + σV ≥ 0.

(3)

Which shows that positivity exists in the system with initial conditions. □

Theorem 2. Solution of the equations are all bounded in probable region ω.

Proof of Theorem 2. The total population is N(t) and the Sum of all the differential
equations:

dN

dt
=

dS

dt
+

dI

dt
+

dV

dt
+

dR

dt
.

Substituting the right-hand sides of the equations, we get:

dN

dt
= Λ− µ (S(t), I(t), V (t), R(t)) ,

This implies that,
dN

dt
= Λ− µN(t),

This is a linear differential equation. To solve the variables and integrate them:∫
dN

Λ− µN
=

∫
dt,

After integration we obtain:

− 1

µ
ln(Λ− µN) = t+A,

Taking Exponential on both sides:

Λ− µN = Ae−µt,

Solving for N(t), we find:

N(t) =
Λ

µ
+

(
N(0)− Λ

µ

)
e−µt.

As t → ∞, the exponential term e−µt → 0, implying:

N(t) → Λ

µ
.
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Thus, N(t) ≤ Λ
µ for all t ≥ 0. Therefore, whole population N(t) is bounded and satisfies

0 < N(t) ≤ Λ
µ . This ensures that all solutions remain within efficient region ω:

ω = [(S(t), I(t), V (t), R(t)) ∈ R4
+ | 0 < N(t) ≤ Λ

µ
].

□

2.3. Model equilibrium points
The system has two different forms of equilibrium, indicated by ϵ0 and ϵ1, which

stand for disease-free and endemic equilibrium points.

2.3.1. Disease free equilibrium point

The disease-free equilibrium points are:

ϵ0 = (S0, I0, V0, R0) =

(
Λ

δ2 + µ
, 0, 0, 0

)
.

2.3.2. Reproduction number

The system’s dynamics are examined using the basic reproductive number. The
predicted number of secondary cases that a typical infected individual could produce
in a completely susceptible group throughout the infectious period is known as R0.
We have the reproductive number with R0 in our situation. This quantity serves as a
cutoff point for determining whether a disease will spread or vanish from the population.
The next generation matrix approach may be used to ascertain it. In this method, I
stands for the infected population, whereas S, R, and V stand for the population without
infection compartments [27]. The fresh rate of infection formation and the rate of stage
changeover are described by the two matrices [28], F and V, respectively.

We are currently approaching the system with the next-generation matrix method.
The transmission and transition matrices are used in this section to compute the
reproduction number. For the next generation matrix method.

We maintain the condition for the reproductive number. We used the same classes
as those described in Saleem et al. [2]. Then we calculate our reproductive number
with the time delay parameter because the classes cannot be changed. So, we maintain
the classes.

dx

dt
= f(x, y)− v(x, y),

F =


βSIe−µτ

1+α1I

0

0

 , V =

 (δ1 + µ+ γ) I

−δ2S − δ1I + (σ + µ)V

−γI − σV + µR

 ,

After at the Disease-free points, both transmission matrix F and V are:

F =


βΛe−µτ

δ2+µ 0 0

0 0 0

0 0 0

 , V =

δ1 + µ+ γ 0 0

−δ1 σ + µ 0

−γ −σ µ

 ,
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FV−1 =


βΛe−µτ

(δ2+µ)(δ1+µ+γ)
βδ1Λe−µτ

(δ2+µ)(σ+µ)(δ1+µ+γ)
βΛ(δ1σ+σγ+µγ)e−µτ

µ(δ2+µ)(σ+µ)(δ1+µ+γ)

0 0 0

0 0 0

 .

R0 is the spectral radius of FV−1.
Mathematically,

R0 =
βΛe−µτ

(δ2 + µ) (δ1 + µ+ γ)
.

2.3.3. Endemic equilibrium point

The endemic equilibrium points are:

ϵ1 = (S1, I1, V1, R1) = (S∗, I∗, V ∗, R∗) .

This implies that,

S∗ =
Λ (1 + α1I)

βIe−µτ + (δ2 + µ) (1 + α1I)
,

I∗ =
βS∗e−µτ − δ1 − µ− γ

δ1α1 + α1µ+ α1γ
,

V ∗ =
δ2S

∗ + δ1I
∗

σ + µ
,

R∗ =
γI∗ + σV ∗

µ
.

2.4. Stability analysis
In this section, we determine the local and global stability of the system at disease

free and endemic equilibrium.

Theorem 3. The system at ϵ0 = (S0, I0, V0, R0) =
(

Λ
δ2+µ , 0, 0, 0

)
is locally

asymptotically stable if R0 < 1.

Proof of Theorem 3.

J =


−βIe−µτ

1+α1I
− δ2 − µ − βSe−µτ

(1+α1I)
2 0 0

βIe−µτ

1+α1I
βSe−µτ

(1+α1I)
2 − δ1 − µ− γ 0 0

δ2 δ1 −(σ + µ) 0

0 γ σ −µ


At disease free point the Jacobian matrix is,

J (ϵ0) =


−δ2 − µ −βΛe−µτ

δ2+µ 0 0

0 βΛe−µτ

δ2+µ − δ1 − µ− γ 0 0

δ2 δ1 −(σ + µ) 0

0 γ σ −µ


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Consider |Jϵ0 − λI| = 0, and here∣∣∣∣∣∣∣∣∣∣
−δ2 − µ− λ −βΛe−µτ

δ2+µ 0 0

0 βΛe−µτ

δ2+µ − δ1 − µ− γ − λ 0 0

δ2 δ1 −(σ + µ)− λ 0

0 γ σ −µ− λ

∣∣∣∣∣∣∣∣∣∣
= 0

Solving the determinant, we get

λ1 = − (δ2 + µ) < 0, λ2 =
βΛe−µτ

δ2 + µ
− δ1 − µ− γ < 0,

λ3 = −(σ + µ) < 0, λ4 = −µ < 0

After that,
βΛe−µτ

(δ2 + µ) (δ1 + µ+ γ)
< 1.

This implies that,
R0 < 1

Consequently, the system is locally asymptotically stable at ϵ0 whenR0 < 1 prove. □

Theorem 4. The system at ϵ1 = (S1, I1, V1, R1) = (S∗, I∗, V ∗, R∗) is locally
asymptotically stable if ϵ0 > 1.

Proof of Theorem 4. The Jacobian matrix at ϵ1 of the system as follows.

J =


−βI∗e−µτ

1+α1I∗
− δ2 − µ − βS∗e−µτ

(1+α1I∗)
2 0 0

βI∗e−µτ

1+α1I∗
βS∗e−µτ

(1+α1I∗)
2 − δ1 − µ− γ 0 0

δ2 δ1 −(σ + µ) 0

0 γ σ −µ


Consider |J − λI| = 0, we get∣∣∣∣∣∣∣∣∣∣∣∣∣

−βI∗e−µτ

1+α1I∗
− δ2 − µ− λ − βS∗e−µτ

(1+α1I∗)
2 0 0

βI∗e−µτ

1+α1I∗
βS∗e−µτ

(1+α1I∗)
2 − δ1 − µ− γ − λ 0 0

δ2 δ1 −(σ + µ)− λ 0

0 γ σ −µ− λ

∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0

After solving the determinant,

λ1 = −µ < 0, λ2 = −(σ + µ) < 0.

λ2 +B1λ+B0 = 0.
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Where,

B1 =
βI∗e−µτ

1 + α1I∗
− βS∗e−µτ

(1 + α1I∗)
2 + δ1 + 2µ+ γ + δ2.

B0 = (γ + δ1 + µ)

(
βI∗e−µτ

1 + α1I∗
+ δ2 + µ

)
− (δ2 + µ)βS∗

(1 + α1I∗)
2 .

SinceB1,B0 both are positive whenR0 > 1, by the Routh-Hurwitz criteria for second
order polynomial, the system (1) is locally asymptotically stable at ϵ1 whenR0 > 1 as
desired. □

Theorem 5. The system at ϵ0 = (S0, I0, V0, R0) =
(

Λ
δ2+µ , 0, 0, 0

)
is globally

asymptotically stable if R0 < 1.

Proof of Theorem 5. We use a Volterra-type Lyapunov function [29] V: [0,∞) → R

V = S − S0 lnS + I + V +R.

Taking the time derivative of V

V =

(
1− S0

S

)
S + I + V + Ṙ.

By putting the derivative,

V =

(
1− S0

S

)[
Λ− βSIe−µτ

1 + α1I
− (δ2 + µ)S

]
+

[
βSIe−µτ

1 + α1I
− (δ1 + µ+ γ) I

]
+ [δ2S + δ1I − (σ + µ)V ] + [γI + σV − µR],

V =

(
1− S0

S

)[
Λ−

(
βIe−µτ

1 + α1I
+ δ2 + µ

)
S

]
+ (δ1 + µ+ γ)

[
βSe−µτ

(1 + α1I) (δ1 + µ+ γ)
− 1

]
I

− (σ + µ)

[
V − δ2S + δ1I

σ + µ

]
− µ

[
R− γI + σV

µ

]
,

V =

(
S − S0

S

)(
Λ− ΛS

S0

)
+ (δ1 + µ+ γ)

(
βSe−µτ

(1 + α1I) (δ1 + µ+ γ)
− 1

)
I

− (σ + µ)

(
V − δ2S + δ1I

σ + µ

)
− µ

(
R− γI + σV

µ

)
,

V = −Λ (S − S0)
2

SS0
+ (δ1 + µ+ γ)

(
βΛe−µτ

(δ2 + µ) (δ1 + µ+ γ)
− 1

)
I

− (σ + µ)

(
V − δ2S + δ1I

σ + µ

)
− µ

(
R− γI + σV

µ

)
.

So, V̇ ≤ 0 for R0 < 1.
Therefore, the system is globally asymptotically stable at ϵ1. □

Theorem 6. The system at ϵ1 = (S∗, I∗, V ∗, R∗) is globally asymptotically stable if
R0 > 1.

11
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Proof of Theorem 6. To prove this theorem, we consider the previously constructed
Lyapunov function at ϵ1 as:

V = Y1 (S − S∗ lnS) + Y2 (I − I∗ ln I) + Y3 (V − V ∗ lnV ) + Y4 (R−R∗ lnR) ,

Where Y1, Y2, Y3, and Y4 are constants to be determined afterward

V = Y1

(
1− S∗

S

)
S + Y2

(
1− I∗

I

)
I + Y3

(
1− V ∗

V

)
V + Y4

(
1− R∗

R

)
R,

By putting the value of the derivative of the equations

V = Y1

(
1− S∗

S

)(
Λ− βSIe−µτ

1 + α1I
− (δ2 + µ)S

)
+ Y2

(
1− I∗

I

)(
βSIe−µτ

1 + α1I
− (δ1 + µ+ γ) I

)
+ Y3

(
1− V ∗

V

)
(δ2S + δ1I − (σ + µ)V ) + Y4

(
1− R∗

R

)
(γI + σV − µR),

After simplification,

V = Y1 (S − S∗)

(
Λ

S
− βIe−µτ

1 + α1I
− (δ2 + µ)

)
+ Y2(I − I∗)

(
βSe−µτ

1 + α1I
− (δ1 + µ+ γ)

)
+ Y3 (V − V ∗)

(
δ2S

V
+

δ1I

S
− (σ + µ)

)
+ Y4 (R−R∗)

(
γI

R
+

V

R
− µ

)
.

Since,
ϵ1 = (S∗, I∗, V ∗, R∗)

dS∗

dt
=

dI∗

dt
=

dV ∗

dt
=

dR∗

dt
= 0.

Hence,

(δ2 + µ) =
Λ

S
− βIe−µτ

1 + α1I
, (δ1 + µ+ γ) =

βSe−µτ

1 + α1I

(σ + µ) =
δ2S

V
+

δ1I

S
, µ =

γI

R
+

V

R

So,

V = Y1 (S − S∗)

(
Λ

S
− βIe−µτ

1 + α1I
−
(
Λ

S
− βIe−µτ

1 + α1I

))
+ Y2(I − I∗)

(
βSe−µτ

1 + α1I
−
(
βSe−µτ

1 + α1I

))
+ Y3 (V − V ∗)

(
δ2S

V
+

δ1I

S
−
(
δ2S

V
+

δ1I

S

))
+ Y4 (R−R∗)

(
γI

R
+

V

R
−
(
γI

R
+

V

R

))
.

Y1 = Y2 = Y3 = Y4 = 1.

We get, V = −Λ(S−S∗)2

SS∗ ≤ 0, where, R0 > 1.
Consequently, the system is globally asymptotically stable at endemic equilibrium

point ϵ1. □

12

2.5. Sensitivity analysis of parameters
We can calculate the Partial derivative of reproductive number with respect to each

parameter of the model to determine the change in reproductive number is negative or
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positive for each parameter. We are describing the general formula of the sensitivity
analysis and partial derivative of the parameters [30,31].

Sensitivity Analysis =
∂R0

∂P
× P

R0

Positive effect on R0:

∂R0

∂β
=

Λe−µτ

(δ2 + µ) (δ1 + µ+ γ)
> 0 (positive effect)

∂R0

∂Λ
=

βe−µτ

(δ2 + µ) (δ1 + µ+ γ)
> 0 (positive effect)

Negative effect on R0:

∂R0

∂δ1
= − βΛe−µτ

(δ2 + µ) (δ1 + µ+ γ)2
< 0 (negative effect)

∂R0

∂δ2
= − βΛe−µτ

(δ2 + µ)2 (δ1 + µ+ γ)
< 0 (negative effect)

∂R0

∂γ
= − βΛe−µτ

(δ2 + µ) (δ1 + µ+ γ)2
< 0 (negative effect)

∂R0

∂µ
= − βΛe−µτ

(δ2 + µ) (δ1 + µ+ γ)

[
τ +

1

δ2 + µ
+

1

δ1 + µ+ γ

]
< 0 (negative effect)

The bar chart in Figure 2 presents the parameter values.

Figure 2. Parameter values.

This number depicts sensitivity analysis of the basic reproduction number R0 of
the variousmodel parameters. It demonstrates that the δ2 is themost sensitive parameter

13
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(with the index of 5.33), and other parameters (Lambda, mu, and delta_1) have the least
influence.

The effects of the vaccination rate δ1 on the basic reproduction number R0 are
shown in the Figure 3. It is easy to notice that, given the increase of δ1, the reproductive
number decreases monotonously. When the number of δ1 exceeds the susceptible, it
is transformed to the vaccinated group, thus decreasing the infectious rate. As a result,
large enough values of δ1 can ensure the reduction ofR0 < 1, resulting in the effective
elimination of the disease.

Figure 3. Relation between reproductive number and vaccination rate.

Figure 4 demonstrates that the change of Reproductive number with regard to the
recovery rate γ. The higher the value of γ, the faster the infectious persons would
recover resulting in a slow reduction of the Reproductive number. This demonstrates
the fact that increased rates of recovery contribute to the regulation of the spread of
diseases and minimization of epidemics.

Figure 4. Relation between reproductive number and recovery rate.

14
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Figure 5 shows that when the delay rate increases, we can see that the reproductive
number decreases, so disease also decreases in the susceptible population.

Figure 5. Relation between time delay and reproductive number.

In Figure 6 investigate the effect of transmission and recovery rate on the
reproductive number, a three-dimensional graph was generated by changing beta and
gamma while the other parameter was fixed. The delay factor in the model represents
the time delay in infection dynamics. The graph shows a smooth and continuous
surface that describes the mathematical behavior of the reproductive number. As the
transformation rate increases, the reproductive number increases, insinuating a higher
risk of infection spread. On the other hand, the recovery rate increases, and the
reproductive number decreases. Furthermore, the delay factor increases the overall
magnitude of the reproductive number decrease. This behavior suggests that including
delay into the model can effectively reduce the potential for an outbreak.

Figure 6. A 3D graph of reproductive number, Transmission rate and recovery rate.

15
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Figure 7 shows how the reproductive number changes as the transmission rate
increases for different values of susceptible population. If we increase the value of beta
and S, the reproductive number becomes larger.

Figure 7. Relation between R0 and β at different value of S.

In Figure 8, a set of curves was plotted to inspect how the reproductive number
varies with transmission rate beta for different values of the delay factor. The results
show that the reproductive number increases with beta, but its magnitude decreases
as time delays become larger. By using the delay factor, the spread of the disease is
reduced.

Figure 8. Relation between β and R0 at different value of τ .

16
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3. Results

3.1. Numerical simulations
This study examines two finite difference schemes for analyzing the dynamical

behaviors of the system: Euler’s integration and the fourth-order Runge-Kutta
integration (RK-4), in conjunction with the non-standard finite difference approach
(NSFD) for managing such a system.

3.1.1. Forward euler’s scheme

Sn+1 = Sn + h

[
Λ− βSnIne−µτ

1 + α1In
− (δ2 + µ)Sn

]
, (4a)

In+1 = In + h

[
βSnIne−µτ

1 + α1In
− (δ1 + µ+ γ) In

]
, (4b)

V n+1 = V n + h [δ2S
n + δ1I

n − (σ + µ)V n] , (4c)

= Rn + h [γIn + σV n − µRn] . (4d)

3.1.2. Fourth order runge-kutta (RK4) method

k1 == h

[
Λ− βSnIne−µτ

1 + α1In
− (δ2 + µ)Sn

]
,

m1 == h

[
βSnIne−µτ

1 + α1In
− (δ1 + µ+ γ) In

]
,

n1 == h [δ2S
n + δ1I

n − (σ + µ)V n] ,

p1 == h [γIn + σV n − µRn] ,

k2 = h

Λ−
β
(
Sn + k1

2

) (
In + m1

2

)
e−µτ

1 + α1

(
In + m1

2

) − (δ2 + µ)

(
Sn +

k1
2

) ,

m2 = h

β
(
Sn + k1

2

) (
In + m1

2

)
e−µτ

1 + α1

(
In + m1

2

) − (δ1 + µ+ γ)
(
In +

m1

2

) ,

n2 = h

[
δ2

(
Sn +

k1
2

)
+ δ1

(
In +

m1

2

)
− (σ + µ)

(
V n +

n1

2

)]
,

p2 = h
[
γ
(
In +

m1

2

)
+ σ

(
V n +

n1

2

)
− µ

(
Rn +

p1
2

)]
,

k3 = h

Λ−
β
(
Sn + k2

2

) (
In + m2

2

)
e−µτ

1 + α1

(
In + m2

2

) − (δ2 + µ)

(
Sn +

k2
2

) ,

m3 == h

β
(
Sn + k2

2

) (
In + m2

2

)
e−µτ

1 + α1

(
In + m2

2

) − (δ1 + µ+ γ)
(
In +

m2

2

) ,

n3 = h

[
δ2

(
Sn +

k2
2

)
+ δ1

(
In +

m2

2

)
− (σ + µ)

(
V n +

n2

2

)]
,

17
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p3 = h
[
γ
(
In +

m2

2

)
+ σ

(
V n +

n2

2

)
− µ

(
Rn +

p2
2

)]
,

k4 == h

[
Λ− β (Sn + k3) (I

n +m3) e
−µτ

1 + α1 (In +m3)
− (δ2 + µ) (Sn + k3)

]
,

m4 == h

[
β (Sn + k3) (I

n +m3) e
−µτ

1 + α1 (In +m3)
− (δ1 + µ+ γ) (In +m3)

]
,

n4 = h [δ2 (S
n + k3) + δ1 (I

n +m3)− (σ + µ) (V n + n3)] ,

p4 == h [γ (In +m3) + σ (V n + n3)− µ (Rn + p3)] ,

Thus, the ultimate results are,

Sn+1 = Sn +
1

6
[k1 + 2k2 + 2k3 + k4] , (5a)

In+1 = In +
1

6
[m1 + 2m2 + 2m3 +m4] , (5b)

V n+1 = V n +
1

6
[n1 + 2n2 + 2n3 + n4] , (5c)

Rn+1 = Rn +
1

6
[p1 + 2p2 + 2p3 + p4] . (5d)

3.1.3. Non-standard finite difference method

In this part, we will look at the stability of the non-standard finite difference
method of the SIVR model at the disease-free equilibrium point.

Sn+1 =
Sn + hΛ

1 + h (δ2 + µ) + hβIne−µτ

1+α1In

.

In+1 =
In

(1 + h (δ1 + µ+ γ))
+

hβSnIne−µτ

(1 + α1In) (1 + h (δ1 + µ+ γ))
.

V n+1 =
V n + hδ2S

n + hδ1I
n

(1 + hσ + hµ)
.

Rn+1 =
Rn + hγIn + hσV n

(1 + hµ)
.

(6)

3.2. Stability analysis of NSFD scheme
By taking the NSFD equation, and this equation is equal to other variables.

C =
Sn + hΛ

1 + h (δ2 + µ) + hβIne−µτ

1+α1In

D =
In

(1 + h (δ1 + µ+ γ))
+

hβSnIne−µτ

(1 + α1In) (1 + h (δ1 + µ+ γ))

E =
V n + hδ2S

n + hδ1I
n

(1 + hσ + hµ)

F =
Rn + hγIn + hσV n

(1 + hµ)

18
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By taking the partial derivative of C, D, E, and F with respect to model parameter. After
this by putting the value of disease-free point (DFP). we get the matrix J.

J =


1

1+h(δ2+µ) −hβe−µτ (Λ+hΛ(δ2+µ))

(δ2+µ)(1+h(δ2+µ))2
0 0

0 1
1+h(δ1+µ+γ) +

hβΛe−µτ

(δ2+µ)(1+h(δ1+µ+γ)) 0 0
hδ2

1+hσ+hµ
hδ1

1+hσ+hµ
1

1+hσ+hµ 0

0 hγ
1+hµ

hσ
1+hµ

1
1+hµ


For this Jacobi matrix we obtained that all eigen values are less than one so system is
stable.

3.3. Consistency analysis
The consistency analysis of our numerical scheme is conducted using Taylor’s

series expansion. Firstly, we select the Susceptible equation from the numerical
integration model and apply Taylor’s series expansion on Sn+1.

Sn+1 = Sn + h
dS

dt
+

h2

2!

d2S

dt2
+

h3

3!

d3S

dt3
+ . . .

From above equation we get,

Sn+1

(
1 + h (δ2 + µ) +

hβIne−µτ

1 + α1In

)
= Sn + hΛ,

put the value of Sn+1

(
Sn + h

dSn

dt
+

h2

2!

d2Sn

dt2
+

h3

3!

d3Sn

dt3
+ ...

)(
1 + h (δ2 + µ) +

βIne−µτ

1 + α1In

)
= Sn + hΛ,

Sn + Snh (δ2 + µ) + hSn βI
ne−µτ

1 + α1In
+ h

dSn

dt
+ h2

dSn

dt
(δ2 + µ) + h2

dSn

dt

βIne−µτ

1 + α1In

+

(
h2

2!

d2Sn

dt2
+

h3

3!

d3Sn

dt3
+ ...

)(
1 + h (δ2 + µ) +

βIne−µτ

1 + α1In

)
= Sn + hΛ,

After Simplification,

h

(
Sn (δ2 + µ) + Sn βI

ne−µτ

1 + α1In

)
+

dSn

dt
+ h

dSn

dt
(δ2 + µ) + h

dSn

dt

(
βIne−µτ

1 + α1In

)
+

(
h2

2!

d2Sn

dt2
+

h3

3!

d3Sn

dt3
+ ...

)(
1 + h (δ2 + µ) +

βIne−µτ

1 + α1In

)
= hΛ,

After cancellation,(
Sn (δ2 + µ) + Sn βI

ne−µτ

1 + α1In

)
+

dSn

dt
+ h

dSn

dt
(δ2 + µ) + h

dSn

dt

(
βIne−µτ

1 + α1In

)
+

(
h2

2!

d2Sn

dt2
+

h3

3!

d3Sn

dt3
+ ...

)(
1 + h (δ2 + µ) +

βIne−µτ

1 + α1In

)
= Λ,
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By applying h → 0, we get(
Sn (δ2 + µ) + Sn βI

ne−µτ

1 + α1In

)
+

dSn

dt
= Λ,

Rearrange the equation.

dSn

dt
= Λ− Sn (δ2 + µ)− βInSne−µτ

1 + α1In
.

The above equation show that our equation is consistent with the model equation
(1). After that we apply the same process on In+1, we get final equation

dIn

dt
=

βSnIne−µτ

1 + αIn
− (δ1 + µ+ γ) In.

Since the same process apply on V n+1, we get

dV n

dt
= δ2S

n + δ1I
n − (σ + µ)V n.

Since the same process apply on Rn+1, we get

dRn

dt
= γIn + σV n − µRn.

Hence, these equations show that our NSFD scheme is consistent with this system.

3.4. Graphical analysis
This section is devoted for investigating the key properties of the simulated graphs

against the set of parametric values as mentioned in Table 1. Further, these graphs are
plotted at the disease free and endemicpoints.

Case 1(a): First of all, we can compare the Euler method and the NSFD method
at step size h = 2.8 in Figure 9; at that point in disease-free equilibrium, Euler shows
oscillation and NSFD shows convergence. So, we can conclude that NSFD is more
reliable and sufficient as compared to the Euler method. In disease free equilibrium the
reproductive number R0 < 1.

Case 1(b): We can compare the Euler method and the NSFD method at step size
h = 5.5 in Figure 10; at that point in disease-free equilibrium, Euler show divergence,
but NSFD shows convergence. So, we can conclude that NSFD is more reliable and
sufficient as compared to the Euler method. In disease free equilibrium the reproductive
number R0 < 1.

Case 1(c): In the Figure 11 we can again compare the Euler and NSFD methods,
but this time Euler shows divergence at the endemic equilibrium point with a step size
h = 0.3, and NSFD shows convergence at that point. In endemic equilibrium the
reproductive number R0 > 1.
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Figure 9. Comparison of Euler and NSFD at h = 2.8.

Figure 10. Comparison of Euler and NSFD at h = 5.5.
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Figure 11. Comparison of Euler and NSFD at h = 0.3.

Case 2(a): Second, we employed the Runge-Kutta technique at Figure 12;
the simulation of the disease-free equilibrium sites showed oscillations and negative
behavior at step size h = 0.6 and NSFD shows convergence at the disease-free
equilibrium points. In disease-free equilibrium the reproductive numberR0 < 1.

Figure 12. Comparison of Rk4 and NSFD at h = 0.6.

Case 2(b): We employed the Runge-Kutta technique at Figure 13; the simulation
of the disease-free equilibrium sites showed divergence at step size h = 4.4 as shown
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in the figures, but NSFD shows convergence at the disease-free equilibrium points. In
disease-free equilibrium the reproductive numberR0 < 1.

Figure 13. Comparison of Rk4 and NSFD at h = 4.4.

Case 2(c): In this Figure 14 we can compare the Runge-Kutta method and NSFD
method at step size h = 4.4; in the endemic equilibrium at that point Runge-Kutta
shows divergence and NSFD shows convergence and positive behavior. In endemic
equilibrium the reproductive number R0 > 1.

Figure 14. Comparison of Rk4 and NSFD at h = 4.4.
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4. Conclusions

This mathematical research paper offers an accurate and dependable corona virus
pandemic model, followed by numerical findings obtained using a non-standard finite
difference technique. It has been shown that the delay factor has a significant impact
on the spread of coronavirus disease in people. Equilibrium calculations are performed
for the delay pandemic model. The local and global stability of the Disease-Free (DFE)
and Endemic (EE) points are also examined. We verified the model’s uniqueness
and existence, ensuring that it performs reliably and can be trusted for practical or
theoretical purposes. This technique is valuable because the NSFD strategy preserves
the most important features of the coronavirus pandemic scenario. Despite this, our
consistency investigation showed that the method accurately approximates the real
result. Additionally, the fourth-order (RK-4) and Euler methods were used to assess
the NSFD technique. The simulations demonstrate that even at incredibly small step
sizes, both conventional and well-known methods fall short in producing reliable and
accurate results. Consequently, among the conventional finite difference approaches,
the proposed method is one of the best choices. Though, the study is restricted by
the fact that it only incorporates one delay parameter and does not consider the spatial
heterogeneity or stochastic. The model can be expanded to include various delays,
uncertainty, and spatial effects in the future to reflect the dynamics of the epidemic in
the real world.
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