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Abstract: In this work we try to show a martingale solution exists to a stochastic cross-diffusion
population system. The transition rate is superlinear. The diffusion matrix does not satisfy the
local Lipschitz property. Once the diffusion matrix does not satisfy the local Lipschitz property,
we can not apply the existence and uniqueness theorem to derive approximated solutions of this
stochastic population system. We have to regularize the diffusion matrix in order to apply
the existence and uniqueness theorem, and this is the key idea of this work. By applying
the existence and uniqueness theorem, we derive a sequence of approximated solutions. We
rely on the [to formula to estimate approximated solutions. Then we derive the tightness of
the approximated sequence in a topological space, with its limit a martingale solution of a
stochastic cross-diffusion system. The diffusion matrix of this stochastic cross-diffusion system
is a regularization of the original diffusion matrix. The limit of this sequence of regularized
diffusion matrices is the diffusion matrix of the original stochastic population system. We
show that the limit of this sequence of martingale solutions is also the martingale solution of
the original stochastic population system. Nonnegative property for the martingale solution is

proved via a standard Stampacchia-type argument.

Keywords:  martingale solutions; tightness criterion; stochastic superlinear

Shigesada-Kawasaki-Teramoto type population system

1. Introduction

The cross-diffusion system is a powerful tool in describing the motions
of interacting population species. A typical example is the deterministic
Shigesada-Kawasaki-Teramoto population system [1]. Generally transition rates
are nonlinear.

The existence of global weak solutions to deterministic cross-diffusion systems
has been shown in several papers: Shigesada-Kawasaki-Teramoto population
system [2—7], the Maxwell-Stefan type cross-diffusion system [8, 9], the degenerate
cross-diffusion system [10,11]. Those papers mainly adopt a so-called entropy method
with an application of the Aubin-Lions Lemma. In this paper we take the random
factor into consideration.

Let us consider a system of stochastic differential equations, that for

U=(U1, eyl ),

du; —div | Y Aij(@)Vu; | dt =i (wdW;(t) in O,t>0,1<i<n, (1)
j=1

j=1
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and
n
ZAij(u)Vuj cv=0 on 90,t>0, u(0)=u) in O,1<i<n, )
j=1
where O C RY, d < 3 is a bounded domain with Lipschitz boundary. v is an exterior
unit normal vector to O and ! is the initial datum. The concentrations u;(w, 7, t) are
defined on Q x O x [0,T], where w € 2 represents the stochastic factor, x € O the
spatial variable, and ¢ € [0, T'] the time index.
External perturbations or a lack of necessary information motivate the introduction
of noise terms o (u) = (o;;(u)). The diffusion matrix A(u) = (A;;(u)) is
n
Aji(a) = aip + (s + Dagu + Z a;puy, and A;j(u) = sawuZ =, ifi #£ g, 3)

k=1,ki
with a;o > 0, a;z > 0and s > 0.

If s = 2, the existence of a global martingale solution to (1)—(3) has been shown
[12]. We extend the result to the case if 1 < s < 2. We declare in the following
discussion, constants C' > 0 are independent of variables, and their values are subject
to change.

Let (2, F, P) be a probability space with a complete right continuous filtration
F = (Ft)t>0- The space L%(O) comprises of square integrable functions u : O — R,
and for u,v € L*(0), (u,v) = [, uvdz. The space H'(O) comprises of u € L*(0),
and the distributional derivatives Ou/0x1, ..., 0u/0x, belong to L?>(O). Let H be a
Hilbert space, L?($2; H) refers to the space of all H-valued random variables u with
Blull3y = f lu(@)|% Pldw) < oc.

The L%(O) norm of the vector u = (ug,...,u,) is defined as HUH%Q(O) =
o H%Q(O). We fix a Hilbert basis (e, )re v to the space L?(O). For any separable
Hilbert space Y with orthonormal basis (7 )xc v, We denote

o0
L(Y;L*(0)) = {L .Y — L?(0O) linear continuous : Z ||L77k:HL2 < oo}
k=1

as the space of Hilbert-Schmidt operators from Y to L2(0O). The norm of the space is
defined as ”LH2 (Y;L2(0)) Zk 1 HLnkHL2
Let (Bjk)j=1,...nkeN be a sequence of 1ndependent one-dimensional Brownian

motions and for j = 1,...,n,

j(x,t,w) an x) Bk (t, w),

keN

oy (W) dWi(t) = Y off (wedBjn(t), 4)

kN
with o7 (u) = (03 (W)mk, €1) £2(0);
and W = (W7, ..., W,) takes values in another separable Hilbert space Yj that Y C
Yo.

Let us give assumptions on multiplicative noise terms. Noise terms o = 0;;(u)
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are B(L?(0) ® [0,T] ® F; B(L(Y; L*(0))))-measurable and F-adapted. For every
u,ve L%0),1<14,j <n, wehave

lois (W Zy2(0y) < CA+ [ull2(0))s

oij(u) = oi; (V) 2evir20)) < Cllu =Vl 220>

(%)
Z oz (Wl 2viz20)) < Clluillr2o

Let us give the definition of the solution to (1)—(3).

Definition 1. Let T > 0, the system ((7, W, u) is a global martingale solution to
(1-3)if U = (0, F, P, F) is a stochastic basis with filtration F = (ﬁt)te(07T), w
is a cylindrical Wiener process, U(t) = (@ (t), ..., un(t)) is an Fy-adapted stochastic
process for every t € (0,7), and for 1 < i < n,

i € LX(;C°([0,T); L (0))) N LA(Q; L2(0,T; H'(0))).

The law of %;(0) is identical to uY, u satisfies that for every ¢; € H'(O),

<ul() ¢z> = uz ¢z +Z/ le ’Lj )vuj ¢1 dT+ Z/ Uz] j(r)v¢i>'

The topological space CY([0,T]; L?(O)) represents all weakly continuous
functions u : [0,7] — L?(O) such that supy_; 7 [|u(t)]| 12(0) < oo. In Section 5,
several topological spaces will be introduced.

The major assumption is given in (6). There exists a sequence of positive real

numbers 7 = (71, ..., m,) such that
2 n
S ..
A5 = TjQj4, (S + l)an’ > Z E Qij, for every 1 <1i,7 <n. (6)
J=Lj#i

The relation 7;a;; = m;aj; is called the “detailed balance” condition. Assumption
(6) also requires that self-diffusion “dominates” the cross-diffusion factor, which is
called the “weak cross-diffusion” condition. How to show a martingale solution exists
for (ai;) weaker than (6) is a big challenge and remains the central topic for future
investigations.

For each vectoru = (uq, ..., u,), we adopt the notationv = u®, v = (v1,...,v,),

such that v; = uj. The final assumption is given as

24
uw > 0ae. inO, P—as. E|(u’)?2 17 ) < 00, P=E d<3. (7
We notice that in uniform estimates Lemma 5, higher order moment estimates
are required, and assumption (7) plays a major role during estimation. After these

preparations, let us state the main theorem.

Theorem 1. Let T' > 0, and let o = (0;)} ;= with 0yj : L?*(0) x [0,T] x Q —
L(Y; L2(O)). If (5), (6) and (8) hold, 1 < s < 2, then a global martingale solution
exists to (1)—(3), which is non-negative P-as.
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2. Ideas of the proof

We adopt the Galerkin approximation method, by fixing an orthonormal basis
(ex)g>1 of L?(O). For every N € N, the space Hy = span{ey,...,ex} satisfies
Hy C HY(O) N L>=(0). We introduce the projection operator Iy : L?(0) — Hy,
with

N
IIy(v) = Z(V, eiei, veL*O0).
i=1

The existence and uniqueness theorem for a stochastic differential equation has
been applied to derive approximated solutions [12]. This existence and uniqueness
theorem is Theorem 3.1.1 [13], with its original edition [14]. It has also been cited as
Theorem 22 [12]. A key assumption to apply this theorem is the so-called local weak
monotonicity condition.

Once 1 < s < 2, the diffusion matrix does not satisfy the local Lipschitz
property, and we are not able to verify the local weak monotonicity condition, in order
to apply this existence and uniqueness theorem. This is the main difficulty in showing
a martingale solution exists for (1)—(3), if 1 < s < 2.

In this situation, we consider a regularization of the diffusion matrix in (3). Let
us denote x;(K,u) = Lif [u;] > %, and x;(K,u) = Kluj|, if [u;| < £, K €
N. We also denote P = diag(my,...,m,) a diagonal matrix, a = (a1,...,a,), b =

(bij)1<i,j<n» and consider

Pdu = a(K,u)dt + b(u)dW(t), t>0, u;(0)=Hy@d)|, 1<i<n, (®)
where
ai(K,u) = Hydiv (Z miMy; (K, u)vuj> . bii(u) = mllyoi;(u). )
j=1

The diffusion matrix M (K, u) = (M;;(K,u)) is
n

My(Ku) = aio + (s + Dagilus* + Y aglul®, ifi = j,
k=1 ki (10)

Mij(K,u) = 8Q;;Uj - |u]‘|571Xj(K,u), if i # j.
We remark that II (uo) may have no sign, so we instead consider the initial value
u;(0) = |IIx(u?)|, and the Hilbert-Schmidt operator o;;(u), 1 < 4, 5 < n has been
projected. In Lemma 2, we show that M (K,u) = (M;;(K,u)) satisfies the local

Lipschitz property, which allows us to show a unique strong (in the probabilistic sense)
solution u™) (K, t) exists to (8)~(10), i.e.

t t n
rul™ (K, ) = mul™M (0) + / a; (K, u™) (K, r))dr + / S by (M (K, ) dwy (r).
0 053

Ifu™) (K, t) is non-negative P-a.s. then for
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Pdu = d'(K,u)dt + b(w)dW(t), t>0, u;(0)=|yd)], 1<i<n, (11)
where @’ = (df,...,a}),
a;(K,u) = HNdZ"U Zﬂ-iAij(Ka u)Vuj s bij(ll) = WiHNUij(ll), (12)
j=1

and the diffusion matrix A(K,u) = (A4;;(K,u)) is

n
Ajj(K,a) = ajp + (s + 1)azu; + Z a;puy, ifi=j,
k=1 ki (13)

Aij(K, ll) = saijuiu‘;_lxj(K, u)7 if s 7& j7

u® (K, t) is also a strong solution (in the probabilistic sense) to (11)—(13).

In this work, we let N — oo first to derive a sequence of approximated solutions
indexed by K € N. Then we let K — oo, and show that the sequence indexed by
K € N converges to a martingale solution of (1)—(3).

Proving strategies [12,15,16]: Firstly, we prove the existence of a unique strong (in
the probabilistic sense) solution to (8)—(10), by applying the existence and uniqueness
result for a stochastic differential equation. Then by a standard Stampacchia-type
argument [17], we derive that this strong (in the probabilistic sense) solution is
non-negative, P-a.s.

The second step is uniform estimates. Then by some fundamental tools in
stochastic analysis [12, 18-20], we find another sequence possessing same laws to
the existing one, and show that the approximated sequence indeed converges to a
martingale solution of (1)—(3).

In this work, we have shown that once the power of transition rate s satisfies that
1 < s < 2, then a martingale solution exists to (1)—(3). For the general s > 0 case, the
situation might be different.

We rely on Lemma 1 to estimate approximated solutions, and we notice that
Lemmal does not hold if 0 < s < 1.

Though Lemma 1 holds if s > 2, we do not extend the main result to the case
when s > 2 The stochastic Galerkin method can not be applied if the transformation
between variables is nonlinear.

In Lemma 5, we have only considered linear transformations between variables.
Once s > 2, we may not be able to derive strong enough estimations by merely relying

on linear transformations. So we mainly consider the case when 1 < s < 2 in this

paper.

3. Stochastic Galerkin approximation

We first of all consider an important matrix analysis result.

Lemma 1. For everyz = (21,22,...,2n) € R" andu = (uy,ug,...,u,) € R,

there exist constants a1 > 0, ag > 0 such that
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n n n
Z WiMij(K, ll)ZZ'Zj > aq Z Zi2 + o Z |Ul|8222
i,j=1 =1 =1
Proof. We define a matrix M(K,u) = (M;;(K,u)), with M;(K,u) =
2 2
T Dkt i ik Dop g ainlukl® = X op g (%aik|uz'|5 + az‘klwcls),

and ]\_Jij(K,u) = Mij(K, ll) if ¢ 7é ]

By assumption (6), (s + 1)a; > % D k-1, Qik» there exist positive constants
{ﬁi}izl,m’n, such that for every m; > 0, WiMii(K, ll) — WiMu‘(K, ll) > i+ ﬁi|ui|5,
and

n n n n
Z WiMij(K, ll)ZZ'Zj > Z WiMij (K, u)zizj + Z 71'2'(11'02:12 + Z,@Z‘UZ"SZ? (14)

i,j=1 ij=1 i=1 i=1

Provided that szzl 7 M;; (K, u)z;z; > 0, then by (14), we have

n n n
Z WiMij(K, u)zizj > Zmaioziz + Zﬂz\uﬁszf
ij=1 i=1 i=1
choose a1 = min{m;a;p : 1 <i < n}, ag = min{f; : 1 <1i < n}, we can show this
lemma.

We are left to show that >, 7 7 M;;(K,u)z;z; > 0. Once we denote
SMfi(K,u) = azk‘uz‘ + ailug|®, k # 4, then My (K, u) = 371 1,k ME(K, ),
and therefore,

n n n
Z 7TZ‘MZ‘ u)z;zj = Zm i ( )zi2+z Z mMij(K, u)2;2;
ijfl i=1 j=1,j#i
—Z Z (mi M7 (K w) 22 + 7 M (K, u)zi2)
=1 j=1,j#1
n n
:Z Z (WZMJ (K,u)z? + mM;; (K, u)zz;) —i—Z Z mM] K,u)z? 4+ mM;; (K, u)zzj)
i=1 j=1,j<i =1 j= 1,]>’L
n n
= Z Z (i M2 (K u) 22 + mi My (K, u)225) +Z Z (m;M )z]2 + miM;i(K,u)zj2;)
i=1 j:l,j<i i=1 j=1,j<i

—Z Z [mMj (K, w)22 + (mi My (K, w) + 75 M5 (K, w)) 2,2 + 7, M (K, )zﬂ.
=1 j=1,5<1

Let us show that if i # j, either u; # 0 or u; # 0, then m; M7 (K, u)z2 +

(i M (K, u) +m; Mj;(K,u))zz; +7; Mt (K, u)z? > 0, which is equivalent to show
j M 3T Mg J

(i Mij (K, ) + 73 M (K, w))? < A ME(K, w)m; ML (K, ). (15)
We notice that

WiMij(K, ll) + Wiji(K, ll) = smaij(ui\uj\s_lxj(K, ll) + uj|ui]s_1Xi(K, u)),
since it |* a5 (K w)x (K, w) < ugl®lug)®, so

6
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(M (K, w) + 7 My (K w))? < mjag; (5% g 7203 + 257 ug]*|ug|* + s7uf|u;*72).

Also,
vl 7 2 2 2 s* 2
e W A ) = 2y (2 + (5 +4) Tt + ).
So long as

|Ui‘28 + |Uj’28 _ |ui‘25—2u? _ u?|uj|25—2 — (|ui|28_2 o |uj|28_2)(u? _ u?)’

s > 1, thus
o2 g 2 o220 = g2 > 0,
S0

82’71,1“25 + 82”U,j’25 Z 82’ui’25—2ug + SQU?‘uj‘Qs—Q_

The fact that $% + 4 > 2s? indicates (% + 4) lujui|® > 28%|u;u |, and we
conclude that (15) holds. If ¢ # j,u; = uj; = 0, then

ﬁlMZJZ(K, ll)ZZ2 + (ﬂ'z'Mij(K, ll) + ﬂij,’(K, u))zizj + FjM;j(K, ll)Z]z =0,

and we have shown the lemma. O

Lemma 2. The diffusion matrix M (K, ) in (10) satisfies that for every K € N, y,z €
R",y,z € Hy and ||yHHN7 HZHHN <R,

IM(K,y) — M(K,2)|[12(0) < Clly — 2l 12(0) (16)

with C' > 0 independent of 'y, z.

Proof. We notice that if ||y|| s, ||z]| Hy < R, then forae. z € O, |y, |z:| < C. We
have

n
My(K,y) — Myj(K,z) = (s + Da(|uil* — |zi°) + Y aw(uel® = 2l*), i=j,
k=1,k#i

M;j(K,y) — M;ij(K,z) = sai;(yily;|* " x5 (K, y) — 2il2]" x; (K, 2))
= sai;(yi — 20)[y;I* G (KL y) + saii (Jy;1* 7 G (KL y) = 125177 (K, 2)z, i # 5.
The key factor in the proof is to show that

|y 1* G (KL y) — 125 G (K, 2)| < Cly; — 24,

with C' > 0 independent of y,z. We observe that |y;|*1x;(K,y) — |2;|* " 1x;(K, z)
can be divided into four cases: x;(K,y) = 0 or x;(K,y) = 1; x;(K,z) = 0 or
X;j(K,z) = 1. Let us present the key computation for each case.
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(i) If = < |yj|, |2j] < C, there exists pj, with
1
K

such that

< minfy;l, 2]} < p; < max{ly;l, |2} < C,

i 1P IxG y) — 1251 G (K 2)| = ||y 15 = 127 = (s — 1)

5 2yl = |zi])| < Cly; — 2.

(i) If |y;|, |2j| < #. there exists (;, with

1
0 < ¢; < max{|y;l, |2} < 17a

such that
|y X (K, y) = |25 G (K, 2)| = K |lysl° — 1250 = Ks | (lyi] = [25])| < Clyj — 2.

(i) If|y;| < %, % < |2j| < C, then we have

2K |y;|* < |25 (K] + 1),

Then

2K Jy; |25 "7 (K |25] = 1) < |22 (K32 - 1),

Thus

K2’yj’25 —2K’yj’s’2j’s_1 + ‘Zj’%_z S KZ‘ysz —2K2‘yj‘s‘2j‘s —i—Kz‘Zj’QS.

There exists «;, with 0 < x; < C, such that
i 15 =1z515 =[5~ (ly5] = 125D [<Cly; =24,
And

| s

i 1" G (KL y) = 125G (K, 2)| = | Kys1* — 125177 < Ky |° = |251°] < Cly; — 1.

Combining these computations, we derive that

Ny I* G (K y) — 1251 G (K, 2)| < Cly; — ).

We notice that actually there exists another case: |zj| < %, = < |y;| < C.Its
discussion is completely identical to (iii), and we omit it.

For every |y;|, |zi| < C, there exists \;, with 0 < \; < C, that

yal® = 12l°1 = s |X7 (lwil = |ziD)] < Cllwil = |=il] < Clys — =il

which follows if 1=7,
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1M (K, y) = M (K, 2)]32(0)

2
n
= (s + Daiglyl* = 121+ D> awllywl® — 12]*)
k=1,k#1 L2(0)
n (17)
< C | Myl = l2il° 720y + yel® = 1261117 20
k=1,ki

<CY yi = zill7z(0) = Clly = 2l72(0)
and if ¢ 75 j9 since |XJ( 7y)’ < ]' then H|y]|8 ! ( 7y)||L°° < C and

1M (K. y) = Mij (K, 2) [ 72(0)
< O (yi — 20)ly 1"~ (K y) + (s I g (B y) = L2557 g (K, Z))Zz'Hiz
<C (H(yi — 2|31 G W) [0y + 1931 (K y) = [5G (K, 2) 24 O))

(18)
s— s— 2
< Ol Ky — |5l G (K. 2) o il 3o

s— 2 -
O 13X ) [ ) 19— 2020y < €S i = 2ill3a(0) = ClY — 2320
=1

By (17)—(18), we can show that (16) holds and we finish the proof of this lemma.
O]

After we have shown the preparation Lemma 2, we apply the existence and

uniqueness result in Lemma 3.

Lemma 3. For every T' > 0, there exists a unique strong (in the probabilistic sense)
solution u™) (K t) € Hy, 0 < t < T to (8)—(10), P-a.s.

Proof. Let R > 0,7 > 0, w € Qandlety = (y1,...,yn) € R", 2= (21,...,2,) €
R™y,z € Hywith ||ly| uy, ||z]| gy < R.ByLemmal, PM(K,y),y € R"is positive
semi-definite.

Norms are equivalent in finite dimensional spaces, so ||V (y; — 2i)||L2(0) < Ilyi —

zillm 0y < Cllyi — zilluy < Clly — z|| ). By Lemma 2, we derive that

(a(K,y) — a(K,z),y Z/m (K Y)YV (yi — 2) - Vyj — zj) d

3,j=1

* Z/m ij (K, 2) — My (K,y))V(yi — z) - Vzj d

,Jl

<C Z M5 (K,y) — Mij (K, 2)|| 20y IV (yi — 2i) | 20y IV 2 | L= (0)
ij—1

n
<O llyi = =il < Clly -2l
=1

and [b(y) — b(2) |2y 1., < Cllo®) = 0@ ys1,) < Clly — 2l For the weak
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coercivity condition, we take y € Hy with ||y|| g, < R, and

(a(B,y),y) + 16 Z vy Z/m i (K Y)Vyi - Vyj de + |[Po(¥)Zvmy) < OO+ yllz,).
i,7=1

The existence and uniqueness result in Theorem 3.1.1 [13] indicates that for every
N € N, a unique strong (in the probabilistic sense) solution u™¥) (K, t) to (8)~(10)

exists. O

The proof of Lemma 4 [12, 17]: We replace the diffusion matrix M (K,u) =
(M;;(K,u)) in (10) by

n

MJ(K,“)Zaio+(s+1)aii|ui|s+ Z aiklug®, ifi=j,

k=1 ki (19)
M (K ) = saggui” - [us|*x; (K, w), ifi £ j,
where 2T = max{0, z} is the positive part of 2 € R. Rest procedures for this

Stampacchia truncation method [17] and Section 2.6. [12].

Lemma 4. Forevery 1l < i < n, ul(N)(K, t) > 0in O, forae. t € [0,T], P-a.s.
u® (K, t) is also a strong (in the probabilistic sense) solution to (11)—(13).
Proof. The idea of proof is to approximate the function f(z) = 2= =
max{0,—z},z € R, then we use the It6 formula. We define as in Section 2.4.
[17] the following functions:

fore > 0,

and

and

fe(z) =0, ifz>0.

Then f. has at most linear growth, i.e. |f.(z)| < C|z| for every z € R. f! and
Ve = fof! + (f’)2 are bounded in R.

We set F.( fo f-(v(z))?dz, for square-integrable functions v : O — R.
We replace dlffuswn coefﬁ01ents M;;(K, u)) by modified coefficients in (19). We
observe that generally, M;r( u) # M;;(K,u), butifu; > 0 forevery 1 <i < n,
then we obtain that M;T(K, u) = M;;(K,u).

By the It6 formula, we have
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F (™M (K, 1)) = F.(u!™(0))
Lo /O /O F ™) £ )Ty ;amu(m) da dVV; ()

t n
—2 / / e (™) S 0t (5, a ™)Vl vl e dr (20)
0o JO j=1

//ZZ Zws () ekelagk(u(N))U;?l(u(N))dxdr

j=1k,l=1m=1
N N N N
= Is(,O) + Ié,l) + Iég) + 16(,3)7
with notations in [ 5(1;[) refer to (4).

Let us show that the integral I, ( 2) is non-positive. Indeed, we write

:_2//1/;5 YA ™) vul™) 2d dr

- 2/ / Ye(u M{;(K,u(N))Vuz(.N) -Vug-N)d:c dr.
3752
We notice that the second term on the right-hand-side of (21) vanishes since
ws(u(N)) = 0if uEN) > 0, and MJ(K,u(N)) = 0if uz(-N) < 0. The first term on

7

e2y)

the right-hand-side of (21) is non-positive, which follows that I 6(];[) < 0. Let us take

expected values in (20), the stochastic integral term vanishes, and

EF&(“EN)(K t)) < EF(u N +E/ / Z Z Z@Z)E N Jexeors (u(N))UZLl(u(N))dxdr. (22)

j=1k,l=1m=1

It is shown in Section 3.4. [17] that as ¢ — 0, P-a.s.

< (K»)HEH( MK D) 220y EF=(u™(0)) — Ell(i™ (0))7 (1220
n N

Z Z- ekelam"”(u(N))aZﬂ(u(N))dxdr
j=1kJl=1m=1

1
t n N oo
—>E/0 /OZ Z Z ekelgg‘k(_(u(N))*)o.Zle(_(u(N))f)dmdr.

j=1k,l=1m=1

Ase — 01in (22), we have
El|(ut™ (K, 1)) 7|22 0)
N n N 0o
< EJ|(uf™(0)) 7|22 )+E/ /OZZ > epero (=) )t (— ()7 da dr o)
< B (™ (0)) a0y + E /0 3 o)) ey gz dr

The first term on the right-hand-side of (23) vanishes since uEN) (0) = |TIn(ud)| >

0. For the second term, by assumption (5), we derive that

11
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E)l (™ (K, )" |22(0) < CE / N (K, 1) 220y dr

The Gronwall lemma implies that E||(u§N) (K, t))_||%2(0) =0fort € (0,7).
Then forevery 1 < i < n, uz(-N)(K, t) > 0in O, P-as. fora.e. t € [0,77], and we have
shown this lemma. O

4. Energy estimates of u™(K,r)

Lemma 5. For every T’ > 0, there exists a constant C' > 0, which does not depend on

N, such that
supy i E (supye o 7 [ (K D30 ) < € (24)
r N 2

SupNeNE </O ||vu( )(K77")||L2(O)dr> S C, (25)

r N
sup yery < /0 IV (™K, r))SH%z(o)dr) <C, (26)

r N
upyen E ( JRICRS r>>sui2(0)dr) <c. @7)

Proof. Let us apply the It formula [21,22] to the process X(¢) = u™) (K, t), P =

diag(7Z,. ) t € [0,7T], and
1,1
*HPQ“(N)(KJ)HE - *”HN PQ“ HL2((9) / Ty (P M(K, T)))“%(Y;LQ((’)))dr
+ Z / (M div(m A (K, 0™ (K, ) Vul™ (5, 7)), o™ (K, r) ) dr
,j=1
+ Z/ (T (mwiors; (™) (K, 7)) AW (), ul™ (K 7).
i,7=1

which implies that
Ly ply) 2
SRR (K D22 ) — ST (Pou0) 2 0

1 [t 1
_/ HHN(Pza(u(N)(Ka7")))||%(Y;L2(O))dr

- Zl / mi Ay (K, u™ (K, r) Val M (K, ), Vul™ (K, ) dr @8
?.]
@)
Py / ri055 (w) (K, ) dW () ul ™) (K, ),
i,j=1

By Lemma 1, if for every 1 < i < n, u; is non-negative, then for z;, z; € R, there

12
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exist constants cv; > 0, ag > 0, such that

n

n n

2 2

E miAij (K, u)zizj = g M (K, u)ziz; > oy E zi + oo E ugzy
i=1 i=1

t,5=1 ,j=1

We have shown that forevery 1 < i < n,N € N, uEN)(K,t) is non-negative
P-as. thus

S (i (K, a ™ (K, )Vl (K, ), vul™ (5, 7))

1,7=1

20412/ |VUZ(N)(K,T)|2d.’B+OZQZ/ M (K ) vl (K ) Pda
=170 i=170

> 01 [Va™N (K, 1) |32 0) + 02|V (@) (7)) 5

(0)

Therefore, we have

s+2
SIPR (K, 1)) + o / I (K, 1) |2 0 + a2 / IV (5, 1) 220

1 1
§HP2“ 720y + 2/0 1P20 (™ (K, 1)) 2,120y dr (29)
n t
30 [ im0, 0, ),
ij=1"0

and for the second term on the right-hand-side of (29), by assumption (5),

1 t 1 T
For the third term on the right-hand-side of (29), the process

n

IIOEDY / mioy (U )W (), u M (K ), e (0,7,
0

ij=1
is an Fi-martingale. By the Burkholder-Davis-Gundy inequality, if we denote
(nN)(T)) as the quadratic variation of ;(¥)(T'), then

B (swpocer 0)1) < OB (D)),

which follows that

n t
E( sup | - /0 (w01 (W) (K, r))dW; (r), “V)(K,r»)

te[0,T7 |; =1

< CE Z / ( / o5 (u >(K,r))u§N)(K,r)dx>2dr>

NG

i,7=1

2 2

< CE Z / ( / o (u >(K,r))u§N)(K,r)dx) dr

i,j=1
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S

<CE(/0T (/O;:lo?j(u(m( ) (/Z ) Qd:g)d)

T 2
. ( / ||u<N><K,r>uiz(0)na<u<N><K,r>>||3;(y;p(0))dr> -

For every €9 > 0, by assumption (5), we have

|

T 2
< CE ( | W oo™ <K,r>>ui(y;mo»)

<0E((suptm ™ <Kt>||L2<o)5</OT<1+uu () o >))

C T
< Ceal (suprecom I (KDl + o (THE [ () Eor).

By (29)—(30), for every ¢g > 0,and ¢ € [0, T,

n

> /0 (mioij (u™) (K, 7)) AWy (r), ™ (K, 1)

ij=1

E (Supte(O,T)

=

(30)

L t
%E <Supte[o,T] IPzu™(K, t)”%?(@) + alE/O \\V“(N)(K7T)|’%2(O)dr
t s+2
—|—a2E/ HV(u(N)(K,T))THQm(O)dT
T
< LE|PHu L, o) + CE / (1 + 0™ (K, 1) |22 )
+ O (supyeip W) (D) o)) + (T+E / "), )2 dr)
; ’ 4e 0 ’ (0)
1 T
<C+C <1+4€0> IE/ [u™) (K, 7)|[72(0)dr + CeoE (SuPte[OT [u™ (K, 1|7 0))

thus we conclude that there exist a; > 0, ag > 0, g > 0, that

t
s (supicio) [0 (K. 0)) + B | IV0 (K)o

t
+ sk [T ) oy
0

1 T
e (= L A C R T A
0

460
+ CeoR (supte[o 7] [u™ (K, t)HLz(O )

Let us choose this g¢ such that C'eg < «s, then for some positive constants

Co, Cl, 1,2, 3, WE have

t
08 (o 10 (< DlEae)) + o [ 190 (K ) oy
(€2))
t T
n agE/O IV () (7)) 5|20y dr < Co + ClE/O (Supre[o,r] lu™ (K, T)H%z@)) dr,

14



Advances in Differential Equations and Control Processes 2025, 32(4), 3674.

and by the Gronwall lemma,

C CiT &r
B (s I (Dl 0)) < S0 (14 0. ()

with all constants Cj, C1, a1, g, a3 independent of N. Then we have shown (24). By
(24) and (31), we can show that (25) holds, and

T
s+2
supyen E ( /0 IV @™ (&, )

In order to show (26), we notice that since 1 < s < 2, then

(O)dr> <C. (33)

T T
S s+2
/O IV (@M (K, 7)) 1720y dr < / IV (K, 7) |72 (0ydr + / IV (™M (K, )"

which follows (combining 33)

(O)dr,

T T
Sup e E ( /0 VN (K, r))8||§2(o)dr> < supyey E ( /0 |Vu®) (K,T)H;(O)Ch«)

T &
+supyen E (/ V™ (K, 7’))&gz ) <C,
0

and we have shown that (26) holds.
In order to show (27), still relying on 1 < s < 2, then by (24), we have

supver E (suprco.r) 10 (K 1) 220 ) < C. (34)

We also need a higher order moment estimate, which is (35). The proof of (35) can
be referred to Lemma 6 [12]. Letp = ;2% and by assumption (7), E[| (u” )2 ||L2(O < 00,
then

supyver E (supye(or) 10 (K 1) 72 ) ) < C. (35)

Let us choose 6 = by the Gagliardo-Nirenberg inequality,

d+2’
T N 3
B [ 1) oy dr
0
T
< CE [ IV (K.r) B ) )

ZCE/THV(U( (K,7))° IId+2 (™ (K, 7))* Hd+2
o L2(0) L1(0)"

r s T S 2
< ([ 196 o) (] ||<u<N><K,r>>zu‘z2<o>dr> ,
0 0

and [ [ (@) (K, 7)5 420y dr < Tsupyeory 10 (K1) |2 . thus
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T
E /O J@) (1) [y

d

N N - T N ) d+2
< COTa2E (Supte(O,T) 1w )(K7t))§HL2(O)> (/0 IV (ul )(K’T))S”LQ(O)dr)

< o773 (Esup o) (0 <Kt>>%||i2<0))dig( / 9N By )

<C.
By (26) and (36), we derive that
r N 2
supres B [ 1) s oy < C.
Since d < 3, we deduce that
T N T
B[ I ) Ioydr < CE [ 10,0 o () () [Ty

T
scra(suptem IO, [ 1) )

4—d
s 0I=d 20+d
<C <E (Supte(O,T) H(U(N)(Kv t))? H;Elo)))

T N 9 2(237-741)
(E | 1w ><K,r>>8HH1(O>dT) ,

by (35) and (37), we conclude that

T
E/ ™ (K, 7)) 32y < C,
0

and we have shown the lemma.

5. Existence of a martingale solution proof

We introduce those topological spaces [12]:

Zp = C°([0,T]; H*(0)') N L2(0,T; H'(0)) N L*(0,T; L*(0)) N C°([0,T7]; LZ,(0)),

(36)

(37

endowed with the topology 7', with 7" the maximum one of above topological spaces.

In Lemma 6, we show that the approximated sequence is tight in Z7. Details for
the compactness criterion [15,16,23,24]. Theorem 10 [12] provides criterions for the

tightness of approximated sequence (u™) (K, t)) yer in Z7, and we have verified two

of those criterions in Lemma 5, which are

T
supyen E (SuPte(o,T) lu™(K, t)H%?(o)) <C, supyenE (/0 lu (K, t)HHl ) <C.

By the fact that embeddings H3(O) < HY(O) < L?*(O) are dense and
continuous and the embedding H*(O) < L?(O) is compact when d < 3, it remains
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to show that (u™) (K, t)) ye satisfies the Aldous condition in H3(O)’.

For a detailed explanation of the Aldous condition, please refer to Definition 3 [12].
Let (Xn)nen be a sequence of stochastic processes on a complete separable metric
space $S$ defined on the probability space (2, F, P), with filtration ' = (F})¢cpo,7)-
We say that (X ) yen satisfies the Aldous condition if and only if for every € > 0, there
exists k > 0, such that for every § > 0 and each sequence (7x)nyen of F-stopping
times with 7y < T, it holds that

Sup v en SUPg<p<s P{d(Xn (v + 0), Xn (7)) 2 £} <e.

In Lemma 6, we choose d(Xn(7ny + 0), Xn(7n)) = || Xn(Tny + 0) —

XN(TN) | 3oy With Xn () = uN) (K, t), and try to show that

SUP N ey SUPg<p<5 P (H“ (K, v+ 0) — u™ (K, 73) | s o0y > H) <e.

Lemma 6. Let us denote the law of u'N)(K,t) as L(uN) (K, t)), then the set of
measures {L(wW) (K t)) : N € N} is tight on (Zr, T).

Proof. Lett € (0,T) and ¢; € H3(O), then
(™ (K1), ) = (Tn(u?), 6:) Z / i3 (K u ™ (1) Vul™ (K ), VT, dr
+ Z /0 (M (o3 (™ (5, 1)) dW; (), 61) = S + T (@) + T8V (2).
j=1

If we denote I; = {w €N:0< f(;[ [(uN) (K, 7)) ||L2(O dr < 1}, with the
complement of I; given by I = {w eQ: fOT |(uN) (K, 7)) 13, oydr > 1} Then

2
T 3
E (1™ (K, 0))* 25012000 ) = E ( /0 ICRREs 7">>8H%2<o>d7“)

— /IIUIIC (/OT ™) (K, 7“))5||i2(0)d7“> ' P(dw)

T
S1HE [ @) a0 < C.
0
By the H\" older inequality, we have

2
(B (1™, 0) | 072200 VUK )l 20 722009 ))

<E (@™ (K. 0)* 250 11209 ) E (I9E 0200 11200
T
< CE / IV (K, 1) 2 0 dr

Using the continuous embedding of H3(0) — W1*(0), when d < 3, let us
consider integrals with 0 < 6 < 1. Let us denote X(ry ry+40)(t) = 1,if Ty < ¢ <
7N + 0, and otherwise, X (7 -y +6)(t) = 0, we observe that

17



Advances in Differential Equations and Control Processes 2025, 32(4), 3674.

TN +60
/ L[| (@™ (K, 1))°[| 20y [ Vo™ (K, ) 20y dr

TN
T
:/0 X e 10) (MY (K 7)* | 220 VU (K, ) | 220

< X (w40 (M) L8 (0,1 [(u™)(K, t))s||L3(O,T;L2(O))||Vu(N)(K7 Ol z2(0,1:02(0))
= 1Ll 26 ((ry e 200 WD (K )% 130722 00y I VU (B ) | 20,722 0
< 05 || (u™ (K, 1))° 2307220 IVU™N (K, )| 120,702 (0)).

and for JfN) (t),if i = j,

TN +0 N
Bl [ Ay (0 )Vl (), VLo
Ny
TN+0 N
<B [ AN ) a0) | Tu ) () 0y IVl 0
TN
TN +0
<CE [ (@ @) o) [0 ) 20y 6450
N
1 1 s
< CE ((0% + 03 11(a™ (K, )" | 307200 I VW (K Dl 20 73220y ) - 191 10
1 4 (N) 5|3 2 g (N) 2 :
<0308 [E( [ 160y o) | - (B [ 19680 oy
1
+ORE VU (K, 1) | 20 12200y | - [93lm30) < COF|194ll s o)
ifi # J,
TN +0

E (A (K, u™ (K, ) Val™ (K, ), VIyo:)dr

TN+0

< CE / / ud™ (K, ) (S (5, 7))~ (B u ) (K 1)) V™ (K 1) V| daedr
TN+0

< CE / / ud™ (K, )V (™) (K, 1))V | devdr

N
< CE/ ||“( (K, 7)| 2 O)||V( J(K,r))* I 22(0) IV il Lo (0y dr
TN

TN +0 % T~ +0
<cmd ([ o ) ([ 1) oytr
TN ™N

} @ill 30y
TN+9

1
1 1 2
< COIE { (suprctom 6. O) - ([ 19 o) } il

NG

N

=

1 2
< 0% (B [0 K, o) - (B / VN0 xordr) oo
< C%H@Hm(oy

If we denote I = {w €eQ:0< f ™ (K, 3, 0)dr < 1}, and I§ =
{w € f) [u (K, 7)o dr > 1} then
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T 3
E </ ”u(N)(K,r)@z(o)dr)
0

2
T 3 T
:/ </ ”“(N“K’T)”ia(wd’“) P(dw) <1+ E / [ (E,7)ll}2 0y dr < C.
LUIs \Jo B

For JQ(N) (t), we have

™~ +6 N 2
E <HN(0'1]( ( )(K’T)))dW](T)’¢1>
< HU wM(K, 7"))||L(Y L2(0 )dr> ”@”LQ(O)
TN+9 9
< CE ( [ Ol ) N6ilZa0
—cC <9+E/ Xry e +0) [0 (K, 7 [ 72 0) ) N9illz20)
<

<C

T 3
C<9+E><TN,TN+9 L3 (0,1 (/0 IIH(N’(K,T)II%(O)dr) ill 720
3
<6+ Hu (K, 120 ) Nill20) < COF ills o)

Let s > 0, € > 0, by the Chebyshev inequality, for every ¢;, with ||| 30y = 1,

1
N COs
{17 x +0) = I ) laoy 2 5} < BTN (0 +6) = IV () llscoy < ©
choose 67 = (ke/C)%, we infer that
N N
supyve SUPocgs, P {17 (v +0) = IV () ooy = 1} <o
Still applying the Chebyshev inequality,
(N) (V) L (V) (|12 cos
P LI o +0) = I8 ) lsioy = ) < g BIY (o4 0) = IV (on) oy < o

choose 62 = (k2¢/C)3, we infer that

N N
sup e SUPocgs, P {15 (v +0) = S () ooy = 1} <o

This verifies the Aldous condition for Jl(N) (t) and JQ(N) (t). Then we have shown

that the set of measures {L(u™) (K ,t)) : N € N} is tight on (Z7,T). O

The Lemma 12 [12] has shown that Z7 x C°([0,T]; Yy) satisfies the assumption
for Skorokhod-Jakubowski theorem, and we have shown that u™) s tight in Z7 in
Lemma 6. (Theorem 23 [12], Theorem C.1 [16,20]).

By the Skorokhod-Jakubowski theorem, we can find a probability space
e~ (K) _
(2, F, P), and on this space Zr x CY([0, T); Yp)-valued random variables ( u , W),



Advances in Differential Equations and Control Processes 2025, 32(4), 3674.

(NV) () (N) (NV)
(u (K,t), W) that (u (K,t), W) has the same law as (u™(K,t),W) on

B(Zr x C°([0,T);Yp)), and

() (N) (K) -
(u (K,t), W)= (a,W) inZpr x C%[0,T);Yp), P-as.as N — oo.

By the definition of Z7, we have

() (K)

u (K,t) = u inC([0,T]; H*(O)'),

(V) (K)

u (K,t) — u weakly in L?(0,T; H'(0)),
(N) (K)

u (K,t) » u inC%([0,T]; L,(0)),

() (K)

u (K,t) — u in L*(0,T; L*(0)),

()

W — W in C°([0, T]; Yp).

We have shown that uEN)

(x,t) € O x (0,T), ﬂEN) (K,t) is non-negative, P-a.s. with its limit EZ(K) (x,t) >0,
P-as. forevery 1 <i <n.

(K, t) is non-negative, P-a.s. Let us show that for a.e.

Lemma 7. Foreveryl <i<n, ﬂEK) (2,t) > 0in O, ae. t €[0,T), P-as.

Proof. Let us denote Q7 = O x (0,7),and 1 < i < n. Since uZ(N)(K,t) > 0in Qr,
P-as. we have EH(uZ(.N)(K, )~ llz2(0,7522(0)) = 0, where 2~ = max{0, —z}. The
gN) (K, t) and its negative part are Zp-Borel measurable. By the equivalence
MK, t) and 7V V) and it

(K,t)and ﬂEN) (K, t), respectively, then

function u

of laws of u (K,t)in Zp, once we denote i, ’ and jz;’ as the laws

(N)

ofuz-
=i ~(N _ _ ~(N
BN (K, 0) l20p) = / ly 2 i0m @™ @)
L2(Qr)
_ N N _
- / 1 lz2i0mdi™ () = B @™ (K, 0) | z20r) = 0.
L2(Qr)

This implies that @Y (K,t) > 0 a.e. in Qr, P-as. The convergence (up to a
(N) (K) -
subsequence) u (K,t) — u a.. in Qp, P-a.s. then indicates that ﬁfv > 0in Qp,

P-as. O

In Lemma 11, a similar though more complicated (as the index K is involved)

proof will be discussed in detail. This allows us to state Lemma 8 without proof.

Lemma 8. For every r,t € (0,T) withr < t, ¢; € L*(O) and ¢; € H3(O) satisfying
Vo¢; - v =0o0n00, we have

20
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JJEI;OE/ T (0),8:) 0y dt = 0,
~ 2
lim E < ) —0,
L N N (K)

J\}gnooE/ Z/ i ( (K,r))Vu; (K,r) — A (K, u )Vu ,Voi)dr|d

2
n,ot (™) P (K) —
lim E/ Z/ oi(u (K,7))dW; (r) —oij(u (r))dW(r), ¢, dt = 0.
N—oo = 1 0 J L2(O)

We consider the stochastic partial differential equations, that foru = (uq, ...

duidiv(ZA (K, u Vu]) Zaw J(t) in0O,t>0,1<i<n,

With

ZAij(K,u)Vuj cv=0 ond0O, t>0, u;(0)=u) inO,1<i<n,
j=1

and derive Lemma 9.
(K)
Lemma9. u (t) satisfies for every ¢; € HY(0), 1 <i < n,

K) -

(
@ (1), ¢) = (@:(0), 6) +Z / (div(Ag (K, & ()i (), g

n i (K) -
s /0 o W ()W (r), 1),

j=1

Proof. Let us define
o, & ™) noqt (N) .
A7 (u, W) () = (u; (0),04) + <Z/o Hyoij( ° (K,r)dWY (r), ¢:)

J=1
n

t ™) _
+)° /0 (Mydiv(Ayj (K, W (K,7)Vay (K,7)), ¢:)dr
j=1

(K) _ noogt (K) —
AP W, o) (1) = (@(0), ¢:) + (Z/O oi( W (r)dW(r), ¢i)

o ©
+3° [divt a5, )V (), 6,
j=1""9

fort € (0,7)and 1 <i < n.

21
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(40)
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Since for every ¢, € L?(0), we have

T
H<a£V<K’t)7$z> - <ﬁzK(t)7$i>HL2(§X(O7T)) = E/O <a£V<K7t) - ﬂiK(t)a¢i>2dtv

then by Lemma 8, we can show that

. ~N ~K (1 T _
A}gnoo [(u;" (K, t) — g (1), ¢1>HL2(§X(0,T)) =0.
For every ¢ € H?3(O) satisfying V¢ - v = 0 on O, we have

w0 D ),
HAz ( u 7W7¢) —A; ( u, W, ¢)HL1(§X(0,T))

)

(T (N) _ (K) _ (T
=E/ AN CE WY ) - AR (T W, g)dt < E/ @ (0) — @(0), o)t
0 0 ?

el _ ® @1
" E/o Z/o {osg (W (K, T))dWJN(T) — o (u (r)dW;(r), ¢i)| dt
~ (T 1t (N) (K)
+ B / 3 / (A (K, B (K, r)Val (K, r) — Ay(K, & (1)Vak (r), Vé:dr| dt,
0 |57 /o

and Lemma 8 indicates that each term in the right-hand-side of (41) vanishes, as N —

00, thus

(V) (V) (K)

: (N) E)d W =
Jim AN (T, W, 0) = AT W)l o) = O
u® (K, t) is the strong solution (in the probabilistic sense) to (11)—(13). By the
definition, u™) (K, t) satisfies <u(N) (K, t),0;) = AgN) (u™), W, ¢)(t), P-as. for

2

every t € (0,T), ¢ € H(O). In particular, we have

T
| I, 0,00 = A WO, W) 0t = 0
0

) ()
Since L(uY), W) coincides with L( u , W), we have

T N A @) (N)
/ Bl@™ 1, t),60) — AN (@, W, ) (t)|dt =0, 1<i<n.
0

- (K) _
Let N — oo, then fOTE]@Z-K(t),qSi) - AEK)( u,W,¢)(t)|dt = 0, for every

¢ € H3(O) satisfying V¢ - v = 0 on 0. By the density argument, it holds for
every ¢ € H'(O). Then forae. t € [0,T],w € Q, we deduce that (7 (t), ¢;) —

(K) _
AZ(K)( u,W,¢)(t) = 0,1 < i < n.By the definition of AEK), we conclude that for

ae te[0,T),we Q, (40) holds, then we complete the proof. O
(K) (K)
Let us focus on u (t). We try to show that { u ()} xen is tightin (Zp, T'), then
(K)

to show the limit of w (¢) is a martingale solution of (1)—(3), as K — oc.
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(K)
We mention that the tightness proof for wu (¢) with respectto KX € N is similar to
\p)
the proof when tightness of u (K, t) with respect to N € N being shown, so we are

allowed to give a brief proof to Lemma 10.

Lemma 10. (i) For every T > 0, there exists a constant C' > 0, which does not
depend on K, such that

_ (K)
supKeNE< sup || u (t)||i2(o)> <C,

t€(0,77]
~ T (K) )
supKENE /0 ||V u (T)HL2(O)dr < C,
~ T (K) )
supen B ( [ 1908 0 ooy ) <

(T
supen B ([ 108 ) Loy ) <

(K) (K) (K)
(ii) Letus denote the law of u (¢) as L( u ), then the set of measures {L( u ) : K €

N} istighton (Z7,T).

Proof. Let us choose ¢; = m;uX in (40), and derive that

, (K) )
His u<t>||%2(o>—§||Pa 0)2:(0) Zl / — P (), T ()
/ 1Pho( B )R mondr — 3 / riA (K, (1) (), Vil (1))
1,7=1
Since
n 0
Z(mAij(K, u (r))Vqu(r) ) > 0612/ \VaX (r)|?dx

i.j=1
K

° ~ _ (K) (K) s
+asY. [ REOPIVEE P 2 a9 0 0], + el V(T ()
i=1

then for some positive constants oy, ag, ag, Cy, C1,
(K)
asF (sucgory | B O30y | + e [ V'8 ()l

(ST
SupTG[O,r] || u (T)HL2(O) dr.

The rest proof can be completely referred to Lemmas 5-6. We rely on (42) to derive
(K)
(i), and by the method in Lemma 6, we can show that u (¢) is tight in (Z7, 7). O

+a2E/0 190 ()2

(K)
Let us denote the limit of u (¢) as u(t), by the method in Lemma 7, we can show
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that w(t) > 0, ae. (z,t) € O x (0,T), P-as. It remains to show that u(¢) is a

martingale solution of (1)—(3). Similar procedures have been implemented [12,18,19].

Lemma 11. Foreveryr,t € (0,T) withr < t, ¢; € L?(0O) and ¢; € H3(O) satisfying
V¢; - v =0o0n 00, we have

T 2
im B [ (a0 -10.3) ar=o. 43)
K—oo 0 7 LQ(o)
2
lim E ( (0) — a(O),@) =0, (44)
K—oo K3 L2(O)

- (K)
lim B (A, & )V () — Ay (30 ), V)| e =, (45)
—00 J
T et ik N N ~ :
Jim B /0 z /O (o @S @AW () = 03y AT (). 87) |t =0. (46)

Proof. We mainly consider (45). For every ¢ = (¢1,...,¢,) € H3(O),
(@i (t), 1) = (w(0), ¢s)

(&) K noot (K) N
-3 [ st s v oo+ (0 [Cous 0T 00

We notice that for every 1 < ¢, 5, k < n, we have
(K) K _ _
/ (i (K, w0 (r) Vg (r) = Aij U(r))V a(r), Vés)dr
/ / ( (8 )k (r) - Aij(ﬁ(r))vgi(r)> Vi dudr @7
+/ / Aij(K ﬁ (1)) — A--((?(r)) Va (r)Ve; dedr.
o Jo J ) i g i
Let us denote

K) _ t a5 — ulr K (VY dadr

_/O/O(M) j())v(k())vﬁbxdd,
I(K):/O /Otff(r)V((akK(r)) — (1) V ey ddr,
K)

t
[ @y ot e a0
0 JO j
t
_ /0 /O (@ (r)V (ug (r))tqjj(r)vag (r)) Vs dwdr,

and we notice that

24



Advances in Differential Equations and Control Processes 2025, 32(4), 3674.

/0 @V EE () — )V (), Voidr = 1)+ 1§,

/O (@ V)~ T VT, Todr = 1 + 1,

One step further, we have

K vt 27 7 S
1) < 15 () = )L z2oz:02000 IV @ () =02 0p I ill2c0)

(K)
and u — uin Zr implies that as K — oo, IfK) — 0. For IQ(K), since (aF (r))®

converges weakly to u;(r) in L?(0,T; H'(0)), and u;(r)V¢; € L*(0,T;L?*(0)),
then as K — oo, IéK) — 0.

Since LEK) = —II(K) — IéK), then as K — oo,LEK) — 0. For I:,EK), relying
on continuous embeddings H3(0) — W?24(0), H'(O) — L*(0O) and H3*(0) —
Whee(0O) when d < 3, we have

151 = ‘/ t/ (@ () (@ (r) — U(r)Adi drdr
/ /og ) — Tft (1) Agy dadr

< |laj* (r) - u(r)lz2(ors2(0p Il (i k (1)l 20,7010 19ill 13 0)

A ((uy (r))® — uy, K(r)) dzdr|,
16 J

(K)
Still by the fact that u — win Zp, and u(r)Ag¢; € L?(0,T; L*(0)), we deduce
J

thatas K — oo, I3(K) — 0. By the structural information of A(u) = (A4;;(u)), we can

show that
t (K) ~
lim / / Aij(u (r)Vak (r) — Ag(u(r))Va(r) | Vé;dedr =0, P-as. (48)
K—o0 0 O Vi
(K) (K)
One step further, if i = j, A;(K, u(r)) = A;(u(r)), and if i #
. (K) (K) KKl (K)
Jo 1AG(E, 0 (r) = Ag(u ()] = saya @)1 — x;(K, §)). Thus
(K) (K)

Aij(K, u (1)) # Aij(a (r)) only if i # j and ﬂjK <+
Ifi £ j, forevery 0 < t < T, we have

() (K)
(Az'j(K u(r) —A;(u (7“))) Vil (r)Ve; dedr

<c//

< KS 1/ / @l Val (r)V ;| dudr

oo 1HU 20,220 IVTS (M) L2007 22 (0)) 193l 73 0

(K)

@)1 = (K, w )af Val (r)Ve;| dedr

(49)

| /\
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and by (49) we derive that

t (K) (K) ~
lim / / (Aij(K, u(r) —Ag(a (r))) Vaf (r)Ve;dedr =0, P-as. (50)
K—oo 0 o)
Also, by the method in Lemma 6, we have
] (K) 2
E / / Aij(u (r)Vuk Ve, dudr
0o JO

S e
Aii(u (r)Vug | dadr | [Vl f 0

C2))

_ t
<2() 1
0o Jo
t (K) (K)

2
<CE ( /O L+ 10T (1)) 120V T (7‘)|!L2(0)d7“> 1il%0)

_ (o) © .
+CE /0 I u ()20 IVCu (1)°ll20ydr | [Iill7zs o) < C-

Combining (47),(48),(50) and (51), by the Vitali's convergence theorem (A.4.
[12]), we can show that (45) holds. For rest three convergences of this lemma, the
proof be completely referred to previous results(Lemma 10 [19], Lemma 16 [12], and

Lemma 26 [18]), so we state the proof in a rather brief way.
(K) ~ _
Since u — uin C°([0,T]; L2 (0)), P-as. then for every ¢, € L?(O),

K—oxo

lim (ail((t)aai)[;(o) = (a(t)a¢z> 9 ﬁ-a.s.
‘ L*(0)
By the dominated convergence theorem, we conclude that
T N2
lim (af (t) — u(t), ¢¢> dt = 0.
K—o0 0 (3 L2(O)

(K) -
Since u — u in C°([0,T]; L2/(0)), P-as. and u is continuous at t = 0,

we deduce that limg o0 (’EZK(O),@)LQ(O) = <ﬁ(0),¢i> , P-a.s. Then by the
! _ / L*0)
Vitali’s convergence theorem, (43)—(44) hold for every ¢; € L?(O).
For the limit (16), we mainly rely on

t (K) " —
/ I <oij( u () — oy (u(r)), @) I (v .22y 4
0 £2(0)

E®) _ " -
< ; loi; (0 () = o3 (@) 7220y 193l 7200y < Cll 8 =720 712001 [93l17 20

(K) -
and U — uin L?(0,T; L*(0)), P-a.s. implies that
! (K) U >
tim [ (00 0) — 0 @5 ) [Ryeodr =0
’ 12(0)

K—oo

By the Vitali’s convergence theorem, we obtain that for every ¢, € L?(0),
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(K) _
lim E / || (%( <>>—oz-j<ﬁ<r>>,¢>i> I3 v 120y dr = 0.

K—o0
L2(0)

Then by the It isometry, we have

~ t —~ —
Jim 5 [ ((o@*0) = oy @) 0.3, | =
and by the dominated convergence theorem, (46) holds, then we finish the proof of this
lemma. O
The proof of Theorem 1 is similar to the proof of Lemma 9.
Proof. Let us define
AW, 6)(1) = (i1(0), 61) +Z/ (div(Ayy @)V ) 01)dr + Z/ 7 @) (1), 00),
fort € (0,7)and 1 <i < n.
By the method in Lemma 9, for ¢, € L?(0), ¢ € H3(O) with V¢ -v = 0 on 90,
we have
Klgn | (w; (t) - ?(t)7¢z‘>HL2(ﬁx(o,T)) =0,

(K)
NS P - W _
Klinoo HAz ( u,Ww, QZS) - Ai(uku ¢)||L1(§><(0,T)) =0.

(K) (K) ~
u (t) satisfies that (X (), ¢;) = A; )( W, ¢)(t), P-as. foreveryt € (0,7),

¢ € HY(O). In particular, for every ¢ € H3(O) with V¢ - v = 0 on 90,

/EINK i) — Al (u W, $)(t)|dt = 0.

Let K — oo, then [ E|(u(t), ¢:) — As(W,W,¢)(t)|dt = 0. By the density

argument, it holds for every ¢ € H(O). Forae. t € [0,T],w € Q, we deduce
that (u(t), ¢i) — Ay (u, W, ®)(t) = 0,1 < i < n. By the definition of A;, we conclude
(2

that for a.e. ¢ € [0,T],w € Q,

(@i(t), ¢5) = (q0s(0), 1) +Z / (div( A (8(r) Vi (r), di)dr + (3 / o3 (8(r)) AW (1), 61)-
j=1

The system (U, W, u) is a martingale solution of (1)—(3), and then we have shown
Theorem 1. O

6. Conclusion

In this work, we have shown that a martingale solution exists to a superlinear

stochastic cross-diffusion population system of Shigesada-Kawasaki-Teramoto type.
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We consider the case when 1 < s < 2 in (3), and in this situation, the diffusion matrix
does not satisfy the local Lipschitz property. The key idea in showing a martingale
solution exists is to regularize the diffusion matrix, and this regularization preserves
the essential structure of the model.

We have shown that a martingale solution exists when s > 2 in (3). Once s > 2,
the diffusion matrix itself satisfies the local Lipschitz property. We do not have to
regularize the diffusion matrix in order to derive approximated solutions. But when
s > 2, the uniform estimation can not be derived in a straightforward way. The key
idea is to construct an auxiliary sequence to estimate approximated solutions.

The deterministic Shigesada-Kawasaki-Teramoto type population system has been
widely studied in literatures, while few works are available concerning the stochastic
counterpart. We have mentioned in the introduction that the entropy method is the main
tool in the analysis of deterministic cross-diffusion systems. But unfortunately, so far it
is very difficult to apply this well-known entropy method for stochastic cross-diffusion
systems.

The stochastic Galerkin method has been applied in this work. A regularization
of the entropy variable method has been adopted to show a martingale solution exists
to a stochastic Shigesada-Kawasaki-Teramoto type population system [18].

In order to show martingale solutions exist to other stochastic cross-diffusion
systems, we may have to upgrade existing approximation schemes, which is the central
topic for future investigations. One step further, let us state some other future research
directions.

We are aware that in this work, we focus on showing a martingale solution exists
to a stochastic cross-diffusion system. Whether this martingale solution is unique
or not remains unknown, and so far few uniqueness results have been derived for
stochastic cross-diffusion systems. The number of martingale solutions for a stochastic
cross-diffusion system is another major problem for future research.

In this paper, we have shown some regularity properties of the martingale solution.
Concerning potential blow-up issues for this martingale solution, few results have been
derived for stochastic cross-diffusion systems. This is another topic of great importance

in future investigations.
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