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Abstract: For a stochastic cross-diffusion population system with superquadratic transition rate,
we show that a global martingale solution exists. The existence of a global martingale solution
proof for a stochastic population system is quite different from the existence of a weak solution
proof for a deterministic population system. For deterministic population systems, we apply
the entropy method to show a weak solution exists. For stochastic population systems, we rely
on the Galerkin approximation scheme to derive the sequence of approximated solutions. We
apply the 1to formula to derive uniform estimates. After the tightness property be proved based
on the estimation, a space changing result then be used to confirm the limit is a martingale
solution of the cross-diffusion system. In the uniform estimation process, we notice that we
have to estimate stochastic processes that are not in the finite dimensional space, otherwise we
can not derive strong enough estimation for the tightness proof. We are not able to apply the Ito
formula to stochastic processes that are not finitely dimensional processes. In this situation, we
have to introduce an auxiliary sequence. The estimation of the approximated sequence has to
be derived on the estimation of an auxiliary sequence, which is the key idea of this work. The
nonnegative property for approximated solutions has been shown by the standard Stampacchia
method.

Keywords: global martingale solutions; existence of solutions; Galerkin approximation;
auxiliary sequence; tightness criterion; stochastic Shiegesada-Kawasaki-Teramoto
(SKT) system; superquadratic cross-diffusion; population dynamics

1. Introduction

The dynamics and motions of interacting population species can largely be
described by the cross-diffusion system. A well known example is the Shigesada-
Kawasaki-Teramoto population system [1]. Generalized cross-diffusion models have
also been derived when the dependence of the transition rates on the densities is
nonlinear. In this work, we take the random influence of the environment into
consideration.

Let us denote u = (uy, ..., uy), and consider

n n
du; — div() ~ Aj(u)Vuy)dt =Y oy (u)dWj(t) in O, t>0,1<i<n, (1)
j=1 j=1
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with no-flux boundary and initial conditions

n
ZAij(u)Vuj .v=0 on JO, t>0, ui(0) =u? in O, 1 <i<n, )
i=1

where OCRY, d <3 is a bounded domain with Lipschitz boundary, v is the exterior
unit normal vector to 60 and u? is a possibly random initial datum. The concentrations
u;(w,x,t) are defined on QxOx[0,T], where w € Q represents the stochastic factor,
x€0 the spatial variable, and t€ [0,7’] the time index. A(u) = (A;;(u)) is the diffusion
matrix, and o (u) = (o;;(u)) is the multiplicative noise term.

The diffusion matrix A(u) = (A4;;(u)) is

n
Aii(u) = ajp + (S + 1)aiiuis =+ Z aikui, and Aij (ll) = saijuiujs_l, if 1 7& j, (3)
k=1 ki

where a;g > 0, a;;; > 0and s > 0.

If s = 2, the existence of a global martingale solution to (1)—(3) has been shown
[2]. In this work, we show that if s > 2, a global martingale solution also exists to
(1)-3).

We declare in the following discussion, C, C;, «;, (; are positive constants

independent of variables, with values subject to change. For each vector u = (uy, ...,u),

p
i

The approximated solutions are derived by the Galerkin approximation [2]. A

we adopt the notation v=u?, p > 0, v = (v1,...,u,), such that v; = u

different approximation method has been applied, by trying to regularize the entropy
variable [3,4]. In this work, we still consider the Galerkin approximation scheme. We
fix an orthonormal basis (ey),>; of L?(O) and a number NEN such that the space
Hy = span {ey, ...,en } satisfies HyCH'(O)NL*(O). We introduce the projection
operator ITy:L?(0)— Hy, with

N
My(v) =) (vees, veL*(O).

i=1

The approximated solutions u™)

are derived by the existence and uniqueness
theorem of stochastic differential equations ([5], Theorem 3.1.1, original edition [6]).
We apply the Ito formula to lu(™) (t)lL2(0) to estimate u®™) The major assumption for
us to apply the Ito formula in the inner product computation is uY)e Hy. Then we
show the approximated sequence (u(N )) ~Nen 1s tight in a topological space.

Once s > 2, in order to derive strong enough estimations for a tightness proof, we
have to apply the Ito formula to I(u(™)(t)) 3 Iz2(0)- But unfortunately, (uM (1)) 3 ¢Hy
in general. Original editions [3,4] adopt the Galerkin approximation scheme. Though
uEN)eH N> logugN)géH n in general. The Galerkin approximation scheme has to be
replaced by a regularization of the entropy variable method in these references. In the
corrigendum [4], a detailed comparison between these two approximation methods has
been provided.

How to estimate (u(™)(t))

N|w

is the novelty of this work. In the Lemma 6 and
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Lemma 8, we will introduce an auxiliary sequence to estimate (u™)(¢))3.

When s = 2, the domain for each element of the diffusion matrix is all real
numbers. The existence and uniqueness theorem can be directly applied to derive the
approximated solutions of (1)—(3). But for general s > 2 case, the domain for each
element of the diffusion matrix may not be all real numbers, but only non-negative
real numbers. The assumption for the existence and uniqueness theorem may not be
satisfied. How to derive approximated solutions despite these difficulties is another
novelty of this work.

The existence of a weak solution to a deterministic Shigesada-Kawasaki-Teramoto
type population system has been investigated [7—-12]. A weak solution has been shown
exists to a Maxwell-Stefan type cross-diffusion system [13,14]. The cross-diffusion
system with the degeneration phenomenon has been considered and a weak solution
also exists [15,16]. These papers mainly rely on a so-called entropy method.

The stochastic Shigesada-Kawasaki-Teramoto type cross-diffusion population
system has been taken into consideration [2]. It has been proved that a martingale
solution exists to (1)—(3) once s = 2 in (3). The stochastic Galerkin method is the main
tool in the existence proof, which has also been applied [17,18].

A martingale solution has also been proved exists to (1)—(3) once s =1 in (3)
[3]. The approximated solutions have been derived by a regularization of the entropy
variable method [3]. A global martingale solution has been shown exists to a stochastic
cross-diffusion system with the volume-filling effect [4]. The idea is also to derive

approximated solutions by this regularization of the entropy variable method.

2. Notations, stochastic background, assumptions and main results

Let (Q,F,P) be a probability space with a complete right continuous filtration
F = (Ft)»- The space L?(0) is the vector space of all square integrable functions
w:O—R with the inner product (-,-), ie., (u\v)= [ uvdz if u,veL?(O). The
space H'(O) consists of every u€L?(0O) such that the distributional derivatives
ou/ox1, ...,0u/dxr, belong to L?(0). Let H be a Hilbert space, L?(Q;H ) represents
the space consisting of all H-valued random variables u with Elul?, =
[ Ta(w)I2,P(d) < oo.

In subsequent sections, H often refers to a space with variables time and space
involved. The L?(O) norm of a vector-valued random variable u = (uy, ...,uy) is
understood as IIuII%Q(O) =>", IIuilliz(O). We fix a Hilbert basis (ey),cy of L*(O),
and choose an orthonormal basis of any separable Hilbert space Y with orthonormal

basis (M) e n-
Let us denote

e.o]
L(Y;L*(0)) = {L:Y — L?(O) linear continuous: Z ||L7]k||%2(o) < o0}
k=1
as the space of Hilbert-Schmidt operators from Y to L?(O) endowed with the norm
2 _ Ny 2
LI (v 120y = 2ok=1 Lkl 2 0y
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Let (Bjk)1<jen ken b€ @ sequence of independent one-dimensional Brownian

motions and for 1 < j <n,
Wix,t,w) = > m(x)Bi(t, w),  ojj(w)dWj(t) = 3 of!(u)erdB(t),
keN k,leN (4)

with Gli}l(u) = (oj(unk, e1)2 (0>

and W = (W71, ...,1W,,) takes values in another separable Hilbert space Yj that Y CYj.

Let us give assumptions on multiplicative noise terms o = oy (u,t,w) :L*(O)
x[0, T)x—L(Y;L*(0)). Noise terms o = 0;;(u,t,w) are assumed to be B(L?(O)
R[0,71QF; B(L(Y;L*(0))))- measurable and F-adapted with the property that for
every u,v€L?(O) and 1 <1, j <n,

§_1 s
HUZJ( )Hg(y :L2(0)) <C(1+ HuH%2(o))7 Huf Uij(“)”%(y;m(o)) <O(1+ lu2 H%2(o))7

|oi5(w)

(ui(t), bi) =

—0ij(Mlevizeo) < Cllu =Vl r200, 21 loij(Wllzvir20)) < Clluillzo)-
]:

®)

Let us give the definition of the solution to (1)—(3).

Definition 1. Let T > 0 be an arbitrary positive number, the system (U,W Q) is a

global martingale solution to (1)—(3) lf/Uv: (ﬁ,?,f’,?) is a stochastic basis with

filtration F = (If)te(o ) W is a cylindrical Wiener process, and U(t) = (?(t), u(t))
’ n

is an If—adapted stochastic process for every te (0,T") such that for 1 <i <n,
e L2 (@:CO([0.1]; L(0))) N LA(@; L2(0.T; HY(0))).

The law of u;(0) is the same as for uY, and W satisfies that for every ¢,€ H'(O) and

1<i<n,

Z/ )V (), Vi)dr + Z/ 2y (W))W (1), ).

The topological space C° ([0,T]; L2(O)) represents all weakly continuous functions
u: [0,7)—L?*(O) having the property supg<i<rlu(t)lp2(0y< 0. Other notations of
spaces and respective topologies have detailed explanation [2,17], so we will present
them directly.

The assumption (6) is a key factor in this existence analysis. There exists a

sequence of positive real numbers © = (ry,...,7,) such that
2 n
S .
Ty = Tz, (s +1)ay; > T Z a;j, forevery 1 <1i,j<n. (6)
=L

For the initial data and dimension d, we require that

uw) > 0a.e. in O, P-a.s. E|(u°)2 H y <00, p=o—op d<3. (7
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After these preparations, let us give the main result Theorem 1.

Theorem 1. (Existence of a global martingale solution) Let T > 0 be an arbitrary
positive number, and let o = (oy)],_; with a,-j.'Lz(O) x[0,T] xQ—L(Y:L*(0)). If (5),
(6) and (7) hold, s > 2, then there exists a global non-negative martingale solution to
(1)—(3), P-a.s.

Firstly, we derive a sequence of approximated solutions through the Galerkin

approximation. Let us consider
Pdu = a(u)dt + b(w)dW (t), t>0, u;(0) =IOy, 1<i<n, (8)

where a = (al, ...,an) :HN—>RH, b= (bij)lﬁi,jin’ and bij: HN—>L(Y; HN),

n

ai(w) = TMydiv(Y | mM(w)Vuy),  bij(u) = mllyoy;(u), ©)
j=1

with P = diag(m1, ...,my,) a diagonal matrix. The diffusion matrix M (u) = (M;;(u))

18

n
Mii(w) = ai + (s + Dagilwil® + > ailugl®, and Myj(u) = sazju; - |ug[*~", if i # j. (10)
k=1,k#i
We remark that [Ty (u)) may have no sign, so we instead consider the initial value
u;(0) = |TIx (v?)|, 1 <i < n, and the Hilbert-Schmidt operator o;;(u), 1 <4, j < n has
been projected.
Once a non-negative P-a.s. strong solution(in the probabilistic sense) denoted as
u®™ = @™ uf) exists to (8)-(10), ie.,

t t n
mul(-N) (t) = ﬂquN)(O) + / a; (@™ (r))dr +/ Zbij(u(N) (r)dw;(r), 1<i<n,
0 0 i

then uV) is also a strong solution(in the probabilistic sense) to

n n
du; — Tndiv(Y_ Ag(0)Vuy)dt = Ty (oi;(w)dW;(t), ui(0) = My (uf)], 1 <i < n. (11)
j=1 j=1
We rely on the existence and uniqueness theorem [5,6] to derive the strong solution
(in the probabilistic sense) of (8)—(10). By a standard Stampacchia type argument, we

N) is non-negative P-a.s.

can show that u
The second step is to provide uniform estimates of those approximated solutions.
Then we show that the approximated sequence is tight in a certain topological space.
The third step is, by applying some fundamental tools in stochastic analysis [2—4,
19], we find another sequence possessing same laws to the existing one, and show that
this sequence indeed converges to a martingale solution of (1)—(3).
We rely on the Ito formula to derive uniform estimates of approximated solutions
in the second step. In the end of this section, we present the Ito formula we use in this

work [20,21].
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Lemma 1. Let V C H CV', and let U be a separable Hilbert space, X)eL? (Q; H).
Let a € L*(2x(0,T),V"), b €L?*(@x(0,T), L(U, H)) be progressively measurable.

Let us define the stochastic process.

t t
X(t) = Xo + / a(r)dr + / b(r)dW(r),
0 0
then for every 0 <t < T, we have

1 1 t 1 t t
SIXOI = 51Xl + [ {a). X) eyt 5 [ amar + [ Xbr)aW )
3. Matrix analysis

We mention that for every 1 <, j <n, the relation 7;a;; = 7;a;; holds for matrix
analysis Lemmas 2-3, with the application of this condition implicitly contained in

computations. Also, s> 2.

Lemma 2. Forevery z = (21,22, ...,2n) €R" and u = (uy,ug, ...,u,) ER", there exist

constants o1 > 0, oo > 0 such that

n n n
Z miMij(w)ziz; > o Z zz~2+042 Z |Ui|szi27
i=1 i=1

1,j7=1

Proof. Let us define a matrix M (u) = (M;;(u)), with

S2

) , _ L
Mii(w) =25 3704 s @inel il 300y g @inluk|® = 20514 s (Crainluil®+ak|ukl®), and Mij(w) = Mi;(u) if i#.

By assumption (6), (s+1)a; > % > k—1.ks ik, there exist positive constants
{Bi}izl,...,n’ such that for every m; > 0, WiMii(u)—WiMii(ll) > 7ria1'0+ﬁi|ui|8, and

n n n n
Z ﬂiMij(ll)ZiZj Z Z FiMij(ll)ZiZj + Z TI'z‘CLZ'oZi2 + Z BZ|UZ’SZZQ (12)
i,7=1 i,j=1 i=1 i=1

Provided that )7, m;M;i;(w)ziz; > 0, we have

n n n

2 2
Z miMij(u)ziz; = Z Ti@ioZ; + Z Bilua|* 2,
i,j=1 =1 i=1

choose a1 = min{m;a0: 1 <i<n}, az=min{fB;: 1<i<n}, we can show this
lemma.

We are left to show that Y ;| m;M;j(u)z;z; > 0. Let us denote ME(u)
— %aik|ui|5+aikluk15, k # i, then My;(u) = ZZ:LI@;&@‘ MZ(u), and therefore,
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<
Il
—
<
A
~
-
Il
—
<.
Il
—
<
A
~

Let us show that if i # j, either u #0 or uj #0, then m; M ()22 + (m;M;;(u)+
miMji(w))ziz; + 75 M};(u)2F > 0, which is equivalent to show

(7 M (w) + 75 Mji (w)? < 4o M, (w)m; M (w). (13)
We check that
7 Mg (w) 47 My (w) = smiaij (uglug]® gl ),
since wjwu; |* w7 < Jug|*|ujlf, so

(e My (w) - My (w)? < wdad; (s fual 205 +28% s | +"uf [ [72).

Also,
2. 2/.92) 12 st 2012

A NI, (w); M (w) = wa? (5%l )l P47y 7).
So long as

e e I T e (T e M e [P}
s > 2, thus

|ul|23+|u |25 |U1’28 2 2 2|u]|2s 2>0

SO

2|uz|2s+82|u |2s>82|u |23 2u2+8 u2’uj’23 2

The fact that %+42232 indicates that (%+4)|ui|5|uj]3 > 252|u;)*|ujl®, and we
conclude that (13) holds. If ¢ # j, u; = u;= 0, then

M ()22 + (i Mij(w)+m; M (w))ziz; + w3 M (w)22 = 0,
and we finish the proof of this lemma. O

In the next section, we will consider an auxiliary system. Its diffusion
matrix A" (v) = (Ag(v)) is Ag(v) = a;o+(s+1)a;vi+ D ki aigvi, if i =j, and



Advances in Differential Equations and Control Processes 2025, 32(3), 3619.

Ag(v) = saijvivj, ’Lf ) 7/:]

Lemma 3. For every z = (21,22, ...,2n) €ER™ and v = (v1,v2, ...,up), v; 20, 1 <i<n,

there exist constants a1 > 0, ag > 0 such that

n n n
E m AT (V)zizj > o E 22 +ay g v222.
ij=1 i i=1 i=1

Proof. We define a new matrix A7 (v) = ([lg (v)), with

2 2
~H S n 9 n o2 n S AH H cp e
A (v) =7 Zk:Lk;&i a;kv;+ Zk:m# iR V= Zk:uﬂb (— 1 ik 24 a;,v7), and Al S(v) =455 (v) if i)

Based on the assumption (s+1)az;>% Sp_, ki Gik» there exist positive constants
{51‘}1‘:1,...,71’ such that for every m; > 0, m A (v)—m; AH (v) = mia,0+8iv2, and

n n n
g mAH V)zizj > E mA V)zizj + g maioz? + g Biv? zZQ (14)
t,j=1 ij i,j=1 i=1 i=1

Provided that >, mﬁg(v)zizj >0, we have 37", , mAHZ,j(v)zizj >3
Tiio22+Y 0y ﬂivfz?. Choose a1 = min{m;a;o: 1<i<n}, ag = min{S;: 1<i<n}, we
can show this lemma.

We are left to prove that Y 7', mA(v)ziz; 2 0. Let us denote (Af )*(v)

azkv 2tapvi, k#i, then AT(v) = >0, ki (A u) (v), and therefore,

”221 T Al (V)2i2) = Z m Al (v)22 + Z; S i T AL (V)2iz)
=Y X (mA]Y(v)2F +mAl(v)ziz)
i=1j=1,ji
> (m(ALY (V)2 +m Al (Vzizg) + 2 X (mi( A (v)2F + m Al (v)ziz)
j=1,5<i i=1j=1,7>1

‘:123@‘ (mi (A (v)22 + mfllj( V)ziz;) + ;1 IZ;Q (7 J(/_lﬁ)l(v)zf + ﬂjAﬁ(V)ZJ‘Zi)
=3 3 [ M A W)+ (mALW) + m AR ()22 + (ALY ()22,
Let us show that if 7 # j, either v; > 0 or v; > 0, then

i (A (V) 22+ (s AL (V)47 A (v)) 2oz (A (v)22 > 0,

which is equivalent to show

(mi A (v) + mi AL (v))? < dmg(ALY (V)i (ALY (). (15)
Since

87 9 2\, 2 52 2 2

(sz +Uj)(vl + Zvj) Z (S’Uﬂ}]) (SUZU]) =S5 Ujv
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and m; A ( ) + WJAH( ) = 2sm;a45v,v5, 47T¢(Ag)j(v)7rj(flg) (v) = 47r12afj( 1 02+
1)]2-)(7)2- +5 v] 2), we directly show that (15)_holds. i i
If i#j, vi=v;=0, then m(AZ) (v)22+ (mAg(v) + ﬂjAﬁ(v))ziZj +

;i (AfL)! (v)22 = 0, and we finish the proof of this lemma. O
4. Stochastic Galerkin approximation

In the Lemma 4, we show that a strong solution u(¥) (t) exists to (8)—(10). In the
Lemma 5, we show that uN)(¢) is non-negative, P-a.s. thus u(™)(t) is also a strong
solution of (11). In the Lemma 6, we consider the property of (u(" ))%, as N—oo.
Though (u(N))%géHN, we can still estimate (u(N))% in the Lemma 8, and the Lemma

6 provides the main tool.

Lemma 4. For every T > 0, there exists a unique strong (in the probabilistic sense)
solution u™)(t) €eHy, 0 <t < T to (8)—(10), P—a.s.

Proof. Let R >0, T'> 0, we Qandlety = (y1,...,.yn) ER", 2= (21, ...,2n) ER",
and y, ze Hy with lylg, , Izl 7, <R. We notice that

n
Mij(y)—Mij(z) = (s+Daii(|yal*—[z)+ > amwllyel®—l2&l®), i=J,

k=1 k#i
Mij(y) — Mij(z) = saij(yily;|*~" = 2l 1) = saij(yi — 20)ly; 1~ + sag (ly; 17" = [21° ")z i # 4,
plus in finite dimensional space H v, the assumption that lyl g , Izl 7, < Ris equivalent
to the fact that for a.e. x€O, |y;|, |z;| are bounded uniformly by a positive constant.
There exists (;(z), \i(x) >0, such that for z€O, min{|y;(x)|, |zi(x)|} < (;(2),
i) < max{|yi(2)|, [z (z)[}, with

il = =il llz2(0) = Is(wil = 1206 ™ 220)& < 115G ooy llwil = l2illlz2(0) < Cllys = 2ill2(0)

and
yil* ™" = [zl Ml 20y = (s = D (sl = 120D A 220

< I(s = DAz (o) il = Izilll 220y < Cllyi = zill p2(0).

If i = 7, then
IM359) = My 0) o) = s + Dl = 1)+ 32 aelluel = o) o

<Oyt — el oy + 3 Ml = 12l laiey) < € 3l = 2illa o) = Clly = 7o)

=1,k#i

and if i # j, then

1M (y) = Mij(2)120) = llsais(vi = 20|y~ + saig(lys 1"~ = 1251°~ Dzl 22 o)
< C(lItyi — 2)lyil* 720y + 13"~ = 25177 Dzill72(0) <

CH|Z/J|8 1HLoe((9 lly: — zi”m(o) + C||Zi||2<>o(o)“|yj|s_1 - ‘Zj‘5_1||%2(@) <

C %l = 2liaio) = Oy = 2l a0,
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By the Lemma 2, if for every 1<i<n, u;>0, then PA(u) is positive semi-
definite, thus PM(y), yeR" is positive semi-definite. Also by the fact that norms
are equivalent in finite dimensional spaces, such like H in this case, it follows that

||V( _Zz)"LQ( 0) = < IIyz—zzllHl(O) < C"yz_Zz"HN < C"y—Z"HN, thus

(a(y) —a(z),y —2) = — Zlfom ij(Y)V(yi = zi) - V(yj — zj)dx
i,J

+ Zl fo i (M, ij\Z) — Mij(Y))V(yz‘ —2) - Vzjdx
7.]

<C 2 1My ) = My (@) 20) IV (i = 20 [200) V23 [ 12(0) = Clly = 2l
1,)=

and Ib(y)—b(z )II%(Y Hy) S Clla(y)—a(z)II%(Y;HN) < CIIy—zII%IN. To verify the weak
coercivity condition, we take yc H ywithlyly, < R, and

(a(y),y) + llb(y )H[L(Y Hy) Z / miMi;(y)Vyi - Vydz + ||[Po(y )H,c (viiy) < C(1+ I¥l1Z,)-
1,j=1

The existence and uniqueness result indicates that for every N€N, a unique strong
solution (in the probabilistic sense) u(™) to (8)—(10) exists. O

Let us replace the diffusion matrix M (u) = (M;;(u)) in (10) by

n
Mg(u) =aijp + (s + Daglwi|* + > ai|uel®, if i =7, (16)
k=1,k#1
My (w) = saiju - ug[*~t, if i # 3,

where 27 = max{0,z} is the positive part of zE R. We try to apply the Stampacchia

truncation method. This truncation method has also been applied [2,22].

Lemma 5. For every 1<i<n, uZ(N) (t)>0, P-a.s. and u™)(t) is also a strong

solution (in the probabilistic sense) to (11).

Proof. The idea of the proof is to approximate the test function f(z) =z~
= max{0, —z}, for z€R and to use Ito formula. We define the following functions:

fore > 0,
fe(z) = —zif 2 < —¢,
and
Fo(2) = =3(5) e —8(2)32—6(2)22if—e < 2 <0,
£ € £
and

fo(2) = 0,if z>0.

Then f. has at most linear growth, i.e. |f.(z)| < C|z| for every z€R. f. and . =
Fofr 4+(f)?* are bounded in R.

We set F( fo fe(v d;r for square-integrable functions v:0—R. We
replace the d1ffus10n coefﬁ01ents Mij(u( )) by the modified coefficients in (16).
Observe that generally, M;f (u) # M;;(u), but if u; >0 for every 1 <i<n, then we
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obtain that Mg(u) = M;j(u).

By the Ito formula, we have
N N (N) L
Fo(u™ (0) = P (0) 2 [y fo £o(ui™) £ M (3 035w ™)) oW )
]:

2 fo Jo Ve(u N Z ( )VUEN)Vug»N)dxdr—i—

a7
fg f(? ]é kil mil @bg(ugN))ekelaf’;k(u(N))gZ?l(u(N))dxdT = Ig(fg) + Is(ﬁ[) + Ie(g) + Iég)7
with notations in [ 6(];[) refer to (4).
Let us show that the integral / 8(];[) is non-positive. Indeed, we write
5 =2 fo e ()M () Vil 2 dadr
-2 fo Jo e (u E ( )VUEN)Vug- ) dwdr. (18)

The first term on the right-hand-side of (18) is clearly non-positive, the second term
vanishes since ws(ugm) =0if ugN) >0, and M;f(u(N)) =0if ul(-N) <0. This shows

that [a(,];[) <0. Taking the mathematical expectation in (17), the stochastic integral
vanishes, and

EF (™M (t) < EF(u™(0)) + B / t / ST N v w™)ererot (uM)ort (u™) dadr. (19)
0o Jo —

j=1k,l=1m=1

It is shown [22] that as e—0, P-a.s.

EF(uf™ (1)) = Bl|(u{™ (1)~ |22 10y EF:(u™(0))
N

S B 0) oo EJ fo 2 X 3 weul™)epero ()om (™)) dudr

7
J=1 k=1 m=1 J

_>Ef0 foz Z Z exelo;; F(—(u (N)) o ZLZ( (ll(N)) Ydxdr.

j=1kl=1m=1

Thus, the limit e—0 in (19) gives
N _
B (ut™ (£)~ 1220,

(N) —12 N (N)Y=\ ~ml(_ (w(N)y—
< Ell(w;(0)" 1720 +EIOZ >y exerof* (— (M) 7)ol (—(uM)) ") dzdr

)
j=1k,l=1m=1

<E[(u{™ ()7 22(0)+E Z loij (= ) T2y 2oy

(20)

The first term on the right-hand-side of (20) vanishes since u ( ) = |n(ud)[>0. For

the second term, by the linear growth condition of o;; in (5), we derive that

Ell(u™ (1)) |22y < CE || M) 7|22 dr
0)

11
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The Gronwall lemma implies that Ell(ul(-N)(t))_IIQLQ(O)zo for t€ (0,T), and

consequently for every 1 <i <mn, uEN) (t)>0in O, P-a.s. for a.e. t€ [0,7]. Then we
O

finish the proof of this lemma.

N|w

In the introduction part, we have mentioned that in order to estimate (u™)(¢))2,

an auxiliary system has to be considered. This auxiliary system is given by
O = div(AT (v)Vv) — GV AH (V)Vy + H X (V)o(v)dW(t) /dt.  (21)
H(v) = (Hij(v)), G(v) = (Gij(v)) and A (v) = (A]I(v)) are matrices, with

“lifi=j, Hy(v)=0,ifi#},

S

Hij(v) = 2v
Gij(v) = (1—

]

YU if i =, Gij(v) =0,ifi# ],

v; !

n
Ag(v) = a0 + (s + Dayv} + Y avi, ifi=j, Ag(v) = sa;jviv;, ifi#j.
ki

S
Once for every 1 <7 <n, u; >0, and v; = u;, we have

(H (0) A H (0)) ;= S Hig! (0) Apa () Hig (0) =

7 (0) Ay () Hg (o) =003~ Agj (1) (0) g (w) g (0)ur 03~ Agy () = AH (v),

1

and

H1(v)div(A(u)Vu) + H-1(v)o(u)dW(t) /dt
= div(H-'(v)A(u)Vu) — VH (V) A(u)Vu + H-(v)o (u)dW(¢) /dt

(22)
= div(H Y (v)A(u)H (V)Vv) — VH Y (V) A(u)H(V)Vv + H 1 (v)o(u)dW(t)/dt

= div(AT (V)Vv) — GV)AH (V)Vv + H=L(v)o(vs)dW(t)/dt.
Let us consider
8y = Iy (div( AT (v)Vv) — GV) AT (v)Vv) + Ty (H L (V) (ve))dW(t) /dt, (23)
and try to show that as N —oo, (u(N ) )% approximates to the strong solution of (23).

Lemma 6. If for a sub-sequence of N € N we do not relabel, that a unique strong
solution (in the probabilistic sense) denoted as v\N) exists to (23), vIV) is non-negative,
P-a.s. then as N—ow, (u™))2 M0 for a.e. (z,t) €Ox(0,T), P-a.s.

Proof. Let us demote
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S

1Y = div(A" ()5 T (N)3) — G((uM)3) AH (u)3) v (V)3
+H - (u))3 )0 ()W (1) /dt — Ty (div(AP (w?))3)V (u™)3)
~G((W™M)3) AP (u™)3)V(M)3) — Ty (H () 5)o(u®))aw (1) /dt, 11V
= Iy (div(A" (@) 3)V(M)3) — G((a™)3) AH ()3 ¥ (uM)3)+
Iy (H((0™))o (a™N)dW (1) /dt, 15
= H (™) 2)(div(A(™M)Vu™) — Ty div(A(u™N))Va)) 4+ (o(u™)

—TIyo(u®™))dW(t) /dt).
We have H;'((u™)2) = $(u™)2 71 ifi = j, and H; (w™)2) = 0, if i # 5.
Then
0, (u™)2 = B ((a™)2)(Tx (div(Au™) V™)) + Ty (o (ut™))dW (1) /dt), (24)
and by (22),

div(A" (u)2)V(M)2) — G((M)2) A7 (™)) VM)z + B (uM)2) - o(ul)dW(t)/dt =

s (25)
H((uM)2) (div(AN)VuM) + o (uN)dW(t) /dt).
By (24)—(25), we denote that
ay(uMys = 1) _ V) (V) (26)
By the definition of I l(N) and . éN), for every NeN,
HNI£N> =0, Hy(H(@Y)3H") =0,
and as N—oo, I( ) ,H((u )z ) N)—N(H((U(N))%)IéN))HO. We derive
that as N —oo, I{ ) H (( )%)IéN —0, fora.e. (z,t) €0x%(0,T), P-a.s.
Let us denote I( ) = (I?EJIV), I(N)), then for every 1<i<mn, we have

(u™

i )1_51351' )—>O, as N—oo.  Either (UEN))I_%_’O or Ié?”—»(), as N—oo.
As1—5 <0, and uEN)eHN, we deduce that I?EZ]-V)—>0, as N—co. We conclude
that as N—oo0, IfN),IéN)HO.

By the definition of v(V), P-a.s. we have for a.e.(z,t) €Ox(0,T),

OvN) =TIy (div(A" (vIN)TvIV)) — G(vIN)) AH (v(N))

) 27
Vv + Ty (H (v o (vIN)) 2))dW (1) /dt.

Then by (26)—(27), we derive that as N—o, (u™¥))2—v(M 0 for a.e. (x,t) €O
x(0,T"), P-a.s. and we finish the proof of this lemma. O
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5. Energy estimates of approximated solutions u(?)

We divide the energy estimates of u") into two lemmas. For the first estimation
Lemma 7, we apply the Ito formula to u(") (t). For the second estimation Lemma 8,
we apply the Ito formula to v(V)(¢). Then by the Lemma 6, we derive estimations for

(™M (0))=.

Lemma 7. Forevery T > 0, there exists a constant C' > 0, which does not depend on
N, such that

sup yen E(supyco,7) ||“(N)||2L2(o)) <C, (28)

T
sup v ex E( /0 Va2, 0 dr) < C. 29)

Proof. Let us apply the Ito formula to the process u™)(t), where uM)(¢) is a strong
1 1
solution (in the probabilistic sense) to (11), Pi = diag(n{,...,m3 ), te [0,T], and

1 1 1
%”P2U(N)(t)ui2(o) - %HHN(PZ“O)HQB(O) = %f(f HHN(PQU(“(N)(T)))H%(y;m(o))dr

+ 'i_l fot <HNdiv(7T,-Aij(u(N)(r))Vu§N)(r)),u(N)(r)>dr

3 Ty (i () aw; (), u™ (1),

5,j=1

which is equivalent to

1 1
31PN (1) [F20) = 31T (P2u0) a0y = 5 Jo T (P20 (™) (1) 17y 120y 07

= 3 mA @) Va™ (), Ve )dr + 35 [ (mo @™ () dw; (), u™ (),

5,j=1 5,j=1

(30)

The second term on the right-hand-side of (30) can be estimated by Lemma 2. For
2;,2j€R, there exist constants ay >0, ag >0, with values of «j, as changing
from line to line, such that if u is non-negative, P-a.s. then > 1., mA;j(u)z2;

> a1 YO0 22 4ag 3 usz?. Since we have already shown u(™)(t) are non-negative

P-a.s.
> (mi Ay ™ () ValN (), vl (r >>>alzfo|w [2dz+
ij=1
2 N)is N st2
o9 ;IOWZ( )| |Vu§ )\2d$ > OleVu || +a2||V(u(N) HL2 0)
Therefore, we have
1 s5+2
3l1P2uM(@)]122 ) + 1 Sy IVu™ )72 (0ydr + a2 S5 IV (™) (r)) "2 ydr
1 1
< HP225 00 + 3 fo IPZo @™ )12y, 120 A7 G1)
+ zlfo i (W™ (1) aW; (r), ul™ (1)),
7.]
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and for the second term on the right-hand-side of (31), by assumption (5),

/ ||P20 )”g(y r2(0)dr < C/ L+ [u™(r )”%2(0))617“-

For the third term on the right-hand-side of (31), the process

oo Z/ rioi (W () dw; (1), (), t € [0,T],

i,j=1

is an F;-martingale. By the Burkholder-Davis-Gundy inequality, which states that

N

E(supoeer| ™ (1)) < CE((u™(T))2),

with the notation (;(V)(T')) represents the quadratic variation of (™) (7). Thus

E(supreor | 22 ¢ (miog (@™ @)diwy ), u™ () <
1,7=1

1
2

E(Z Iy (fom-j(u(N><r>)u5N)<r>dx)2> <

2,7=1

co( £ omstoniiy) <

7]7

ny 2 3
(f <fo pea opi(u N)(T))d90> <f(9%;1(uZ (r)))dr) <

1
2 ,
CE (ST W W20l ) y.seon)

One step further, by the assumption on o, H"older inequality and the Young inequality,

for every positive constant &g,
n N
E(suprego;ry | 2ot Jo (oo (@) aw ), uM )| ) <
2 2
CE( J3 116 ) 2ol @™ (M) Izv iz ) * <
9 1 9 1
CE( (supiccoim 16 O Ezi0r)* (I 4+ 1O riop)ar) ) <
d

CeoE (Supte[O,T] | [u™) <t)Hi2(O)> + % (T - EfOT [[ul) <T)H;(O) T)'

[

Combining (31) and (32), for every positive constant €, and t€ [0,77],

1
SEsupepo 1 1P2u™M ()] 20) + i [ [IVu™M (1132 )

s+2

+azB [ IV (™ ()™

+CeoB(supepo 7y Ju™ (t)||L2((9)+E' (T+E [y W™ ()32 0)dr)

IZ2(0ydr < 1IE”P“‘O”m )+ CE [y (1+|u N)( Mizao)dr

<CH OO+ LE [T ™) ()220 dr + Ceo(supreio ) (1)2200):

thus we conclude that there exist positive constants a, aia, s, with values subject to

15
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change, such that
azE(sup,cpo.r) [lu™ (1)][7 +041Efo IVut) ()72 dr
s+2
+ok [y V() ()5 |2, dr < C + c<1 + 35 E Jy (suprepo, [0 (D)1 0))dr

+CeoE(sup;e(o 1 [u™ (75)”%2(0))'

Let us choose this £ such that C'eg < ag, then for some positive constants Cy,C1, a1,
a2, az, with their values different from the above equation,

O‘SE(SuPte[OT] H“ ()HL2 +O‘1Efo \Vu ( )“%2(0)5”

(33)
s+2
+aslE f(f ||V(u(N)(r)) HLQ(O)dr < Cy+ CLE fO (sup.re[oyr] ||u(N)(T)||%2(O))d’I"
and by the Gronwall lemma,
E(supseo.r) 0™ (0)]1320)) < € (34)

with C' > 0 independent of N, and we have shown that (28) holds. By (28) and (33),
we deduce that (29) holds. O

Lemma 8. For every T > 0, there exists a constant C' > 0, which does not depend on

N, such that .
sup B[ [V 0ydr) < C. (35)
NeN 0
T
sup E{ / J@) |2 0 dr) < C. (36)
NeN 0

Proof. Let us firstly show that if for a subsequence of NeN, v(™) is a strong solution
(in the probabilistic sense) to (23), and v(") is non-negative, P-a.s. then v(") satisfies

T
sup E( / IV )22, 0,dr) < C, 37)
NeN 0
r N\213
sup B[ 02 s oyr) < C. (38)
€N 0

Let us apply the Ito formula to v(V)(¢), and we have
1
3PV (0)122 0

= 1Pav(0) 220 + z Jo (Mndiv(m AR (v (1) Vo), o) dr

—milfot (mlly (AH (v (1) G (v () Vol o™y dr
£ 3 o W (v () (VO (1) )W o), o
1,)=

DIZ(y 20 @
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which follows

%IIP%V<N>(t)&IIi2 - 1||P%V<N>(0)IIiQ N fo AHi,(V<N) (T))WZ(N)W](N)dm
(N)
3 3 i fomal (W) T 0o Mdrr
5 30 i tmaog ()W ), ()2

+3 Jo 1Ty (P2 HL VN (1) (V) (1))

then
L 1
lHsz“V)(t)H%a © = %||P2v<N><o>H%2<o>
$-2) Z fo fo m A" (vV) (T))VUZ(N)VUJ(»N)dxdr

4,j=1 ij

t (39)
5 Jy Iy (PTH N () (v (1)

2
Dz eyiz2opdr

s L N _2 2
530 o0 My (i (0 ) )W ().
Z?J:
For the third term on the right-hand-side of (39), by assumption (5),

2
s

LIPS HT V™ @)o (VN )2y 1200

S L3 RGN @) oy (v (1)

1,7=1

dr

2
s

Nzyzzopdr <

T
C fT A+ VO @)]12a ) )dr
For the fourth term on the right-hand-side of (39), the process

2
s

HN@) = 3 [ mo (V) D), 0N ()2 F), e [0,T],

,j=1
is an F;-martingale. Still by the Burkholder-Davis-Gundy inequality, plus the
assumption on ¢, H\”older inequality and the Young inequality, we can show that for

every positive constant g,

2

E(Supte[O,T] |2 01 7”<v§N) (r), (UZ(N))I_SU“((U(N) (T));)de(T)>’ ) =

N

1

2 2 2
CE(IOT 1™ ) [z20)ll (@™ )o@l m») :

CE (sprciom I Ol ) (7 (14 1090 )ar) '} <
Ceal (s [HV O Eaoy) + & (T + B 0060 20

We deduce that
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1 N N
LE(supyepo.r ||sz<N><t>||%2(o)> (2~ Jz Efy fomAH, (v @) Vo T0\™ dadr

1
< 3B[|PEvM(0) 250 + CE [5 (14 [V (1)][220))dr
+C - BE(supyeior) VY (D)3 20) + C - g5 (T +E Jg [V 01320 dr).

The Lemma 3 indicates that for z;, z;E€ER, there exist constants a1 >0, as >0,
such that if v is non-negative, P-a.s. then >0, , WiAHij(V)ZiZj >ap Yo 22+

OJQZZ 1 UZ z vV s non-negative, P-a.s. thus

asE(supye o7y V) (1) [220)) + i f{ WV ()| oy + o [ [V (V) ()2 22yl

<O+ 00+ ) [TE(sup ey V) <T>||zg(@)>dr +C - B E(supyepo g VYV ()22 0):

Choose this g9 such that Cegs < 2a, then for some positive constants Cy,
C1, ay, as, ag, with their values different from the above equation,

asE(supye o7y V) (1) [220)) + i f{ WV (1) g0y

(40)
s [ [V (1)) oy dr < Co + Cr f B(supeio g IV (7)1 ) )
and by the Gronwall lemma,
E(sup;c(o,7) HV(N)(t)”%?(o)) <C, (41)

with the constant C' > 0 in (41) independent of N. By (40)—(41), we derive that (37)
holds.

In order to show (38), we need a higher order moment estimate, and we list this
estimation as a direct result, which is (42). The proof of (42) relies on (41), with
(41) already been proved. Detailed proof of this result [2]. Let p = % and by
0||i2 ) <® (please refer to Remark 2, Remark 18 [2] for a further
understanding of this initial condition), then we have

assumption (7), Elv

supyen E(supre (o) IV (D)172(0)) < C. (42)
By the Gagliardo-Nirenberg inequality and H\ older inequality, we choose 6 = #2’
then

2(|2¢ 2] (2(1=0)
EJ ™M) ”LQ ydr < CE fy HV (") ’L2(O)H(U(N)(r)) ’Ll(o) dr =
2d 4
r N 2||a+2 N 2||a+2

CE [, HV(U( )(7’)) L2((’))H(U( )(7“)) Ll((’))dr <

C{ (I I 0 00r) (7 16Ol ortr) ™}

and [TV (), o dr <T sup WO (D)1,

te(0,T)

thus

(0) (o)
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E fy [1(0™) ()" ”L2 ydr <

2 2 s 2,2 a2
CTd“E{(Supte o) [0Vt )||L2(c9)>d+2 <foT||V(U(N)(T)) HL?(O)) < (43)

d

+2

s 4 _2 92 2
CT a2 (E SuptG(O,T) H’U(N) (t)HLQ(O)) e <E f()T Hv(’U(N) (7’)) HL2(O)> S Ca

Since d < 3, we have

3d_
E [y [I(v IIL2 dr < CE [ [|(™)’] (o)l (0™)? Hﬁfo dr <

o&z(suptem||v<N>||,%;7@ IO Y dr) <

3d
5 D
(& (supicim I >\|L2(O)>) (Ef [CRUNTAY

by (37), (42) and (43), we can show that (38) holds.

After we have shown (37)—(38), let us consider (35)—(36). By (37) and (43),
there exists a subsequence of (v(N ))2 weakly converging to a function w in
L?(Q;L?(0,T;H"(0))). By the Lemma 6, we deduce that (u™))® converges to w
weakly in L2(Q; L?(0,T; H'(O))). Then we can show that (35) holds.

By (38), there exists a subsequence of (V(N ))2 weakly converging to a function w’
in L3(Q; L3(0,T; L?(0))). By the Lemma 6, we deduce that (u(™)* converges to w’
weakly in L3(Q; L3(0,T; L?(0))). We also show that (36) holds, and finish the proof

of this lemma. O

6. Proof of the main theorem

We introduce those topological spaces [2]

Zy = C°([0,7]; H*(0)') N L2(0,T; HY(0)) N L*(0,T; L*(0)) N C°([0,T7; L2(0)),

endowed with the topology 7', with T the maximum one of above topological spaces.
On this space, we can formulate a compactness criterion. The origins and proving
details for this criterion are [17, 18, 23, 24]. A detailed explanation of the Aldous
condition [17]. For some preparation materials to have a better knowledge of those

tightness criterions we use in following lemmas [23].

Lemma 9. Let us denote the set of laws of u™) as L(u(N)), then the set of measures
{L(N)): N €N} is tight on (Zp,T).

Proof. Theorem 10 [2] provides criterions for the tightness of the approximated
sequence (u(N ) )nen in Zr, and we have verified two of those criterions in the Lemma
7, which are
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T
SUPNeN E(Supte(O,T) ||“(N)||%2(o)) <C, supyen E(/o ||“(N)||%11(o)d7“) <C.

By the fact that embeddings H3(O) < H'(O) <+ L?(0O) are dense and continuous and
the embedding H'(O) < L?(O) is compact, when d < 3, it remains to show that
(u™)) ey satisfies the Aldous condition in H 3(0)'. It is sufficient to show that for
(TN) yen @ sequence of F'-stopping times with 0 <7y <T, for every € >0, k > 0,
there exists > 0, such that

sup e SuPg<g<s P(Ju™ (rn + 6) —u™ (TN)”Hs(@)' > k) <e.

Lettc (0,T) and ¢ € H3(O), then

(™ (0,000 = (™0 €0) = 32 fg (495", DLy

+ 30 JE T (o (0 ) a5 (), i) = I + T () + I 8),
j=1

where ( -, - ) is the dual pairing between H3(O)/ and H3(O). Denote I; =
{we Q: 0< fOT I(u™) (r))slliz(o)drfl}, with the complement of I; given by I} =
{we Q: [ 1™ (1)1, ) dr> 1}. Thus

2
E(la™ )50 re2(0y) = EUo 1@ ()13 ) dr) 3
2
— fon U1 (1) 2 0y dr) 3 B(des) < 1+ E [T | @) (1) gy < C.
By the H\”older inequality, we have
B (0 ™)*[| 15 07,2200 V0N | 1200, 7522(0))))?
< E(H(“(N))S||%3(0,T;L2((9)))E<”V“(N)”2Lz(o7T;L2(O))) <C.

Using the continuous embedding of H3(O) —W1*(0), when d < 3, let us consider
integrals with 0 < 0 < 1. Let us denote X(ry ry46)(t) =1, if T8 <t <7n+0, and
otherwise, X (7, n+6)(t) = 0, we observe that
™~ +6 s T s
ST ™) 20 VUM | 20y dr =[5 Xryr+0) (DI @)2 | 20y [ VU 20y dr

w1 a0 7. p200) VU [ 20 722 (0)

<X (ry,ma+0) (M 26 (0,7 I€
= 110l 6 ((re ) 12 L3 0 L2 00 I VUM | L2 0,722 (0

1
< 05 | (™))l 130 72000 VU ([ 20 722 (0))

20
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and for JfN) (t),ifi =7,

E| [25 (A5 ()l VT ) dr |
<E [ A ) | 2o VU™ | 20y Vil o oy dr
<CE f:fvvw(l + 1) (| L2 @) VU™ | 20y | | 72 0y dr
< CE((02 + 05 [ (@™)* |l 30,7220 VUM | 20.5220))) - 1D 30y
< CLOs (B(fy ™) 0)dr)5)% - (B f) Va2, dr)2
+O2E[ VU™ | 120 20 } - 9]l 3 (0) < ceﬁncpum
if i # j,
E| [T (A (™) V™), ViLy ) dr]
< ]EfTN+9 Jo |saiju§N)(u§ ))8 1Vu Vi |dxdr
< CE [T [ [ (w{™)oV s |dar
< CEfTNH [u™ 120 ||V(“(N))S||L2(O)HV¢||L<>O(O)d7“

1
TN +0 ™~+0 112 2
< on{ (2 1 otr)” (12 IV orr)

1
1 2 2 s,,2
Nl 30y < CO% (Esupreorry 11720y ) * (B Sy IV ) N2 )

1
bl 30y < CO|D]] 3 0

=

Denote I, = {we Q:0< fOT lu(V) )II%Q(O)dr < 1}, with the complement of I given
by L= {we Q: [f WM (1)1, , dr > 1}, then

B 00 B0y dr)E = sty U 10090 [ ) 3 B(d)
§1+EIOTH“ ( )HL?(() dr < C,

then for JZ(N) (t), we have

E| [ (T (o3 (@™ () dW; (r), &) [P < B o (@™)[2 420080 - 1011220,
< CE([I 1+ M2 0))dr) - [[d]1220)
= CO+E Jy Xryirn+0) [0 ]250)dr) - 1011220
< CO+ ElX(ry ) |20 o [0 [20ydr)5) - 10112
< CO+OTE([y [u™[3500dr)5) - |0]|22 0, <cesuq>u

Let k > 0, € > 0, by the definition of H 3(0), norm and Chebyshev inequality, for
every ¢;, with "¢1"H3(O) =1,

N 1
U (4 0) = Y ) oy 2 /3 < BN (o +0) = 5 () gagoy <
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P{|lJS™ (rx + ) —

choose 0; = (ke/C)°, we infer that

N N
supy e SuPg<p<s, P (v +0) = IV (2l ooy = 1} < e

Still applying the Chebyshev inequality,

=

co
K2’

N 1 N N
2( )(TN)HHS(O)' >k} < ?EHJQ( )(TN +0) — 2( )(TN)HEB(O)' <

choose 8y = (k2e/C)?, we infer that

N N
sup e SUPgg<g, PLIJS (v +0) — IS () | ooy = 5} < e

This verifies the Aldous condition for Jl(N) (t) and JQ(N) (t), and JéN) is automatically
satisfied since no parameter ¢ is involved for JéN). The set of measures
{L™)(t)) : NeN} is tight on (Z7,T). O

The Lemma 12 [2] has shown that Z7xC?([0,T]; Yy) satisfies the assumption
for Skorohod-Jakubowski theorem, and we have shown that u) is tight in Z7 in the
Lemma 9. Readers are referred to the Theorem 23 [2], Theorem C.1 [18,19] for this
famous Skorokhod-Jakubowski theorem.

By the Skorokhod-Jakubowski theorem, we are able to find a probability

space (Q,F,P), and on this space ZrxC°([0,T]; Y¢)-valued random variables
@ ) @)
(W,W), (u , W) that ( u , W) has the same law as (u™) W) on B(Z7xC°([0,T];Yp))

and

() () . -
(u,W)=@W) in ZpxC°([0,T];Yy), P-a.s. as N—oo.

By the definition of Z7, we have

(V) ,o @)
u —uin C°([0,T); H3(O)), u — uweaklyin L?(0,T; HY(0)),
) N
u —uinC%[0,7);L2,(0)), w — uinL?*([0,T]; L*(0)), (44)
(V)

W — W in C°([0,T]; Yp).

(N

i

[3], we can show that for a.e. (z,t) €Ox(0,T), uN () is non-negative, P-a.s. with its

We have shown that u )(t) is non-negative, P-a.s. then by the method of Lemma 25

limit %(z,t) > 0, P-a.s. for every 1 <i <n.
7

Lemma 10. Forevery 1 <i<n, u;,(xz,t) >0in O, a.e.t € [0,T], P—a.s.

Proof. We for convenience denote Q7 = Ox(0,7), and let 1 <i<n. Since ugN) (t)
>0 in Qr, P-a.s. we have E"(UEN) () z20,m522(0)) = 0, where 2~ = max{0, —z}.

The function ul(-N) (t) is Zp-Borel measurable and so does its negative part. Therefore,
(N) () and 7N
i ;. and 11

using the equivalence of laws of u;" ' (t) and @)Y (¢) in Zr and writing p
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for the laws of uEN) (t) and @l (t), respectively, we obtain
BI@ () 2@y = Sr2io 15 N2 diY ()

_ N N _
= [i2om 19 2@ dnd™ () = Bllw™ )~ [l 2(gr) = 0.

This shows that %" (¢) >0 a.e. in Qr, P-a.s. The convergence (up to a subsequence)
() ~ ~
u (t)—ua.e. in Qr, P-a.s. then implies that w, > 0 in Q7, P-a.s. O

Let us state some important convergence results in the Lemma 11. This lemma is

a key tool in the proof of the main theorem.

Lemma 11. Foreveryr,t € (0,T) withr <t, p; € L?>(O) and ¢;€ H3(O) satisfying
Vo;-v=0o0nd0, we have

T
;g;EA<%Ww—§uxwfﬁzo, (45)
Jim E(@ (0) - a(0), 1) = 0, (46)

N—o0

o= Tt (N) N ~ _
lim B /0 |; /0 (AW ()T () = A @) V), Tidrde =0, @7)

[t (N)
lim /0 Wi (0 ()WY (1) o3 (W(r)dW; () 00) P= 0 (48)

N—o J

Proof. The proof largely relies on the Lemma 10 [4], Lemma 16 [1] and Lemma 26
[3]. The verification for the Vitali’s convergence theorem (A.4. [2]) be completely
referred to the Lemma 16 [2], so we make an omittance. Some convergence results and

embedding theorems for test functions are also referred to the Lemma 16 [2].
() ~
Since u —u in C°([0,7]; L2/(0)), P-a.s. then for every ;€ L?(O),

lim (3" (£) 1) = (u(t). i), P-a.s.

N—w

By the dominated convergence theorem, we conclude that

T
lim [ (@Y (t)—u(t),p:)*dt = 0.
N—o0 0 A
O\ R ) ~ . .
Since u —uin C°([0,T]; L2 (0)), P-a.s. and u is continuous at ¢ = 0, we deduce that

Alflﬁl:}()(ﬁfv (0),:) = (? (0),¢;), P-a.s. Then by the Vitali’s convergence theorem, we can
show (45)—(46).

By the structural information of the diffusion matrix A(u) = (A4;;(u)), in order to
show (47), we have to show that for every 1 < j, k<mn,

lim QWWm—vam@Mwﬂ, (49)

N—o0 0 J
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lim [ (@ ()Y@ (r)* — T(r) VR (r), Va)dr = 0,

N—oo 0

t

tim [ (@ (0))"VE (r) = T (1) V), Vbi)dr = 0.

N—oo 0

By (44), we can show that (49) holds for every ¢p;€H'(O). Let us denote

1Y = g Sl (r) - g<r>>v<a;y (1)) Vi,
I(N) S Jo @,V (@Y (r)* — @ () Vpidadr,
= — [y Jo (@ ()5l (r) — @ (r P)i(r) Adpidrdr,

V== i Jo @ @IV @ (r)* — 7)Y (1) Vidadr,
and we notice that

Jo @Y (V@Y ()* = Hr) VY (r), Vi)dr = 1 + 1",

f5<<a£ (M) VY (r) = ) (r)Vi(r). Vidr = 1) + 1Y,

One step further, we have

N 27 27 "t s
L1 < 1 ) = 30 | 2z IV @ () lzirazop | bill o),

(50)

(5D

and by (44), we deduce that as N—oo, I( )50. For I( ), since (ul (r))* converges
weakly to uj(r) in L%(0,7; H'(O)), and au(r )V¢Z€L2(OTL2(O)) then as
J

N—oo, I$M) 0, and (50) holds.

Since I(N)

151 = 1§ Jo @ ()@ (r) = T(r)) Adudadr

o Jo @, () (@R (1)* = T (1) Adsdadr]

< J[a (r) - ’37(7“)||L2(0,T;L2(0))H(aiV(T))S||L2(o,T;H1(O))H¢z‘HH3(0)

+|fo f(f) r)Ad;((u ( ))? — ( )dxdr|,

IfN)—IQ(N), then as N —oo, IELN)—>O. For I:EN), we have

then by (44) and u(r)d;€L?(0,T; L?(0)), we deduce that as N—o, IéN)—>0, and (51)
J

holds.
Convergences (49)—(51) indicate that

¢ ()

lim [ (A (8 )V (1) = Ay (@) V(r), Véi)dr =0,

N—o00 0

and by the Vitali’s convergence theorem, we can show that (47) holds.

For the final limit (48), we mainly rely on
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() _
S o (8 () = 03 ). 02y g0 dr
t ¥ 5 2 2 AL 2 2
< fo |oij(w (r)) — Jij(“(r))”[,(y;m(@))H‘PiHm(o)dr <Cfu — uHL2(07T;L2(o))H‘Piup(@)y

(N) .
and u —uin L%(0,T; L?(0)), P-a.s. implies that

¢ ()

dim [ o (a (1) =i (@(r) ;17 . 120y dr = 0.
—00 0

By the Vitali’s convergence theorem, we obtain that for every ;€ L%(O),

¢ (N)

Jim B[ 1o (0 () =5 (@0),0) .20 = .
—00 0

Then by the Ito isometry, we have

bW

Jim B [ Wy (0 (1) =0 ()W, (r) o) = 0
0

and by the dominated convergence theorem, we can show that (48) holds.

After above preparations, let us give the proof of the main Theorem 1.

Proof. Let us define

), & ™) noo. (N) ~
A7 (u, Wad)(t) = (u; (0),¢i>+§1f0 (Mydiv(Ai; (0 (r)) Vg (r)), bi)dr

o T
+<Zlfo Moy (u (r)dW(r), di),
‘7:

And

MG W) (1) = (@00 b0+ 3 [ (v (A @) V(). ) + (52 fy o () (7). ),
7

forte (0,7)and 1 <i<n.
Since for every ;€ L%(0), we have

T
16 (1), 1) — ((8), @0 ooy = B /0 @ (1)~ (0), i)t
then by Lemma 11, we can show that

lim H<ﬁfv(t) - ?(t)a Spi>”L2(§><(O’T)) =0.

N—o0
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(i(t), ds) = (

ui(0)

Let ¢ €H3(O) satisfying Vd-v = 0 on 60, we have

oy, @ ~
1A, W) — A (W, )l L1 0.1

< 7, - O _
:Efo |Ai (ll 7Wa¢)_Ai(u7W7(b)|dt§Efo |<u£\7(0)_?( ) >|dt

= (52)
+E ) |z Jo (s (B ()WY () = s @) AV (r), 1)

~ o D (N) _ _ _
+E [y | ; Jo (A (a (r)Vay (r) - Aij(“(r))vg(r%Vd?i)dﬂdtv

and Lemma 11 indicates that each term in the right-hand-side of (52) vanishes, as N —o0,

thus
. w0 @ <
J\;gnoo A (u, Wod) = Ai(u, W, 0l 11 0.7y) = 0-

u™)(t) is the strong solution (in the probabilistic sense) of (11). By the definition,
uM)(t) satisfies <u§N)(t),d)i> = AZ(»N)(u(N),W,d))(t), P-a.s. for every te (0,7,

¢ €HY(O). In particular, we have

T
/ Elw™#),0) AN @™ W, ¢)(t)|dt = 0.
0

~

)
Since L(u™),W) coincides with L( u , W), we have

N (N)( N) (N)
/E| Gi)—A;7(u , W, d)(t)|dt =0, 1<i<n.

Let N—oo, then [ E|(@(t),b:)—A; (W,W, &)(¢)|dt = 0. This identity holds for every
(2
¢ €H3(0) satisfying Vv = 0 on 60, and by the density argument, it holds for
every ¢ €H'(O). Hence, for ae. te[0,T], weQ, we deduce that (u(t),d;)
(2

-A;(W,W, ) (t) =0,1<i<n. By the definition of A;, this means that for a.e.t
€ [0,7], weQ,

00+ 3 [y @IV ), G0 + (3 [ o G0, 00

We set U = (ﬁ,ﬁf,ﬁ), and the system (U ,W.u) is a martingale solution of (1)—(3).
O

7. Conclusion

In this work, we have shown that a martingale solution exists to (1)—(3) when
s> 2. If 1 < s < 2, the diffusion matrix does not satisfy the local Lipschitz condition.
Without the local Lipschitz condition, we are not able to apply the existence and
uniqueness theorem to derive approximated solutions.

In this situation, we have to regularize the diffusion matrix. The key idea is
to introduce a sequence of diffusion matrices denoted as A(K,u), K€N. For every
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KeN, A(K ,u) satisfies the local Lipschitz condition. Then we derive a sequence of
approximated solutions denoted as u™¥) (K t).

We can show that as N—co,uN) (K t) converges, and we denote its limit as u(/<).

Then we let K —o0, and u(%)

converges to a martingle solution of (1)—(3).

Once 1 < s < 2, we do not have to construct the auxiliary sequence. Strong
enough estimations can be derived once we apply the It formula to lu™) (K ¢)l 12(0)-
As methods are quite different, in this work we focus on s > 2 case.

Once 0 < s <1, how to regularize the diffusion matrix in order to derive
approximated solutions, and how to estimate these approximated solutions are very
difficult. We are still investigating how to show a martingale solution exists to (1)—(3)
if0<s<1.

We notice that in order to show a martingale solution exists, the diffusion
coefficients (a;;) have to satisfy assumption (6). We rely on this assumption to derive
matrix analysis results. How to show a martingale solution exists under a weaker
assumption for diffusion coefficients is another main topic in future investigations. We

conjecture that if s> 0, a martingale solution of (1)—(3) exists if a;; > 0,1 <14, j<n.
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