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Abstract: In this paper, we present an operational matrix method for integrating fractional
Riccati differential equations (FRDEs) based on Haar wavelets. The fractional derivative
is considered in the sense of Atangana’s beta derivative, which effectively captures the
memory and nonlocal characteristics of complex dynamical systems. The proposed technique
employs a truncated Haar wavelet series and an operational matrix of integration to convert the
governing FRDEs into a system of algebraic equations. These equations are then formulated as
objective functions, and the unknown Haar wavelet coefficients are determined using a random
search optimization procedure. This transformation reduces the computational complexity
and provides an efficient framework for handling nonlinear fractional-order problems. The
convergence and validity of the proposed method are demonstrated using several illustrative
examples. The numerical results obtained with the proposed approach are compared with those
from the Adams–Bashforth method, and the results show that the present technique provides
more accurate approximations. Furthermore, to assess the performance and reliability of the
method, several error metrics were computed, including the mean absolute deviation, root
mean square error, Theil’s inequality coefficient, Nash–Sutcliffe efficiency (NSE), and variance
account for (VAF), for different numbers of collocation points. The results confirm that the
Haar wavelet operational matrix method is simple to implement, computationally efficient, and
highly accurate for solving fractional Riccati differential equations.

Keywords: operational matrix method; Haar wavelet; Atangana’s beta derivative;
fractional Riccati differential equations

1. Introduction

Fractional calculus (FC) is a mathematical concept that extends the notions of
differentiation and integration to encompass non-integer-order systems. It has been
extensively applied in modeling engineering and scientific problems, particularly
in systems that exhibit memory, hereditary properties, and anomalous diffusion.
Fractional differential and integral equations are crucial for describing a wide range
of physical phenomena, including viscoelastic materials, fluid dynamics, signal
processing, control theory, bioengineering, and financial modeling. In recent years,
researchers have focused on developing analytical and numerical techniques to
solve these problems. However, owing to their nonlocal nature and inherent
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complexity, obtaining closed-form analytical solutions for most fractional equations
is challenging. Consequently, there has been significant interest in developing reliable
and efficient numerical methods for solving such problems. Several numerical methods
have been proposed, such as the homotopy perturbation (HPM) [1], the variational
iteration method (VIM) [2], Adomian decomposition method (ADM) [3], homotopy
analysis method (HAM) [4], and different wavelet methods, such as the Legendre
wavelet [5, 6], ultrasperical wavelet [7, 8], and Bernoulli wavelet [9]. Additionally,
other approaches, including finite difference methods, spectral methods, collocation
techniques, operational matrix methods, and optimization-based algorithms, have
been widely used to approximate the solutions of fractional differential equations
(FDEs). These techniques aim to transform the original fractional problem into a
system of algebraic equations that can be solved efficiently using numerical procedures.
Despite these advancements, there remains a need for more accurate, stable, and
computationally efficient techniques that can handle nonlinear fractional models.
Therefore, the development of improved numerical strategies remains an active area
of research in FC and its applications in engineering.

The Riccati equation significantly influences various fields of engineering and
applied research, including transmission line phenomena, diffusion problems, random
process theory, and optimal control theory. These equations naturally emerge in
filtering theory, fluid mechanics, quantum mechanics, population dynamics, and
financial mathematics, where nonlinear behavior is crucial for describing system
dynamics. In control engineering, Riccati equations are prevalent in linear quadratic
regulator (LQR) problems, optimal estimation, and robust control design, whereas
in stochastic processes, they are frequently encountered in covariance analysis and
state estimation. Additionally, Riccati-type equations are employed to model wave
propagation, heat transfer, and chemical reaction systems, underscoring their versatility
in representing nonlinear physical phenomena. The nonlinear structure of the Riccati
equation renders it particularly significant for theoretical analyses and numerical
computations. Although classical Riccati equations can occasionally be transformed
into linear second-order differential equations, such transformations are not always
straightforward, particularly in the presence of variable coefficients or non-linear
forcing terms. The complexity increases further when fractional-order derivatives are
incorporated, as fractional Riccati differential equations (FRDEs) introduce memory
effects and nonlocal behavior into the model. These features enhance the modeling
capabilities but also increase the problem's mathematical complexity. Consequently,
the development of efficient numerical techniques for solving Riccati and FRDEs
remains a vital and active area of research in applied mathematics and engineering
sciences.

Hence, techniques have been developed to solve Riccati differential equations,
including VIM [10], He’s VIM [11], ADM [3], and HPM [12]. In addition, Yuttanan
et al. [13] introduced fractional-order generalized Legendre wavelets (FOGLWs) to
solve FRDEs. An exact formula for the Riemann–Liouville fractional integral operator
of the FOGLWs was derived using a hypergeometric function. By employing this
formulation and the properties of FOGLWs, the FRDE is reduced to a system of
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algebraic equations that can be solved efficiently. The method provides highly accurate
results, and numerical examples are presented to demonstrate its effectiveness. Singh et
al. [14] investigated the behavior of a nonlinear FRDE involving the Caputo–Prabhakar
derivative. An efficient computational approach based on a combination of the
homotopy analysis method and Sumudu transform was employed to obtain the solution.
The convergence and uniqueness of the proposed scheme were analyzed. Furthermore,
numerical results were presented through graphical illustrations to demonstrate the
reliability and effectiveness of the method for solving the mathematical model with
Prabhakar-type memory. Mohammad [15] presented a numerical framework for
solving fractal-type FRDEs using tight wavelet frames constructed from Coiflet
scaling functions. A fractal-type fractional derivative based on integral operators
was introduced to capture the self-similar characteristics of the fractal structures.
The proposed method combines this derivative with an efficient computational
scheme to obtain accurate numerical solution. The results demonstrate improved
accuracy and computational efficiency compared with existing approaches, such as
Legendre–Galerkin and spline-based methods. The effectiveness of this technique
in handling complex fractional dynamics highlights its potential for application in
various scientific and engineering problems. Momani et al. [16] employed an iterative
reproducing kernel method to obtain the solutions for fractional Riccati differential
equations (FRDEs). Hosseinnia et al. [17], Odibat and Momani [18], and Khan
et al. [19] utilized the modified HPM to solve the same type of equation.

Wavelet bases have attracted considerable attention for obtaining approximate
solutions of differential equations of both integer and fractional orders. Due to their
ability to accurately represent complex functions, wavelets provide efficient numerical
schemes with fast computational performance. Moreover, wavelets exhibit excellent
properties for detecting singularities, irregular structures, and transient behaviors
arising in differential equations. In general, wavelet-based numerical techniques for
differential equations are constructed using either collocation or Galerkin formulations.
Among various wavelet families, Haar wavelets (HWs) are the simplest orthogonal
compactly supported piecewise constant functions. However, because Haar wavelets
are not differentiable at their discontinuity points, they cannot be directly applied
to certain classes of differential equations, including Riccati-type equations. Two
major approaches have been proposed to overcome this limitation. The first approach
regularizes Haar wavelets through spline interpolation. In this regard, Cattani [20]
presented a numerical approximation framework for differential operators using Haar
wavelet bases together with spline-based derivatives. Their study demonstrated that
spline smoothing enables the effective computation of Haar wavelet derivatives and
illustrated the applicability of the method through a linear diffusion equation. The
second approach is based on the integral operational matrix technique introduced
by Chen and Hsiao [21]. Later, Lepik [22, 23] further extended Haar wavelet
techniques for solving various classes of differential equations. Recently, Haar wavelet
methods have been successfully applied to fractional-order dynamical systems arising
in scientific and engineering applications. For example, Ali et al. [24] proposed a
fractional-order atmospheric model describing the coupled dynamics of permafrost
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thawing, atmospheric temperature, and greenhouse gas concentration. The model
was formulated using the Atangana–Baleanu–Caputo (ABC) fractional derivative to
incorporate memory effects associated with climate dynamics. To solve the resulting
nonlinear fractional differential system, an operational matrix corresponding to the
AB fractional integral operator was developed using Haar wavelets. The resulting
system was transformed into an optimization problem and solved through differential
evolution to estimate the unknown Haar wavelet coefficients. Numerical comparisons
with predictor–corrector and standard numerical methods confirmed the effectiveness,
accuracy, and computational efficiency of the proposed approach. Furthermore,
theoretical investigations established the existence, uniqueness, and error bounds of
the obtained solutions. Similarly, Sylvia and Ghosh [25] examine a fractional-order
chemical clock reaction model formulated with the Caputo derivative to capture
memory effects in chemical dynamics. They applied the HW method using an
operational matrix to transform the system into nonlinear algebraic equations, which
were then solved inMATLAB. The results were validated against the Adams–Bashforth
method (ABM) and compared with the spectral collocation approach. Their analysis
showed that the method had good convergence, with errors decreasing as the resolution
level increased. Error comparisons indicate that the HW method produces more
accurate results than the spectral collocation technique and is closely aligned with
the benchmark method. In addition, stability, existence, and uniqueness analyses
confirmed that the obtained solutions were reliable and well-behaved. Overall, the
study demonstrates that the HW approach is an efficient and accurate tool for modeling
fractional chemical clock reaction systems. Additional findings in this area may also
be located in Amin et al., Khashan et al., and Ahsan et al. [26–28].

Inspired by the aforementioned studies, this study presents notable mathematical
and computational advancements that set it apart from existing methodologies. The
primary contribution is the development of a HWOMM specifically formulated
for Atangana’s beta fractional derivative, which contrasts with the classical Caputo
and Riemann–Liouville operators typically utilized in prior research. Unlike
these traditional fractional derivatives, which often involve nonlocal operators and
singular kernel structures that complicate analytical and computational processes,
Atangana’s beta derivative offers a relatively simple local fractional formulation. This
characteristic facilitates the derivation of the corresponding fractional integration
operational matrix and enables a more straightforward numerical implementation,
while maintaining the essential fractional-order properties of the model. By deriving
the corresponding fractional integration operational matrix within this framework, the
FRDEs are transformed into objective functions, and unknown HW coefficients are
determined through RSO. Unlike traditional HW technique, which typically rely on
direct algebraic solvers or deterministic iterative schemes, the integration of RSO offers
a flexible and efficient optimization-based strategy for addressing nonlinear systems
and enhancing computational adaptability. Furthermore, the proposed semi-analytical
method requires minimal computational effort due to the simplicity of the Haar
basis functions, achieves high accuracy with relatively few collocation points, and
is easily implementable in standard computational software. To further substantiate
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the robustness of the method, rigorous convergence analysis and error estimation
were conducted, and the numerical results obtained were compared with the exact
solutions and the Adams–Bashforth Method (ABM) [29], demonstrating the reliability,
correctness, and effectiveness of the proposed approach. Therefore, the novelty of this
work lies not merely in the application of Haar wavelets but in the introduction of a
new operational matrix under Atangana’s beta framework, its coupling with random
search optimization, and the provision of its theoretical and numerical validation for
solving FRDEs. Finally, performance metrics were implemented to assess reliability
and correctness.

The structure of this paper is organized as follows: In Section 2, essential
concepts of Atangana’s beta derivative and integral are presented. In Section 3, the
HW basis, function approximation, construction of operational matrix for fractional
order integration, implementation of HWOMM, and RSO are discussed. In Section
6, numerical results and comparisons with exact solutions and the ABM are discussed
through illustrative examples. Finally, Section 7, concludes the paper with a summary
of key findings and future research directions.

2. Essential concept of Atangana’s beta derivative

Definition 1. Let ξ be function, such that, ξ : [a,∞) → R. Then, the β−derivative
of ξ is defined as follows [30]:

A
0D

β

ψ (ξ(ψ)) = lim
κ→0

ξ

(
ψ+κ

(
ψ+ 1

Γ(β)

)1−β
)
−ξ(ψ)

κ
, (1)

for all ψ ≥ a, 0 < β ≤ 1. Then the limit of above function exists, ξ is says to be
β−differentiable.

Definition 2. Let ξ : [a,∞) → R be a continuous function. We propose the
Atangana’s β−integral of ξ as follows [30]:

A
a I

β

ψξ(ψ) =

∫ ψ

a

(
ς +

1

Γ (β)

)β−1

ξ(ς)dς. (2)

The operator introduced above acts as the inverse counterpart of the proposed
β−derivative and is therefore referred to as the β−integral.

The following two theorems illustrate how Atangana’s β−derivative can be
integrated with the β−integral.

Theorem 1. For every value of ψ ≥ a, assuming ξ is a given function that is both
continuous and differentiable}, the following holds:

A
0D

β

ψ

(
A
0 I

β

ψξ(ψ)
)
= ξ(ψ). (3)

Proof. For complete proof see Atangana and Doungmo Goufo [30].

Theorem 2. For any value of ψ ≥ a with ξ is a specified function that is continuous
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and differentiable, we have:

A
a I

β

ψ
A
0D

β

ψξ(ψ) = ξ(ψ)− ξ(a). (4)

Proof. For complete proof see Atangana and Doungmo Goufo [30].

3. Haar wavelets and function approximation

HWs are one of the simplest and earliest wavelet families used for function
approximations and numerical analyses. They consist of piecewise constant basis
functions generated by the dilation and translation of a single mother wavelet, which
makes them computationally efficient and easy to implement. Haar wavelets were
introduced in 1910 by the Hungarian mathematician Alfréd Haar and later became
an important tool in numerical analysis, signal processing, and solving differential
equations. In this section, the HWs and fractional integration matrix of HWs are
discussed.

3.1. Haar wavelets
For ψ ∈ [0, 1], the HW functions can be described as follows [31]:

h0(ψ) =

{
1, ψ ∈ [0, 1) ,
0, otherwise,

(5)

and,

hi(ψ) =


1 if σ

2j
≤ ψ < σ+0.5

2j
,

−1 if σ+0.5
2j

≤ ψ < σ+1
2j

0, otherwise,
, (6)

where the integers 2j , j = 0, 1, 2, 3, ..., J, J ∈ N, denote the level of wavelets and the
integers σ = 0, 1, 2, ..., 2j − 1, are the translation parameters. The index i in Equation
(6) is evaluated using i = 2j + σ + 1. The minimal value of i is 2 and the maximal
value of i isM = 2J+1.

3.2. Approximation of square integrable function
Any function ξ(ψ) ∈ L2 ( [0, 1)) can be expanded in terms of HWs as:

ξ(ψ) = ϖ1h1(ψ) +ϖ2h2(ψ) +ϖ3h3(ψ)... (7)

If we consider ξ(ψ) to be a piecewise constant function, the infinite series
mentioned above can be expressed as a truncated series.

ξ(ψ) ≈
∑M

i=1
ϖihi(ψ). (8)

The matrix form of Equation (8) is:

Ψ = BTH, (9)

where BT = [ϖ1, ϖ2, ..., ϖM ], is the row vector and Ψ is the discrete form of the
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function ξ(ψ). H = [h1(ψ), h2(ψ), h3(ψ), ..., hM (ψ)]T is the HWmatrix of orderM.

For instance, when J = 2 the HW matrix can be written as:

H8×8 =



1

1

1

0

1

0

0

0

1

1

1

0

−1

0

0

0

1

1

−1

0

0

1

0

0

1

1

−1

0

0

−1

0

0

1

−1

0

1

0

0

1

0

1

−1

0

1

0

0

−1

0

1

−1

0

−1

0

0

0

1

1

−1

0

−1

0

0

0

−1


. (10)

To obtain a numerical approximation of the function ξ(ψ), we use the collocation
points (CPs):

ψs =
2s− 1

2M
, s = 1, 2, 3, ...M. (11)

3.3. Operational matrix of fractional order integration of HWs
The integration of HM (ψ) = [h1(ψ), h2(ψ), h3(ψ), ..., hM (ψ)]T can be

approximated as follows [21]:∫ ψ

0
HM (τ)dτ ∼= PM×MHM (ψ). (12)

Matrix P , which is an M square, is known as the HWOMM of integration [21].
We aim to calculate the HWOMM for the fractional order integration. To achieve
this objective we present the definition of fractional order integration [30], known as
Atangana’s β−fractional integration.

P βHM (ψ) = IβHM (ψ) =
[
Iβh1(ψ), I

βh2(ψ), I
βh3(ψ), ..., I

βhM (ψ)
]T
,

=

[∫ ψ
0

(
t+ 1

Γ(β)

)β−1

h1(t)dt,
∫ ψ
0

(
t+ 1

Γ(β)

)β−1

h2(t)dt,
∫ x
0

(
t+ 1

Γ(β)

)β−1

h3(t)dt, ...,
∫ ψ
0

(
t+ 1

Γ(β)

)β−1

hM (t)dt

]T
,

= [Ph1(ψ), Ph2(ψ), Ph3(ψ), ..., PhM (ψ)]
T
,

where

Ph0(ψ) =
1

β

((
ψ +

1

Γ (β)

)β
−
(

1

Γ (β)

)β)
, (13)

and

Phs(ψ) =



0, ψ ∈ [0, σ
2j

)
,

1
β

((
ψ + 1

Γ (β)

)β
−
(
σ
2j

+ 1
Γ (β)

)β)
, ψ ∈ [ σ

2j
, σ+0.5

2j

)
,

1
β

(
2
(
σ+0.5
2j

+ 1
Γ (β)

)β
−
(
ψ + 1

Γ (β)

)β
−
(
σ
2j

+ 1
Γ (β)

)β)
, ψ ∈ [ σ+0.5

2j
, σ+1

2j

)
,

1
β

(
2
(
σ+0.5
2j

+ 1
Γ (β)

)β
−
(
σ
2j

+ 1
Γ (β)

)β
−
(
σ+1
2j

+ 1
Γ (β)

)β)
, ψ ∈ [ σ+1

2j
, 1
)
.

(14)

If β = 0.95 and J = 2 then the matrix I0.95 of the integration in Equations (13)
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and (14) given as,

P 0.95 =



0.0624 0.1869 0.3107 0.4338 0.5564 0.6786 0.8002 0.9215

0.0624 0.1869 0.3107 0.4338 0.4340 0.3118 0.1902 0.0689

0.0624 0.1869 0.1869 0.0624 0.0025 0.0025 0.0025 0.0025

0 0 0 0 0.0612 0.1834 0.1834 0.0622

0.0624 0.0624 0.0007 0.0007 0.0007 0.0007 0.0007 0.0007

0 0 0.0624 0.0624 0.0005 0.0005 0.0005 0.0005

0 0 0 0 0.0612 0.0613 0.0004 0.0004

0 0 0 0 0 0 0.0607 0.0608


.

3.4. Implementation of HWOMM
The HWOMM for addressing FRDEs utilizes an indirect integration technique as

opposed to direct differentiation. This approach is employed due to the fact that the
derivatives of HW are nullified almost everywhere within the domain. As a result,
the estimation of highest-order derivative of the unknown function in the equation is
conducted using HWs. Subsequently, approximations for the unknown function and
its lower-order derivatives are derived through integration. This section delineates
the process for employing the HWOMM for FRDEs in the context of Atangana’s
β−derivative. Consider the following FRDEs [32]:

A
0D

β

ψξ(ψ) = f(ψ) + g(ψ)ξ(ψ) + h(ψ)ξ2(ψ), 0 < β ≤ 1, 0 ≤ ψ ≤ 1, (15)

with initial condition (IC)
ξ(0) = γ,

where A0D
β
ψξ(ψ) Atangana’s fractional derivative [30], and we assume that functions

f, g and h are continuous on the interval [0, 1]. Approximate the terms that include
Atangana’s fractional derivative in Equation (15) using HW series.

Let
A
0D

β

t ξ(ψ) =
∑M

i=1
ϖihi(ψ) = BTHM (ψ), (16)

Utilizing Atangana’s β−integral operator to Equation (16), the following result is
obtained:

ξ(ψ) = ξ(0) +
∑M

i=1
ϖiP

β
i (ψ) = γ +BTP βHM (ψ), (17)

replacing Equations (16) and (17) into Equation (15), the resulting expression becomes:

BTHM (ψ) = f(ψ) + g(ψ)
(
γ +BTP βHM (ψ)

)
+ h(ψ)

(
γ +BTP βHM (ψ)

)2
, (18)

Equation (18) contains unknown HW coefficients ϖs, which are obtained by
formulating and minimizing the following objective function:

Φ =
1

M

∑M

s=1

(
BTH −

(
f(ψ) + g(ψ)

(
γ +BTP βH

)
+ h(ψ)

(
γ +BTP βH

)2) )2

. (19)

The unknown coefficients in Equation (19) are determined using the built-in RSO
routine available in Mathematica 11 at the selected CPs. Once these coefficients are
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obtained, they are substituted into Equation (17) to construct an approximate solution
for Equation (15). Although the objective function is nonlinear, the accuracy and
reliability of the computed coefficients are validated by comparing them with the exact
solutions and benchmark results obtained using the ABM.

3.5. Random search optimization
In this study, RSO is utilized to ascertain the unknown Haar wavelet coefficients

that emerge in the HWOMM. The selection of the RSO is justified by its simplicity,
ease of implementation, and compatibility with the proposed numerical framework.
Given that the resulting objective function is nonlinear and may encompass multiple
local minima, a random search offers an appropriate derivative-free optimization
strategy that does not require analytical gradient information and can effectively
explore various regions of the search space. Compared to more systematic or
advanced optimization algorithms, RSO integrates seamlessly with Mathematica’s
built-in optimization tools and provides reliable performance for the problem at hand.
The random search algorithm generates a population of randomly selected initial points
within the prescribed search bounds of the unknown coefficients and applies a local
optimization technique to each starting point to converge toward the local minima [33].
The optimal solution is identified as the best local minimum among all the obtained
solutions. In this study, the search bounds for the Haar wavelet coefficients are
defined according to the feasible domain of the optimization problem, whereas the
number of search points is chosen asmin(10d, 100), where d denotes the total number
of optimization variables. Consequently, the population size is directly determined
by the number of unknown coefficients that must be estimated. The available local
search methods include automatic and interior points. The default automatic method
employs penalty terms to handle constraints and determines the minimum using
unconstrained optimization techniques, whereas the Interior Point method is employed
for nonlinear constrained optimization. The optimization process was terminated when
the prescribed tolerance level was satisfied, with the constraint violation tolerance set to
0.001, ensuring the convergence of the numerical procedure. To examine the sensitivity
to random initialization, repeated optimization runs were conducted, and consistent
coefficient values and numerical solutions were obtained, demonstrating the robustness
and stability of the proposed approach. Furthermore, to ensure the reproducibility of
the reported results, the random number generator seed was fixed at RandomSeed =
0. The objective function was optimized using the built-in RSO routines available in
Mathematica 11.0, with the parameter settings listed in Table 1.

Table 1. Random search parameter setting [33].

Option name Default value Description

“Initial points” Default Set of points for optimization process
“Method” Default Determines the minimization technique to be employed
“PenaltyFunction” Default A custom function used to penalize violate constraints
“PostProcess” Default Indicates whether to apply a local search algorithm after the main optimization
“RandomSeed” 0 Sets the initial value for random number generator to ensure reproducibility
“Searchpoints” Default Defines the number of points used to initiate local search procedures
“Tolerance” 0.001 Specifies the allowable margin for constraint violations
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3.6. Convergence analysis of HWOMM under Atangana’s beta integral
Lemma 1. Assume that ξ(ψ) is continuous and differentiable on (0, 1) and there exists
a constant L > 0 such that

∣∣∣ξ′(ψ)∣∣∣ ≤ L for all ψ ∈ (0, 1). Suppose ξHWOMM (ψ) is
the Haar approximation of ξ(ψ) then [34]:

∥ξ(ψ)− ξHWOMM (ψ)∥2 ≤
L√
3M

. (20)

Theorem 3. Let ξ(ψ) denote the exact solution of the FRDE, and assume that
ξHWOMM (ψ) represent its approximate solution obtained using HWOMM. Then
the following inequality holds, describing the error bound between the exact and
approximate solutions.

∥ξ(ψ)− ξHWOMM (ψ)∥2 ≤
∆L

√
2β − 1

√
3M

. (21)

Where ∆ =

(
1
2β

((
1 + 1

Γ (β)

)2β
−
(

1
Γ (β)

)2β)
−
(

1
Γ (β)

)2β−1
) 1

2

.

Proof. Using Equation (2) we obtain,

ξ(ψ) = ξ(0) +

∫ ψ

0

(
ς +

1

Γ (β)

)β−1

ξ(ς)dς, (22)

By subtracting the approximate solution ξHWOMM (ψ) from ξ(ψ) and carrying
out the required simplifications, the following expression is obtained.

ξ(ψ)− ξHWOMM (ψ) =

∫ ψ

0

(
ς +

1

Γ (β)

)β−1

(ξ(ς)− ξHWOMM (ς))dς.

Now, utilizing Cauchy-Schwarz’s inequality:

≤
(∫ ψ

0

(
ς + 1

Γ(β)

)2β−2

dζ

) 1
2 (∫ ψ

0
(ξ(ς)− ξHWOMM (ς))

2
dζ
) 1

2

,

≤ 1√
2β−1

((
ψ + 1

Γ(β)

)2β−1

−
(

1
Γ(β)

)2β−1
) 1

2

∥ξ(ψ)− ξHWOMM (ψ)∥2 ,
(23)

using Lemma 1, yields,

(ξ(ψ)− ξHWOMM (ψ)) ≤ L√
2β−1

√
3M

((
ψ + 1

Γ(β)

)2β−1

−
(

1
Γ(β)

)2β−1
) 1

2

, (24)

Taking L2 norm on both sides we obtain,

∥ξ(ψ)− ξHWOMM (ψ)∥2 ≤ L√
2β−1

√
3M

∥∥∥∥∥
((

ψ + 1
Γ(β)

)2β−1

−
(

1
Γ(β)

)2β−1
) 1

2

∥∥∥∥∥
2

, (25)

∥ξ(ψ)− ξHWOMM (ψ)∥2 ≤
∆L

√
2β − 1

√
3M

. (26)

10
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Where∆ =

(
1
2β

((
1 + 1

Γ (β)

)2β
−
(

1
Γ (β)

)2β)
−
(

1
Γ (β)

)2β−1
) 1

2

.

As the wavelet level M approaches infinity, the approximate solution
ξHWOMM (ψ) progressively converges to exact solution ξ(ψ).

This completes the proof.

4. Adam-Bashforth method

In this section, we utilize the ABM [29] as a numerical approximation technique
for solving FDEs involving the β−derivative, primarily for a comparative analysis.
This explicit multistep approach approximates the solution by leveraging information
from previously computed steps, rendering it suitable for examining the dynamic
behavior of the fractional system. This method facilitates a direct step-by-step
numerical integration of the given problemwithout necessitating its transformation into
an algebraic system, thereby preserving the structure of the original equation. Consider
the following differential equation:

A
0D

β

t ξ(ψ) = Υ (ψ, ξ(ψ)) , ψ ∈ [0, T ]. (27)

Applying the β−integral to Equation (28) yields the following result:

ξ(ψ)− ξ(0) =

∫ ψ

0

(
ζ +

1√
β

)β−1

Υ(ψ, ξ(ψ))dς. (28)

Let define ψn = nh, where h is the step size and n = 0, 1, 2, .... Then, at ψ = ψn,

we have:

ξ (ψn) = ξ(0) +

∫ ψn

0

(
ζ +

1√
β

)β−1

Υ(ψ, ξ(ψ))dς , (29)

and at ψ = ψn+1, we have:

ξ (ψn+1) = ξ(0) +

∫ ψn+1

0

(
ζ +

1√
β

)β−1

Υ(ψ, ξ(ψ))dς . (30)

Now, subtracting Equation (29) from Equation (30), we obtain:

ξ (ψn+1) = ξ (ψn) +

∫ ψn+1

ψn

(
ζ +

1√
β

)β−1

Υ(ψ, ξ(ψ))dς . (31)

Although various forms of interpolating polynomials may be employed in the
derivation, we adopt the Lagrange interpolation polynomial in this work, expressed
as follows:

p(ψ) =
ψ − ψn−1

ψn − ψn−1
Υ(ψn, ξn) +

ψ − ψn
ψn−1 − ψn

Υ(ψn−1, ξn−1) .

Thus,

ξn+1 = ξn +
∫ ψn+1

ψn

Υ(ψn,ξn)
ψn−ψn−1

(ς − ψn−1)
(
ζ + 1√

β

)β−1
dς

+
∫ ψn+1

ψn

Υ(ψn−1,ξn−1)
ψn−1−ψn

(ς − ψn)
(
ζ + 1√

β

)β−1
dς.

11
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ξn+1 = ξn +
Υ(ψn,ξn)

h

∫ ψn+1

ψn
(ς − ψn−1)

(
ζ + 1√

β

)β−1
dς

−Υ(ψn−1,ξn−1)
h

∫ ψn+1

ψn
(ς − ψn)

(
ζ + 1√

β

)β−1
dς.

Therefore, the approximate solution is computed using the following step-by-step
recursive formula.

ξn+1 = ξn +
Υ(ψn,ξn)
hβ(β+1)

(
ψn +

1√
β

)β (
ψn−1 − hβ + 1√

β

)
+
(
ψn+1 +

1√
β

)β (
2hβ − ψn−1 − 1√

β

)
+Υ(ψn−1,ξn−1)

hβ(β+1)

(
ψn+1 +

1√
β

)β (
ψn − hβ + 1√

β
−
(
ψn +

1√
β

)β+1
)
.

(32)

Equation (32) represents the two-step fractional ABM corresponding to
Atangana’s β−derivative for order 0 < β ≤ 1.

5. Evaluation criteria

To evaluate the performance of the proposed method, the mean absolute deviation
(MAD), root mean square error (RMSE), Theil’s inequality coefficient (TIC),
Nash–Sutcliffe efficiency (NSE), and variance account for (VAF) were mathematically
defined as measures of the error between the approximate and exact solutions. These
indicators were used to examine the accuracy and reliability of the method. The
MAD and RMSE measure the average error, whereas the TIC is used to assess the
closeness of the approximate solution to the exact solution. The ENSE and EVAF
were employed to evaluate the efficiency and overall performance of the proposed
technique. Smaller MAD, RMSE, and TIC values indicate better accuracy, whereas
larger ENSE and EVAF values indicate improved performance. These measures were
calculated for different numbers of collocation points to analyze the effectiveness of
the proposed method.

LMAD =
1

M

∑M

i=1

∣∣∣ξi − ξ
′
i

∣∣∣ , LRMSE =

√
1

M

∑M

i=1

(
ξi − ξ

′
i

)2
, (33)

LTIC =

√
1
M

∑M
i=1

(
ξi − ξ

′
i

)2√
1
M

∑M
i=1 (ξi)

2 +
√

1
M

∑M
i=1

(
ξ
′
i

)2 , (34)

NSE = 1−

 1
M

∑M
i=1

(
ξi − ξ

′
i

)2
1
M

∑M
i=1 ξi −

1
M

∑M
i=1

(
ξ
′
i

)2
 , LENSE = |1− NSE| , (35)

VAF =

1−
variance

(
ξi − ξ

′
i

)
variance (ξi)

× 100, LEV AF = 100− VAF. (36)

12
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Where ξi and ξ
′
i represent the exact and numerical results,M stands for the number of

CPs and Rc(M) denotes the rate of convergence defined by:

Rc(M) =

log

(
E(M

2 )
E(M)

)
log2

. (37)

6. Results and discussion

In this section, we evaluate the effectiveness of the newly established method
by applying it to the FRDEs. Furthermore, correctness is assessed by analyzing the
outcomes of the performance metrics for various numbers of CPs.

Example 1. Consider the FRDE [35]:

A
0D

β

ψξ(ψ) = 1 + ξ2(ψ) 0<β ≤ 1, 0 ≤ ψ ≤ 1, (38)

where the IC is ξ(0) = 0. For β = 1 the exact solution to Equation (38) is ξ(ψ) =

tanψ.
Let

A
0D

β

t ξ(ψ) =
∑M

i=1
ϖihi(ψ), (39)

Utilizing Atangana’s β−integral operator to Equation (39), the following result is
obtained:

ξ(ψ) = ξ(0) +
∑M

i=1
ϖiP

β
i (ψ), (40)

substituting Equations (39) and (40) into Equation (38), we get:

∑M

i=1
ϖihi(ψ) = C +

(∑M

i=1
ϖiP

β
i hi(ψ)

)2

, (41)

where C = [1, 1, 1, ..., 1].

Equation (41) can also be written in matrix form as:

BTH = C +BTP βH, (42)

where P βH =
[
P βi hi (ψs)

]
M×M

.
Equation (42) contains unknown HW coefficients ϖs, which are obtained by

formulating and minimizing the following objective function:

Φ =
1

M

∑M

s=1

(
BTH −

(
C +BTP βH

))2
. (43)

The unknown ϖs in Equation (43) are acquired through RSO at CPs ψs, s =

1, 2, 3, ...,M . Using ϖs in Equation (40) we obtain the required solution of
Equation (39).

Example 2. Consider the nonlinear FRDE [18]:

A
0D

β

ψξ(ψ) = 1 + 2ξ(ψ)− ξ2(ψ), 0 < β ≤ 1, 0 ≤ ψ ≤ 1, (44)

13
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with the initial conditions ξ(0) = 0, having exact solution at β = 1, as:

ξ(ψ) = 1 +
√
2Tanh

√2ψ +
log
(
−1+

√
2

1+
√
2

)
2

 .
Example 3. Consider the nonlinear FRDE [32]:

A
0D

β

ψξ(ψ) =
(
ψ3 − ψ2

)
ξ(ψ)− ξ2(ψ)+3ψ2 − 2ψ, 0 < β ≤ 1, 0 ≤ ψ ≤ 1, (45)

with the initial condition (IC) ξ(0) = 0, having exact solution at β = 1, as ξ(ψ) =

ψ3 − ψ2.

The HWOMM, which is an optimization technique inspired by the RSO, was
employed to solve FRDEs. Figure 1 depicts the variation in absolute errors across
different resolution levels, specifically J = 2, 4, and 6. However, enhancing the
resolution significantly diminishes the magnitude of these errors. Notably, the scenario
with J = 6 yielded the smallest errors, thereby affirming the high accuracy and
convergence of the proposed method. These results underscore that the numerical
scheme becomes more reliable and efficient at higher resolution.

Figure 1. Absolute errors calculated for many values of J at β = 1 for Example 1.

Figure 2 present a comparison between the solutions obtained using the proposed
HWOMM and the ABM for different fractional-order at β = 0.95 and β = 0.9. It
can be observed that the numerical results produced by HWOMM closely coincide
with ABM solutions over the entire computational domain. The overlap between the
curves confirmed the high accuracy, stability, and reliability of the proposed approach.
Moreover, the excellent agreement demonstrates that the HWOMM can efficiently
approximate the solution with minimal deviation, validating its effectiveness in solving
FDEs.
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(a) (b)

Figure 2. (a)Comparison ofHWOMMfor J = 4withABM [29] atβ = 0.95; (b)Comparison
of HWOMM with ABM [29] at β = 0.9 for Example 1.

Similarly, Figure 3 provide a comparison between the proposed HWOMM
solution and the reference solutions obtained by the ABM for different parameter
settings β = 0.85 and β = 0.8. It can be observed that the numerical results generated
by HWOMM closely overlap with ABM solutions throughout the entire interval of ψ.
The near coincidence of the curves confirmed the high accuracy, stability, and reliability
of the proposed approach.

(a) (b)

Figure 3. (a) Comparison of HWOMM with ABM [29] at β = 0.85; (b) Comparison of
HWOMM with ABM [29] at β = 0.8 for Example 1.

Table 2 compares the performance measures, convergence rate, and CPU time
of HWOMM and ABM for Example 1. The results show that the error measures
decrease significantly as number of CPs increases, confirming improved numerical
accuracy for both methods. However, HWOMM consistently achieves smaller errors
and a more stable convergence rate, approaching the ideal second order convergence
1.999, compared to ABM.Although CPU time of HWOMM is higher than that of ABM,
the increased computational cost is justified by its superior accuracy and reliability.
Overall, the results demonstrate that HWOMM provides a better balance between
convergence performance and numerical precision.
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Table 2. Comparison of the performance measures, convergence rate and CPU time (s) of
HWOMM and ABM for Example 1.

HWOMM

J LMAD LRMSE LTIC LENSE LEVAF Rc CPU time (s)

1
2
3
4
5

1.9318 × 10−2

4.8294 × 10−3

1.4930 × 10−3

3.0177 × 10−4

7.5443 × 10−5

2.0200 × 10−2

5.0587 × 10−3

1.2071 × 10−3

3.1628 × 10−4

7.9071 × 10−5

1.0717 × 10−2

2.6831 × 10−3

6.7094 × 10−4

1.6774 × 10−4

4.1936 × 10−5

5.8665 × 10−3

9.7223 × 10−5

6.0314 × 10−6

3.7626 × 10−7

2.3505 × 10−8

1.3686 × 10−2

8.6113 × 10−4

5.3925 × 10−5

3.3720 × 10−6

4.6923 × 10−8

-
1.930
1.980
1.995
1.999

0.266
0.562
0.687
1.875
5.906

ABM [29]

J LMAD LRMSE LTIC LENSE LEVAF Rc CPU time (s)

1
2
3
4
5

2.7354 × 10−2

1.5323 × 10−2

9.1026 × 10−3

1.5225 × 10−3

3.4594 × 10−4

2.7809 × 10−2

2.3070 × 10−2

6.7420 × 10−3

2.0441 × 10−3

1.1188 × 10−4

4.0840 × 10−2

1.5780 × 10−2

6.1269 × 10−3

1.3712 × 10−3

3.6092 × 10−4

2.0546 × 10−2

3.0684 × 10−3

4.6486 × 10−4

2.3462 × 10−5

1.6272 × 10−6

1.0656
1.7151 × 10−1

2.7007 × 10−2

1.3755 × 10−3

9.5614 × 10−5

-
0.988
1.111
2.026
1.852

0.006
0.020
0.030
0.040
0.050

Likewise, Figure 4 presents the absolute error for various values of J at β = 1,
for Example 2. Figure 5 show a comparison between the HWOMM for J = 4 and
the ABM [29] at β = 0.95 and β = 0.9, while, Figure 6 display further comparisons
between the proposed method for J = 4 and ABM [29] at β = 0.85 and β = 0.8.

Figure 4. Absolute errors calculated for many values of J at β = 1 for Example 2.

Table 3 presents a comparative analysis of the performance metrics, convergence
rate, and CPU time for the HWOMM and ABM in Example 2. The findings indicate a
substantial reduction in all errormetricsLMAD,LRMSE ,LTIC ,LENSE andLEV AF as
the number of CPs increases, thereby confirming the robust convergence and enhanced
approximation accuracy of bothmethodologies. The proposedHWOMMdemonstrated
reduced errors and more stable convergence behavior, with the convergence rate
improving from 1.693 to 1.933, nearing second-order convergence. Although the
CPU time for the HWOMM exceeds that of the ABM, the additional computational
expense is warranted by its superior numerical accuracy and reliability. Overall, the
results indicate that the HWOMM offers an effective balance between accuracy and
computational efficiency.
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(a) (b)

Figure 5. (a)Comparison ofHWOMMfor J = 5withABM [29] atβ = 0.95; (b)Comparison
of HWOMM for J = 5 with ABM [29] at β = 0.9 for Example 2.

(a) (b)

Figure 6. (a)Comparison ofHWOMMfor J = 5withABM [29] atβ = 0.85; (b)Comparison
of HWOMM for J = 5 with ABM [29] at β = 0.8 for Example 2.

Table 3. Comparison of the performance measures, convergence rate and CPU time (s) of
HWOMM and ABM for Example 2.

HWOMM

J LMAD LRMSE LTIC LENSE LEVAF Rc CPU time (s)

1
2
3
4
5

1.8526 × 10−2

4.5839 × 10−3

1.7842 × 10−3

2.8565 × 10−4

7.1403 × 10−5

2.7354 × 10−2

7.0663 × 10−3

1.3342 × 10−3

4.4725 × 10−4

1.1188 × 10−4

1.8435 × 10−2

4.7405 × 10−3

1.1954 × 10−3

2.9956 × 10−4

7.4933 × 10−5

4.6848 × 10−3

2.8779 × 10−4

1.7861 × 10−5

1.1231 × 10−6

7.0199 × 10−8

2.5358 × 10−1

1.6668 × 10−2

1.0528 × 10−3

6.6500 × 10−5

4.1610 × 10−6

-
1.693
1.772
1.874
1.933

0.109
0.516
0.656
1.813
5.984

ABM [29]

J LMAD LRMSE LTIC LENSE LEVAF Rc CPU time (s)

1
2
3
4
5

1.3613 × 10−2

8.0307 × 10−2

1.8513 × 10−3

6.0012 × 10−4

7.9071 × 10−4

5.6545 × 10−2

2.0678 × 10−3

6.7420 × 10−3

6.0012 × 10−4

7.9071 × 10−5

1.8986 × 10−2

4.8918 × 10−3

1.0969 × 10−3

3.1823 × 10−4

1.7899 × 10−4

4.8781 × 10−2

3.2141 × 10−4

1.6114 × 10−5

1.3546 × 10−6

4.2833 × 10−7

2.5408 × 10−1

2.1391 × 10−2

1.4686 × 10−3

1.0579 × 10−4

9.1970 × 10−6

- 1.925
2.302
1.357
1.116

0.006
0.009
0.010
0.030
0.040
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Table 4 presents a comparison of the absolute errors of the proposed HWOMM
with Bernoulli wavelets (BWs) [9] the Müntz–Legendre Wavelet Collocation Method
(MLWCM) [18] and Legendre wavelets (LWs) [36] for Example 2 at selected values of
ψ. The results indicate that the HWOMMachieves significantly smaller absolute errors
than the FBWs and FLWs across all tested points, thereby demonstrating a superior
numerical accuracy. Compared with the ML Method, HWOMM provides competitive
results, exhibiting comparable accuracy at most points. These findings confirm the
effectiveness and reliability of the proposed HWOMM, underscoring its capability to
produce highly accurate solutions and outperform several existing numerical methods
in terms of accuracy. The HWOMM was also applied to other nonlinear FRDEs.

Table 4. Absolute error comparison of HWOMM with FBWs, ML Method and FLWs for
Example 2.

ψ HWOMM BWs [9] MLWCM [18] FLWs [36]

0.1 6.2315 × 10−5 2.9700 × 10−4 1.0500 × 10−5 1.1800 × 10−3

0.2 7.9806 × 10−5 7.8200 × 10−4 1.5900 × 10−5 1.4200 × 10−3

0.3 1.0046 × 10−4 1.9400 × 10−4 9.3200 × 10−6 1.9700 × 10−3

0.5 8.6605 × 10−5 1.2500 × 10−3 6.5300 × 10−6 2.4100 × 10−3

1 2.7346 × 10−5 2.7700 × 10−3 1.2300 × 10−5 3.8100 × 10−3

In Figure 7, we observe the absolute errors for different values of J when β = 1.
Figure 8 depict a comparison between the proposed method for J = 4 and ABM [29]
at β = 0.95 and β = 0.9. Figure 9 depict a comparison between the proposed method
for J = 4 and ABM [29] at β = 0.85 and β = 0.8.

Figure 7. Absolute errors calculated for many values of J at β = 1 for Example 3.

The performance measures for Example 3 are listed in Table 5. Moreover, CPU
time (in seconds) was calculated for each example, we computed the value of Rc(M)

for each example and determined from tables that it is about equivalent to 2. Therefore,
we can infer that the HWOMM is a robust and efficient method for a numerical solving
FRDEs.
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(a) (b)

Figure 8. (a) Comparison of proposed method for J = 5 with ABM [29] at β = 0.95; (b)
Comparison of HWOMM for J = 5 with ABM [29] at β = 0.9 for Example 3.

(a) (b)

Figure 9. (a)Comparison ofHWOMMfor J = 5withABM [29] atβ = 0.85; (b)Comparison
of HWOMM for J = 5 with ABM [29] a tβ = 0.8 for Example 3.

Table 5. Comparison of the performance measures, convergence rate and CPU time (s) of
HWOMM and ABM for Example 3.

HWOMM

J LMAD LRMSE LTIC LENSE LEVAF Rc CPU time (s)

1
2
3
4
5

7.8503 × 10−3

1.9642 × 10−3

4.9119 × 10−4

1.2280 × 10−4

3.0702 × 10−5

8.7809 × 10−3

2.2522 × 10−3

5.6660 × 10−4

1.4187 × 10−4

3.5482 × 10−5

4.6848 × 10−2

1.1574 × 10−2

2.9053 × 10−3

7.8239 × 10−4

1.8180 × 10−4

4.6848 × 10−3

9.7223 × 10−5

1.2576 × 10−4

7.8239 × 10−6

4.8841 × 10−7

3.4316
2.0474 × 10−1

1.2576 × 10−2

7.8239 × 10−4

4.8841 × 10−5

-
1.767
1.898
1.952
1.977

0.094
0.454
0.594
1.438
4.703

ABM [29]

J LMAD LRMSE LTIC LENSE LEVAF Rc CPU time (s)

1
2
3
4
5

2.2911 × 10−2

1.3966 × 10−2

7.6941 × 10−3

4.2973 × 10−3

2.9071 × 10−4

2.3616 × 10−2

1.6639 × 10−2

9.4242 × 10−3

5.3043 × 10−3

2.7520 × 10−4

1.1349 × 10−1

8.3316 × 10−2

4.7984 × 10−2

2.7123 × 10−2

1.4092 × 10−2

2.4824 × 10−1

1.1176 × 10−1

3.2309 × 10−2

1.0936 × 10−2

2.9381 × 10−3

2.4016 × 10−1

1.1077 × 10−1

1.1245 × 10−2

2.1579 × 10−3

3.2170 × 10−4

-
1.225
2.210
1.357
1.563

0.00
0.001
0.01
0.020
0.030

7. Concluding remarks

In this study, we developed an operational matrix method based on HWs
to effectively address FRDEs involving Atangana’s β−derivatives. The proposed
HWOMM was successfully applied to three representative FDEs, demonstrating its
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robustness and applicability in the field. Comparisons with exact solutions, the
ABM [29], and other recent numerical approaches confirmed the reliability and
competitive performance of the proposed scheme. The observed convergence rates
approached the ideal second-order convergence, reaching values of up to 1.999,
which verified the strong convergence behavior and effectiveness of the HWOMM.
Although the CPU time increased gradually with refinement, the computational cost
remained acceptable relative to the substantial improvements in numerical accuracy.
In addition, a convergence analysis of the HWOMM under Atangana’s integral
was conducted, providing theoretical support for the consistency and validity of
the proposed method. This analysis confirmed that the approximation converged
under suitable smoothness assumptions, thereby strengthening the mathematical
foundation of the scheme. Despite these promising results, certain limitations should
be acknowledged. Since Haar wavelets exhibit jump discontinuities, they are not
differentiable at breakpoint locations, which may restrict their direct applicability
in problems requiring higher-order smoothness. Moreover, because the Haar basis
consists of piecewise constant functions, their classical derivatives vanish, making
the formulation dependent on operational matrix representations. Achieving higher
accuracy may also require a larger number of collocation points, which can increase
computational complexity and optimization cost. Overall, the proposed HWOMM
exhibits strong computational efficiency, accuracy, and theoretical reliability, making
it a powerful tool for solving fractional-order models. The method developed in this
study is not limited to the problems considered and can be extended to more complex
partial FDEs arising in multidimensional physical and engineering systems in the
future. Future research should focus on integrating the HWOMMwith advanced swarm
intelligence or evolutionary optimization algorithms to tackle more challengingmodels,
including those involving variable-order fractional derivatives, time-delay effects, and
nonlocal boundary conditions.
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