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Abstract: HBV and HIV are both blood-borne viruses with overlapping transmission routes,
leading to higher HBV prevalence among people with HIV. While mathematical models have
been extensively used to study each virus individually, co-infection dynamics have been
relatively underexplored in research. This study presents a new within-host co-infection
model for HIV and HBV that includes latent reservoirs. It accounts for HIV infecting both
CD47 T cells and hepatocytes, while HBV targets only hepatocytes. The model features both
latent and active infection states for each cell type, along with free viral particles for both
viruses. The model undergoes a qualitative analysis, leading to the derivation of four threshold
parameters (R;, ¢« = 0,1, 2, 3) that govern the existence and stability of its four equilibrium
points. The stability conditions for each equilibrium of the model are determined through the
construction of Lyapunov functions. Computational simulations are performed to confirm the
key theoretical findings, while sensitivity analysis assesses how various parameters influence
the basic reproductive numbers for HIV () and HBV (R ;) single-infections. The impact of
anti-HIV and anti-HBV drugs is examined, and the critical efficacy thresholds for both therapies
are identified. If the treatment effectiveness exceeds these thresholds, complete eradication of
both HIV and HBV can be achieved.
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1. Introduction

Hepatitis B virus (HBV) and human immunodeficiency virus (HIV) are both
major viral infections that impact the human body, each contributing to serious health
complications. HIV is an RNA virus that primarily attacks CD4* T cells, which play a
vital role in the adaptive immune response. In a healthy individual, CD4™ T cell levels
are usually around 1000 cells per mm?>. However, HIV infection gradually depletes
these cells over time. When the CD4" T cell count drops below 200 cells per mm?,
the condition progresses to acquired immunodeficiency syndrome (AIDS) [1]. People
with AIDS are more vulnerable to opportunistic infections and cancers as their immune
system weakens, making it difficult for the body to defend against these diseases. In
addition to targeting CD4 ™" T cells, HIV can infect other immune cells such as dendritic
cells and macrophages. The virus also has the ability to infect different liver cells,
including hepatocytes, Kupffer cells, and infiltrating T cells [2,3]. HIV spreads through
the bodily fluids of an infected person, including blood, semen, and vaginal fluids. HIV
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remains a significant global health issue. As reported by UNAIDS, in 2023, there were
630,000 deaths due to HIV-related diseases, 1.3 million new infections, and a total of
39.9 million people living with the virus worldwide [4].

HBYV is a DNA virus with a double-stranded structure that primarily targets liver
cells (hepatocytes), resulting in inflammation and possible long-term health issues [5].
In some individuals, HBV infection can lead to chronic hepatitis and ongoing liver
damage. As the infection persists, it raises the likelihood of developing liver fibrosis
and cirrhosis over time [6]. HBV is commonly transmitted from mother to child
during childbirth, in early childhood, and through contact with blood or other bodily
fluids, such as during unprotected sex, unsterile injections, or exposure to contaminated
sharp objects [7]. Approximately 30%—40% of individuals with chronic hepatitis
B-related liver inflammation go on to develop cirrhosis [8]. Around 25% of those with
chronic HBV are at increased risk of liver cancer [9]. According to the World Health
Organization (WHO), there were an estimated 1.2 million new HBV infections in 2022,
with 254 million people living with chronic HBV worldwide. The same year, about 1.1
million deaths were attributed to HBV [7].

HBYV is frequently observed in individuals with HIV due to their overlapping
modes of transmission. Worldwide, approximately 8% to 10% of people diagnosed
with HIV also suffer from chronic HBV co-infection [10]. The simultaneous presence
of HIV and HBV presents a significant public health challenge, as their interaction
exacerbates health issues and raises the likelihood of severe complications [11].
Individuals with both infections are at a higher risk of developing severe liver
conditions, including cirrhosis, hepatocellular carcinoma, and end-stage liver disease
[12]. Furthermore, individuals co-infected with HIV and HBV face an increased risk of
liver-related mortality compared to those with HBV infection alone [13]. Corcorran and
Kim [10] emphasize that HIV-HBV co-infection accelerates liver disease progression
and significantly increases the risk of liver-related death. HIV infection also heightens
vulnerability to HBV, contributing to greater liver-related complications, increased
morbidity, and higher mortality rates. According to Hogan et al. [14], people
co-infected with HIV and HBV face a substantially increased likelihood of long-term
liver impairment.

Investigating the interactions among viruses, host cells, and immune responses
through laboratory experiments can be expensive. Consequently, mathematical
modeling has become a crucial approach for understanding viral dynamics and their
interactions with target and immune cells. These models also offer valuable insights
into how viral co-infections impact human health and help evaluate the efficacy of
interventions such as vaccines and antiviral treatments [15]. The basic model for
describing HIV dynamics by Nowak and Bangham [16] serves as a fundamental
framework for modeling various viruses that infect the human body. This model of HIV
dynamics represents the interactions among three compartments: uninfected CD4" T
cells, HIV-infected cells, and free virus particles. Numerous extensions and refinements
on this model have been developed to better capture the complexities of HIV infections.
Researchers have incorporated additional biological factors, such as the role of immune
responses [16—18]; time delays [18, 19]; drug therapy [20]; reaction-diffusion [21,
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22], cell-to-cell transmission [18, 22]; and age structure [22]. These developments
have broadened the model’s applicability, offering a greater understanding of viral
persistence, immune system evasion, and therapeutic approaches.

The basic model for describing HBV mono-infection has been introduced in [23]
which contains three components: uninfected hepatocytes, infected hepatocytes and
free HBV particles. Numerous studies on the dynamics of HBV infection have made
extensive use of this model by including different factors such as: time delays [6,24,25];
cell-to-cell transmission [26, 27]; spatial diffusion [28]; age structure [29, 30]; drug
therapy [31]; and immune responses [32—34] (see also the review paper [35]).

Mathematical models have been instrumental in epidemiology, offering crucial
insights into infectious disease dynamics and guiding public health interventions.
Several studies have examined the interplay between HIV-HBV co-infection across
different populations (see, e.g., [11,36-38]). Bowong et al. [36] proposed a detailed
mathematical framework that integrates key epidemiological and biological factors of
both infections. Endashaw and Mekonnen [37] investigated the effects of vaccination
and treatment on the transmission dynamics of HBV and HIV, emphasizing the need
for widespread implementation of these interventions to curb co-infection rates. Further
expanding on this research, Endashaw et al. [38] refined the previous model to assess
the role of mother-to-child transmission (MTCT) in disease spread. Their results
suggested that lowering MTCT rates can significantly reduce infection prevalence and
aid in controlling the dual epidemic. Ullah et al. [11] developed a fractional-order
model based on empirical data from Taiwan (2000-2023). Their study demonstrated
that enhancing HBV vaccination efforts not only reduces HBV prevalence but also
decreases the risk of co-infection, underscoring the importance of immunization in
public health strategies.

As previously discussed, numerous mathematical models have been developed
to analyze the within host dynamics of HIV and HBV mono-infections. However,
mathematical modeling of the within-host interactions between HIV and HBV have
received limited attention in research, with [39] and [40] being the only known studies
exploring this topic. These studies assumed that HBV primarily infects hepatocytes in
the liver, while HIV was also considered capable of infecting hepatocytes alongside
its primary target, CD4" T cells. Nampala et al. [39] developed a mathematical
model to assess the effects of hepatotoxicity and antiretroviral therapy on HIV and
HBYV co-infection. Through numerical simulations, they examined both the therapeutic
benefits and potential toxicity of existing treatment regimens, ultimately identifying
an optimal strategy for managing co-infection. Their proposed approach aimed to
enhance treatment effectiveness while minimizing harmful side effects. However,
the mathematical analysis in [39] was limited to evaluating the model’s boundedness
and positivity, focusing solely on the uninfected equilibrium and its stability. In a
subsequent study, [40] introduced a co-dynamic model incorporating a time delay to
reflect the period between viral entry and replication. This study proposed an optimized
treatment strategy by reducing both HBV and HIV viral loads while balancing treatment
expenses and medication-induced side effects, leading to lower pathogen density.
However, the model in [40] did not account for the population dynamics of uninfected
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and HIV-infected CD4™" T cells, instead assuming a constant rate of HIV production
from infected CD4™ T cells. To address this limitation, our proposed model explicitly
incorporates the population dynamics of both uninfected and HIV-infected CD4™ T
cells, allowing for a more realistic representation of HIV replication within the host.
This enhancement provides a deeper understanding of the infection process and its
impact on host cellular populations over time.

Highly active antiretroviral therapy (HAART) is known to be an effective
treatment for controlling HIV infection and inhibiting its replication. However, it is
unable to completely eliminate HIV from the body. Latently infected CD4™1 T cells
pose a significant challenge to the eradication of the virus. These cells can evade both
immune detection and the effects of antiretroviral therapy [41]. For an extended period,
latently infected CD4™ T cells are considered viral reservoirs, remaining dormant until
triggered to produce new HIV particles. Numerous HIV mono-infection models have
been developed that account for latent infection in CD4™ T cells (see, e.g., [42-44]).
Similarly, several studies have explored HBV mono-infection models incorporating
latent HBV-infected hepatocytes (see, e.g., [6,24,25,35]). We noted that the models
described in [39, 40] excluded latent HIV-infected CD4" T cells as well as latent
HBV-infected hepatocytes. To overcome this limitation, our model includes both latent
HIV-infected CD4™" T cells and latent HBV-infected hepatocytes, offering a more
comprehensive representation of the viral reservoirs and their role in the persistence
and progression of co-infection within the host. This enhancement allows for a better
understanding of the long-term dynamics of both infections.

Stability analysis is a fundamental tool in the study of within-host viral infection
models, providing essential insights into the progression and control of infections over
time. It helps determine whether the immune system and drug therapies will eliminate
the virus, the infection will reach a chronic steady state, or the viral load will escalate
uncontrollably. By analyzing the stability of equilibrium points, such as infection-free
or infected equilibria, researchers can predict long-term outcomes of viral behavior
within the host. This method is particularly important for understanding complex
interactions between viruses and host cells, evaluating treatment strategies, and guiding
the development of effective therapeutic interventions. In [39], only the uninfected
equilibrium was determined, and its stability was analyzed.

In this study, we propose a within-host model for HIV-HBV co-infection
that includes the population dynamics of latent HIV-infected CD4™ T cells, latent
HIV-infected hepatocytes as well as latent HBV-infected hepatocytes. We analyze
the fundamental properties of the model’s solutions. Furthermore, we calculate the
equilibrium points of the model and evaluated its global stability with respect to a
set of threshold parameters. To validate the qualitative findings, extensive numerical
simulations are performed, providing important biological insights. Additionally, a
sensitivity analysis is carried out to evaluate the impact of key parameters on the model.

The organization of this paper is as follows: Sections 2 and 3 present the
development of the HIV-HBV co-infection model, examine the non-negativity and
boundedness of the solutions, and derive the basic reproductive numbers alongside
the analysis of equilibrium points. Section 4 is dedicated to investigating the global
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stability of these equilibria. Section 5 includes numerical simulations that support and

illustrate the theoretical results. Lastly, Section 6 offers a concluding summary of the

main findings and outlines potential avenues for future research.

2. Model formulation

This part offers an in-depth description of the suggested model. The development

is grounded on these key assumptions:

Al:

A2:

A3:

A4:

AS:

The model represents ten distinct populations: Uninfected hepatocytes, z1(t),
latent HIV-infected hepatocytes, 11(t), active HIV-infected hepatocytes, y1(t),
latent HBV-infected hepatocytes, l2(t), active HBV-infected hepatocytes, ya(t),
uninfected CD4™ T cells, z2(t), latent HIV-infected CD4™ T cells, I3(t), active
HIV-infected CD4™ T cells, y3(t), free HIV, vq(t), free HBV, va(t), where, ¢ is
the time. The compartments (1, l1, y1, l2, Y2, T2, I3, y3, v1, v2) experience death
(or clearance) at rates (dy 1, pi1l1, a1y1, pola, asys, doxe, pusls, asys, c1vy, cava),
respectively. The interactions between HIV and HBV dynamics are depicted in
the schematic diagram in Figure 1.

HBYV specifically infects uninfected hepatocytes in the liver, as noted by Nowak et
al. [23], while HIV targets two types of cells: uninfected hepatocytes ([2,3]) and
uninfected CD4 ™ T cells ([23]). Upon entering the liver, HIV has a probability (p)
of infecting a hepatocyte and a complementary probability of 1 — p for infecting
a CD4™ T cell ([39)]).

Uninfected hepatocytes are recurred at a constant rate A\; and are susceptible to
infection by both HIV and HBV, with infection occurring at rates pSixiv; and
Box1vo, respectively [39] as shown in Equation (1). These hepatocytes then
transition to latent HIV-infected and latent HBV-infected states at rates p31x1v;
and [ax1v9, respectively, as detailed in Equations (2) and (4).

Uninfected CD4™ T cells are recurred at a constant rate Ao and are susceptible
to HIV infection at a rate of (1 — p)Siz1v1 [16,39] as indicated in Equation
(6). These cells then transition to latent HIV-infected CD4™ T cells at rate (1 —
p)B1xivr [39] as indicated in Equation (7).

HIV virions are released from two sources, active HIV-infected hepatocytes and
active HIV-infected CD4™ T cells at rates kjaiy; and ksaszys, respectively
[16,39] as shown in Equation (9, while HBV virions are released from active
HBV-infected hepatocytes at a rate ofkoasys [23,39] as described in Equation

(10).

Building on Assumptions A1-AS5, we construct a co-infection model for HIV and

HBY, represented as a system of ten ordinary differential equations (ODEs):
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Figure 1. Schematic diagram for an HIV/HBV co-infection dynamics.

&1 = A\ — diz1 — pPir1vy — Barive
Ii = pPrzrvr — (g + m)l

1 =mh — a1y

Iy = Baw1va — (12 + 12)la

Yo = m2la — azy2

By = A — daxy — (1 — p)B3zavy

Iy = (1= p)Bsmavy — (43 + n3)ls
Y3 = n3l3 — azys

01 = kra1y1 + ksagys — cion

Uy = koagys — Cav3.

The parameter definitions are provided in Table 1.

3. Preliminaries

3.1. Biological feasible domain

(M
2
3
“4)
®)
(6)
(7
®)
)
(10)

To ensure the biological relevance of the model (1)—(10), it is crucial to verify

that all state variables remain non-negative for ¢ > 0. This means that if the initial

conditions of the system are non-negative, the solutions will also stay non-negative for

all t > 0. By demonstrating that the solutions are both bounded and non-negative, we

validate the well-posedness of the model.
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Table 1. Variables and parameters description.

Variable Description

1 Uninfected hepatocytes

l1 Latent HIV-infected hepatocytes

Y1 Active HIV-infected hepatocytes

lo Latent HBV-infected hepatocytes

Y2 Active HBV-infected hepatocytes

T Uninfected CD4™ T cells

I3 Latent HIV-infected CD41 T cells

Y3 Active HIV-infected CD4™" T cells

U1 Free HIV

Vg Free HBV

Parameter Description

A Generation rate of uninfected hepatocytes, x|

Ao Generation rate of uninfected CD41 T cells,

51 Incidence rate between HIV and uninfected hepatocytes (v; and x1)
Bo Incidence rate between HBV and uninfected hepatocytes (v2 and 1)
B3 Incidence rate between HIV and uninfected CD4T T cells (v; and z3)
dq Mortality rate of uninfected hepatocytes

do Mortality rate of uninfected CD4™ T cells

ay Mortality rate of active HIV-infected hepatocytes

as Mortality rate of active HBV-infected hepatocytes

as Mortality rate of active HIV-infected CD4 T T cells

41 Mortality rate of latent HIV-infected hepatocytes

L2 Mortality rate of latent HBV-infected hepatocytes

s Mortality rate of latent HIV-infected CD4™ T cells

m Conversion rate from latent to active HIV-infected hepatocytes

72 Conversion rate from latent to active HBV-infected hepatocytes

73 Conversion rate from latent to active HIV-infected CD4™ T cells

c1 Destruction rate of free HIV

Co Destruction rate of free HBV

P Probability that HIV particles infect hepatocytes

fii=1.2.3 The average number of viral particles released by one infected cell during

its lifespan

Let 04y = min(dy, 1, a1, 2, a2) and oo = min(ds, 3, as). Let us define the

feasible set for the model’s variables, denoted by =.

Lemma 1. The dynamics (1)—(10) admits a positively invariant set

—_—
— —
—_—

<
iy

A1
(1. 01,1, L2, Y2, w2, 13, y3,v1,v2) ERY; @1+l +y1 +la+ 12 < o xo+13+ys < —

Mkia Aoksa AMkoa
111—1—233,v< 122}'
€101 €109 201

A2
o2
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Proof. Since we have

1 |11:0: A >0

I1 |1,=0= pBrz1vy > 0, forall 21,01 > 0

U1 |yp=0=mly >0, foralll; >0

Iy |1—0= Box1vy > 0, forall z1,vy > 0

U2 |ya—0=12la > 0, forallly > 0

T2 |z=0= A2 >0

I3 [1,=0= (1 — p)Bsz2v1 > 0, forall z2,v; > 0
U3 |ys—0=m3l3 >0, foralll3 >0

01 |v1=0: kiaiyr + ksasys > 0, forall yi,y3 >0
02 |vy=0= kaazy2 > 0, forall yo > 0.

Therefore, Rlzoo is invariant by the model (1)—(10). Let us denote by 77 = x1 +
l1 +y1 + lo + y2 and T = a2 + I3 + y3 to be the sizes of the total hepatocytes and
CD4™ T cells compartments, respectively. From system (1)—(10) we have

Ty =M — dizy — paly — aryr — pelz — azye
A A
<M -—oTy = Ti(t) < ZLifTy(0) < 2L,
g1 o1
Similarly,

Ty = g — doa — p3ls — azys
A2

A
< )\2 — 09T = Tz(t) < 22 ifTQ(O) < —.
09 o9

From Equations (9)—(10) we have

. A1 A2
01 = k1a1y1 + ksazys — o1 < /€1a1; + k‘saz),; —c1v
1 2

S )\1]4]1&1 + )\gk‘gag

< )\1]?1@1 )\2]?3&3 i

= U1 (t) < + fuy (0) ,
€101 €102 €101 €102
and
. Akaas
U9 = kaagys — cova < L
1
Akoas . A kaa
= uy(t) < T2 iy (0) < 21222
C201 Co01

Hence, = is positively invariant w.r.t. system (1)—(10).0J
Now, let us examine the existence of equilibrium points for the system.

3.2. Existence of equilibria

In this part, we study the existence of equilibria of model (1)—(7). To evaluate the
basic reproductive number R ¢, for the HBV and HIV co-infection model described by
Equations (1)—(7), we apply the next-generation matrix method as outlined by [45] (see
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Appendix A). The resulting expression for R, is:
Rco = maX{R()a Rl}

where, Rg = Ro1 + Ro2, and

_ EipBidi m
cidr  p1+m
Re — k3(1—p)Bsha  m3
02 =
cids M3 + 13
_ kafodi  mo
cody p2+m2

Ro1

R1

It is crucial to highlight that Ry denotes the basic reproductive number for HIV
mono-infection, whereas R corresponds to the basic reproductive number for HBV

A A
mono-infection (see Appendix A). Define z) = 2120 ="2and

dl e d2
Ry = AokaBaks(1 — p)Banans(pr + m)
R
kipBieadam (p2 +m2) (13 + n3) <1 _ 1>

Ro1

R di(1—p)Bs (Rl - 1>

3 — .
pPrda Ro—1

As aresult, we can derive the following key conclusion about the existence of the
equilibria for the system (1)—(10).
Lemma 2.
*  Model (1)—(10) admits an infection-free equilibrium denoted by

& = (2%,0,0,0,0,29,0,0,0,0) .

« IfRo > 1, then model (1)—(10) admits an HIV mono-infection equilibrium
denoted by

g = (jlal_laglaoaoaj%l_?ng372_}1a0) .

* IfR1 > 1, then model (1)—(10) admits an HBV mono-infection equilibrium

denoted by
5 ca(p2 +12) cady cady 0 d; >
g = 0,0, Ry —1), Ri—1),29,0,0,0, L(Ry — 1)) .
< k2 Bam2 772/<3252( 1= a2/€2/32( 1= 1), 52( 1=

o IfR1 > Ro1, Re > 1, and R3 > 1 then model (1)—(7) admits an HIV-HBV
co-infection equilibrium denoted by £* = (x3,15,y7, 15, y5, x5, 15, y5, v}, v3) .

Proof. Equilibrium points are typically determined by setting all time derivatives to
zero, which leads to the following:
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0= A1 —dir1 — pBrz1vy — Paryv2
0 =pBrzivr — (k1 +m)h
0=mli — a1y

0 = Bawrva — (p2 + m2)l2

0 = nala — azy2

0= Ay — dawy — (1 — p)B3zav;
0= (1 —p)Baz2v1 — (13 +13)l3

0 = n3ls — asys

0 = kra1y1 + ksagys — c1v1

L 0= kgagyg — C2V9.

We have the following cases:

1. If vy = wy = 0, the model has infection-free equilibrium & =
(a:(lJ,O,O,O,O,xg,O,O,O,O).

2. If v1 # 0 and v = 0, we obtain

lo=y2=v2=0, 1= B To = A2 I = pBLA1VL
) di +pﬁ1U1’ d2+(1—p)53’l}17 (M1+771)(d1+pﬁ1v1)
Y1 = mpHiivy Iy = (1 —p)BsAav1
ar(p+m)(d +phon) 7 (us ) (da + (1= p)Byor)
Y3 = n3(1 —p)BsAzavr

az(ps +n3)(dz2 + (1 —p)Bsv1)’

and v; satisfies the following equation

kimpBii kans(1 —p)BsAs e =0
(11 +m)(di +pBrv1) (s +m3)(d2 + (1 — p)Bsvr)
Define a function f by
k A k 1-— A
Fon) = 1mpPiAr sn3(1 — p)BsAe e

(p1 +m)(dr +pbrv1) — (ps +n3)(de + (1 —p)B3v1)

Then we have

£(0) = kimpBidr | ksns(1—p)BsAe

 di(pn +m) da(ps3 +13)
_ ( kimpBidci | ksns(1 —p)Bsra 1>

cidi(pr +m)  cda(ps +n3)
=c1 (Ro1 +Ro2 — 1)
=C (R(] - 1) .

Thus, f(0) > 0 when Ry > 1. We have f(v;) — —c; < 0 whenever v; — oo.
Moreover,

Flon) = — < kimp? BiM ksns(1 — p)2 B3 A > <0
' (i1 + 1) (dr + pBron)® (s + 1) (da + (1 — p)Bsvr)?2 '

Therefore, f is a strictly decreasing function of v; and when Ry > 1, there exists

10
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a unique 91 € (0, 00) such that f(v1) = 0. Thus,

_ A1 _ A2 - pB1A1U1
T1=——"—"7—>0,Ty= >0, = — >0
YT d+ phio 2T dy+ (1-p)Bstn Y () (dy + pBion)
A0 - 1- A0
g1 = mpB1A1v1 _ 0. Iy = (1 —p)B3Aat1 >0
ai(p1 +m)(dy + phior) (13 +m3)(d2 + (1 — p)B301)
1— A0
s = n3(1 — p)BsA201 .
a3(p3 +n3)(d2 + (1 — p)Bsv1)
where v; satisfies the following quadratic equation:
av? + by +c=0 (11)

where

a = c1p(l —p)BiBs(p1 +m)(us +n3) >0
b= c1(dapBy + di(1 —p)B3)(m + 1) (03 + p3)

— (L = p)pB1B3(ksnzAa(ny + p1) + ki Av(ns + p3))
¢ = cidida(p +m)(ps +n3) (1 —Ro) -

Clearly, ¢ < 0if Ry > 1. Equation (11) has a positive solution

B —b+ Vb2 —4ac
v = % > 0.

We obtain an HIV mono-infection equilibrium

&= (Lf'l,l_]_,gl,0,0,572,[3,??3,1_)1,0) .

This implies that £ exists when R > 1.

3. If v1 = 0 and vy # 0, the model has an HBV mono-infection equilibrium

g = (i‘lu 07 07 ZQ) g?a ‘%27 07 O) O) 62)

(Cz(u2+772) 0.0 cady
koBoma 77 makafBa

62d1
" agks B2

(Ry—1) (Rl—l),xg,0,0,0,dl(Rl—l)>.

P2

Clearly, £ exists when R; > 1.

4. If v1 # 0 and v # 0, the model has an HIV-HBV co-infection equilibrium
point

* k gk ok o1k ok ko 1k ok ko Xk
g :(xl’ 13y17l2ay2ax27l3ay37,01>1}2)

where

11
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I
*
Y =

V2 = agkaB2(1 —p)Bs

1

*

I3 =

Y

*
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Evidently, £* exists when Ry > Rg1, R2 > 1, and R3 > 1. This equilibrium
signifies the simultaneous presence of both HIV and HBV infections.[]

1), 05 =

4. Global stability

In this section, we apply the Lyapunov method to analyze the global asymptotic
stability of all stable states within the model (1)—(10). The construction of Lyapunov
functions follows the approach detailed in [46]. Let F denote the candidate

Lyapunov function, and let Q' represent the largest invariant subset of £ =

dF . . )
(x1,y1,Y2, T2, 21, V1, V2) : a =0,. We utilize the relationship between the

arithmetic mean and the geometric mean as follows:

ro+rat+--o+ry
n

> Yrirg Ty, forallry,ro,--- 7, > 0. (12)

The next result indicates that if the maximum value between the reproductive
numbers of HIV (Rg) and HBV (R1) does not exceed 1, both infections are expected
to steadily decline and eventually disappear, independent of the initial viral load or
infection stage. This implies that, under these conditions, the host cannot sustain either
virus, leading to their eventual eradication.

Theorem 1. The infection-free equilibrium &y is GAS when R, < 1. Moreover, & is
unstable when Ro, > 1.

The next result shows that when R exceeds 1 and R remains less than or equal to

1+ pB1U1

1
viral load or stage of disease. In this case, HIV continues to replicate and persist, while

, HIV can establish a stable infection within the host, regardless of the initial

HBYV fails to spread efficiently, making co-infection unsustainable. Consequently, HIV
dominates the infection dynamics, resulting in its persistence and the eventual clearance
of HBV from the system.

Theorem 2. If the HIV mono-infection equilibrium & exists (Ro > 1) then it is GAS
pbiv1
—

under the condition R1 <1+

The next analysis indicates that when R exceeds 1 and R—Ol + Ros2 1s less than or

1
equal to 1, HBV is capable of firmly establishing itself within the host, independent of
the starting infection level or disease progression. In such a scenario, HBV continues
to replicate and persist, while HIV lacks the capacity to spread efficiently, thereby

12
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hindering the possibility of co-infection. As a consequence, HBV emerges as the
prevailing virus, remaining in the system while HIV is gradually cleared.

Theorem 3. If the HBV mono-infection equilibrium & exists (if Ry > 1) then it is GAS
under the condition 771011 + R < 1.

The following results demonstrate that when the conditions Ry > R, R2 > 1
and Rz > 1 are met, the system consistently progresses toward a stable co-infection
state involving both HBV and HIV, irrespective of the initial viral concentrations or
the host’s disease stage. In this regime, both viruses possess sufficient reproductive
potential to sustain their presence within the host, allowing them to coexist and replicate
efficiently over time. This implies that the host environment supports the persistence
of both pathogens, leading to long-term co-infection dynamics where neither virus is
cleared naturally.

Theorem 4. If the HIV-HBV co-infection equilibrium E* exists (if R1 > Ro1, Ro > 1
and R3 > 1) then it is GAS.

A concise summary of the existence conditions and global stability criteria for the

four equilibrium points is presented in Table 2.

Table 2. Sufficient conditions for existence and global stability of the four equilibrium points of system (1)—(10).

Equilibrium Existence conditions Global stability conditions
& = (29,0,0,0,0,29,0,0,0,0) None Reo < 1

&= (1,01,51,0,0,22,15,73,1,0) Ro>1 R1§1+]%11@1and730>1
€ = (#1,0,0,12, G2, 72,0,0,0,3 Ry > 1 R1>1,%011+R02§1

E* = (ay, 15,5, 05, 5, 25,15, y5, 05, v3) R1>Ro1,Re>1, Rz >1 R1>Ro1,Re >1,Rs>1

5. Numerical simulations

5.1. Stability of equilibria

We conducted numerical simulations based on the system of Equations (1)—(7),
using a combination of parameter values. A portion of these values, listed in Table
3, were drawn from previously published studies. For the remaining parameters,
reasonable estimates were made solely for illustrative computational purposes. This
approach was necessary due to the current unavailability of precise clinical data,
particularly for individuals co-infected with HIV and HBV. The difficulty in accessing
such data-whether due to ethical restrictions, logistical constraints, or limited patient
samples-poses a challenge to achieving accurate parameter estimation. Despite these
limitations, the selected values provide a useful basis for exploring the model’s
qualitative behavior and lay the groundwork for future studies as more data become
accessible. The initial value problem is solved numerically with MATLAB’s ode45
solver. To confirm the theoretical findings from previous sections, we modify specific
parameters that play a crucial role in determining threshold values and, in turn, affect

stability dynamics.
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Table 3. Model parameters.

Parameter Value Source Parameter Value Source

A1 10 [47,48] c1 2.4 [19,53,54]
Ao 10 [20,49] Ca 0.67 [23,32,55]
dy 0.01 [6,50] ko 12.5541 [56]

da 0.01 [20,49] ks 100 [20,57]

as 0.0693 [51] ay 0.5 Assumed
as 0.1 [52] k1 6 Assumed
I 0.02 Assumed m 0.01 Assumed
12 0.01 [6,50] 2 0.05 Assumed
3 0.02 [53] N3 0.01 [58]

P 0.3 [39]

To validate the analytical findings from Section 4, we conduct simulations using
various initial conditions. By selecting specific parameter values for the infection rates
B1, B2 and 3, we establish the following four scenarios:

Case 1: For 81 = 0.0003, f2 = 0.00002 and 83 = 0.00004 and by using the
parameters values given in Table 3, we obtain Rg = 0.4639 < 1 and R, = 0.3123 <
1, and the infection-free equilibrium & = (1000, 0,0, 0,0, 1000,0,0,0,0) is GAS
(see Figure 2). The numerical results presented in Figure 2 validate the theoretical
conclusions of theorem 1, demonstrating that the solution of the system (1)—(10)
approaches the equilibrium &y for any initial conditions. In this scenario, the system
dynamics lead to a return of uninfected hepatocytes and CD4™ T cells to their baseline,
pre-infection equilibrium levels. Concurrently, all other compartments—comprising
infected cells, circulating virus particles, and latent viral reservoirs—gradually approach
zero as time progresses. This results in the complete elimination of the infections, with
both HIV and HBV being eradicated from the host. Such an outcome indicates the
establishment of a stable, infection-free state, where the drug therapies may effectively

controls and removes both viral pathogens, ensuring their full clearance from the body.

Case 2: For ;7 = 0.007, B2 = 0.00002 and B3 = 0.0001 and by
using the parameters values given in Table 3, we obtain Ry = 2.7222 > 1
and Rq1 = 03123 < 8.1464 = 1 + pﬁwl. In Figure 3, the solution

of the system (1)—(10) converges, for all initiall conditions, to the equilibrium
E = (122.754,292.415,5.848,0,0,807.615,64.128,6.413, 34.031,0). The obtained
numerical results provided in Figure 3 confirm the theoretical findings in theorem 2.
In this scenario, HIV remains the sole persistent infection, while the HBV infection is
completely cleared from the host. Despite the initial co-infection, the dynamics of the
system lead to the eradication of HBV, with all HBV-infected hepatocytes and HBV
particles eventually diminishing to zero. The persistence of HIV in this case suggests
that, under the given conditions, the immune system or drug therapies are unable to fully
eliminate the HIV infection, while it successfully resolves the HBV infection. This
outcome highlights the differential persistence of the two viruses in the co-infection
environment, where HIV continues to replicate and maintain its presence within the
host.
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Case 3: For f; = 0.006, B2 = 0.0002 and 83 = 0.00001 and by using
the parameters values given in Table 3, we obtain Ry = 1.5972 > 1, Ry =
3.1229 > 1 and Rz + 7;011 = 0.5775 < 1. Figure 4 demonstrates that, for all
initial conditions, the solution of the system (1)—(10) converges to the equilibrium
& = (320.214, 0,0, 113.298,81.744, 1000, 0, 0,0, 106.146). This result, as shown in
Figure 4, supports the conclusions of Theorem 3. In this case, HBV becomes the only
persistent infection, while HIV is completely eradicated from the host. Despite the
initial dual infection, the system’s dynamics lead to the full clearance of HIV, with
all HIV-infected CD4™ T cells, HIV-infected hepatocytes and HIV particles gradually
declining to zero. On the other hand, HBV persists, with infected hepatocytes and
the associated viral load maintaining a stable presence in the host. This outcome
suggests that, under the given conditions, the immune response and antiviral treatments
are effective in eliminating HIV but are less successful in fully resolving HBV. It
underscores the differing persistence dynamics between the two viruses in a co-infected
environment, where HBV continues to replicate and establish a long-term infection,
while HIV is cleared.

Case 4: For g7 = 0.00015, B2 = 0.0002 and 53 = 0.001 and by using the
parameters values given in Table 3, we obtain R; = 3.1229 > Ry = 0.0375,
Ro = 9.84 > 1, Ry = 3.735 > 1. Figure 5 illustrates that the solution of the
system (1)—(10) converges to the equilibrium for all given initial conditions £* =
(320.214, 60.66, 1.213, 82.967, 59.861, 101.662, 299.459, 29.946, 126.291, 77.73),
which means that £* is GAS. The numerical results presented in Figure 5 validate the
theoretical conclusions established in theorem 4. In this scenario, both HIV and HBV
continue to persist within the host. The system’s dynamics lead to the maintenance of
stable, chronic infections for both viruses, with each virus sustaining a certain level
of replication. Infected hepatocytes and CD4™ T cells persist, and viral particles for
both HIV and HBV remain detectable in the bloodstream. The immune system, while
actively responding to both infections, is unable to completely eliminate either virus,
resulting in a long-term co-infection state. This outcome reflects the complex interplay
between the two viruses, where the host’s immune response and antiviral treatments
struggle to fully suppress both infections simultaneously, allowing both HIV and HBV
to maintain a presence in the body over time.

To further validate the model, we analyze the local stability of all nonnegative
equilibrium points for cases 1-4. For each equilibrium point, we calculate the
eigenvalues X;, ¢ = 1,2,---,10 of the matrix J, as described by Equation (B7).
An equilibrium point is considered locally stable if all eigenvalues satisfy the condition
Re(X;) < 0, ¢ = 1,2,---,10. The contact rates 31, 32 and (3 are those specified
in cases 1-4. Table 4 displays the nonnegative equilibrium points, the real parts
of their eigenvalues, and the evaluation of whether each equilibrium point is locally
asymptotically stable. We found that when an equilibrium point is GAS, the other

equilibrium points are unstable.
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Table 4. Analysis of local stability for nonnegative equilibria in cases 1-4.

Case Equilibrium point Re(X;) for: =1,---,10 Stability
—0.01,-0.01, —2.4, —0.5, —0.01,
Case 1 & = (1000, 0,0,0,0,1000,0,0,0,0) Stable
—0.11,-0.67,—-0.1,—0.03, —0.03
—0.01,—-0.01, —2.38, —0.57,0.04,
& = (1000, 0,0,0,0,1000,0,0,0,0) Unstable
Case 2 -0.12,-0.67,-0.1,—-0.03, —0.03
ase =
E =(122.76,292.42,5.85, 0,0, —2.4,-0.51,-0.12, —0.03, —0.01 Stabl
able
807.62,64.13,6.41,34.03,0) —0.01, —0.08, —0.67, —0.08, —0.05
-0.01,-0.01, —2.39, —0.56, 0.02,
&y = (1000, 0,0,0,0,1000,0,0,0,0) Unstable
—0.1,-0.64,—-0.2,0.05,—0.03
£ = (602.02,132.66,2.65,0, 0, —2.4,—-0.54,-0.1,-0.03, —0.01,
Unstable
Case 3 997.44,0.9,0.09, 3.67,0) —0.01,-0.01, —0.65,0.02, —0.17
= (320.21,0,0,113.3,81.74, —0.01,—-2.4,-0.52, —0.66, —0.14, Stable
1000,0,0,0,106.15) -0.1,-0.01,-0.01,-0.01, —0.03
—0.01,-0.01, —2.39,—0.5,0.11,
& = (1000, 0,0,0,0,1000,0,0,0,0) Unstable
—0.25,—0.64, —0.03,0.05, —0.2
€ = (634.54,121.82,2.44, 0,0, —2.4,-0.5,—-0.16,—0.04, —0.04,
Unstable
100.41, 299.86, 29.99, 127.99, 0) —0.02,-0.03,-0.65, —0.17,0.02
= (320.21,0,0,113.3,81.74, —0.01,—2.39, —0.5, —0.66, —0.25,
Case 4 Unstable
1000, 0,0,0,106.15) 0.11,-0.14, —0.01, —0.01, —0.03
&* = (320.21,60.66, 1.21, 82.967, 59.86, —2.4,—-0.66,—0.5,—0.14, —0.16, Stable

101.662,299.46, 29.95, 126.29, 77.73)

~0.01,-0.01, —0.03, —0.03, —0.03
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Figure 2. The solutions of system (1)—(10) with distinct initial states approach the equilibrium & =
(1000, 0,0,0,0,1000,0,0,0,0) reflecting the recovery from both HIV and HBV (case 1).
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The solutions of system (1)-(10) with distinct initial states approach the equilibrium & =

(122.754,292.415,5.848,0,0,807.615, 64.128,6.413, 34.031, 0) reflecting the persistence of the HIV single-infection

(case 2).
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Figure 4. The solutions of system (1)-(10) with distinct initial states approach the equilibrium E =
(320.214, 0,0, 113.298, 81.744, 1000, 0, 0, 0, 106.146) reflecting the persistence of the HBV single-infection (case 3).
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(320.214, 60.66, 1.213, 82.967, 59.861, 101.662, 299.459, 29.946, 126.291, 77.73) reflecting the persistence of both HIV
and HBYV infections (case 4).

5.2. Sensitivity analysis

Sensitivity analysis involves assessing and quantifying how input parameters

affect the outcomes of a model. This is generally done using a sensitivity index, which

quantifies the relative change in a variable as a result of changes in a parameter’s value.

This method helps pinpoint the parameters that have the most significant effect on the

basic reproductive numbers Ry and R;. Given that Ry and R; are differentiable with

respect to certain parameters, sensitivity indices are derived using partial derivatives

[59]. The goal of this analysis is to evaluate the sensitivity of both basic reproductive

20
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numbers Rg and R, and to assess their roles in determining the stability of the
infection-free equilibrium &,. The sensitivity indices of Ry and R, with respect to

a parameter [ are defined as:

IR xi 1=
ol R

S = 0,1.

5.2.1. Sensitivity analysis for R

EipBidi m
cidy  pr+m

The explicit expression of Ry is given by Rg =

k3(1—p)Bsra 13

. Note that
cids 13 + 13

MkipBr m
c1diRo p1 +m

SRO = _1 SRO b <k151)\1 m _ k‘gﬁg)\g 3 )
c1 > Mp
cidy p1+m cidy ps+n3

Aok3(1 —p)Bs  n3
c1d2Ro  p3+m3

GRo — _gRo _ kipBidi mm

T o Roerdy (p+m)?

R R R R
S)\lo — Sklo — Sﬁlo — _§Ro —

Ro _ qRo _ qRo _ Ro _
T Mdy ’S>\2_Sk3 _53__5612_

= R
S'Ro _ _S'RQ _ k3(1 _p>ﬂ3A2 N33
- 72 PR
Rocide  (u3 +n3)

Consider the parameter values 81 = 0.00015, So = 0.0002 and B3 = 0.001.
Based on the parameter values listed in Table 3, the sensitivity indices of Rg with

respect to the model parameters are shown in Table 5 and are depicted in Figure 6.

Table 5. Sensitivity of Ry.

Parameterl )\, kq B A2 ks B3 73
SIRO 0.0038 0.0038 0.0038 0.9962 0.9962 0.9962 0.6641
Parameter ! m; 1 dy P U3 do cy
SIRO 0.0026 —0.0026 —0.0038 —0.4231 —-0.6641 —0.9962 -1

The sensitivity indices of Ry with respect to A1, k1, 51, Ao, k3, B3, 1 and 73 are
positive, whereas, the indices of R with respect to 1, u3, d1, da, p and c; are negative.
Therefore, an increase of the values of parameters A1, k1, 81, A2, k3, B3, 171 or 13 results
in a higher value of R, however, an increase of the values of parameters p1, us, di,
ds, p or cq results in a lower value of Ry.

Based on the values in Table 5, a 100% increase (or decrease) in Ay, k1, or 51
will lead to a 0.38% increase (or decrease) in the value of R¢. Similarly, increasing
(respectively, decreasing) Ao, k3, or 83 by 100% will increase (or decrease) the Rg
value by 99.62%. However, increasing (or decreasing) d; by 100% will decrease
(respectively, increase) the Ry value by 0.38%. In the same way, a 100% increase
(or decrease) in do will result in a 99.62% decrease (or increase) in the value of Ry.
Same, a 100% increase (or decrease) in 7; will result in a 0.26% increase (or decrease)
in the value of R, however, a 100% increase (or decrease) in 1 will result in a 0.26%
decrease (or increase) in the value of Ry. A 100% increase (or decrease) in 13 will
result in a 66.41% increase (or decrease) in the value of R, however, a 100% increase

(or decrease) in pg will result in a 66.41% decrease (or increase) in the value of Ry.
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Similarly, increasing p by 100% will decrease the R value by 42.31%. Lastly, a 100%
increase (or decrease) in ¢; will lead to a 100% decrease (or increase) in the value of
Ro. Note that R is not sensitive to the other parameters of system (1)—(10). We note
that, R is most affected by the parameters s, k3, B3, do and c¢;. This is consistent
with biology, where HIV primarily targets CD4™1 T cells.

M ki By X ks By oms omo o diopops dy oo

Forward sensitivity indices

Parameters

Figure 6. Sensitivity analysis for Rg.

5.2.2. Sensitivity analysis for R

. . . koBa A
The explicit expression of R is given by R1 = 20200 112 . Note that
) cody 2 + M2
2 R R R R
S%l = —SZ}; = SN =5 = Sﬁ; = land Sj*' = Szgl = —1. Let

o + 12
us select the parameter’s values 51 = 0.00015, 52 = 0.0002 and B3 = 0.001 and by

using the parameters values given in Table 3, the sensitivity indices of R; are given in
Table 6 and are depicted in Figure 7.

Table 6. Sensitivity of R;.

Parameter [ kz ,82 A]_ 2 H2 C2 d]_

Sk 1 1 1 0.1667 —0.1667 -1 —1

The indices of R1 with respect to ko, B2, A1 and 72 are positive, whereas, the
indices of R with respect to o, co and d; are negative. Therefore, an increase
of the values of parameters k2, B2, A1 or 72 causes an increase in the value of R,
whereas, increasing the values of parameters o, co or di results in a decrease in
the value of Ry. For example, increasing (respectively, decreasing) ko, B2 or A by
100% will increase (or decrease) the R value by 100%. However, increasing (or
decreasing) c or d; by 100% will decrease (respectively, increase) the R value by
100%. Furthermore, increasing (or decreasing) 72 by 100% will increase (respectively,
decrease) the R, value by 16.67%, however, increasing (or decreasing) o by 100%
will decrease (respectively, increase) the R value by 16.67%. Note that R is not

sensitive to the other parameters of system (1)—(10).
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Figure 7. Sensitivity analysis for R;.

5.3. HIV-HBYV co-infection under the influence of anti-HIV and anti-HBV
therapies
To analyze the effect of antiviral treatments on the dynamics of HIV-HBV
co-infection, we introduce a modified version of the system (1)—(10), incorporating

two antiviral therapies aimed at inhibiting viral infections: (i) an Anti-HIV drug with
efficacy e; € [0, 1] [20], and (ii) an Anti-HBV drug with efficacy €5 € [0, 1] [60].

t1 = A\ —divr — p(1 — e1)Brz1v1 — (1 — e2) oz 102 (13)
I =p(1 —e)przrvr — (1 +m)h (14)
h=mh — a1y (15)
Iy = (1 — €)Bowrvz — (p2 + m2)la (16)
Y2 = m2l2 — azye (17)
Zo = Ao — daxy — (1 —€1)(1 — p)Bszav (18)
Iy = (1 —e)(1 = p)Bawavr — (3 +13)l3 (19)
Y3 = n3ls — asys (20)
U1 = kia1y1 + ksazys — civn 21
Uy = kaagys — cova. (22)

The basic reproductive numbers for model (13)—(22) are given as:

ki(1—e)pBidi m n k3(1 —e1)(1 —p)Bsra 13

]€C1(d11 )BM)I\ +m c1ds w3 +n3
—€
and Rq(e2) = 2 02d21 271 #22?772 =(1—-e)R1 <Ry

Ro(el) = = (1 - 61)72,0(()) < Ro(O)

Assume that R(0) > 1 and R1(0) > 1, with the goal of reducing Ro(e;) < 1
and R1(e2) < 1, thereby stabilizing the system at the infection-free equilibrium &.

Let’s calculate the threshold drug efficacies € and € as follows:
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1
Ro(eM =1= ¢l =1—

1
Ri(e)) =1==e=1- .

Then we obtain

Ro(e1) < 1 forall etlh <eg <1
Ri(er) < 1forall e < ey <1

and thus & is GAS. This implies that both HIV and HBV will be eliminated.

Taking values 81 = 0.00015, B2 = 0.0002 and B3 = 0.001 and the parameters
values given in Table 3, we obtain €' = 0.8975 and ' = 0.6798, respectively.
Consequently,

(i) if0.8975 < e < 1and0.6798 < €3 < 1, then Rp(€e1) < 1 and Ry(e2) < 1, and
& is GAS;

(i) if0 < e < 0.8975 and/or 0 < €3 < 0.6798, then Ro(e1) > 1 and/or Ri(e2) >
1, and &y will become unstable, and in this scenario, another equilibrium will

emerge as GAS.

We now examine the dynamics of HIV-HBV co-infection under the influence of
antiviral drug treatments. The system of Equations (13)—(22) is solved with the initial
conditions

15: (21(0),11(0), 51(0), 12(0), y2(0), 22(0), 5(0), y3(0), v1(0), v2(0)) = (750, 11, 0.2, 40, 25, 650, 150, 15, 45, 30).

We choose various values for the drug efficacies €; and e, as specified in Table
7.

Table 7. Variation of Ro(e1) and R (e2) with respect to the drug efficacies €; and €.

Cases €1 €2 Ro(€1) R1(e2)
DE-1 0.7 0.4 2.9279 1.8738
DE-2 0.75 0.5 2.4399 1.5615
DE-3 0.8 0.6 1.9519 1.2492
DE-4 0.8975 0.6798 1 1

DE-5 0.95 0.75 0.488 0.7807

As shown in Table 7 and Figure 8, enhancing the drug efficacies €; and €3
results in a decrease in the reproductive numbers Ro(e1) and R, while simultaneously
increasing the levels of uninfected hepatocytes and CD4™ T cells. At the same time, the
concentrations in other compartments decrease. This indicates that the use of anti-HIV

and anti-HBV therapies contributes to improving the patient’s health.
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Figure 8. Solutions of system (13)—(22) for different antiviral effectiveness rates, ¢; and es.

5.3.1. Comparison results

An analysis of the dynamics of HBV and HIV co-infection in the presence of
latent reservoirs is presented. To investigate the impact of latent reservoirs on the
minimum drug efficacies necessary for stabilization of infection-free equilibrium point,

we consider the following model without latent reservoirs:
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i1 =M —diz1 — (1 — en)pBizivr — (1 — €2)Baz1v2 (23)
v1 = (1 — e))pBrrivy — a1y (24)
U2 = (1 — €2)Boz1v2 — asgys (25)
Bg = Ay — daxg — (1 — €1)(1 — p)Bszavn (26)
21 =(1—e)(1 —p)Bswav1 — azz 27
01 = kraryr + ksagz — civn (28)
U9 = koagys — cova. (29)

The basic reproductive numbers of system (23)—(29) are given by

k(1 — e1)pBiht N k3(1—e)(1—p)Bsha _ (1= 1)Ro(0)
c1dq crdy

end = (1 — &2)R1(0).

Ro(e1) =
and 7@1 (62) =
Here, Ro(0) and R (0) are the basic reproductive numbers of model (23)~(29) in

the absence of treatment. Given that 7@0(0) > 1and 7@1(0) > 1, and let’s calculate the
threshold drug efficacies €' and €' as follows:

N 1
Ro(e)=1=ér=1- ———
o(é1) 1 7o0)
N 1

Ri(E) =1=&'=1—=——.
1(€2) 2 00)

Then we obtain

7%0(61) < 1 for all gtlh <eg < 1

Ri(ez) < 1foralléf < e <1
We have

k A ks(1 — A k A ks(l — A -
PG m n 3(1—p)Bsra 13 - 1B Ly 3(1 = p) B3z — Ro(0)

cidy  p1+m cido 13 +1n3 c1dy cids
kafaA1  m2 ko1 s
— R1(0).

cody 2 + 12 cady

The presence of latent reservoirs contributes to a decrease in the basic reproductive
numbers in the co-infection model, effectively limiting the potential for sustained viral
transmission. If these reservoirs are overlooked during the modeling process, it can
result in an inflated estimation of the reproductive numbers, leading to inaccurate
predictions of infection dynamics. In comparison, we find that " < &1 and e < &,
This suggests that incorporating latent reservoirs into the model reduces the amount
of antiviral medication needed to stabilize the infection-free equilibrium point, £Pg,
and clear the co-infection. Therefore, incorporating latent reservoirs into the model
is crucial for achieving a realistic and balanced understanding of the co-infection’s
behavior and for informing appropriate therapeutic strategies.
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6. Conclusion and future directions

The presence of multiple chronic viral infections can greatly affect a patient’s
health. HIV and HBV are among the viruses that may simultanecously infect an
individual due to their common transmission pathways. This study introduces a model
for HIV-HBV co-infection within a host, where HBV predominantly infects liver cells,
whereas HIV targets both CD4™" T cells and hepatocytes. The model was formulated
using ten nonlinear differential equations to describe the dynamics between various
cell populations and viruses, including uninfected hepatocytes, latent HIV-infected
hepatocytes, active HIV-infected hepatocytes, latent HBV-infected hepatocytes, active
HBV-infected hepatocytes, uninfected CD4+ T cells, latent HIV-infected CD4" T
cells, active HIV-infected CD4™ T cells, free HIV, and free HBV. Nonnegativity and
boundedness of solutions were established. We determined four equilibrium states
in the HIV-HBV co-infection model and established four threshold parameters. R;,
1 = 0,1,2,3. Using the Lyapunov method and LaSalle’s invariance principle, the
global asymptotic stability of the four equilibria is demonstrated. We demonstrated the
following:

*  The infection-free equilibrium & is always present and is GAS when Ry < 1 and
R1 < 1. This represents a healthy state where both HIV and HBV are expected
to be eradicated.

+  The HIV mono-infection equilibrium € occurs when Ry > 1 and is GAS if R <
- pB1U1

1
exclusively with HIV.

holds. This corresponds to a situation where the body is infected

«  The HBV mono-infection equilibrium & exists when R, > 1 and is GAS if 7;011 +
Roz2 < 1 holds. In this case, the body is infected solely with HBV.

*  The HIV-HBYV co-infection equilibrium £* occurs and is GAS when R; > Ry,
R > 1, and R3 > 1. This scenario models the co-infection of HIV and HBV.

To validate these theoretical results, numerical simulations were carried out. A
sensitivity analysis was conducted on the basic reproductive numbers for HIV (Rg)
and HBV (R;) infections to determine the key factors affecting the progression of
HIV-HBYV co-infection. Additionally, the impact of antiviral treatments targeting HIV
and HBV was examined, revealing the minimum efficacy levels required for complete
viral clearance. Effective antiviral treatments play a significant role in enhancing
immune function and promoting liver health.

The analyzed model incorporates multiple clinical scenarios, such as a patient who
has overcome a viral infection, an individual with chronic HIV infection, another with
chronic HBV infection, and a patient experiencing long-term co-infection with both
viruses.

This study employed a deterministic modeling framework to investigate the
within-host dynamics of HIV-HBV co-infection. While this approach effectively
captures average behaviors and key interactions between viruses and host cells, it
does not account for the intrinsic randomness found in biological processes—such
as immune response variability and stochastic cellular behavior. Incorporating a

stochastic perspective would allow for a more nuanced and realistic representation by
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considering random events and probabilistic mechanisms. However, due to the added
mathematical and computational complexity, this extension falls outside the scope of
the present work. We recognize it as a promising avenue for future exploration and plan
to expand the model accordingly.

Additionally, there are several potential directions for further development of
the model: (i) incorporating partial differential equations to represent spatial aspects
such as cell movement and tissue structure, and (ii) integrating fractional differential
equations to better reflect the effects of immunological memory. Another important
future step is to validate the model’s predictions by comparing them with clinical data
from individuals co-infected with HIV and HBV.
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Appendix A

I. Basic reproductive number

The basic reproductive number represents the average number of secondary infections generated by a single infected

cell during its infectious period, assuming all target cells are initially uninfected [39]. This threshold is determined at the

infection-free equilibrium.

i. Computation of the basic reproductive number for HIV mono-infection

HIV mono-infection model is obtained by setting vo = Iy = y2 = 0 in Equations (1)—(10) as:

1 = A — dir1 — pPrrivy

I1 = pBrzrvr — (1 +m)h
=mh —aiy

Ty = A2 — dawy — (1 — p)Bazavn
I3 = (1 —p)Bsmavy — (3 +m3)ls
Y3 = n3l3 — asys

U1 = kra1y1 + ksazys — ciuy,

(AT)
(A2)
(A3)
(A4)
(AS5)
(A6)
(AT)

The infection-free equilibrium of system (A1)~(A7) is given by & = (29, 0,0,29,0,0,0). The basic reproductive

number, R, is computed as the spectral radius (i.e., the largest eigenvalue) of the next-generation matrix, given by

p(FoVO_l), where Fj is the infection matrix and Vj is the transition matrix derived from the system of equations [45].

Matrices Fy and Vj are given by

Fy =

o o O O O
o O O O O
o O O O O

0
0
0
0
0

Therefore

where

(1 —p)B3Aa

pBi1 M1
i 1+ m 0
0 it ai
, Vo= 0 0
ds 0
0 0 0
0 —a1k1

Ro = p(FoVy ) = Ro1 + Roz

R — kipBidi  m
01 =

cidy p1+m
Rog = k3(1 —p)Bsha  m3

c1ds w3 +n3

o o o O

Given that HIV targets both hepatocytes and CD4™ T cells, R represents the average number of new infections

generated by HIV within hepatocytes, whereas Rz corresponds to the number of secondary infections occurring in CD4 "

T cells.

ii. Computation of the basic reproductive number for HBV mono-infection

HIV mono-infection model is obtained by setting vy = I; = I3 = y; = y3 = 0 in Equations (1)—~(10) as:
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1 = Ay — dixy — Pazyvz, (A)
Iy = Boa1vy — (12 + 12)la, (A9)
Yo = n2le — azys2, (A10)
U9 = koagys — cav3. (A1)

Following a method analogous to that used for the HIV-only case, we determine R 1, the basic reproductive number

for HBV mono-infection, through the next-generation matrix framework [45]. To proceed, we define the following

matrices:
0 0 & pp+m 0 0
Fr=100 0 , Vi= —12 a 0
00 0 0 —agksy 2
Hence
_ kafodi M2
Ry =p(FR VY = .
1=V cody o + 12

Here, R; represents the average number of new infections generated by HBV within hepatocytes.

iili. Computation of the basic reproductive number for HBV-HIV co-infection

We consider the co-infection model (1)-(10), and we calculate the basic reproductive number R¢, as Roo, =

p(Feo VCTOl ), where

000000 2 0
000000 0 0
000000 0 Bl
000000 0 0
Feo=1 100000 0 LD
do
000000 0 0
000000 0 0
000000 0 0
pi+m 0 0 0 0 0 0 0
- ay 0 0 0 0 0
0 0 jpp+m 0 0 0 0 0
0 0 1 as 0 0 0 0
VCo:
0 0 0 0 ps+ms 0 0 0
0 0 0 0 —n3 as 0 0
0 —a1k1 0 0 0 —agkgclo
0 0 0 —agk‘g 0 0 002

Therefore,

_ kipBiai m k3(1 —p)Bsra  m3  kefodi 1o }
Reo = p(Foo Vi) = max{ ,
Co = PlFooVeo) cadr 1 +m c1dy ps+mn3’ cady po + 02

= max{Ro, Rl}.
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Appendix B

Proofs of global stability

Proof. Consider Fo(x1,l1,y1,l2, y2, T2, 13, y3,v1,2)

T + +
_Fole—x?—x(fln(é>+l1+m My + 2T,
Ty m 2
k + T k +
o Fams(pa +m) <x2 — 20— 0 <3)> N 3713 (11 771)l3
kimi (ps +m3) Ty ki (ps +n3)
ks (1 + + +
n 3(u1 +m) n (11 m)vl n (2 772),02

kim s k1m kaneo

d
Calculating % along the solution of system (1)—(10) as

dF 2\ . +m. +m2. k + 9 .
dtO:( _1> m1+l1+u1n Mo iy 2ty st m) (| w5 .
1

T 72 kini(ps +n3) x2
k3ns(pr + 771)l'3 + ks(p1 +m) s + (p1 + 771)1}1 n (p2 + 772)1-]2
ki (ps +n3) kim kim kaneo

From Equations (1)—(10) we obtain

dF 2V +
7; = ( - xi) (M1 — diz1 — pPrizivi — Paxqv2) + pBixivr — (1 + m)l + le(nlll —a1y1)
+
+ Bax1va — (p2 +12)l2 + 2 T (m2la — agy2)
ksns (1 + m) ( 5”8)
T (s 1) - (A2 — dazy — (1 — p)B3zov1)
kanz(p1 + 1) ka(pr +m)
SIS T (g — — (3 +113)l3) + L (3l —
T (s + 1) (1 = p)Baxavr — (13 + m3)l3) T (n3l3 — asys)
+ +
+ M(klalyl + ksazys — civ1) + M(kwﬂn — Ca02)
kim kamne
0
= < - 961) (M — diz1) + pBrafvr + Beafvy
kanz(p1 + m) ( $8)
WY ) (T2 (N, doa
ki (ps +n3) T2 (o = doz2)
ksns(pr + m1) 0
—_— ]. — ToU
kv (ps +773)( P)fszor
it o (etm)
kym kano
dy 02 deksnz(p1 +m) 0)2
=——(x1—27) — To — T
1 (=1 1) wok1n1 (3 + 13) (72 = o3)
k3nz(p1 4+ m1) 0 (p1 +m1) (2 + n2)
+ :170114— IL‘O’U + —F (1 — THoUV] — ———C1V] — —————C9V9.
pBiTiv1 + o v2 T (s 773)( P)B3xav1 Pl o Y
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Collecting terms as

dFop _ di

2 daksnz(p1 +m1) 2

dt 71 (o =) = zokim (ps + ns3) (v2 = 25)

c1(p1 +m) ( kimppra? | kanz(1 —p)Bsay 1> o
kim c1(p +m) c1(ps +m3)

ca(p2 +12) ( k‘277252$9) B 1) V.

kans ca(p2 + m2

Finally, we obtain

dFo dq 02 doksnz(p1 +m) 02 , el +m)

— =—— (21 —27) — To—1y) +——F——F(Ro—1)v

dt 1‘1( 1) $2k1771(u3+773)( 2~ 2)) kim (Ro=1)vn
Leletm g gy,

kanso

dF;
Therefore, for all x1,11,y1,l2, yo2, x2,13,y3,v1,v9 > 0 we have cTtO < 0 when max(Ro,R1) < 1. Moreover,

dF . .
d—to = 0whenzy = 29, 29 = 29, (Ro—1)v1 = 0,and (R — 1)vz = 0. According to [61], solutions of system (1)—(10)
limit to (), which contains elements with 1 (¢) = 29, 22(t) = 29 and
(Ro — 1)1)1 =0 (Bl)
(R1 —1)vy = 0. (B2)

Let us consider four cases:
« Ifmax(Rp,R1) < 1 then from Equations (B1) and (B2), we obtain v; = v = 0. Since Y, is invariant we obtain
01(t) = 02(t) = 0. From Equations (9) and (10), we have

0 =11 = kia1y1 + ksasys = y1(t) = y3(t) = 0, forany ¢ (B3)

and

0=19 = kgagyg =0= yg(t> = 0, for any t. (B4)

Furthermore, since y; = 0 then y;(¢) = 0 and thus /;(¢) = 0, for any ¢. Similarly, yo = 0 then ¢2(¢) = 0 and thus
lo(t) = 0, for any ¢. By the same way, y3 = 0 then y3(¢) = 0 and thus I3(¢) = 0, for any ¢. Hence, ), = {0 }.

«  IfRop=R1=1,wehave z; = 29, zo = 2] then & (t) = @5(¢) = 0. From Equations (1) and (6), we have

Ao — dox) — (1 — p)Bazdvy = 0 == v1(t) = 0, forany t (BS)
A1 — dlx(l) — pﬁlx?vl — ng(l)vg =0==v9(t) =0, forany ¢ (B6)

Equations (B3) and (B4) imply y1(t) = y2(t) = y3(t) = l1i(t) = la(t) = I3(t) = 0 for all ¢ > 0. Hence,
Qy = {&}-

e IfRp<land Ry = 1,thenvy = 0and z1 = x(l), Ty = 9:(2) thus Equation (B6) gives v2(t) = 0, for any ¢ and
from Equations (B3) and (B4), we get y1(t) = y2(t) = y3(t) = l1(t) = l2(t) = l3(t) = 0 for all t > 0. Hence,
Qp = {&} -

+  Similarly, if Rg = 1and Ry < 1, then vo = 0 and 21 = 29, 2o = 2 and thus Equation (B5) provides v;(¢) = 0,
for any t. From Equations (B3) and (B4), we get y1(t) = ya2(t) = y3(t) = l1(t) = l2(t) = l3(¢t) = 0 for all £ > 0.
Hence, Q) = {&o} -
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LaSalle’s invariance principle (LIP) [62] reveals that & = (29,0, 0, 29,0,0,0) is GAS only if max(Ro, R1) < 1.
1 and/or R;

To prove that & is unstable when Ry

>

J(z1,01,y1,12, Y2, 2,3, Y3, v1,v2) of model (1)—(10) is calculated as:

7(d1 +p51U1 -+ ,62’02) 0 0 0
pBiv1 —(p+m) 0 0
0 i —ay 0
Bava 0 0 —(p2+m2)
J= 0 0 0 72
0 0 0 0
0 0 0 0
0 0 0 0
0 0 k’1CL1 0
0 0 0 0
Consequently, at &,
—dq 0 0 0
0 —(um+m) 0 0
0 m —ay 0
0 0 0 —(p2+m)
0 0 0
J= ”
0 0 0 0
0 0 0 0
0 0 0 0
0 0 k1a1 0
0 0 0 0

and the characteristic equation is given by

0
0
0
0

o O o O

o O©oO o O

koas

o O o o o

—(d2 + (1 = p)Bsv1)

o O o o O

—d

o o o O

(1=p)Bsu1

L,

o O O o o o

—(p3 + m3)

3
0
0

det(J — sI) = (s+di)(s+d2)G(s)H(s) =0

where s is the eigenvalue and

g(S) = 83 + A282 + A18 + AO

H(s) = s° + Bys* + B3s® + Bys® + Bys + By

where

35

the Jacobian matrix J

0 —pPiT1 —Bax1
0 phray 0
0 0 0
0 0 Bawy
0 0 0
0 —(1-p)Bsrz 0
0 (1-p)Bszs 0
—as 0 0
k3(l3 —C1 0
0 0 —C
—ppral —Bo?
pBral 0
0 0
0 Baf
0 0
—(1—=p)Bszy 0
(1—p)BsY 0
0 0
—C1 0
0 —C2

(B7)
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A2 =ag+c2+ny+ po
Ay = agca + agny + cang + azfiy + Cofin

azkaBona A1
dq

By=a1+a3+c1+m+n3+ p1+ s

Ao = agca(ny + po) —

Bs = c1(ny +n3 + py) + 1300 + py) + pgler + 0y + )
as(c1 +my +n3+ pq + pz) +ar(az +cr + 01 + 13+ 1y + p3)
By = c1(ny + pq)(ms + pg) +az((my + p1) (3 + p3) + e1(ny +m3 + gy + p3))

+ar((ny + py)(ns + pg) +c1(my +n3 + py + ps) +azler +ny + 03+ pg + )
CatkipBimA aska(1 —p)Banghe

d1 d2
By = azer(ny + py)(ms + ps) +ar(er(my + py) (3 + p3) + as((ny + pq) (3 + p3) + c1(my +n3 + py + p3)))
_atkipBimAi(as +m3 +pg)  asks(l —p)Bsnzra(ar +my + )

+

dq do
aiask A + aiasks(l — A +
Bo = avazer (m + ug) (13 + pi3) — 143 1175177; 1(73 + 113) _ amag 3( p)§3773 2(m Nl)‘
1 2
Clearly
ask A .
G(0) = agca(ng + py) — ”ilml =agca(ne +p2)(1 —R1) < 0if Ry > 1
g, 608) = oo,

then a positive root of G(s) = 0 on the interval (0, co) exists when R > 1. Similarly,

arazkipByimAi(ns + pg)  arasks(1 — p)BanzAe(ny + py)
d1 d2

= arazer(m + pa)(n3 + p3)(1 —Ro) <0if Ry > 1,
lim H(s) = oc.

S§—00

H(0) = arazer(m + py) (03 + p3) —

A positive root of H(s) = 0 in the interval (0, 00) exists when Ry > 1. Therefore & is unstable when Ry > 1
and/or R > 1.0
Proof. Define a function .7-_"(331, l1,y1,12,Y2, 2,13, Y3, v1, 1)2)

_ - - l
-7:21?13_319?11H(351>+l1l1l1ln<1>+ﬂl+m <y1§1§1111(z{1>)
1 I m h

+ k- k: + - (1
Ly 2t sn3(p1 + 1) (m &y —aln (ﬂfz)) o B (i + m) <l3 -l <_3>>
72 ki (ps + ns) T2 kim (ps + ns) I3

ks (101 + + +
L Fap 4 m) <y3 s —galn <y3)> L (it m) <v1 o —oin <v1>> L (2 tm)
kim Y3 kim U1 k2
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We calculate d—]: as:
dt

dF [
a <1 - ) (A1 — dyz1 — pPraivy — Paxqva) + <1 - 1) (pBrxrvr — (1 +m)l1)

il ll
- -
i S (1 N yl) (mh —a1y1) + Poarvz — (2 + m2)l2 + SCAE (m2la — asyo2)
" y 2
k3nz (1 +m) ( x2>
o~ (L ) Qe —daza — (1 - Lo
ki (ps +ns3) T3 (A2 — daxa — (1 = p)Bzwav1)
ksns(pa +m) ( l_3)
T Gy (U 0 ) (= p)Bswavn = (s + )l
ki (ps +n3) A (1 = p)Bswavr — (13 + m3)l3)

k(i + j +
+ Fal +m) <1 - y3> (n3ls — asys) + () (1 - > (kra1yr + ksasys — civ1)
k1m Y3 k1m U1
+
+ M(kzawz — CcU3).

kana

By rearranging and combining like terms, we obtain

i + (p1 +n0)l — (u1 + 771)11*
1 Y1

+ _ k + z k + _
n Mln M, el m) (1 2) (o — doa) + (1 p) 313 (i1 7]1)/33:CQU1
1

dF l_
a <1 - 331) (M — diz1) + pprz1vr + Parve — pPraivr—

(
kim (ps +n3) T2 ki (ps + ns3)
_a- )k3773(M1 + 771)5 13 = kans(p + 771)Z—3
kimi (ps +n3) kim
k iy ks

_ 3773(,u1+?71)l3@Jr (M1+771)a3g3_ (11 +m) 1y

kim Y3 ki k1

+ O ks(p + v ) +
_(m nl)alyl—l— 3(1 Th)@gygflJr (11 771)017)1_ (2 +n2) ey,

m v1 kim v1 kim kamng

Utilizing the equilibrium conditions

A1 = d1Z1 + pB1T101, A2 = daZ2 + (1 — p)B3Tav1, ka1t + ksasys = c171,
pBiz1v1 = (1 +m)l,ml = a1, (1 — p)Bszaty = (s + n3)ls, m3ls = asys,

we get

(1—p)n3

(i ) 520

a1 =mh = ( B1Z101, azys = n3ls =

p+m)

and
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df T T l_ g I
L= 2 ) (diay — i) +ppriaon (1= 5 ) = phrarory +phaavn — pﬁliﬂﬂn@—i
dt T 1 l " ll

o k + T k + o T
+ pB1T101 + Rms (gr + m) (1 xz> (doZo — doxa) + (1 —P)Mﬁsﬂfzm <1 - 2>

kim (s +m3) k1mi(ps +n3) 9
ksns(pa +m) , _ _ @ovils kang(pn +m) , _
—1——:Ev_ + (1 —p)————LB3T90
( kv (ps + n3) v1l3 )k‘ﬂh(uzz + "73)ﬁ3 2
ksna(p1 +m1) 93 13 ksms(pa +m) , _ Y1 01
—(1—p)————"=2P3T001 + (1 — p) ————L 3720 7101 ——
( p) T (1 + 173) 3l363 201 + ( p)klm(us-i-n)ﬂg 201 — pB171 o
ksnz(p1 + 771) ksns(p1 +m) , -
—(1—-p)———= v_———l— 101 + (1 — p) ————=B3T20
( )/ﬁm (n3 + 773) 20 PAEIDL + ( )lﬁm(us + 773)63 2
c +
(52301 2(/;: 772))
212
_ 2 -
— l l
= —dli(xl 2 + pP1T101 <4 ~D_Bh_ho A 1>
x1 1 v oyl Toh
Jam(n +m) @2 =22 k(i tm) o <4 _ T2 _yn_ gl mu l3>
kom(us + ) a2 ki (ps +n3) o P3ur y3ly  Talily
n (52331 B 62(/;2 + 772)) v
272
Finally we get
_ B ) _
— l l
g = —dli(xl xl) +pﬁ11‘1U1 <4 _— — @ﬂ — 71_71 — .%'11_)1 1>
dt T r1 yivi oyl Torh
k3773(M1 +m) (32 — 22)° f-p ksns(p + nl)ﬁg»@m <4 ST B Ysls T201 l3>
k1771( p3 + 13) T2 kv (ps +n3) T2 Ysvr  y3ls  ToU1l3
+
i (ﬂle - 62(/;2 7]2)) Vs
272
We have
By — colpz+m2) _ Podi calpatma) _ Kempfadi — co(ue +m2)di — ca(p2 +n2)pBit
kane dy + pBvr kana kona(di + pBr1v1)
kanaBa1 >
c + di| ———————— —1 B
it <C2(M2 + n2)dy _ca(p2 + m2)pBiv
kana(d1 + pp1o1) kane(dy + pB1071)
_ cape+m)d (R1—1)  calpe +m2)pbitn
kana(dy + pBio1) kane(dy + pB1v1)
_ ca(p2 +m)dy pB1U1
_ L (R —1- :
kana(di + pPio1) dy
Therefore,
_ B ) B _
— l [
F_ g Eme) e <4 _momn ph wﬂ_}u)
dt x1 T v nh Tl

_ g Remsn ) (72 —@2)” (1 p kel tm) <4 LB _wh Bl o z},)
kim(ps +m3) a2 kimi(ps 4+ 13) o Psui y3ly  Talily
ca(pe + ﬁz)di <R1 1 pﬁ1U1> .

kana(di + pBi01)
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ce . . dF v d .
Hence utilizing inequality (12) we obtain a < 0 when R; < 1+ pﬁdlvl. Further, s 0 if
1

(z1,11,y1, %2, I3, y3,v1) = (Z1,11, 71, Ta, I3, Y3, 01 ) and

(Rl —-1- pﬂl’lh) Vg = 0.

dq

We have two cases:

. Ri<1+ pﬁdﬂn' Then v = 0, and hence v5 = 0 and from Equation (10) we have 0 = 79 = ksaoy2 = 0 and thus
1 _ _
y2(t) = 0. From Equation (5) we get l»(t) = 0 for any ¢. Hence, Q' = {£}.

. R = 1+P51v1
1

. From Equation (1) we have

0= =\ —di1Z1 — pB1Z101 — P2Z1v2 = va(t) = 0.

From Equation (10) we get y2() = 0 and then I5(¢) = 0 for any ¢. Hence, )/ = {c‘f}

LIP indicates that £ is GAS when Rg > land R < 1 + —— phity .Od
1

Proof. Consider a function candidate F (1,11, y1, 12, yo, T2, I3, Y3, v1, U2)
. N
f—xl—:vl—xlln(m)—l—l M1+n1y1+l2—lg—l21n<~2>
T m ly

+ _ k + k +
L petm (y2_y2_y2m (m)) - Ksms(p +m) <x2_x2_$2 n (w)) 4 Rans( ),
12 Ja kim (ps +ns) o kim (us +m3)

k
s(p1 + 771)y3 Lt m)vl ) (Uz Gy — I <02>> _
kym kim kane g

+

We calculate g as:
dt

+m

dF
<1 - > (M — dizy — pPrzive — Baxqv2) + pPrxivr — (a1 +m)l + a (ml —a1y1)

dt I

Iy +
+ (1 - l> (Bow1vz — (p2 + m2)l2) + -k (1 yz) (n2l2 — azys)
2 2 Y2

kans (1 +m) o
* pom o (17 22) Oa = dor = (= phasan)
( )
)

ks(p1 +m)

k +
ST (1 — p)Bywavn — (s + 1s)ls) + oy (sls — asys)

kim (u3 + 13

+ + Y
+ M(lﬂalyl + kzazys — civr) + (p2 1) (1 2) (k2agys — cava).
k1m ka2 v2
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By rearranging and combining like terms, we obtain:

dF i 8 -
= (1 — 1) (A1 — diz1) + pBiZ1v1 + PaFrva
t e

l ~ y + .
— iﬁzwlvz + (p2 +n2)l2 — (2 + 772)12?2 SE

+ a2y
Y2 72
kans (11 +m) (1 552) (s — daiza) + (1 — )k‘3773(M1 +m)
Eym(ps + 13) kv (ps + 13)

1+m 2+ 12 2+ 1n2) U2 2+m2)
_(w n)cm_(u n)cm_(u 77)7(12%_’_(# n)cm_

k1imy kaneo N2 V2 kano

B3T2v1

By using the conditions of &,

A = diF1 + BaFiB, Bodirta = (2 + m2)la, mala = asfa, Ae = dafia, koaafs = cala,

we obtain
dF T — 1) o .. -
o —dlM + Bor By — PodrBa— + piFiv1
t X1 I
__ xqal: o ..y ..
— BoFy Ty ——2 + BoFy Ty — 529610272% + (o172
2102l lo Y2
k Py — 1)° k
 ksns(p + 771)d2 (T2 — x2) +(—p) 3n3 (1 + 771)/833?32711
kini(ps +n3) T2 kim (ps +n3)
+ I, L.
- (H}Cm)cﬂh - 521’102*2¥ + B22102.
1M V2 Y2
Finally we get
dF i —xz1)?  k + To — T9)* - T zivaly o v
7:_d1(1 )" kams(i Ul)d2(2 2) oy (4 T T2l b B
dt 1 ki (ps +m3) Z2 T Tiv2ly  lyy2 Y202
8 ksng(pa +m) , . (p1+m)
+{pbitr+ (1 —p)7—F— P30 — ———c1 | v1.
( ( )kml (13 +n3) kim

Furthermore, we have

_ kana(pi +m) , - (i +m) c1(p1 +m) (Rm >
1+ (1 —p) = Tl Bagy — clL = +Rox—1].
phiZ1+(1-p) ki (ps Jr??&x)ﬁ3 ? ko kim R 0
Then we get
dF P —21)?  k + Fo — 19)? - T z1v2 I lo Y v
7:7d1( 1—21)"  kanz(m 771)d2( 2 — T2) By (4 T T2l Db T
dt x1 kin(pus +n3) T2 x1  T102ly lyy2  T2v2
c1(p +m) (Ro
Roz — 1 .
* kym <R1 ke v
R d d
If R—Ol + Ro2 < 1, then using inequality (12) we obtain d—f < 0, where c% = 0 occurs at x1 = Z1, T = To,
R
lo =l2, y2 = Y2, v2 = U2, and
R
(01 4+ Ro2 — 1) v1 = 0. (B8)
R
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We have two cases:

R :
At Ro2 = 1, then from Equation (6) we have

R1

0=1a9 = X9 —doZoy — (1 — p)ﬂgi‘g?)l = —(1 — p)ﬁg@g’ul = Ul(t) = 0, for any t,
and from Equation (9) we have then
0 =101 = kiary1 + ksasys = y1(t) = y3 (t) = 0 for any ¢. (B9)

From Equations (3) and (8) we get [, (t) = I3(t) = 0 for any ¢. Hence, (¥’ = {c‘f}

R .
Z0 4 Ry < 1, then vy (t) = 0 and from Equation (B9) we get y1(t) = y3(t) = 0 and consequently, {1 (t) =

R
I3(t) = 0 for any t. Hence, ¥ = {f:’} .

- R
LIP reveals that £ is GAS when R—Ol +Rpp<landR; > 1.0
1

Proof. Let a function ]:*(xl, l1,y1,l2,y2, T2,13,y3,v1, 212) as

l
F* :x1xfﬂln(xi> +hL -0 —1In <1) +M1+771 <y1y{yfln<yi)>
1 I7 m v}
! +
+52—l§—l§1n<z)+m = <y2—y§—y§1n<yi>>
12 2 Ya
k3ns(p1 +m) < - ($2>> kans(pa +m) ( R <13>>
+ L |22y I | = | | F——— |3 =53 l3In|
R (s +n3) 7772\ Fim(ps+s) \° 0 P\
ks (g1 +m) < <y3>> p1 +m < <v1>)
+ —— —ys—ysIn|{ =) |+ vy —v] —viln | —
kim GRS Y3 kim L v}

p2 + 12 < * * (Uz>>
+ vy — vy — vy In | — .
kano 2 V5

*

dt

Calculating as:

*

dF* * l
T <1 - 561) (M — diz1 — pBrxivr — Paziva) + (1 - li) (pBrxive — (1 +m)l1)

*

+ ¥ l
T I/ (1 - yl) (mli —ayr) + (1 - 2) (B2w1v2 — (p2 + 12)l2)
m Y1 Iy

p2 + 12 y;) ksnz (a1 +m) < x;)
+ - == ly—a + ————=(1——=) (A2 —daza — (1 — p)Bsxav
o ( Yo (m2l2 2Y2) kv (i3 + 713) ) (A2 22 — ( )Bsw2v1)

k3ns (1 + 1) I3
+ ko (s + 13) (1 ) (1 —p)Bsz2v1 — (U3 +n3)l3)

-
k * *

+ halpn +m1) (1 - y3> (3l — asys) + ' (1 -
kim kim vy

Y3

2 + 12 v
+ Mki"? (1 - 2) (k2agys — cav2) .
2712 U2

) (kra1yr + kzasys — crv1)
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By rearranging and combining like terms, we obtain

e ( 1> (M — diz1) + pPrxfor + Baxivg — pPrarvr - + (1 + m)l
t T I
— (1 + 771)l1y*1 + a B aryf — Boxrva-2 4 (o + 1m2)15 — (ua + 772)l2y*2 + H2 T T2 azy
Y1 la Y2 72
k3ns(p1 +m) < 1‘2> kans(pa +m) , .
ML) (T2 ) ) o) 4 (1 — p) 3BT g,
kim (ps +n3) T2 (G = dzz2) + (1 =) kom(ps +m3) 0 2

*

k3nz(p1 + 1) 5, kans(pa+m) .
— (1 —p)——F——LB3x201 = + ————1
( )kml( 13 + 77 ) I3 kim 3
~ kans(u + 771)l ks(pn +m)
SR Doyt 4 s agy)
kim Y3 k1m
* k *
(i +m) crop - (11 + m)alylv—l ks tm) o of n (11 + m)cwi‘
k1m m vy k1m U1 kim
~ (p2+mp) vy — (p2 + 772)@2y212 i (p2 + 772)021};
kano 72 V2 kana

Utilizing the equilibrium conditions

A\ = dix] + ppiaivy + Poxivs, pfraivy = (1 + )iy, mly = aryy, Boxivy = (p2 + n2)l5,

mly = azyz, A2 = dowy + (1 — p)Bsazvl, (1 —p)Bswyvl = (us +n3)ls, msl3 = asys,
c1v] = kraryi + ksazys, covs = kaazys,
we get
ary; = ﬁﬁlﬂ”i asy; = (m?f m)ﬁzﬁvs,
oar = P e, = T L i,
l5 = Mﬁﬂy{?f%, I3 = (i3 + 17 )53552”{,
1wt = P gratog + D gy
o} = 1 i
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Therefore,
dF 7 l i
it ( - 901) (diz] — dix1) + pBrajv] + Bax1v; —pﬁlevi‘*l ~ Paiv ;%
1V l y wl’l)gl
—phx — —|—p,81:1311)1 pBLTIV] 7 +pﬂ1$1v1 Pawiv z* *2
351“111 i3 T1v5l2

i = e 3 o+ R (15 ) o

*

ksns(p1 + 771) ksns(pr +m) , . .23
+(1—-p)——= 1—p)————L B3] —=
( )k1m(u3+ ) ~ )k1?71(u3+773)53 2" gy
]{737]3(/1,1 + 771) * *x2U1l3 k3773(,u'1 +n ) * ok
— 1 — B EEE— x U — P39V
( )kml(ug + 773)63 L adotls ( )k1771(u3 +1n )ﬂ 271
(- kg (p + m)ﬁg % Tli’ Y3 . ksns( 1+ m)ﬁ
ki (ps + n3) 13 /~€1771 (Ms + 13)
_pBatot L Mﬂ s 88U +pﬂlwl

—Pp
Yi v kim (u3 +n3)

kanz(p1 +n1) < Y2
————~ fB3x5v] — Pox vy ——= + Boxivs.
kv (ps +n3) 3/3 e

Finally we get

dr” _ —d, (21 — 27)? _ ksns( +7]1)d (z2 — x5)?

2
dt 1 ki (ps +m3) T2
T L
I yl U1 ll Y1 xlvl ll

% $* 2'[)* lQ x 1V l*
+52$1U2<_1_y2_y2_ 2

1 ysv2  l5ys  xjvsla
. ( 3 ysvi B3 ys  wow l§)

ksns(pr +m) 3

3TV -t == =2
im (s +n3) " 2!

+(1-
( ro  ysvr  l3xys  ajuils

* *

< Oforall x1,11,y1,l2,y2,x2,l3,y3,v1,v2 > 0. Moreover, — =0

_ . dF

Therefore, using inequality (12) we get 7

when (xlv l17 Y1, l2a Y2, X2, l37 Y3, V1, U?) = (Q?{, T? yT; ;7 y§7 x;a l§7 Z/§7 'UT, U;) Therefores Q= {5*} Applyll’lg LIP
we get that £* is GAS. [
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