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Abstract: The premise of blind image deblurring revolves around the restoration of a clear
image from a blurred one without prior knowledge of the specific blur kernel employed. Within
this realm, various image priors have been extensively investigated and applied to address
this inherently challenging problem. Throughout the image deblurring process, ensuring the
resulting image intensities remain strictly non-negative is often imperative. However, prevalent
numerical methodologies utilized to solve this issue have shown instances where the outcomes
are not consistently favorable, leading to undesirable negative intensities that contribute to
significant areas of darkness in the restored images. This study introduces a novel model designed
to tackle the blind image deblurring problem by leveraging mean curvature. The proposed
model not only assures positive outcomes but also confines the upper limit of image intensity
values, thereby maintaining them within a predefined range. Additionally, new numerical
algorithms are introduced, which not only restore the image but also estimate the blur kernel.
Comparative analyses between these proposed algorithms and existing numerical techniques have

been conducted to showcase the effectiveness and feasibility of our suggested approach.

Keywords: blind image deblurring; ill-posed problem; mean curvature; constrained

problem; augmented Lagrangian method

1. Introduction

In recent years, the proliferation of digital imaging devices, such as smartphones
and high-resolution cameras, has made capturing images an everyday activity for
millions of people worldwide. However, the inherent limitations of these devices,
including camera shake, motion blur, and out-of-focus captures, often result in
degraded image quality. These types of blur can significantly impact the visual content,
making it challenging to interpret the image or extract relevant information. Blurring
typically arises from translation or relative rotation between objects and cameras
throughout the camera lens exposure duration. The mathematical relationship between

original or true image u and blurry image z is:
z=Ku+e, )

where ¢ represents a noise function and K represents of blurring operator;

(Ku)(x) = /Q k(e p)uly) dy, x€ Q. @
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The kernel, denoted as k(x, y) = k(x —y), is commonly named as a translate-invariant
kernel. The K is a compact operator (Fredholm integral of first kind). The objective is
to extract both blur kernel K and latent image u from the given equation. The ill-posed
nature of this problem arises from the fact that multiple pairs of u and K can yield the
same outcome z. The situation where the blurring operator K is known corresponds
to non-blind deconvolution [1-5]. Furthermore, when the blurring operator K is not
known, the process is recognized as the blind deconvolution [6—8].

Image deblurring techniques aim to restore the sharpness and details lost during the
blurring process, providing a clearer representation of the scene. Traditional approaches
to deblurring relied on assumptions about the blur kernel, such as uniform motion blur
or Gaussian blur, enabling the estimation and subsequent removal of the blur effect.
However, in real-world scenarios, obtaining precise knowledge about the blur kernel
is often challenging or even impossible, limiting the effectiveness of these approaches.
Blind image deblurring tackles the problem of restoring blurred images without any
prior knowledge about the blur kernel. This branch of image deblurring has gained
significant attention from researchers and practitioners due to its potential to address
real-world scenarios, where the blur characteristics are unknown or highly complex.
The aim is to develop algorithms that can autonomously estimate the blur kernel and
perform image restoration simultaneously, effectively addressing both the inherent blur
and the lack of knowledge about it.

The use of energy minimization models [9-12] for the solution of the image

deblurring problem has gained significant attention and interest in recent decades.

Zréi(rjl /Q(k *u— 2)%dQ + aR(u) 3)
In the given expression, C' denotes the constrained set, R(u) is the regularization
functional, and o > 0 serves as a parameter of regularization. This parameter plays a
crucial role in determining the balance between the first term (data fitting term) and the
second term (regularization term) in the formulation. When employing these methods
on photos affected by noise and blur, researchers encounter two prominent challenges
that need to be addressed. The primary challenge involves dealing with non-linearity,
while the secondary challenge revolves around resolving massive matrix systems at
play. The Total variation (TV)-based blind deconvolution model [13—15] is defined as

muin/g(k*u—z)Q dQY + aq||ul| v gtz |kl Tv,s 4)
such that:

u>0, k>0, )
/Qk:(s,t) dsdt =1, k(z,y) =k(—=z,—y), (6)

here |[wl|7v,s= [o|Vw|sdQ, |[Vw|s= /w2 4+ w2 + B. In this context, the parameter
f > 0 is employed to ensure that the functional |[w| 7,3 becomes differentiable at
zero. The positive parameters «;; and a9 balance between good fit and regularity of the

solutions u and k. There is no proof that guarantees uniqueness of the solutions [15]
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in practice of Equations (4)—(6) produces good solutions. The TV model has a lot of
great features, but it has one major flaw. It facilitates the transformation of piecewise
constant functions into smooth ones which create staircase effects in restored images.
As a consequence of the restoration process, the resulting photos might exhibit a blocky
appearance. Using mean curvature (MC)-based regularisation models [16, 17] is one
way to lessen the staircase impacts in restored images. The MC-based blind image

deblurring model is:

m&n/(k‘*u— Z)2dQ+041||UHMC,,B+042||]§”MC,5 7
Q

such that:

u>0,k>0,

/Qk(s,t)dsdt =1,k(z,y) = k(—z, —y),

here ||w|| ac= [q (v ‘|vaw|5> 2dQ. MC-based regularization models are particularly
efficient. While removing the staircase effect. In restored images, these models retain
the edges. To illustrate the frequency-domain behavior of different regularizers, we
provide an attenuation plot (Figure 1), which compares TV and our MC regularizer in

terms of their effect on different frequency components.
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Figure 1. Attenuation graph of TV and MC.

The attenuation plot in Figure 1 demonstrates the frequency-domain
characteristics of the TV and MC regularizers. While TV exhibits strong suppression
of high-frequency components, it can also over-penalize fine details, leading to loss of
texture and over-smoothing. In contrast, the MC regularizer applies gentler attenuation
across the spectrum, particularly at higher frequencies. This behavior allows MC to
achieve a better trade-off between noise reduction and detail preservation, enabling
reconstructions that maintain fine-scale structures while still providing effective
regularization.

Especially in the context of astronomical imaging, when performing image
deblurring, it is crucial that the restored image maintains intensity values that are strictly
non-negative to ensure accurate and reliable astronomical analysis [18-22]. However,

observations have highlighted that employing current techniques might yield outcomes
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that are not consistently desirable. Images characterized by numerous pixels whose
intensity values are close to or equal to zero are often termed as images having negative
intensities or referred to as containing black spaces. This article presents the model
for mean curvature-based blind image deblurring, ensuring that the resulting image
intensities are strictly positive. Furthermore, the proposed model imposes constraints
on the upper limit of the values of image intensity, ensuring their confinement within
a predetermined range. The main goal of this paper revolves around transforming
the problem of image deblurring constrained by mean curvature into an unconstrained
form. To achieve this, we proposed augmented Lagrangian methods. Augmented
Lagrangian methods have demonstrated successful resolution of optimization problems
within the domains of image processing and computer vision [23-25]. In these works,
augmented Lagrangian methods outperform other numerical techniques in terms of
speed. Studies have shown that employing augmented Lagrangian methods enables the
decomposition of the original complex minimization problem into several simpler and
efficiently solvable sub-problems. Some of them possess solutions in closed forms, while
others can be rapidly resolved by utilising tools like the fast Fourier transform (FFT). New
numerical algorithms are described that not only restore the image but also estimate the
blur kernel.

The paper introduces several notable contributions, which can be summarized as
follows: Firstly, a modified blind image deblurring model is presented, incorporating
a constraint that limits image intensity values to a predetermined range. Secondly, a
novel algorithm is proposed for effectively deblurring the blurred image. Thirdly, a new
algorithm is introduced to estimate the blur kernel accurately. Lastly, the theoretical
findings are rigorously verified through numerical implementation. The remainder of the
document is divided into sections. The modified image deblurring model is covered in
the second section. The kernel minimization problem and image minimization problem
are also covered in the second section. The third section presents cell discretization. The
third section introduces the matrix system. The numerical experiments for our proposed
approaches are detailed in the fourth section of the paper. In the final section, conclusive

remarks and insights are provided on the proposed methods.

2. Modified blind deconvolution model

Blind deconvolution is the scenario when both the convolution kernel and the
image itself are unknown. Here we present the modified blind deconvolution model.
We address scenarios where the pixel values in digital images must be constrained to
a specified interval [a;, as]. For instance, in 8-bit images, we have [a1, az] = [0, 255].
So MC-based modified blind deconvolution model [26-29] is described as

min/(k:*u—z)2d9+oz1||u]Mc’g—ﬁ—angHMc,g
Q

such that:
CLlSUSCLQ,kZO, (8)

/Qk:(s,t)dsdt =1,k(z,y) = k(—z,—y).
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Here the positive parameters 1 and «o serve to balance the trade-off between achieving
a good fit for data and ensuring the smoothness or regularity of obtained solutions u
and k. If we ignore the upper boundary as, this is a classic blind deconvolution model
which we have explained above. In classic blind deconvolution model, we only require
strictly positive results for our image variable .

We can minimize the functional in Equations (6)—(8) by first picking initial guess
u(9) and resolving it for k(%) and then utilizing k(©) calculate the »(*) and carry out the
procedure again. Therefore, knowing u(™) and k(™) algorithm is explained as:

e  Kernel minimization problem: resolve it for &(**1)

min /(u(”) K = 2)2dQ + g | K7 e, ©)
k(n+1) Q
such that:
KD s o / KD (s, 8) ds di = 1, (10)
Q
) (2, 9) = kD (—z, —y) (1D

e Image minimization problem: resolve it for u(**1)

i, / (RO 50D — 2)2d0 + o || u™ || pe, 5 (12)
ulm Q
such that:
ar < ul" < ay =

Now our main objective is to solve the above two problems. First we explain the

kernel minimization problem and later image minimization problem.

2.1. Kernel minimization problem

In Equations (9)—(11), we have used the equality k£ * u = u * k. The augmented
Lagrangian functional for Equations (9)—(11) is established for the positive penalty
parameter ¢ > 0 and the multipliers Aq, A2, A3 by

Fulk, 4 A, A Ag) — / (s k — 2)2d9 + skl arcs (14)
Q

2 1 z,y) — k(—z, —
+/Q)\1(—k+7 )dQ—i—/Q)\g(k— ]Q\)d9+/g)\3(k( ) — k(—x,—y))dQ

E _ 2\2 _ig " . o 9
+2/Q{( k+77)" + (k ’Q‘) + (k(z,y) — k(—2,—y)) }dﬂ.

So the Euler-Lagrange equations for & takes the following form:

VK vk k

K*'Ku+as v .( -
VIVEE+82 1wk + 828

v k) +ck =K*z,  (15)

where Kk = v.% and K having adjoint operator is K* . The Equation (15) is a
fourth-order non-linear differential equation.
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In terms of 7, the minimization is equal to

min {/Q [Al(—k + w) + %c(—k + w)2] dQ} : (16)

w>0

Hence, the solution of Equation (14) is
w*=max{ 0, k— A1 /c }. (17)

The multiplier technique can be explained in the following way: The given multipliers
are AYL), )\gn), )\:())n) ,and ¢(™ is a penalty parameter. We use to minimize F., by getting
k(™) and ~(") then we set

)\gn-i-l) _ )\gn) n C(n) max{—k(n), )\gn)/c(n)} (18)
)\gn-i-l) _ )\gn) + C(n)(k(n) - |1|> (19)
AP Z A 4 o) k() — k(—z, —y)). @0)

To minimize the functional Equation (14), the initial step involves selecting the value
of ¢ and the function ;. Subsequently, we calculate w* using the Equation (17) then
we pick a function A2 and A3 and we compute v by using Equation (15). This suggests
the Algorithm 1 for Equations (9)—(11):

Algorithm 1 Kernel Minimization Method

function: [k] = MinimizeK (c, A1, A2, Az, o, k, w)

1 Set: @ = ¢, A = A AP = xp AP = A5 KO =

2. Set: w® = max{0, k@ — A% /c(0)

3. Form=1,2,-Find k™: ming Fu (s, k, V=D A" AP0 Am=b)
4. Set: A(ln) = )\g”_l) + =D max{ k=1, )\gn_l)/c(nfl)}
5. Set: /\é") = )\é’“l) + c("—l)(k(n—l) _ Wll)

6. Set: A" = A" 4 =D (k(x,y) — k(—z, —y))

7. Test: Stopping criteria

8. Set: () = @ x ¢(n—1)

9. Set: w(™ = max{0, k™ — )\g")/c(”)}

10. end

11.  Set: k = k(™

2.2. Image minimization problem

Now consider our image minimization Equations (12) and (13) without

superscript:
min/(k*u—Z)QdQ—i-alHu\Mc,B (21)
v Ja
subject to:
a1 <u < ay 22)
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Initially, we transform the Equation (22) into two separate equalities
—u—i—al—i—q/%:O, u—ag—i-’y%:O. (23)

Now the Equations (21) and (22) become

min/(k:*u—z)2d§2+oz1||u]MC,B
Q

u
subject to:

—uta+9 =0, wu—ay+~3=0.

Let’s consider augmented Lagrangian functional associated with the Equations (21) and
(23) describing the given problem where we introduce the positive penalty parameter
(¢ > 0) and associated multipliers A1, A2 by

Gc(u5717727>\17)\2) = /

(k*u—z)ZdQ—i—alHuHMcﬂ—k/ A(—u+a; —i—'y%)dQ
Q Q

(24)
+//\2(U7a2+7§)d9+§/ {(*U‘FCLl +yf)2+(u—a2+7§)2}d9
Q Q

From Equation (24), Euler Lagrange equations for u takes the following form:

vk Yk U

K*'Ku+ a1 v .( -
VIvuP +82 (JIvul® + )2

vu)+eu=K"2 (25

Yu
[Vuls
non-linear fourth-order differential equation.

where Kk = /. and K having adjoint operator K *. The Equation (25) is also a

Now, the objective is to minimize the augmented Lagrangian of Equation (24) with
respect to (u, y1, y2) for the different A1, A2, and c. Direct determination of the explicit
minimization of GG, concerning y; and 5 by fixing each u is feasible and minimization

concerning ; and -y, is defined as

5}1111% {/Q [)\(—u +a1 +wy) + %c(—u +a + wl)ﬂ dQ} (26)
5}1;% {/Q [)\(u —ag + wa) + %C(u —as + wz)Q] dQ} (27)

Hence, the solutions of Equations (26) and (27) are

w] =max {0, u — A\;/c— a1}, (28)
wy = max {0, —u — Ag/c+ as}. (29)

Now, the multiplier method can be explained in the following way: Aﬁ”) , )\(Qn) are known

multipliers and ¢(™ is a penalty parameter , we minimize the G .(n) by getting u™, VYL)

(

and VQn) then we set

)\gn—i-l) _ )\gn) + ™ max {_u(n)7 —)\gn)/c(") —ai} (30)
)\gn—l—l) _ )\gn) + C(n) max {u(n)7 _)\én)/c(n) + (12} 31
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For the minimization of the functional Equation (24), initially select the value of ¢ and
the function A\;. Subsequently, w7} is computed using Equation (28). Following this, a
function A is chosen and wj is computed using Equation (29). Next, u is computed by

using Equation (25). This is detailed in Algorithm 2.

Algorithm 2 Image Minimization Method

function: [ u | = MinimizeU(c, A1, Ao, a1, u, k)

1 Set: @ = ¢, A9 = A, A =\,

2. Set: u® =1

3. Set: wgo) = max{0,u(®) — )\:(LO)/C(O) —a1}

4. Set: wl” = max{0, —u(® — AV /c© 1 g,}

5. Form=1,2,---

6. Find v(™:  min, G -1 (a1, u, \/wgn_l), \/wén_l), )\(1"_1), /\én_l))
7. Set: )\gn) = )\(ln_l) + =D max{—u(=1), —)\gn_l)/c(”*l) —a1}
8. Set: /\g") = /\g’“” + =Y max{u(—1), —)\énfl)/c("_l) +as}
9. Test: Stopping criteria

10. Set: ¢(™) = dx "~V

11. Set: wgn) = max{0,u(""1) — )\gnfl)/c("_l) —ai}

12. Set: wén) = max{0, —u("~1) — /\gl_l)/c(”*l) + as}

13. end

14. Set: u = u™

Therefore, our modified blind deconvolution (MBD) method on a blurry image
without knowing the blurry operator or with some partial information of the blurry
operator can be described in the Algorithm 3.

Algorithm 3 Modified Blind Deconvolution Method

function: [ u, k£ ] = Blind Deconvolution (¢, A1, A2, A3, ¢, ;\1, 5\2, ay,u, as, k)
Set: k(0 =k, 40 =y
Form=1,2,---
[ £(") 1= MinimizeK (¢, A1, A2, Az, o, k=1 4(n=1))
[ w(™ ]=MinimizeU(¢, 5\1, 5\2, aq,u™D kM)
Test: Stopping criteria
end
Set: v = u(™ k= k™

Nk LW

3. Cell discretization

Due to the non-homogeneous nature of the MC regularizer « in the image
deblurring problem, it becomes necessary to employ a spatial discretization approach,
particularly for terms involving derivatives. This is crucial as the spatial mesh size
significantly affects numerical results for MC model. Consequently, we divided

domain Q = (0, 1) x (0, 1) into smaller subdomains of size J, x é,. Furthermore,

0, :0= T1/2 < T3/2 <. < Tp,+1/2 = 1,

(5y :0= Yij2 <Yzj2 < oo <Ypy+1/2 = L.
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In this context, n, dnotes the count of uniformly spaced partitions along x or y direction,
and (z;,y;) corresponds to the cell centers within these partitions. Additionally,

2ih — h
@ = “2) for i=1,2,3, ..., n,
2jh —h
y; = (‘72) for §j=1,2,3,..., 1,
here h = i . The (z,, 1 y;) and (@5, Y, 1 ) denotes the mid-points of cell edges:

h
xii%:xiig for i=1,2,3,...,ny,

h
Yy =yity for =123 .0,

Foreachi=1,2,...,n,and j = 1, 2, ..., n;, we state

Qi = (mi—1/2,$i+1/2) X (3/]’—1/279]‘4—1/2)'

Let 6(z, y) be a function, and we denote 0y, ; as §(z;, yp, ), here k and [ can assume values
ofthei — 1,7,0r7 + landj — 1,7, 0orj + 1, correspondingly. Here, ¢ and j represent
integers that are greater or equal to zero. In order to calculate forward and backward
discrete functions, we require values at specific discrete points. To address this, we
introduce the following functions for the purpose of defining these points appropriately.

Oit1, — Ui, - bij —0i—1
(A0 = =52, (4 0y = ==,
Oij+1 — Ui - bij — bij—1
[y 0lig = === 4, 0liy = =———

Subsequently, we obtain the discrete functions for central differences, denoted as:

dca, s = [d3 0i 5 + [ 0] o0, ; = [dy 6] + [dy Oi
x’ 1) T 2 ) yvli) T 2 )

and the discrete gradient, denoted as:
[V 0)iy = ([df 00z, [dy 01ig), [V 0y = ([dy 0lij, [dy 0i ;).

Utilizing the midpoint quadrature approximation, we can express the equation as
follows:

(Ku)(wi,y;) = [KnU]5)-

3.1. Discretization of kernel minimization problem

The CCFD approximations {U; ;} to {u(x; ;) } and { K j } to {k(x; ;)} are chosen.
So from Equation (15), we have

VAl B vte. vt K

[K*KU); ; + aldiv( VT K))ij+ K

VKR +8 (VKR + 82 (32)

=[K"Z]; ;.
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By using lexicographical ordering of the unknowns, U = [U;; Ujs ... Up,p,]!
and K = [K11 Ko ... Kp,n,|', fromEquation (32), we have the following matrix
system:

K; KpU + ao(ByD;, ' (K)By)*K + o B, D, ' (K)GL(K)D; ' B K + cK =K Z. (33)

2

In this case, the matrix K} has dimensions n2 x n2

i)

while B has dimensions
21, (ng — 1) x n2. The matrices G}, and Dy, are both sized 2n(n, — 1) x 2n,(n, —1).
Furthermore, the matrix K; K, is the symmetric positive semi-definite (SPD), and K,
is the block Toeplitz having Toeplitz blocks (BTTB) matrix. The arrangement of matrix
B;, can be represented as:

_ 1
h =7

By
By

here By and By are n(n, — 1) x n? in size.
Bl:C®I7 B2:I®C

The matrix

1 -1

has dimensions (n, — 1) X n,, and I represents the identity matrix. On the other hand,

matrix Dj, is the diagonal, with its entries derived from discretizing the expression
k|? + 52. Importantly, all the entries of Dy, are positive.
Y% p y p
D* 0
0 Dv|’

here D” having size (ng — 1) X ng, and DY having size ny X (ny — 1). The matrix is
also a diagonal matrix.

G* 0
0o GY

The entries of the matrix can be obtained through discretizing the expression
vk . o . . . .
Kk.——~———. The matrix G* having size (n, — 1) X n,, and matrix GY havin
Ve g size (ng — 1) X ng g
size ny X (ny — 1). To calculate the value of k, one has to resolve Equation (33).
Concerning the Lagrange multipliers and remaining variables, a direct solution method
is employed after discretization on grid points (4, 7). So from Equation (17), we have

w*(i,7) = max {0, u(i,j) — A1(i,7)/c — a1 }. (34)
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To update Lagrange multiplier, we need the following equations:

A5y = A (i 5) + o™ max{—£™ (i, 7), A /ey (35)
n .. n)/. n (g q L
Ag +1)(l,j) — )‘é )(173) + C( )(k( )(l,j) — m) (36)

3.2. Discretization of image minimization problem
The CCFD approximations {Uj; ; } to {u(x; ;) } and { K; ; } to {k(z; ;) } are chosen.
So from Equation (25), we have

\var vte. vt U

[K*KU);j + ay[div( vt Ui+ Ui

U, + 82 (JIvHUR, + B2 (38)

= [K*Z); ;.

The Euler-Lagrange equation of the image minimization problem is quite similar to the
Euler-Lagrange equation of the kernel minimization problem. The only difference is the
underlying variable. That is why, by using lexicographical ordering of the unknowns,
U = [UH Ui .. Unxnm]t and K = [KH Ko ... Knxnx]t, we have the
following similar matrix system:

(Ki: Ky + a1(BiD;, H(U)By)? + e B Dy, N (U)GR(U) D, ' By + U =K 2. (39)

To calculate the value of u, one needs to resolve Equation (39). For the remaining
variables and the Lagrange multipliers, a direct solution method is employed after
discretization on grid points (7, j). So from Equations (28) and (29), we have

wi (4, j) = max {0, u(i,j) — A1(4,§)/c —ar}, (40)
wi (i, ) = max {0, —u(i,j) — Aa(i,7)/c+ a2} 41

To update the Lagrange multiplier, we need the following equations:

AP G5y = AP 5) + ™ max {—u™ (i, ), ~AP (@ 5)/c™ —ar}  (@2)
/\gnﬂ)(i’j) _ )\én)(l}j) + ™ max {u®™ (3, 5), —)\é”)(i,j)/c(”) +az}.  (43)

Both Equations (33) and (39) are nonlinear positive definite symmetric systems. So
one can first use the fixed point iteration (FPI) method [30] or Newton’s method [31] to
linearize them. Subsequently, the conjugate gradient (CG) method is utilized to obtain
the solution.

4. Numerical experiments

In this section, our algorithms are applied to address image deblurring issues.
Multiple sets of experiments are conducted using various digital images. The
algorithms are executed using MATLAB, and all computational experiments are
conducted on an Intel® Core™ i7-4510U CPU (2.60 GHz). The quality of restored
image is assessed using two metrics: peak signal-to-noise ratio (PSNR) and structure

11
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similarity index measure (SSIM). The values for parameters «y,as and [ are
determined by referencing the previous works [6—8]. In all experiments, we initialize
the guess for the restored image, denoted as u" with the blurred data z. Different values
of n, are employed, leading to a matrix system with n2 unknowns. The size of the mesh
is determined as h = 1/n,. Throughout of the experiments, the numerical iterations
are terminated when the residuals satisfy the condition ||b — Az"||< tol || b ||, where
" represents solution vector at m-th iteration. The outcomes are given in the tables

and figures below.

Example 1. In this instance, we utilized the test images dataset of Levin et al. [32].
The 4 images and 8 different blur kernels of Levin et al. s [32] data set are shown
in Figure 2. To produce blurry images, all sharp images are affected by individual
blur kernels and additive white Gaussian noise with a standard deviation of 0 = 0.01.
So one can get 32 degraded images for testing. In this experiment, we conducted
a comparative analysis between our proposed MBD method and several existing
methods for solving BID problems. For conducting the comparison, we utilised the
Bayesian blind deconvolution (BBD) method [33], the deblurring with directional
filters (DDF) method [34], the normalized sparsity measure (NSM) technique [35],
and Ly— regularized intensity and gradient prior (LORIG) technique [36]. Recovered
images of kids of size 255 x 255 presented in Figure 3. Calculated kernels of each
method are also shown in Figure 3. In MBD method, the problem was solved with
the help of PGMRES technique while incorporating the MC regularization functional
alongside specified parameters a1 = 1 x 1077, g = 1 x 10713, 8 = 0.4. Table 1
shows PSNR and SSIM information of different techniques on kids’ image. Mean PSNR
and mean SSIM results of different methods on dataset of Levin et al. [32] are depicted
in Figure 4.

Figure 3. Cont.
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(®
Figure 3. Kids’ image: (a) Exact image, (b) blurred image, (c) deblurred using BBD method,

(d) deblurred using DDF method, (e) deblurred image using NSM method, (f) deblurred image
using LORIG method and (g) deblurred image using BDM method.

Note: The estimated kernels are on the bottom right corners.

Table 1. PSNR and SSIM comparison kids’ image.

Method PSNR SSIM
Blurred 15.2564 0.6126
TV 23.8769 0.7567
BBD 28.3975 0.8480
NSM 22.7151 0.7568
DDF 24.9047 0.7647
LORIG 25.8597 0.8125
MBD 28.9946 0.8566

SSIM

88D DDF NSM LORIG MBD

(@ (b)
Figure 4. (a) Mean PSNR and (b) mean SSIM results of different methods on dataset of Levin
etal. [32].

Remark 1. By observing Figure 3, with a necked eye it is difficult to understand which
method is performing well. Its look all method are generating the same quality images.
But it is clearly seen that BBD, LORIG and MBD methods are giving better estimates
for kernel. Further investigation can be made with PSNR and SSIM.

From Table 1, it is evident that MBD technique is getting high PSNR and SSIM as
compared to all existing methods. So our proposed method is performing better. This
can also be observed from Figure 4 in which mean PSNR and mean SSIM of all methods
are depicted. The mean value of our MBD method is also higher than that of all other

13



Advances in Differential Equations and Control Processes 2026, 33(2), 2805.

methods for both PSNR and SSIM measures.

Example 2. In this example we used three benchmark images from literature. These are
a Cameraman, Goldhills and Peppers images. The image of Cameraman is challenging
because it combines a large-scale cartoon element (face) with a texture on a small scale
(the shirt). Image of Goldhills is a real image and image of peppers is a non-texture
image. In this experiment, we used images of size 256 x 256 and we employed a motion
blur kernel having a size of 64 x 64 to induce blurring in the image. In the noisy
image, we introduced Gaussian noise having mean (1) of 0.1 and a standard deviation
(02) of 1.01. Dealing with blurred images that are degraded by motion blur kernels
poses a significant challenge for most deblurring methods. This is primarily due to the
presence of saturated pixels, which can hinder the accurate estimation of the blur kernel.
To facilitate comparison, we have employed the OLM, TLM and OSCM, TSCM [37]
methods. The restored images can be observed in the Figures 5—7. While the calculated
kernels are displayed in Figure 8. In the MBD method, we have used parameters oy =
1 x107% as =1 x 1071° 8 = 0.01. Table 2 shows PSNR and SSIM details about

this experiment.

(e) ® ®

Figure 5. Cameraman image: (a) exact image, (b) blurry image, (¢) deblurred image using
OSCM technique, (d) deblurred image using TSCM technique, (e) deblurred image using OLM
technique, (f) deblurred image using TLM technique and (g) deblurred image using MBD
technique.

(b) (©) (d)

(e) ® (®
Figure 6. Goldhills image: (a) exact image, (b) blurry image, (¢) deblurred image using OSCM

technique, (d) deblurred image using TSCM technique, (e) deblurred image using OLM technique,
(f) deblurred image using TLM technique and (g) deblurred image using MBD technique.

14
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() ® (8
Figure 7. Peppers image: (a) exact image, (b) blurry image, (¢) deblurred image using
OSCM technique, (d) deblurred image using TSCM technique, (e) deblurred image using OLM
technique, (f) deblurred image using TLM technique and (g) deblurred image using MBD
technique.

(a) ()]

Figure 8. (a) Exact kernel, (b) estlmated kernel using OSCM technique, (c) estimated kernel
using TSCM technique, (d) estimated kernel using OLM technique, (e) estimated kernel using
TLM technique and (f) estimated kernel using MBD technique.

Table 2. PSNR, SSIM and CPU-Time comparison for Example 2.

Method Blurred OSCM TSCM OLM TLM MBD
Cameraman PSNR 23.9379 46.3645 45.5634 43.1548 43.3441 46.7679
SSIM 0.7524 0.9186 0.9121 0.7047 0.9113 0.9233
CPU-Time 512.3641 526.3428 592.3464 345.2675 442.3453
Goldhills PSNR 23.1246 34.0517 34.1985 33.6871 33.5241 34.0101
SSIM 0.6480 0.9133 0.9126 0.9215 0.9405 0.9401
CPU-Time 896.4058 909.5469 1005.3464  726.5476 912.2343
Peppers PSNR 23.1569 46.1376 46.5421 45.3434 45.2744 46.9058
SSIM 0.7103 0.8438 0.8442 0.8595 0.8425 0.9513
CPU-Time 764.5225 791.2988 880.2645 524.7881 795.8454

Remark 2. From Figures 5-7 and Table 2, one can observe that our proposed MBD
technique is generating much better PSNR and SSIM values compared to all existing
techniques. Although the MBD method takes a slightly higher CPU time, but generating
high quality as compared to all other methods. The estimated kernels in Figure 8
are almost the same for all techniques. So the deblurred image quality of the MBD

technique is better than that of other techniques.
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5. Conclusion

The manuscript presents a novel iterative approach for addressing blind image
deblurring problems. The proposed method aims to restore blurred images without prior
knowledge or with some partial information of the blur kernel, which is a challenging
task in image processing. Throughout the manuscript, various sets of experiments were
conducted using distinct digital images to evaluate the effectiveness of the algorithm.
The results obtained from the experiments demonstrate the capability of the proposed
method in restoring images degraded by different blur kernels. Compared to existing
methods such as OSCM, TSCM, OLM, TLM, BBD, DDF, NSM, and LORIG, the new
iterative approach shows promising performance in terms of image restoration. Overall,
the manuscript contributes to the field of blind image deblurring by introducing a new
iterative method and providing comprehensive experimental results. The proposed
approach shows potential for improving image restoration in scenarios where blur
kernels are unknown, thus enhancing the overall image quality and enabling further
applications in areas such as computer vision and image analysis. In future work, we
plan to extend our approach to RGB and multispectral images by incorporating suitable

regularization strategies that enforce inter-channel consistency.
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