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Abstract: During the pandemic of COVID-19, people had reduced contact among each other.
As a result of this behavior, several factors, such as economic conditions and the teaching and
learning process, have been affected. Hence, it is important to identify whether the impact of
COVID-19 is no longer as severe as when it was first observed. The study aimed to analyze
herd immunity against COVID-19 in Indonesia according to the bifurcations and simulations
of mathematical models of COVID-19 transmission. Based on the bifurcation of the disease
system, whether the current pandemic was controlled with standard interventions was
evaluated. The system behavior can be compared with herd immunity that should be achieved
in a specific population. Thus, whether a system has resulted in the achievement of herd
immunity can be evaluated. The behavior of this system can provide information on the
achievement of group immunity during disease outbreaks.
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1. Introduction

The mathematical compartment models of infectious disease transmission can
provide an overview of disease dynamics [1]. The compartment model is built based
on assumptions regarding the natural behavior of disease, which can simply be used
to predict the peak point of disease transmission in a specific population [2—4]. The
assumptions used in building disease distribution models are not limited to the natural
behavior of diseases. Moreover, models can also be built by considering interventions
or other factors such as migration [5], social restrictions or confinement [6], and
implementation of vaccination and quarantine [7,8]. Using the mathematical models
of infectious disease, we can exert efforts to control disease transmission [9,10],
determine the efficacy of interventions [8,11], and view disease conditions based on
models such as herd immunity conditions [12,13], where the condition of herd
immunity in an outbreak can simply be demonstrated by simulating a model [12].

The compartment model of infectious disease transmission, which is built by
several differential equations, is a continuous dynamical system. In a dynamical
system, we can see how the system behaves. One of them is a change in system
behavior if there is an alteration in the parameters of the system. Bifurcation is the
instrument used to identify this change [14,15]. In a compartmental model of disease
transmission, a bifurcation can appear as two types, namely, backward bifurcation and
forward bifurcation, both of which can be explained graphically via a bifurcation
diagram [1,16,17]. Via an analysis of this bifurcation, we can have an idea on whether
the disease can disappear if standard interventions are carried out or how difficult it is
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to control the disease during epidemic [18,19]. Further, bifurcation can be used to
identify the efficacy of a parameter in making the disease system more controllable
[20]. That is, it can assess vaccine efficacy and the appropriate vaccine timing, which
can make the system more controlled [21].

Currently, we are experiencing the coronavirus disease 2019 (COVID-19)
outbreak. COVID-19 has a unique transmission behavior. Hence, the disease outbreak,
which is still experienced in Indonesia, has been interesting, and it can be assessed
more deeply in terms of the mathematical models of disease transmission. Data have
shown an increase in the number of COVID-19 cases in Indonesia during specific
periods even after the implementation of vaccination. That is, the incidence of
COVID-19 was high after school or year-end holidays [22]. In addition, the
interventions carried out by the government, such as the implementation of health
protocols in public spaces, vaccinations, and social restrictions, had an influence on
the transmission process of COVID-19 in society [23,24]. Hence, the current status of
the COVID-19 outbreak is interesting to assess when viewed from the epidemic
model. Moreover, the interventions that can suppress the transmission of COVID-19
in society should be evaluated.

The use of mathematical modeling, particularly through bifurcation analysis,
offers significant advantages in understanding the dynamics of COVID-19 spread.
This approach facilitates the simulation of various scenarios related to virus
transmission, enabling the prediction of infection wave peaks and troughs while
identifying key factors that influence transmission. By employing bifurcation analysis,
critical points can be pinpointed where minor changes in parameters may lead to
substantial shifts in spread dynamics, including the attainment of herd immunity
conditions. Consequently, mathematical modeling serves as a valuable tool in
designing effective intervention strategies, appropriately allocating health resources,
and ultimately controlling the pandemic.

This study aims to evaluate the achievement of herd immunity against COVID-
19 in Indonesia through bifurcation analysis and the simulation of a mathematical
model for the virus. Specifically, the objectives of this research are: (1) To determine
whether Indonesia has attained herd immunity based on model analysis; (2) to estimate
parameters, identify the type of basic reproduction number, and conduct a sensitivity
analysis of parameters to reinforce the simulation results; (3) to predict future system
behavior using bifurcation and compartment model simulations; and (4) to examine
the unique distribution patterns of COVID-19 data in Indonesia. Ultimately, this study
aims to provide a comprehensive understanding of the dynamics of COVID-19 spread
and the status of herd immunity in Indonesia through a mathematical modeling
approach.

To evaluate herd immunity against COVID-19 in Indonesia, we utilized
bifurcations and simulations based on a mathematical model. The model will be
analyzed in the final phase of data collection in this study. Other supporting processes
such as parameter estimation, identification of the type of the basic reproduction
number of the system, and sensitivity analysis of the parameters in the system will also
be performed to support the results of the system simulation. Using data obtained at
the final phase as the starting point for the simulation, the behavior of the system in
the future when viewed from the bifurcations produced by the system and the
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simulation of each compartment in the disease transmission system will be examined.
Finally, the unique distribution pattern of data on COVID-19 in Indonesia was
investigated.

2. Methods

A COVID-19 transmission model was examined with consideration of
vaccination and quarantine interventions [25]. Since it was more pertinent to current
intervention efforts against COVID-19, this model would have been updated by
adding a booster vaccine compartment. The model was first fit to data that have been
divided into several phases of the disease distribution period to obtain estimated results
from the parameters of vaccination rate for doses 1, 2, and booster (¢4, ¢4, and @3),
recovery rate (y), rate of movement from compartments I(t) to Q(t) (t;), and the
COVID-19 mortality rate (¢). Next, the equation of the basic reproduction number
(R) of the model was examined using the next-generation matrix. Then, by taking the

. . AI"+2qQ"
force of infection parameter (,8 Y= TqQ

basic reproduction number (R,) were assessed. Next, a sensitivity analysis was

), bifurcations in the system regarding the

performed to determine parameters with changes that can significantly affect the basic
reproduction number. Finally, a simulation was run on the model to determine its
behavior up to day 1800 (t). The numerical simulations are applied in PYTHON using
the fourth-order Runge-Kutta method.

3. Results and discussion

Initially, the model presented in [25] is adjusted to include a booster vaccination
compartment, resulting in the updated model depicted in Equation (1), with the used
variables in Equation (1) described in Table 1. This modification aims to reflect the
impact of booster vaccinations on the dynamics of the epidemiological model.
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Table 1. Variables in the model.

Variables Description

Variables Description

S

Vi

V2

V3

Susceptible compartment (individuals susceptible to COVID-19). q Reduced rate of infection due to quarantine.
Compartment of individuals who have received one dose of the Reduced rate of infection due to the first vaccine
vaccine. p dose.

Compartment of individuals who have received two doses of the , Reduced rate of infection due to the second vaccine
vaccine. dose.

Compartment of individuals who have received a vaccine booster s Reduced rate of infection due to the vaccine booster
dose. dose.

Compartment of individuals exposed to COVID-19. T1 The rate of movement from I(t) to Q(t).
Compartment of individuals who were quarantined. T, The rate of movement from Q(t) to I(t).

Compartment of individuals who have recovered from COVID-

19.

Compartment of individuals who have died from COVID-19.

Infection rate.

First-dose vaccination rate.

Second-dose vaccination rate.

Booster-dose vaccination rate.

Recovery rate.

COVID-19 mortality rate.

Reinfection rate.

¢
p
d Reduced mortality rate due to vaccination.
u Normal mortality rate.

A

Normal birth rate.

The A parameter is pivotal as it represents the infection rate in disease
transmission dynamics. Specifically, A indicates the speed at which a disease can be
transmitted from an infected individual to a susceptible one. A high A value suggests
a greater potential for transmission, which can quickly accelerate the spread of the
disease within a population. Conversely, a low 1 value signifies a slower transmission
rate, thereby allowing more time for interventions like quarantine and vaccination to
mitigate spread. Understanding and managing 4 is therefore critical in forecasting and
addressing the impact of disease outbreaks. Given the significant influence of 1 on
disease dynamics, the next simulation will explore variations in its value. This
exploration aims to thoroughly examine how alterations in the infection rate can affect
the overall behavior of the system, ultimately providing deeper insights into
transmission patterns and informing the development of more effective control
strategies.

The data used in this study starts from the implementation of vaccination
interventions in Indonesia, which are divided into six phases. The first phase was from
25 May 2021 to 8 August 2021. In this phase, the most significant increase in the
number of cases was observed, and this period occurred after the holidays. Further,
vaccination was implemented only in a small population of individuals in Indonesia.
The second phase was from 9 August 2021 to 20 January 2022. The number of cases
in this phase began to decrease until it entered the next phase. The third phase was
from 21 January 2022 to 22 March 2022. The events in this phase were similar to those
in the first phase. That is, there was a fairly high increase in cases. Moreover, this
phase occurred after the holidays at the start of 2022. Booster dose vaccinations are
also started at this phase. The fourth phase was from 23 March 2022 to 19 July 2022.
In this phase, the number of cases began to decrease again until it entered the fifth
phase. The fifth phase was from 20 July 2022 to 14 November 2022. In this phase,
there was a fairly high increase in the number of cases. However, it was not as high as
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the previous phase. Notably, this phase occurred after the school holidays, which have
a high population mobilization. The final phase was from 15 November 2022 to 21
August 2023. During this phase, the number of cases began to decrease again. After
dividing the data into several phases according to data behavior, parameter estimation
and numerical simulations were then performed to identify the behavior of the system
using data on the distribution of COVID-19 in Indonesia.

3.1. Parameter estimation

The values of the parameters in the model could be estimated using the
Levenberg-Marquardt method. The estimation process was performed by fitting the
model to COVID-19 data in Indonesia. The model was fitted to the six time periods
described previously. Next, the parameter values were estimated as 4, ¢4, ¢, @3, 71,
y, and {. Then, the other parameter values were assumed. Table 2 shows the assumed
parameter values.

Table 2. Assumed parameter values.

Parameters Values Description Parameters Values Description
Reduced rate of infection due to

Ty 0.002857 The rate of movement from Q(t) to I(t) [25]. q 0.05 quarantine [25].
p 0.0065  Reinfection rate [26]. d 0.02 Ee;}“ced mortality rate due to vaccine
p 0590071 Redlllced rate of infection due to one dose of the A uN Normal birth rate.

vaccine [25].
, 0180143 Eescﬁuced rate of infection due to two-dose vaccine 0.1/100 Normal mortality rate.

Reduced rate of infection due to the vaccine booster
s 0.05

dose.

The parameter estimation process was carried out at each phase. The parameter
estimates for each phase used different compartment initial values according to data
on the distribution of COVID-19 at the beginning of each phase. Then, by estimating
in the range [0,1] with an initial guess of the estimated parameter of 1, the parameter
estimation results were obtained, as presented in Table 3.

Table 3. Parameter estimation results.

Parameters Phase 1 Phase 2 Phase 3 Phase 4 Phase 5 Phase 6
®1 2.6573 x 1073 2.2537 x 1073 1.1967 x 1077 2.0318 x 107 2.1838 x 1077 4.0022 x 1078
®2 0.00404883 3.2261 x 1078 0.02138271 0.01665606 6.3478 x 107* 0.20056574
®3 9.2184 x 10 0.01048115 0.00980319 0.04317824 2.4659 x 1078 1.2903 x 107+
A 0.15726904 0.01516746 0.21959746 0.40082814 0.01847884 0.01675573
(9 0.21450170 0.23739794 0.10843339 0.40929794 0.01773789 0.03731990
y 0.00325502 43557 x 107 0.03614694 0.03712054 0.01526998 0.00596946

9.3787 x 107 0.01578178 0.04053776 0.17200603 7.8497 x 1073 0.01750052
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3.2. Basic reproduction number (R,)

The basic reproduction number (secondary infection) of the model was obtained
using the next-generation matrix. Before finding the equation that defines R, we first
identified the disease-free equilibrium point. In disease-free conditions, disease
transmission in the population was considered non-existent. Hence, the value for [ =
Q = R = D = 0 was obtained. Next, by applying S'(t) = V{(t) = V,(t) = V3(t) =
I'(t) = Q'(t) = R'(t) = D'(t) = 0, we obtained:

E _(S IV1IV2JV3II IQ !R JD ) (kl’k1k2,k1k2k3’k1k2k3ﬂ’ »y, D)

withky = @1+, ko = @2 + U, ks = @3 + .

When the disease-free equilibrium (DFE) state was observed, it was evident that
the first vaccination dosage ( ¢; ) would cause the susceptible compartment,
represented by S(t), to continuously decrease. Similarly, it was observed that the
transition rates between the first and second vaccination dose compartments caused
them to decrease. On the other hand, the booster vaccination dose compartment was
expected to grow as a result of the new people moving into that compartment from the
previous one.

Then, by using the next generation matrix (K = FV‘l) in the infected
compartment in model (1), namely, compartments I(t) and Q(t), the matrix F, which
1s the rate of new infections, and V, which is the rate of movement of infected
individuals, were obtained as follows:

ASI 4+ 2qSQ + ApVil 4+ ApqV,Q + ArVol + ArqV,Q + AsVil + AsqV3Q
F = N
0 ,
_ kyl —7,0Q
v_h&—nJ

Wlthk4, =T1+)/+(+,Ll,k5 =1, +y+€d+‘ll
Then, the matrices F and V can be obtained as follows:

[0F, O0F,
3 % AS +pVy +1Vy +5V3) Aq(S +pVy + 1V, +5V3)
F=lor, oF, |~ 1(\)’ 1(\)’
L dl  0Q
CAZECA% ’
V= ol  0Q _[k4 —Tz]
oV, v, |-t ks |
L oI 0Q
The next generation matrix is obtained as follows:
K=Fv,
AWip + Vor + Vas + 5)(qty + ks) A(Vip + Vor + Vis + S)(qky + T5)
- N(kyks — 7173) N(kyks — 7175)
0 0

Furthermore, the R, equation from the model is the spectral radius of the K
matrix. Hence, the R, equation is obtained as follows:
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_ AWip + Vor 4+ Vas + S)(qry + ks)
o N(kyks —7,73)

2
Next, by substituting E® into Equation (2), we obtain the basic reproduction

number equation as follows:

_ (ks + qr) (u(pe1 + k)ks + @ (ur + s@3)@)A
° kykoks (ks (y + pu+ Q) +1,(d +y + )

According to the equation R, the infection rate (1), the reduction in infection

3)

rate due to quarantine (q), and the reduction in infection rate due to the first dose of
vaccination to the booster (p, r, s) are important factors in determining the value of R,
in the system. As the rate of disease transmission (A1) increases, correspondingly
increases the value of R. In contrast, the reduction in infection rate due to vaccination
(p,7,s), which is related to vaccine efficacy, tends to decrease R, towards zero as
efficacy approaches 100%. This demonstrates that higher vaccine efficacy leads to
lower R, values. Similarly, the parameter representing the reduction in disease
transmission due to quarantine (q) shows that as compliance with the quarantine
protocol increases, this value approaches zero, resulting in a decrease in the system’s
R, value. After obtaining Equation (3), the corresponding R values for Model (1) are
depicted in Table 4.

Table 4. Basic reproduction number in each phase.

Phase 1 Phase 2 Phase 3 Phase 4 Phase 5 Phase 6
Ro 2.8842 0.5003 1.3933 0.9872 0.615 0.3864

It can be seen from Table 4, phase 1 has the highest R, value. This is consistent
with the fact that vaccination attempts are still in their early stages and that this phase
occurs after the holiday period, increasing the risk of COVID-19 transmission. In
contrast, phase 2 shows a R, value below 1, indicating a decrease in transmission
rates. This matches the giving of up to two vaccine doses on a larger scale. However,
in phase 3, the value of R increased and exceeded 1, but the secondary infection rate
did not reach the same value as in phase 1. This increase in cases could be due to the
post-year-end period, which is typically characterized by an increase in population
movement, making individual interactions more frequent. During this phase, booster
vaccine administration has also begun, and the impact on secondary infection rates
will be observed later. Next, phases 4 to 6 are characterized by a consistent decrease
in the value of R,. Notably, even after the school holidays in phase 5, the secondary
infection rate remained below 1 and did not exceed the value in the previous phase.
Overall, the data shows that vaccine implementation, particularly booster shots, has
been effective in dealing with secondary infections in the system. Additionally, the
continuous decrease in the value of R from phases 4 to 6 may also be an indication
that the system is heading towards a herd immunity state, a hypothesis that will be
further explored with additional simulation tools.
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3.3. Bifurcation analysis

Bifurcation will be sought by finding the endemic equilibrium of model (1). Let
E* = (8% V], V3, Vs, 1", Q%, R*, D) be the endemic equilibrium of model (1). Then, let
the force of infection.
A" + AqQ*
e, )
N

Next, by making model (1) equal to 0, it will be obtained as follows:

§* = [(=kaks + 117) (B*r + k3)(B*s + W) (B*p + kz)keA]
/[((_k4k5 + 1172)ke + py (ks + T1))7"5PB*4

+ (((Ceus + 10+ ks )p + 75k (=kakes + 1Tk + (501 + 07 + 5ks)p + 75kz) plks + 7)) 67
+ (((klrﬂ + k3(k15 + H))p + ((k15 + ,Ll)r + Sk3)k2) (_k4k5 + T1T2)k6
+p(ks +11)y ((WPlT + k3(sp; + H))P + (5Q192 + k)T + Skzks)) B*?
+ ((pukokes + (kyrit + k(s + 1)k ) (—kaks + T175)ke
+ py (ks + 1) (kspup@1 + ur@10; + Q10203 + ks k3ll)) B + ukikykske(—kaks + T1T2)]
Vi = (@1 Ake(kaks — T1172) (B + k3)(B*s + w)]
/[ ((oves + takeks + B (oy + kst2))Ts + (pY 1 — kaksks + B*(py = kaks))ks ) B*(B"s + 1) (BT + k3)p
- (B*s+p) ((Tzk6k1 + B (py + keTz))T1 + (_k4k6k1 + B (py — k4k6))k5) B + k3)k,

= (ur + 58" + 9)) 920" (ks + 1)y 1
V3 = [(kaks — 1172) (B"s + Wk A1 95]
/ [_(ﬁ* + k)BT + k3)(—kaks + 117) (B"s + ) (B™p + ko) ks

- (.B*SPTS + (prseq + (kor + ksp)s + upr) B2 + ((rS‘Pz + p(sks + W‘))‘Pl + skyks + (kpr + k3p)u) B*

+ ((l“” +5¢3)p, + k3P#)‘P1 + k2k3#) pB* (ks + T1)V] (5)
V3 = [@030,014ke (—ksks + T175)]
/[ ((—haks + 11720k + py ks +72))rspp?

+ ((((kls +Wr + sk3)p + rskz) (=kgks + 117)ke + (((sq;1 +Wr + sk3)p + rskz) p(ks + Tl)y) B?

+ (((klru + ks Chys + 10)p + (Uas + 7 + ska ks ) (“kaks + 7172k

+ plks + )y ((uerr + ka(s@r + 10)p + (59102 + kap)r + sk2k3)) B2

+ ((prksks + (kyrie + k(e + 1) leg) (—kaks + 7475k

+ py ks + ) Uesips + Ur@1 02 + 5010205 + kakain) ) B + pheskzksko(—kaks + 7175))
= [(((pﬁ*kz +B° (B + @) + 0203)91 + B (BT + k3)(B'p + k2))s

+ ((esp + 75D + 92001 + (B + ks)(BD + ) ) ) K"K

/= (228" + DB + k) (B"s + (B + k2 Dks

+ (((pli’*ks +B (B + @) + 0203)91 + B (BT + k3)(Bp + k2))s

+ ((ksp + 78D + 92)) 01 + (BT + k) (B'p + k) ) u) PBY) T

— ks (—ka(B" + k(BT + k3) (B"s + (P + k2D

+ (((pli’*ks +B (B + @) + 0203)91 + BT (BT + k3)(Bp + k2))s

+ (e + (B + 020 + (B + k) (B + ko)) ) 057 )|
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Q"= [(((pﬁ*kg + B (B + 9T + 0203)91 + B (BT + k3)(B'p + k3))s
+ ((esp + 78" + 02))0n + (BT + k) (B + k) ) g T2
/[ (228" + k)BT + k) (B's + W) (B'P + Kok
+ (@B + BB + 027 + 920901 + 5 (B + k) (B + k)5
+ (e + 78" +02))0n + (BT + k) (B + k) ) ™Y ) 2
— ks (~ka (B + k) (BT + ks)(B's + W)(B'P + kpke
+((@B"Ks + BB + 027 + 920901 + 5 (B + k) (B + k)5
+ ((esp + 78D + 02)) 0 + (B + k) (B + ko)) ) 057y )|
R* = [(((pﬁ*ks +B° (B + 02)r + 0203)s + u(kap + 7(BD + 93)) ) @1 + (Br + k) (B*s + W) (B'p + kz)) B (ks + )Ny |
/[~ + k)BT + kes)(—heaks +T1T2) (B + W) (Bp + Kok
~ (@815 + BB + 0201 + 920325 + ks + 75D +020)) 1 + (BT +k)(B's + (B + k) ) o (ks
+71)Y]
D" = [(rnd + ks)B* Ak ((BB°Ks + B (8D + 02T + 0203)pr + B (BT + k) (B + )s
+ (e + 78" + 02)) 0 + (B + k) (B + k) ) )¢
/= (228" + kDB + k)(B"s + W)(BP + ko Dks
+((@B"Ks + BB + 027 + 920901 + 5 (B + k) (B + k)5
+ (e + 78D + 02))0n + (BT + k) (B + k) ) pB°Y ) 2
+ ks (ka (B + k) (BT + k3)(B"s + 1D (B"D + k2D
~ ((@B"ks + BB + 027 + 920901 + 5 (B + k) (B + k)5

+((ksp +7(B"p + 92)) 01 + (BT + k) (BP + k2)) #) pB7))

with ks = u + p. Furthermore, by substituting Equation (5) for Equation (4), we can
obtain a non-zero equilibrium from model (1) with the equation form 8* as follows:

AB™ +BB” +CB” + DB +E =0, (6)

with
A= —prs (ke(ks(ﬂ + ) +1,(dd + 1) + py (ks + rl)),

B = (((((/Luq 1 T)Ty + ks(—kykys + A0k + pyy (ks + 1)) s
+ (ks + 71T,k + py (ks + T))u) 7

+ ((—k4k5 + 1172)ke + py (ks + T1))5k3>P

+ ((—k4k5 + 1172)ke + py (ks + 71))7’k25,
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C= <p/1r(‘rlq + ks)u?

+ (((/1§01(T1q + ks)s + kl(_k4k5 + Tlrz))r
+ k3(A(t1q + kg)s + 117, — k4k5)) p

+ (A(qu + ks)s + T1Ty — k4k5)rk2) U
+ (pk1k3 + kz (klr + k3))S(—k4k5 + T1T2)> k6

+p ((k3P€01 + 1919, + kaks)s + ((p1r + k3)p + kzr)ﬂ) (ks
+ 117,
D = (ksp + r(p@s + k3))ke(T1q + ks)A ?

+ ((((pﬂqolqs + Agsky + T, (kyp + k)71
+ ks(PAgys + skyd — ka(kip + k2)) ) ks

+ ((Ags@19; + kika12)T1 + ks (A1 @25 — k1k2k4))7”) ke

+ py (ks + 1) ((pp1 + koks + r<p1<pz))u

+ (klkz (—kaks + 117)keks + py Q19203 (ks + T1))S,
E= E(l - RO);

with E = —pkykykske(ks(y + p+ Q) + 7, (dd +y + ).
The polynomial Equation (6) can be analyzed to determine the chance of endemic
equilibrium in the model. Remember that the values of A and E are always negative.
The following theorems are obtained when the values B, C, and D are positive or
negative and R, is less than or greater than one:
Theorem 1. The Model (1) has
(i) a unique endemic equilibrium if E > 0, which occurs iff Rq > 1, provided that
one of the following conditions is met:
a) the coefficients B, C, and D are either all positive or all negative,
b) B is negative, D is positive, and C may be either positive or negative.
(i) two endemic equilibria when E < 0, a condition that holds true iff Ro < 1,
provided that one of the following conditions is met:
a) both B and C are positive, whereas D may be either positive or negative,
b) coefficients C and D may both be positive or negative, whereas variable B
is always the inverse sign,
¢) B with either C or D being negative, and the other coefficient is positive.
(iii) three endemic equilibria when E > 0 iff Ry > 1, provided that one of the
following conditions is met:
a) B, with either C or D being positive and the other coefficient being negative,
b) D with B or C negative and the other coefficient positive.
(iv) four endemic equilibria when E < 0 iff Ry < 1, and the coefficients B and D are

positive, whereas C is negative.

10
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(v) no endemic equilibrium otherwise.
Furthermore, we will explore the behavior of bifurcation on the model. First, let
X = (X4, Xy, X3, X4, X5, Xg, X7,Xg)T = (S,V1,V5,V3,1,Q,R,D)T. Therefore, the model

can be rewritten in the form % = f(x), with f(x) = ( fi(x),.... fs (x)), as follows:

Axixs  Aqxixg

X1 = N N Q1% + px7 — px; = fi,
;o ApxaXs  Apqxzxe _
X2 = @P1X1 — N N P2X2 — Xz = [,
, Arxsxs  Arqxsxg
X3 = @2X — N N P3x3 — Ux3 = f3,
, ASXyXs  ASqQX4Xg
Xg4 = P3X3 — N N Uxy = fa,
o = Ax1xXs Apxoxs Arxgxs  ASxuxs Aqx1xXe Apqxaxe Arqxzxe (7
7 N N N N N N N
Asqxyxg

N s + T2Xe — ¥Xs — (X5 — UXs = f,

Xg = T1X5 — ToXg — ¥YXg — {dXg — tiXg = fo,
X7 = YXs + YX¢ — PX; — UX7 = f7,
xg = (x5 + {dxg = fg,

N=x;+x, +x3+x4+x5+ x5+ x7+ xg.

Then choose A as the bifurcation parameter with E® as the disease-free
equilibrium point. After that the model (1) can undergo bifurcation at Ry = 1, then
1r=1= kq((t1+ks)pu+(dl+y)T1+ks(y+0))kzk,

(qT1+k5)(((k317+7"<ﬂ2)<ﬂ1+k2k3)#+5<ﬂ1<ﬂ2§03

). The Jacobian Matrix of the system

(7) at E® and evaluated for 2 = A* is given as,

Ap Aqu

_kl 0 0 0 _k_l _k_1 P 0

UPpA Kp1qpA
¢1 —ky 0 0 Kok, ki, 0 0

Ao urpy HP1P2qrA

0 —k 0 _— - 0 0

LCILE kokyks kikyks

EO Q) = sA As

JEL = P 919293 _ASqQ39294 0 0

kikoks kikoks

K K,
0 0 0 0
((§02 + k3)u + ‘P2<P3)§01 + koksp ((<P2 + k3)u + ¢’2¢’3)901 + koksp

0 0 0 0 7 —ks 0 0
0 0 0 0 y y —ks O
0o 0 o0 0 4 d¢ 0 ol

with K; = (((/17‘ — k), + k3(Ap — k4))/i + @23(As — k4)) @1 + kykau(d —k,) and

K, = (((lqr + 1)@, + k3(Apq + Tz))ﬂ + @293(Ags + Tz)) @1 + kyksu(Aq + 75).

The Jacobian Matrix of system (7) has a zero-part eigenvalue and has all negative
parts of the other eigenvalues. As a result, we applied the center manifold theorem to
analyze behavior near A = 1*.

11
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Furthermore, let v = (vq, v,, U3, V4, Vs, Vg, V7, Vg) be the left eigenvector of the
Jacobian Matrix J(E®,1*) corresponding to the zero real part eigenvalue. Then we get
v as follows:

v, =0,v,=0,v3=0,v, =0,
{(dty + ks)(kpksp + k3@t + @102 + ©10203)
K1k5 + Kle Ve (8)

Vg = —

_{(Kyd — Ky)

Vg =7V =0,vg=v
6 K1k5+K2T1 87 '8 8

From the Jacobian Matrix J(E®,1*), we obtained the right eigenvector
corresponding to v - w = 1. Let w = (Wy, Wy, W3, Wy, Ws, W, W7, Wg), then

wp, = O,WZ = 0,W3 = 0,W4 = 0,

KlkS + Kle
WS —_— )
2{(ks + dtq) (((k3 + @)u+ (P2<P3)<P1 + kzks.u) )
Wg = ————— ,Wg =
6T 20Wd—Ky)' " °

Furthermore, we defined coefficients @ and b using the Theorem of Castillo-
Chavez and Song [16] as follows:

8

. 0*fi )
a= Z vkwlea ox; (Ey, A7),
ki j=1
8
2
~ 0 fi
b= z D (B, 2.
ki=1

Considering the values of Equations (8) and (9), we get

Y1 Ak, (Kiks + Kp1q) (((k3p +719) Q1 + koks)u + 5‘P3‘P2‘P1) kiksu

a= 3 (10)
2 (((q’z + k3)p, + k2k3)# + §01<P2§03) (Kid — K3)?A{(dty + ks)
5 Uy (((k3p +re)u+ 5§02<P3)<P1 + k2k3ﬂ) an
2(K,d — K5) ((((Pz + k3)u + §02(P3)(P1 + k2k3#)
with

Y1 = (—((@2 + k3)@1 + kak3)q(dry + ks)p — @o03q(dTy + ks)py + Kid — K;)
Y, = (‘((‘Pz + k3)o; + k2k3)(dT1 + ks)p — @3(dty + ks)p; + Kid — Kz)-

According to the Castillo-Chavez and Song theorem [16], backward bifurcation
takes place when both coefficients @ and b are positive. Therefore, our next step will
be to identify the conditions under which these coefficients can be positive. We will
focus on the components of coefficients @ and b that may influence their sign,
specifically K;d — K5, K1 ks + K,74, 1, and 1. First, consider the value K;d — K,
which can be positive or negative.
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(((‘Pz + k3)u + <P2<P3)<P1 + k2k3,u) (dky +12)
(((k3p + 1)U+ SP03) 1 + k2k3#) d—-q)

(12)

If the inequality (12) holds, K;d — K, will be negative. This ensures that the
denominator, b, is negative. After checking the numerator of b, there is 1;, which will
be negative in this case, resulting in a negative numerator for b. As a result, the
coefficient for b is positive. The coefficient @ in the negative K;d — K, scenario is
squared in the denominator &, ensuring a positive denominator. Next, for the
numerator @ involving ; and y,, negative values K;d — K, imply that ¢; and ),
are negative, so we only need to check K;ks + K,7;, which can be positive or
negative. If the inequality (13), which comes from K ks + K,7;, is satisfied, the
numerator @ is positive, and thus the coefficient @ is positive. As a result, the system
will undergo backward bifurcation.

S (((§02 + k3)p + (P2§03)§01 + kzksﬂ) (ks()/ +u+d+tdl+y+ H))
(qty + ks) (((k3p +re)u+ (P2<P35)(P1 + kzks.u)

(13)

In the case where the inequality (12) is not met or the value K;d — K, is positive,
it is easier to ensure that the denominators of these two coefficients are positive.

S ((qu + ky)d + qks + Tz) (((§02 + k3)u + ‘Pz€03)§01 + k2k3ll)
(((k3p +re)u+ <P2(P35)(P1 + k2k3#) d—-q)

(14)

The inequalities (14) and (15) derive from 1, and ,, respectively. First, we will
look at the coefficient b. If the inequality (14) is not satisfied, the numerator b
becomes negative, which leads to forward bifurcation. However, if the inequality (14)
is true, the coefficient b must be positive. This allows us to proceed to the coefficients
a. When evaluating the numerator of the coefficient @, consider the value Y, and the
form K ks + K,14.

S ((Tl +ky)d+ 1, + ks) (((Qaz + k3)u + (P2§03)§01 + kzksli)
(((k3p +re)u+ §02<P35)<P1 + kzksﬂ) d—-q)

(15)

It is important to consider the inequalities (13) and (15). If both inequalities are
satisfied, the coefficient @ will be positive, meaning a backward bifurcation of the
system occurs.

Based on the previous discussion, we can obtain the following theorem:
Theorem 2. Model (1) will undergo a backward bifurcation at Rq = 1 if either
inequalities (12) and (13) are met, or inequalities (13)—~(15) are concurrently satisfied.
The endemic equilibrium of model (1) is obtained by solving the £ equation. Next,
using Equation (6), we can determine all positive solutions along the bifurcation
parameter (R,). Hence, we can obtain the bifurcation diagram of system 1 in each
phase. Theorems 1 and 2 will then be used to characterize system dynamics in the
phase following the giving of booster vaccinations to the population.
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Table 5 shows that the coefficients A, B, C, D, and E are all negative. After
checking Theorem 1, it is clear that in the post-booster vaccination phase, the system
exhibits a unique endemic equilibrium when Ry > 1 and no endemic equilibrium
when Ry < 1. This trend indicates that the system is moving toward forward
bifurcation. To confirm this, Theorem 2 can be used. From columns 8—11 in Table 5,
it shows that none of the inequalities are met during the post-vaccine booster phase.
As a result, Theorem 2 states that the system will bifurcate forward. The presence of
forward bifurcation indicates that this system is easier to control than systems with
backward bifurcation. This is because smooth changes in stable equilibrium conditions
can occur without causing sudden stability changes. To be more precise, we will
attempt to model the system bifurcation diagram for each phase. Figure 1 depicts the
simulation results for each phase of the bifurcation diagram.

Table 5. The values A, B, C, D, E, and the right hand side of inequalities (12)—(15) in the phase after booster

vaccination.
_ Right hand side of inequality
Phase A B C D E A
12) a3) 14) as)
4 —4.7 x 1077 -1.4 x 1077 —6x 107 —6.9 x 10711 -1.5x10713 0401 -0.5 0406 —0.6 2.3
5 —4.5x107° -1.4x10710 -1.1x107"2 -3.1x1071 7.4 x10718 0.018 —0.12 0.03 -0.15 -0.77
6 -1.1x10°8 —4.1x107° -1 x10710 -59x%x1071 —8.9 x 10716 0.017 —0.13 0.04 -0.15 -0.5

[ 0.005

T 0.004

0,003

"0.002

Force of Infection p*

["0.001

J°0.000

2.5 1

Figure 1. Bifurcation diagram.

Figure 1 shows simulation results of bifurcation diagrams for different phases,
showing various bifurcation behaviors. The early phase is distinguished by a backward
bifurcation pattern, indicating a more difficult disease control situation. This is due to
a sudden increase in the stable equilibrium indicated by the force of infection values,
particularly near the basic reproduction number () of 1. In contrast, the next phase
exhibits forward bifurcation, indicating a more controllable system. In this phase,
changes in stability at the equilibrium point are predictable, and secondary infection
rates greater than one do not result in an explosion of cases like in the first phase.
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Next, we will look at the values obtained in each phase. When we examine the
dynamics of total infection cases in a population, we can see that phases 1 and 3 saw
an increase in cases, which was associated with increased population mobility. This is
reflected in the bifurcation diagram, which shows higher values for these phases than
other phases. The bifurcation diagram in phase 2 shows a shift from backward to
forward and a significant decrease in the peak point R, from phase 1. This indicates
the impact of giving the two-dose vaccine. Finally, we observed conditions following
the distribution of the booster vaccine to the public. The bifurcation diagrams for
phases 4, 5, and 6 all show controlled conditions, as indicated by changes in the
maximum value of R, becoming lower. For instance, with R of 2.5, the value of £~
in phase 5 is 0.00193, and in phase 6, it is 0.00171. These changes suggest that giving
additional vaccine doses can alter system dynamics, resulting in more controlled
conditions. In practice, this means that any sudden increase in cases or secondary
infections in a population will result in fewer severe cases than if no booster vaccine
dose was given.

3.4. Sensitivity analysis

Sensitivity analysis of R, was conducted to identify the parameters that could
provide the most significant changes to R,. Sensitivity analysis of the parameter
values in phase 6 was performed. Then, as shown in Table 6, the sensitivity index of
each parameter was obtained.

Table 6. Parameter sensitivity index.

Parameters Phase 6 Sensitivity Index Parameters Phase 6 Sensitivity Index
A 1 Q1 —-3.349 x 1073

T1 —0.368 T 6.385 x 10°°

¢ —0.353 Q3 =527 x 107

y —-0.327 s 2.287 x 1077

q 0.155 p 1.177 x 1077

T 0.103 ¥ -8.434 x 1078

u —0.055 p —-8.434 x 1078

d —0.012

Table 6 shows the sensitivity levels of the parameters, sorted from most sensitive
to least sensitive. The parameters most sensitive to R include the rate of infection (1),
the rate of movement from I(t) to Q(t) (t,), the rate of COVID-19 mortality (), and
the rate of recovery (y).

3.5. Numerical simulation

Numerical simulations were conducted to further explore the behavior of the
system. The simulation was performed on a system with conditions such as those in
phase 6. Hence, the estimated parameter values from phase 6 were used. First, we
looked at the bifurcation diagram produced in the 6th phase. As shown in Figure 1,
the system in phase 6 undergoes the forward bifurcation that was interpreted
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previously. Now, we can further examine what happens when the system in this phase
experiences backward bifurcation.

Based on the sensitivity analysis that was conducted previously, the parameter 4
was the most sensitive to changes in R,. Next, variations in the 4 value will be
performed to obtain backward bifurcation in the system in phase 6. To accomplish
this, we will use the conditions outlined in Theorem 2, which will guide modifications
in A to ensure the system transitions to the backward bifurcation state.

When selecting a parameter other than A to explore backward bifurcation, it is
essential to use a sufficiently large value. This necessity arises because A is the
parameter that significantly influences the development of backward bifurcation. A
sensitivity value for A approaching 1 suggests that even minor changes in this
parameter can lead to substantial alterations in the system’s dynamics. Conversely, the
sensitivity values of other parameters in the model are generally below 0.5, with some
being exceedingly low, nearing 0. This indicates that variations in these other
parameters will have minimal impact on the system’s behavior, particularly regarding
the formation of backward bifurcation. Therefore, A emerges as the pivotal parameter
determining the occurrence of backward bifurcation in the model and thus becomes
the primary focus of analysis and simulation aimed at understanding the dynamics of
disease spread. We will begin by simulating the bifurcation of the system when 4
equals 2.

If we looked at the backward bifurcation in Figure 2, the change in the
equilibrium of the system from secondary infection from the left to the right, when the
value R, = 1 arrives, a backward bifurcation occurs. The equilibrium of the system,
which previously had a value of 1, namely the disease-free equilibrium, in the range
0.839 <Ry <1 has three equilibria (two stable equilibria and one unstable
equilibrium). Furthermore, if changes occur again when Ry > 1, the equilibrium of
the system becomes two (an unstable disease-free equilibrium and a stable endemic
equilibrium). We need to pay attention when the secondary infection value moves to
> 0, at this point, there is a change in the endemic equilibrium value, which suddenly
increases to a value of 0.00256. This is extremely different from forward bifurcation
where endemic equilibrium changes occur gradually. Thus, during backward
bifurcation, there could be a sudden increase in the number of cases if secondary
infections in the system have exceeded number 1. As a result, standard medical
interventions against COVID-19 will become more challenging due to the increase in
the number of cases in the system.

To make it clearer, we looked at the bifurcation diagram between secondary
infection parameters and compartment I*. As depicted in Figure 3, we identified the
change in the system’s equilibrium when it passes secondary infection 1. The
backward bifurcation produced by the system in phase 6 causes an endemic
equilibrium, which immediately jumps to 5.3 million until the secondary infection
value reaches the endemic equilibrium point for compartment /* at 6.8 million. This
was extremely different from forward bifurcation in a system where the endemic
equilibrium point gradually increases. That is, at the endpoint, secondary infections in
the diagram are only at 4.4 million. This difference could explain why a system with
backward bifurcation experiences more difficulties in controlling disease transmission
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with standard interventions because there was an extremely high increase in the
number of cases compared with a system with forward bifurcation. On the other hand,
forward bifurcation made it possible to implement efficient medical interventions that

might lessen or even reverse the trend, possibly leading to the system’s return to a state
free of disease.

0.005 - | DFE = Disease Free Equilibrium
EEP = Endemic Equilibrium Point
0.004 =1

“ B*=0.00256135 Stable EEP

[

R

T 0.003

Q£

£

“ #,=0.839

i B =0.00143899

8 0.002 A

[ =

G
1

1 Unstable EEP
0.001 v /
\
Stable DFE \\\ Unstable DFE
0.000 I Annsncsssssscsdecsscsssness
0.0 0.5 1.0 1.5 2.0 2.5
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Figure 2. Backward bifurcation of the system in phase 6 with variation of 1
" 1le6 b. 1e6

Stable EEP DFE = Disease Free Eqguilibrium _
EEP = Endemic Equilibrium Point Jy =2.5
4 [* =4.453.282
Hy =25
I* =6.828.991
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~ 1 e
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0.0 0.5 1.0 15 2.0 2.5 0.0 0.5 1.0
K740

Figure 3. Backward bifurcation (a) and forward bifurcation (b) in a phase 6.

On the other hand, bifurcation simulations that varied the value of 4 revealed that
a progressive increase in A leads to a shift in the system’s behavior from forward
bifurcation to backward bifurcation. This phenomenon suggests that a continuous rise
in A can exacerbate conditions for disease spread within the system. One significant
drawback of backward bifurcation is the challenge it poses for implementing effective
disease mitigation or management strategies. In this scenario, even if the basic
reproduction number is reduced below one, the disease can still persist at a notable
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Infected (M)

a. le6

7 4 = Infected Model
-=-- Data Infected

endemic level. Consequently, control measures that are typically effective during
forward bifurcation may prove insufficient, necessitating more intensive and sustained
interventions to manage the disease spread. Therefore, the findings of this simulation
underscore the critical need to monitor and regulate the value of A in efforts to prevent
and mitigate disease transmission.

Then, we could simulate several compartments in the system to identify the
system’s behavior. Previously, we could first look for the herd immunity threshold

value in the system with HIT = (1 - i) X :

Ro/ " VaccineEfficacy
a value of 95% with the highest secondary infection value from the phase in the
system can provide a threshold for herd immunity from the system of 68% or around
189 million people who must be, at least, immune to COVID-19 to achieve herd
immunity. Next, we could look at the simulation of compartments I(t) and Q(t) in
the system up to day 1800.
According to the simulation results in Figure 4, each compartment did not reach
the predetermined HIT limit. However, based on the simulation results up to day 1800,
the behavior of the system compartments was converging to one point.

[27]. Vaccine efficacy with

b. les

= Quarantined Model
-=- Data Quarantined

P
t= 1800 | 20250203
I = 6960 263

t= 1800 f 2025/02/03
Q=98.007.785

Quarantined (M)

2021-07 2022-01

2022-07

202301 202307
Days

2024-01 2024-07 2025-01 2021-07 2022-01 2022-07 2023—0nl 2023-07 2024-01 2024-07 2025-01
ays

Figure 4. Simulation of the cumulative value of compartments I(t) and Q(t).

Next, we expanded the simulation to include more compartments, continuing
until the desired herd immunity threshold was met. Our attention will shift to the First
Dose Vaccine (Vl (t)) compartment, recognizing that herd immunity can be achieved
through both natural infection and medical interventions such as vaccination. This
approach allows for the development of individual immunity within the population.
The simulation will take place in the First Dose Vaccine (V1 (t)) compartment until
day 1800.

Figure S shows the state of the system after exceeding the herd immunity
threshold (HIT). Following HIT, there was a convergence trend, with the
administration of 246 million vaccine doses. This trend corresponds to expected
outcomes in a real-world scenario in which herd immunity is achieved, as evidenced
by low levels of infection while the disease persists, resulting in consistent case
numbers and ongoing vaccination efforts. The infection and quarantine compartments
show similar trends of stability and convergence. Based on the model simulation
analysis, it was discovered that the system begins in phase 6, which leads to herd
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immunity. This development is distinguished by the stabilization of infection cases
and the achievement of values that exceed the herd immunity threshold, which has
been established in the support compartment to achieve herd immunity.

le8

25
Days = 1800 / 2025/02/03
V1 =246.072.948

N
=]

HIT = 189.513.416

-
wn

Vaccine Dose 1 (M)

-
o

0.5

—— Vaccine Dose 1 Model
—— HIT

2021-07 2022-01 2022-07 2023-01 2023-07 2024-01 2024-07 2025-01
Days

Figure 5. Simulation of the initial vaccination dose compartment V; (t) within a
system.

Model simulations over time indicate that the system may have achieved herd
immunity. To better understand how herd immunity works in the system under study,
we will use additional tools at our disposal. Let us first consider the impact on a
population once herd immunity is established. Herd immunity makes it difficult for
disease-causing pathogens to infect susceptible individuals via contact within the
population. When the majority of the population is immune to a pathogen, the number
of susceptible individuals decreases, resulting in reduced or stopped transmission [28].
Next, focus on the secondary infection value (R) and the bifurcation diagram in
phase 6, as shown in Figure 6. We find that the secondary infection value (R,) is
within the disease-free equilibrium zone. This indicates a stable situation without an
epidemic. Secondary infection values (R,) below one indicates a gradual decline in
the epidemic, potentially leading to its disappearance from the population. In contrast,
a secondary infection (R) value above zero but less than one indicates that, while the
outbreak may subside, the disease, in this case COVID-19, may persist in the
population indefinitely. Herd immunity dynamics are reflected in the secondary
infection value () and its bifurcation, which show characteristics consistent with
this phenomenon. Thus, we conclude that the system, particularly in phase 6, has the
potential to achieve herd immunity.
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Figure 6. Bifurcation diagram and secondary infection value (R) of the system in
phase 6.

In addition to presenting numerical simulations of daily total cases, the upcoming
simulation will concentrate on daily COVID-19 infection cases. This simulation aims
to provide a more nuanced understanding of the day-to-day dynamics of disease
transmission. By visualizing daily infection cases, we can closely observe the
fluctuations and patterns of the spread, identify peaks and troughs, and assess the
effectiveness of interventions such as quarantine measures and vaccination efforts.
This information is vital for comprehending the speed of virus transmission,
forecasting potential surges in cases, and developing more adaptable control strategies.

3.6. Discussion

The results from the numerical simulations reveal significant changes in the
system’s dynamics in response to variations in the parameter A, which denotes the
infection rate. At lower values of A, the system demonstrates forward bifurcation
characteristics typical of an epidemiological model, where the rise in cases occurs
gradually and in a controlled manner. This indicates a scenario where the disease
spreads slowly, allowing for effective interventions such as quarantine and vaccination
to contain its spread.

However, as A increases, the system transitions toward backward bifurcation. In
this phase, the escalation in the infection rate leads to a sharp and rapid spike in cases,
followed by a similarly steep decline. This change in bifurcation behavior highlights
the model’s sensitivity to the infection rate, underscoring the critical need to regulate
A to prevent uncontrolled surges in cases. These findings suggest that in environments
with a high infection rate, intervention strategies must be more aggressive and
prompter to avert entering the backward bifurcation phase, where control becomes
significantly more challenging.

The results from the numerical simulations of total disease cases provide a
complex understanding of herd immunity. Traditionally, herd immunity is defined by
the percentage of the population that has immunity-either through natural infection or
vaccination-needed to halt the spread of the disease. In this simulation, even though
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the total cumulative cases of infection and quarantine have not yet reached the herd
immunity threshold, the compartment for individuals who received the first dose of
vaccination shows a significant level of immunity that exceeds the estimated required
threshold. This suggests that vaccination may have established an effective immune
barrier within the population.

Furthermore, the analysis of the system’s R, value, which is in the disease-free
endemic area, provides additional support for the claim of herd immunity. A low R,
indicates that each infection case results in less than one new case, which is
characteristic of herd immunity conditions. Additionally, it should be considered that
herd immunity is not just about reaching a certain percentage, but also about the
distribution of immunity within the population. In this simulation, widespread
vaccination may have created a more even distribution of immunity, which is effective
in protecting vulnerable groups and reducing the spread of the disease. Thus, although
the herd immunity threshold metrics may not have been fully met, the combination of
high vaccination rates, low R values, and effective immune distribution indicates that
the system has achieved a functional level of herd immunity.

In Figure 4, we can observe a unique pattern in the system. In the first and third
phases, there is a high increase in the number of cases. Then, in the remaining phase,
the increase in the number of cases was not high. We first concentrate on the A values
in phases 1 and 3. The estimation results might not have been totally credible, as
evidenced by the fact that phase 1, despite having the highest increase, had a lower
infection rate than phase 3 when compared to the simulation shown in Figure 4. In
addition, the infection rate (1) in phase 4 was surprisingly higher than in phases 1 and
3. In order to go further, we would then look at the system’s simulation of daily
infection cases.

As shown in Figure 7, the highest spike was in phase 3. Furthermore, there was
a low spike in the cumulative cases in phase 3 compared with that in phase 1. This
finding could be attributed to the fact that the duration in phase 3 was shorter than that
in phase 1. Then, we attempted to evaluate the reasons behind the high peak point of
daily cases in phase 3 and why phase 3 was shorter than phase 1.

80000 - Infected Model

* Infected Data
70000 4

60000 A
50000 A

40000 -

Infected

30000 A

20000 4

10000 A

AR

2021-07 2022-01 2022-07 2023-01 2023-07 2024-01 2024-07 2025-01
Days

Figure 7. I(t) distribution for daily cases.
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According to the estimation results (Table 3), the value of 7;, which was the rate
of movement from compartment I(t) to Q(t) in phase 3, was smaller than the
infection rate. This condition was reversed to the condition in phase 1. Therefore, the
number of people who tested positive and who are quarantined in phase 3 was fewer
compared with that in phase 1. If there were fewer individuals quarantined, then the
number would be greater in other phases during an explosion of daily cases. Next, we
paid attention to the estimation results of y or recovery rate. ¥ in phase 3 is slightly
greater than that in phase 1. This indicated that more people recovered quickly from
the outbreak in phase 3 compared with phase 1. Therefore, this result indicated the
achievement of group immunity. The conditions in phase 3, which included a high
daily rate of infection cases and a faster recovery rate, provided reasons why this phase
occurred more quickly than phase 1. That is, the cumulative cases in phase 3 were
more likely to be lower than that in phase 1.

As we enter phase 4, we find that A has the highest infection rate. The Phase 4
results show a significant A, which correlates with a significant 7, value. This implies
that strict quarantine regulations were implemented during this phase, effectively
reducing the number of infection cases in the community. In contrast, a spike in cases
occurs when 1, exceeds A in phase 1. This difference could be attributed to the lower
recovery rate in phase 1 compared to phase 4. The early phase of vaccination
interventions, which has not yet had a significant impact on the population, adds to the
explanation for the early phase peak. In contrast, Phase 4 includes intensive
vaccination campaigns and booster vaccinations, which makes sense because it
improves recovery rates and reduces the number of people at risk of infection
following vaccination.

Finally, we conclude that the roles of A, y, and 7, are interrelated with the
epidemic in the system. Balancing parameter values in the system, particularly the
three parameters discussed previously, controlled the spread of the outbreak in the
system. With a controlled system, forward bifurcation in the system can be achieved.
Hence, it is easier to control secondary infections. Therefore, disease transmission in
a controlled system also supports the achievement of herd immunity in a specific
population.

Based on the numerical simulations obtained, we will compare them with an
intriguing approach to disease spread modeling. Kyurkchiev [29] is developing a
model that uses the infection rate and other parameters as polynomial functions,
offering flexibility for complex disease dynamics. However, this complexity may
complicate interpretation and analysis.

In contrast, the epidemiological model used in this study incorporates simpler
parameters through vaccination and quarantine interventions. We effectively captured
disease dynamics by partitioning the data according to its trends, demonstrating that
flexibility does not require complex parameters. By understanding trends and
partitioning accurately, we achieved reliable results with a simpler model.

Kyurkchiev’s approach [29] may better suit diseases with complex dynamics and
rapid parameter changes, while our model fits diseases with more stable trends where
interventions significantly impact outcomes. It is crucial to balance flexibility and
interpretability. Although complex models may provide more accurate results, they
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can be harder to interpret. Simpler models, while potentially less accurate, are easier
to understand and communicate to policymakers and the public, emphasizing the need
to consider accuracy alongside usability in model selection.

The COVID-19 epidemic model developed in this study presents a distinct
approach compared to the model proposed by Negi [7]. The primary difference lies in
how the vaccination and infection compartments are represented, alongside the
quarantine strategy employed. Our model breaks down the vaccination compartments
into three doses, capturing the complexities of the vaccination program that includes
both primary and booster doses. We placed an emphasis on quarantining individuals
exhibiting mild symptoms, whereas those with moderate to severe symptoms were
assigned to the infected compartment, highlighting differences in clinical
management. Additionally, the bifurcation analysis we conducted offers insights into
qualitative changes in epidemic dynamics as parameters shift, along with their
biological implications.

Furthermore, we conducted model fitting on the daily COVID-19 case data in
Indonesia. The results indicate that the model effectively represents disease spread
trends, although it necessitates data partitioning to account for varying dynamics
during specific periods. This demonstrates that our model can effectively capture the
complexities of epidemiological data with the appropriate adjustments.

The Negi model [7], in contrast, consolidates the vaccination compartment into a
single category while expanding the infection compartment to distinguish between
symptomatic, asymptomatic, and hospitalized cases. This methodology facilitates a
more profound understanding of transmission dynamics and the associated healthcare
burden. Furthermore, Negi calibrated the model using disease distribution data from
various countries, showcasing its capacity to effectively represent empirical data on a
broad scale. Together, both models enhance our comprehension of COVID-19
dynamics. Our model focuses on the intricacies of vaccination, the quarantine of mild
cases, and the representation of local data from Indonesia, whereas Negi’s model
offers greater detail regarding infection compartments and validation through cross-
country data.

4. Conclusions

The numerical simulations indicate that the dynamics of COVID-19 spread are
significantly influenced by the lambda parameter. Changes in lambda result in shifts
from forward to backward bifurcation, suggesting that higher values can worsen
disease spread and hinder mitigation efforts. However, some simulations show the
potential for convergence towards a single point, implying the achievement of herd
immunity. Thus, while an increase in lambda can complicate the situation, effective
interventions may still lead to herd immunity. The simulated model adapted data on
COVID-19 transmission in Indonesia. Results revealed the achievement of herd
immunity in the system. The behavior of the system showed that the increase in the
number of COVID-19 cases had started to converge to one value, and disease
transmission was extremely minimal. This was similar to current conditions, showing
that the number of COVID-19 cases no longer exists.
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