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Abstract

This study considers a Nicholson-type blowflies model with nonlinear
decimation terms in a periodic environment. The sufficient condition
for this model to have at least two positive periodic solutions is
elucidated. Our result is obtained by applying the Krasnoselskii fixed
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point theorem. Example and its simulations are given to illustrate our

result.
1. Introduction

Flies are familiar creatures to humans. They multiply rapidly and inhabit
nearly all parts of the World in large populations. The lifespan of an adult fly
is generally considered to be approximately one month, although it depends
on the species and environment. Furthermore, a female fly begins to lay eggs
approximately four days after emerging from the pupal stage. The laid eggs
will hatch into larvae, which molt twice to become the last instar larvae and
then turn into pupae when the shell hardens. As such, a fly undergoes a
complete metamorphosis from an egg to an adult in approximately two
weeks [13, 19]. The population dynamics of flies have been investigated by
numerous researchers. In 1980, Gurney et al. [8] proposed the first-order
autonomous differential equation

X(t) = —8x(t) + px(t — t)e" (-0 (1.1)

to describe the population dynamics of the Australian sheep blowfly. Here,

X(t) is the size of the population at time t; 8 > 0 is per capital daily adult
mortality rate; p > 0 is the maximum per capital daily egg production rate;

T is the time required for a blowfly to mature from an egg to an adult; 1/q is

the size of the blowfly population when the production function ue ™" takes
the maximum value. Many studies based on this model were carried out
subsequently (for example, see [3, 9, 17]).

In addition, clinical experiments have shown that seasonal fluctuations of
the environment greatly affect the population density and internal
composition of organisms. Hence, the periodicity hypotheses of parameters
were combined into biological population systems to incorporate periodic
environmental variation. Equation (1.2) considering a periodic environment

was thus modified to read

X'(t) = —8(t)x(t) + p(t)x(t — t(t))e K=TV), (1.2)
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where 8, p € C(R™, (0, ©)) and t € C(R™, R") are continuous and periodic

with a common period. The existence of positive periodic solutions of
equation (1.2) and its generalizations have been studied by several
researchers (refer to [6, 10, 15, 21]).

It has been reported that flies can help pollinate and boost the production
of some crops and play a role in some medical and forensic fields [5, 20].
However, it cannot be ignored that flies transmit many diseases directly and
indirectly to human beings. A disease called myiasis is the infestation of the
organs or tissues by the larval stages of flies, it usually occurs when a female
fleshfly hatches its eggs in its own body and then releases the larvae into the
wounds or necrotic areas of humans [1, 16]. Moreover, according to research
results, flies are also known to serve as mechanical vectors of human
pathogens. Houseflies are important epidemiologic factors for the spread of
turkey coronavirus [4]. Synanthropic flies have also been reported to be
involved in the mechanical transmission of infantile trachoma virus [14].
Controlling the scale of fly populations is therefore critical to public health.
Some studies have investigated the population dynamics of flies with
decimation (harvesting) terms. The existence of positive periodic solutions
and other qualitative dynamical properties of the Nicholson’s blowflies
model with decimation (harvesting) terms were analyzed, we refer the reader
to[2,7,11,12,22].

Experimental evidence has suggested that the production rate of flies
drops to zero at both low and high density of flies, and saturates at an

appropriate size of fly population. The second term
p(t)x(t — x(t))e” V)

in equation (1.2) represents the current density of flies that is affected by the
past fly density. It can be seen that production function f(u) = ue 9 in this

production term is a unimodal function that reflects the basic properties of

the production process of flies as described above. However, the production
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rate of flies can suddenly increase due to the accumulation of solid waste in
concentrated environments and other similar conditions [18]. To deal with
this important but often overlooked phenomenon, a more appropriate

production function is imperative.

_ua-u
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Production functions
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Figure 1. Graphs of production function f(u) =ue™ and g;(t, u) = u%e™{

inthe casethat q =1 and y =2 forallte R andi=1,2,.., m.

Taking the reason above into account, we consider the generalized

Nicholson-type blowflies model
X(t) = —aO)x(t) + Y bt Xt - 1(®) - Y Hjt x1v),  (1.3)
i=1 j=1

—cj(t)u

where g;(t, u) =u’e fort € R and u € R™ with y > 1. In this model,

the following assumptions will be imposed:

(i) a, by and ¢ € C(R, (0, »)) and tj € C(R, R")(1<i<m) are

o -periodic functions;
(i) HjeC(Rx R™,R")(1< j<n) are nonlinear terms that are

o -periodic functions with respect to t for each fixed ueR™, ie,



Multiplicity of Positive Periodic Solutions for a Nicholson-type ... 41

H;(t, u) = H;(t + ®, u). Moreover, there exist two constants | and L with

1<1 < L < « such that

(I —1a(t) < < (L -1)a(t) (1.4)

n
ZH H;(t, u)
u

fort e R and u e RY.

Let T = max { max 7;(t)}. Then we consider equation (1.3) under the
1<i<m 0<t<o

initial condition
x(t) = ¢(t) > 0 for t € [-7, 0]
The purpose of this paper is to present a sufficient condition which
ensures that equation (1.3) has at least two positive ® -periodic solutions. Let

€ = max{ sup i(t)}. Then we define g(u)=u?/e®". It can be seen that
I<ism g<t<

the function g is strictly increasing on (0, ug) and strictly decreasing on

(ug, ), where Ug =7 /T. For simplicity, we denote

|
L and B = o (1.5)

s -1’

in which & = exp I(;D a(r)dr. Let 0 < p = o/f < 1. Then our main result is

as follows:

Theorem 1.1. Let b; = infy<;<, bj(t) for each i =1, 2, ..., m. Suppose

that

m
amZQig(pug)> Ug- (1.6)
i=1

Then equation (1.3) has at least two positive © -periodic solutions.
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2. Auxiliary Lemmas and Preparations

We begin with the definition of a cone on Banach space. Let X be a

Banach space. A closed and nonempty subset K — X is said to be a cone if
(@A xeK,yeK,A 20 and A, =0 imply AX+ Ay € K;

(b) x e K and —x € K imply that x = 6, where 0 is the zero element
of K.

The following is the well-known Krasnosel’skii fixed point theorem in a
cone.

Lemma 2.1. Let X be a Banach space, and K < X be a cone in X.
Assume that €, Q, are open bounded subsets of X with 6 € Q; c Q

c Q,, and let
O:KN(\Q) - K
be a completely continuous operator such that either
@) [[ox[| <[ x|, vx € KN aQ and | x| > || x|, Yx € K 1 Q,, or
(i) | x| = | x|, Yx e KNoQ; and | ®x | < | x|, VX € K N 8Q,.
Then @ has a fixed point in K N (Q,\Q)).
We define the set of w-periodic continuous functions by
X ={x(t): x(t+®)=x(t)e R, t € R}. 2.1
It is obvious that X is a Banach space with the norm
| x| = supg<t<el X(t)|
forany x € X. For an element X € X satisfying x(t) > 0 for t € R, let
K(t) = x(t) for t € [-7, )
and

o(t) = x(t) for t e [-7, 0].
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We can prove that a positive @-periodic function X(t) is the solution of

(1.3) with initial function ¢ = &) if and only if the original function x € X

satisfies

X(t) > 0 and x(t) = J.:m F(t, s; X)Zm: bi(s)gi(s, x(s — 7i(s)))ds, (2.2)
i=1

where
n
S Zj:] Hj(r9 X(r))
jt {a(rﬂ "G) dr
F(t,s; x) = € - forseft,t+w]. (2.3)
o a(r)s Zj:IHj(r’ x(r)) d
Io . x(T) '
e -1
erlzl H J'(t’ u)
The inequality | < —aou +1< L can be deduced easily from

(1.4). Then we can estimate that

" H(r, x(r))
Iiam} ZH x(Jr) Jdr

® rL Hi(r, x(r))
IO [a(r}+zjl x(]r) Jdr
-1

1 1

" OH(r, st -1
J‘(;D[a(rhzll x(Jr()r X(r))}dr
e -1

F(t, t; x)

e
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and

o '?= Hi(r, x(r))
Itt {a(rﬁzl 1x(Jr) Jdr

Ft, t+w; x) = €

g,

0 ) x(r)

e -1

J'go[a(r% Zj:l t'((jr()r’ X(r))Jdr
€

= < .
o " Hj(r () 8 —1
IO [a(r}+zj_l x(Jr) }dr
e -1

Therefore, it follows from (1.5) that

|
L <Rt <Fls0)<FtLt+mx)s——=p (25
5 1

o =

Moreover, the functional F satisfies the periodic relationship
F(t+ o, s+ x)=F(t,s; x). (2.6)

Let K ={xe X :x(t)>p| x|} be a cone in X. Then we define an
operator @ by

(Dx)(t) = I:HOF(I, S; x)i bi(s)gi(s, x(s — tj(s)))ds for x e K. (2.7)
i=1

Noting the solution representation (2.2), we see that the solution X( ; $)

of (1.3) is a fixed point of .
Lemma 2.2. The operator @ : K — K is completely continuous.

Proof. First, we show that ® maps K into K. For any x € K < X, it
follows from (2.6) that
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(®X)(t + »)

t+o

R 05 0BG, X6 - 5 (6))ds
i=1

TR o s o xébi(s +O)Gi(s + 0, X(s + 0 =55 + 0)ds

- J.ttm F(t, s; X)izzl: bi(s) i (s, X(s = 7i(s)))ds = (Px) (1).

Hence, ®x € X.

From (2.5), we obtain
@00 <BJ"" Y b(5)as. (5 - 5 (5))e
and -
(@0)(1)> af t”"’ibi (5)9i(s. x(5 - ($))ds.

Hence, we have
[o]= sup [(@x)(1)] < 2 @x))
0<t<o
which implies that
(@X)(t) = pl| P ||

Thus, we see that ®x € K. By a basic calculation, we can verify that @ is

completely continuous. We omit its proof.
3. Proof of Theorem 1.1

We will prove Theorem 1.1 by means of Lemma 2.1. Since the operator
@ defined by (2.7) has the property shown in Lemma 2.2, it is sufficient to

check the assumptions (i) and (ii) to apply Lemma 2.1 to our result.



46 Yidi Zhao, Shaowen Liu, Yuqi Cao, Qing Ma and Yan Yan
Let by = supy<i<q Bj(t) for i =1, 2, ..., m. Then we choose a constant
g9 satisfying 0 < eg <1/Bod " b;, in which § =8'/(8" ~ 1) is given in

Section 1. Let ¢ = minj<j<y, infy<i<g Cj(t). Then we define h(u) = u? /e™
for u>0. The function h is strictly increasing on (0, uy) and strictly

decreasing on (up,, ®©), where up, = y/c. Moreover,

Hence, we can find numbers V| and v, with 0 <V; <Ug <V, such that
h(u) < ggu < ggvy for 0 <u < v, (3.1)

and

h(u) < ggv, for u > vy, (3.2)
where Uq =v/C is given in Section 1. Let V3 =V,/p >V,. Recall that

g(u) =u”/e®. From the condition (1.6), there exists a constant &y €

(0, v — ug) such that
m
angig(pug) > Ug + 8. (3.3)
i=1
We define subsets €y, Q,, Q3 and Q4 of X as follows:
Q) ={xeX:|x|<vi}y Q={xeX:|x]<ugl;
Q3 ={xe X :|[x]|<ug+38pf; Q4 ={xeX:[x]<vs}.
Then Q;(1 < i < 4) are open and bounded subsets of X, and satisfy that
QcQQcQcQcQycQycQy cQy

Certainly, the zero element 0 of K belongs to €.
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Part (1). Let X be any element of K (19Q; < X. Then x is a ® -periodic

function and satisfies || X || = v;. Hence, we have

0<x(s—rj(s))<vyforseRandi=12,.,m. (3.4

For each 1<i<m, we see that gj(t,u) = ure GOY < u” /e = h(u)

for t € R and u > 0. From (2.5), (3.1) and (3.4), we obtain
t+o( < _ AL
(@x)(t) < B j > bih(x(s - 1i(5))) |ds < Poeg > by <V for t e R.
t " "
=1 i=1
Therefore, || @x || < v; = | x| for x € K N &Y.
Part (2). Let X be any element of K [10Q, < X. Then X is an

o -periodic function and satisfies x(t) > pf x| = pug for t € R. Hence, it

follows that
pUg < X(s—j(s))<ug forseRandi=1,2,..,m (3.5)
From the unimodal property of g, we see that

min  g(u) = g(pug). (3.6)

pug <u<ug

For each 1 <i<m, we see that g;(t, u) = u’e MY > y7 /e = g(u)

fort € R and u > 0. By (1.6), (2.5), (3.5) and (3.6), we have

t+o
t

(@) (1) > o [mex(s - ri(s)))st > 00 big(pug) > Ug
i=1 i=1

for t € R. This leads to | ®x || > ug = | x|| for x € K Q.

Hence, we checked that the assumption (i) of Lemma 2.1 is satisfied.

Lemma 2.1 shows that the operator @ defined by (2.7) has a fixed point X;
in K N(Q,\Q;). This fixed point X; satisfies that x;(t) > p| %, | for t € R



48 Yidi Zhao, Shaowen Liu, Yuqi Cao, Qing Ma and Yan Yan
and 0 <Vj <[/ % || <ug. Namely, we see that X is a positive ®-periodic
function. Let %(t) = x(t) for t € [-7, ) and ¢;(t) = x(t) for t € [T, 0].
Then X; is a solution of (1.3) with the initial function ¢ = &)1.

Part (3). Let X be any element of K [10Q3 < X. Then X is an

o -periodic function and satisfies X(t) > p| x| = p(ug +3¢) for teR.

Hence, we have
p(ug +89) < X(s —1j(s)) <ug + 3y for se Rand i =1,2,..,m,
Since 8, is a sufficiently small positive constant, we have the

relationship that
g(u) = g(p(ug +8¢)) > g(pug).

min
p(ug +3¢)<u<ug+3g
From (2.5) and the above two inequalities, we obtain

t+o
t

(@0)(t) > o {Zgig(x(s - ri(s)»st > a0 big(p(ug +89))
i=1 i=1

m
> OLCOZQig(pUg)

i=1
for t € R. Then (3.3) derives that | ®x | >ug +3( = x| for x e KN aQ;.

Part (4). Let X be any element of K [10Q4 < X. Then X is an
o -periodic function and satisfies | X || = v3 and pv3 < X(s — 7j(s)) < v3 for
seR and i=12, .., m Note that Ug + 8y <V, = pv3. From (2.5) and

(3.2), we have

(Dx)(t) < Bj:m (Z bih(x(s - Ti(S)))}dS < Begw ) bivy < vy <v3
i1

i=1

for t € R, which implies that | ®x | < v3 = x| for x € K 1 0Qy4.
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Hence, we checked that the assumption (ii) of Lemma 2.1 is satisfied.

Lemma 2.1 shows that the operator @ defined by (2.7) has a fixed point X,
in K (Q4\Q3). This fixed point X, satisfies that X, (t) > p|| X, || for t € R

and 0 < Ug +8) < | X, | <v3. Hence, X, is a positive ®-periodic function.
Let %,(t) = X,(t) for t € [T, ©) and ¢5(t) = X,(t) for t € [T, 0]. Then

X, is a solution of (1.3) with the initial function ¢ = 432-
4. Example and Numerical Simulation

We will give an example to illustrate Theorem 1.1 in this section.

Example 4.1. Consider the equation

2 2
X(t) = -a()x(t) + > bO)x*(t - 1y (0)e” ST N 1, x(w)).

i=1 j=1

4.1)
Let
. TE
bi(t) = 22+ 2sin Tt,  by(t) = 6+ cos T t, (4.3)
3 1 e 2 1. =
Cl(t) —Z+ZCOS§, Cz(t) —§+§Sln§t, (44)

1 1 T
Hi(t, u) = (40 480sm t)u, HZ(t’u)_(Tg+4_8()COS§tju‘ 4.5)

The delays are defined by 1;(t) =5 and 1,(t) = 1. Then equation (4.1)

has at least two positive 4-periodic solutions.

It is clear that the period o = 4. From (4.2), it turns out that

4
o= exp{JO (% + %sin% r)dr} =
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50
In view of (4.5), we have
1 1 1 1 2
[ T S - H:(t,u
1 _ 20 480 " 48 480<ZJ:1 it v
10 11 = ua(t)
476
ILE SERN SO U
<40 480 48 480 _3
- 1.1 57
4
and hence, | =1.1 and L =1.6. Then we see that
o=—1 =O25297-~~andp:$=016876m
1.6 : el.l(e1.6_1) :

e -1
It follows from (4.4) that T = max{l, 1} = 1. Note that y = 2. Then the

function g(u)=u’/e®¥ =u?/e! and Ug = 2. Because of the unimodal

property of g, we can estimate that

0.337522

Moreover, (4.3) implies that b; = 20 and b, = 5. Therefore, we obtain

2
ao ) big(pug) > 0.25297 x 4 x (20 + 5) x 0.08128
i=1
=2.05614---> 2 = ug.
Thus, condition (1.6) is satisfied. Theorem 1.1 shows that equation (4.1) has

at least two positive 4-periodic solutions.
In Figure 1, the two solutions of (4.1) are drawn. Numerical simulations

show that the two solutions approach a periodic solution as t increases.

In other words, equation (4.1) has a positive 4-periodic solution that is

asymptotically stable.
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50 T T T T T T T T T T T T e |
[—¢m=21crsm
|——a,it) = 30, te[-5,0]

L L 1 L 1 L L L L L L L ]
o 4 8 12 16 20 24 28 32 36 40 44 48 52 56 60
t

Figure 2. Numerical simulations of solutions of (4.1) with initial function
d1(t) = 8 and ¢, (t) = 30.

0.05 - T T ™ T " T L — = T -1
—— (1) = 0.010888, 1 ¢ [-5.0]

——6,1t) = 0.0115, 1c[-5,0]
0.04 - $4(1) = 0.0104, 16 [-5,0)

x{t)

Figure 3. Equation (4.1) has a positive 4-periodic solution with the initial
function ¢;(t) = 0.010889 for t € [-5, 0]. This positive 4-periodic solution

1S unstable.

Theorem 1.1 guarantees the existence of at least two positive periodic
solutions of (4.1). Hence, equation (4.1) has another positive 4-periodic
solution. This periodic solution is generally considered to be an unstable
solution. In this example, we can fortunately simulate an unstable positive
4-periodic solution (see Figure 2). The approximate value of the initial
function of the unstable periodic solution is ¢;(t) = 0.010889 for t  [-5, 0].
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