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Abstract 

In this paper, we study the existence, uniqueness and other properties 

of solutions of fractional Volterra Fredholm integrodifferential 

equation involving Caputo fractional derivative of special class 

,1 nn ≤α<−  .1>n  The result of existence and uniqueness is 

obtained with help of well known Banach contraction principle and 

the integral inequality which provides explicit bound on the unknown 

function. The obtained some results are illustrated through example. 

1. Introduction 

In the present paper, we study existence, uniqueness and other  

properties of solutions of the following nonlinear Caputo fractional mixed 

integrodifferential equations with constant coefficient ( )1,0∈λ  of the 

form: 

( ) ( ) ( ) ( )( ) ( )( ) ,,,,,,
0 0








+λ=  
α t b

c
dssyshdssysktytftytyD  (1.1) 

for [ ] ( );1,0,1,1,,0 ∈λ>≤α<−=∈ nnnIbt  with nonlocal conditions: 

 ( )( ) ( ) ( ),1...,,2,1,0,0 −=+= njygcy jj
j  (1.2) 

where XXXXIf →×××:  and XXIhk →×:,  and 

[ ]( ) ( )1...,,2,1,0,,0: −=→ njXXbCg j  

are continuous functions and ( )1...,,2,1,0 −= njc j  are given points in X. 

For the most of differential or integrodifferential equations of fractional 

order, we know that every solution is presented in terms of equivalent 

integral equation with singular kernel and few inequalities are there to study 

other properties of special version of such equations. Further, in case of 

singular kernel, there several research papers in the literature using the fact 

that ( ) [ ]btsbst ,0,
1 ∈≤≤− α−α

 with .10 <α<  This is not the correct, 
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in fact for 
2

1=α  and the interval [ ]1,0  with ,
2

1=t  ,
3

1=s  one can observe 

that 

( ) .116
6

1

6

23

3

1

2

1 2

1
2

1

2

1
1

2

1

1 ===





=






 −=






 −=− α

−−−
−α

bst �  

By keeping these in mind, authors considered a class of special 

equations where singularities are removed and we are free to use general 

integral inequalities to discuss the various properties of solutions. This study 

may be the new motivation towards the class of more general type. 

Recently, several researchers have been studied the results such as 

existence, uniqueness and other properties of solutions for the nonlinear 

fractional equations involving various types of fractional derivatives by 

different techniques, see [2-8, 10, 13, 14, 17-19] and the detailed literature 

for fractional calculus can be found in [1, 9, 11, 12, 16, 20]. 

The paper is organized as follows. In Section 2, we present the 

preliminaries and hypotheses. Section 3 deals with the existence and 

uniqueness of the solution employing contraction principle. Section 4 is 

devoted to the existence of at most one solution and estimates on solutions 

via inequality. In Section 5, we discuss results on continuous dependence of 

solutions on initial data, functions involved therein and parameters. In the 

final Section 6, we present the suitable example to demonstrate the results. 

2. Preliminaries 

Before proceeding to the statement of our main results, we shall set  

forth some preliminaries and hypotheses that will be used in our subsequent 

discussion. 

Suppose ( )IL
1  denotes the space of Lebesgue-integrable functions 

X→Iy :  with the norm 

( )=
b

L
dttyy

0
.1  
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Definition 2.1 [16]. The Riemann-Liouville fractional integral of a 

function ( )+∈ R,1
ILh  of order +∈α R  is defined by 

( ) ( ) ( ) ( )
−αα −αΓ=

t
dsshstthI

0

1
,

1
 

where Γ  is the Euler gamma function. 

Definition 2.2 [9]. The Caputo fractional derivative of order 0>α  of a 

function ( )+∈ R,1
ILh  is defined as 

( ) ( ) ( ) ( )( )
−α−α −α−Γ=

t
nnc

dsshst
n

thD
0

1
,

1
 

where [ ] 1+α=n  and [ ]α  denotes the integer part of the real number .α  

Lemma 2.3 [9]. Let 0>α  and [ ] .1+α=n  Then 

( ( )) ( )
( )( )

−

=

αα −=
1

0

,
!

0
n

k

k
k

c
t

k

f
tftfDI  

where ( )( )tf
k  is the usual derivative of ( )tf  of order k. 

Lemma 2.4 [16]. For ,0>α  the fractional differential equation 

( ) ,0=α
thD

c  

has a solution ( ) ,1
1

2
210

−
−++++= n

n tctctccth ⋯  where ,ic  ,2,1,0=i  

1..., −n  are constants and [ ] .1+α=n  

Let X be a Banach space with norm ⋅  and [ ]bI ,0=  denotes an 

interval of the real line .R  We define ( )XICB
r ,=  (where  nr =  for 

N∈α  and 1−= nr  for )N∉α  is a Banach space of all continuous 

functions from I into X, endowed with the norm 

( ){ } .,:sup ItBxtxx
B

∈∈=  
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From the above lemma, it is easy to observe that if ,By ∈  then ( )ty  

satisfies the following integral equation which is equivalent to (1.1)-(1.2): 

( ) ( ) ( )
( ) ( ) 

−

=

−

=

−

−
−++=

1

0

1

1
0

1

0 !1!

n

j

n

j

t

j

j
jj

dsyg
j

st
ygt

j

c
ty  

( ) ( ) ( )
−α−αΓ

λ+
t

dssyst
0

1
 

( ) ( ) ( ) ( )( ) ( )( )   






 ττττττ−αΓ+ −αt s b
dsdyhdyksysfst

0 0 0

1
.,,,,,

1
 

 (2.1) 

We require the following lemma known as Pachpatte’s inequality in our 

further discussion. 

Lemma 2.5 [15]. Let ( ) ( ) ( ) ( ) [ ]( )+∈ R,,,,, baCtrtqtptu  and 0≥c  be 

a real constant and for [ ],, bat ∈  

( ) ( ) ( ) ( ) ( ) ( ) ( )   




 σσσ+σσσ++≤
t

a

s

a

b

a
dsdurduqsuspctu .  

If 

( ) ( ) ( )[ ]  <σ






 ττ+τσ=
σb

a a
ddqprd ,1exp  

then 

( ) ( ) ( )[ ] ,exp
1








 +−≤ 
t

a
dssqsp

d

c
tu  for [ ]., bat ∈  

We list the following hypotheses for our convenience. 

( )1H  XXXXIf →×××:  is a continuous and there exists a 

function ( )+∈ R,1 ICp  such that 

( ) ( ) ( )( ) ( ) ( ) ( )( )tztytxtftztytxtf ,,,,,, −  

( )[ ( ) ( ) ( ) ( ) ( ) ( ) ].1 tztztytytxtxtp −+−+−≤  
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( )2H  XXIhk →×:,  are continuous functions and there exist 

functions ( )+∈ R,, 32 ICpp  such that 

( ) ( ) ( ) ( ) ( ) ,,, 2 tytxtpytkxtk −≤−  

and 

( ) ( ) ( ) ( ) ( ) .,, 3 tytxtpythxth −≤−  

( )3H  Each ( ) ( )1...,,1,0,,: −=→ njXXICg j  are continuous 

functions and there exist constants ( )1...,,1,0, −= njL j  such that 

( ) ( ) ( ) ( ) .tztyLzgyg jjj −≤−  

( )4H  Assume that ( ) ( ) 




=  

∈

t b

It

dsshdssktfN
0 0

0,,0,,0,sup  and 


−

=∈
=

1

0
!

sup

n

j

jj

It

t
j

c
M  and ( ) .10,0 −≤≤= njgG jj  

3. Existence and Uniqueness 

The following theorem deals with existence and uniqueness of solution 

of the problem (1.1)-(1.2). 

Theorem 3.1. Assume that hypotheses ( )1H - ( )4H  hold. If 

( )( )
( ) ,1

1

1 321 <





+αΓ
+++λ+=β α

b
bPPP

L  

where ( ){ },sup tpP i
It

i
∈

=  ( ),3,2,1=i  and 
−

=∈
=

1

0
!

sup
n

j

j
j

It
j

tG
G  and 


−

=∈
=

1

0

,
!

sup
n

j

j
j

It
j

tL
L  then the nonlocal problem (1.1)-(1.2) has a unique 

solution at By ∈  on I. 
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Proof. We use the Banach contraction principle to prove existence and 

uniqueness of solution to the problem (1.1)-(1.2). Let 

{ },: ryByE
Br ≤∈=  

where 

( )( )
( ) ( )







+αΓ++













+αΓ
+++λ+−≥

α−
α

11

1
1

1
321 Nb

GMb
bPPP

Lr  

be closed and bounded set. Define an operator on the Banach space B by 

( ) ( ) ( ) ( )
( ) ( ) 

−

=

−

=

−

−
−++=

1

0

1

1
0

1

0 !1!

n

j

n

j

t

j

j
jj

dsyg
j

st
ygt

j

c
tTy  

( ) ( ) ( )
−α−αΓ

λ+
t

dssyst
0

1
 

( ) ( ) ( ) ( )( ) ( )( )   






 ττττττ−αΓ+ −αt s b
dsdyhdyksysfst

0 0 0

1
.,,,,,

1
 

 (3.1) 

Firstly, we show that the operator T maps rE  into itself. 

By using hypotheses, we have 

( ) ( )tTy  

( ) ( )
( ) ( ) 

−

=

−

=

−

−
−++≤

1

0

1

1
0

1

0 !1!

n

j

n

j

t

j

j
jj

dsyg
j

st
ygt

j

c
 

( ) ( ) ( )
−α−αΓ

λ+
t

dssyst
0

1
 

( ) ( ) ( ) ( )( ) ( )( )   






 ττττττ−αΓ+ −αt s b
dsdyhdyksysfst

0 0 0

1
,,,,,

1
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( ) ( ) ( ) ( )
( ) ( )

−

=

−

−
−++−+≤

1

1
0

1

000 0
!1

00

n

j

t

j

j

dsg
j

st
ggygM  

( )
( ) ( ) ( ) ( ) ( ) 

−

=

−α
−

−αΓ
λ+−−

−+
1

1
0 0

1
1

0
!1

n

j

t t

jj

j

rdsstdsgyg
j

st
 

( ) ( ) ( ) ( )   






 ττττ−αΓ+ −αt s b
dsdhdksfst

0 0 0

1
0,,0,,0,

1
 

( ) ( ) ( ) ( )( ) ( )( )   






 ττττττ−αΓ+ −αt s b
dyhdyksysfst

0 0 0

1
,,,,,

1
 

( ) ( ) dsdhdksf
s b








 ττττ−  0 0
0,,0,,0,  

( )
( ) ( )

−

=

−
+−

−++≤
1

1
0

0

1

0 !1

n

j

t

j

j

tyLdsG
j

st
GM  

( )
( ) ( )

−

=

−

−
−+

1

1
0

1

!1

n

j

t

j

j

dssyL
j

st
 

( ) ( ) ( )
−α

α
−αΓ

λ++αΓ+
t

rdsst
Nb

0

1

1
 

( ) ( ) ( )[ ]
−α−αΓ+

t
spst

0
1

11
 

( ) ( ) ( ) ( ) ( ) dsdypdypsy
s b






 τττ+τττ+⋅  0 0
32  

( )
B

n

j

j

j

n

j

j

j sy
j

t
LL

j

t
GGM














++














++≤ 

−

=

−

=

1

1

0

1

1

0 !!
 

( ) ( ) r
bNb

11 +αΓ
λ++αΓ+

αα
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( ) ( ) [ ] ++−αΓ+ −αt
dsbrPbrPrPst

0
321

11
 

( ) ( ) 
−

=

−

=

αα

+αΓ
λ++αΓ+++≤

1

0

1

0
11!!

n

j

n

j

j

j

j

j r
bNb

r
j

t
L

j

t
GM  

( )[ ]
( )1

1 321

+αΓ
+++

α
rbbPPP

 

( )
( )[ ]

( ) rb
bPPPNb

LrGM
α

α








+αΓ
+++λ++αΓ+++≤

1

1

1
321  

( )
[ ( )]

( ) rb
PPP

L
Nb

GM














+αΓ
+++λ++









+αΓ++≤ α
α

1

1

1
321  

[ ( )]
( ) rb

PPP
L 






















+αΓ
+++λ+−≤ α

1

1
1 321  

[ ( )]
( ) rb

PPP
L















+αΓ
+++λ++ α

1

1 321  

.r=  

Thus, 

( ) .rTy
B

≤  (3.2) 

The equation (3.2) shows that the operator T maps rE  into itself. 

Now, for every rEyx ∈,  and for ,It ∈  we obtain 

( ) ( ) ( ) ( )tTytTx −  

( ) ( ) ( )
( ) ( ) ( )

−

=

−
−−

−+−≤
1

1
0

1

00 !1

n

j

t

jj

j

dsygxg
j

st
ygxg  

( ) ( ) ( ) ( ) −−αΓ
λ+ −αt

dssysxst
0

1
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( ) ( ) ( ) ( )( ) ( )( )   






 ττττττ−αΓ+ −αt s b
dxhdxksxsfst

0 0 0

1
,,,,,

1
 

( ) ( )( ) ( )( ) dsdyhdyksysf
s b








 ττττττ−  0 0
,,,,,  

( ) ( ) ( )
( ) ( ) ( ) 

−

=

−
−−

−+−≤
1

1
0

1

0 !1

n

j

t j

j dssysx
j

st
LtytxL  

( ) ( ) ( ) ( ) ( ) ( ) ( ) 
−α−α −αΓ+−−αΓ

λ+
t t

spstdssysxst
0 0

1
11 1

 

( ) ( ) ( ) ( ) ( )

 ττ−ττ+−× 
s

dyxpsysx
0

2  

     ( ) ( ) ( ) dsdyxp
b



ττ−ττ+ 0
3  

( )
( ) ( )

−

=

α−
−+αΓ

λ+−−
−+−≤

1

1
0

1

0 1!1

n

j

t

BBj

j

B yx
t

yxL
j

st
yxL  

( ) [ ]
B

yx
t

bPbPP −α++αΓ+
α

321 1
1

 


−

=
−+−≤

1

1

0 !

n

j

Bj

j

B
yxL

j

t
yxL  

( )
[ ]

( ) B
yxb

bPbPPb −








+αΓ
++++αΓ

λ+ α
α

1

1

1
321  

( )[ ]
( )

−

=

α −







+αΓ
+++λ+−≤

1

0

321

1

1

!

n

j

BBj

j

yxb
bPPP

yxL
j

t
 

( )[ ]
( ) .

1

1 321
B

yxb
bPPP

L −














+αΓ
+++λ+≤ α  
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Hence, we have 

( ) ( ) ,
BB

yxTyTx −β≤−  

where .10 <β<  This proves that the operator T is a contraction on the 

complete metric space B. Therefore, by Banach fixed point theorem, the 

operator T has a unique fixed point in the space B and this is the required 

unique solution of the nonlocal problem (1.1)-(1.2) on I. □ 

4. Estimates on Solutions 

The following theorem deals with the uniqueness of solutions to the 

nonlocal problem (1.1)-(1.2) without the existence part. 

Theorem 4.1. Suppose that the hypotheses ( )1H - ( )3H  hold and 

( ) ( ) ( )  <






 τ



 τ+−

τ=
b s

dsdp
L

A
spd

0 0
2

0
3 ,1

1
exp  

where 

( ) ( )
( ) ( ) ( )

( ) .
!1

1

1

1
11










−
−+−








αΓ
+λ= 

−
=

−
−α n

j

j

j j

sb
Lsb

sp
sA  

Then the nonlocal problem (1.1)-(1.2) has at most one solution on I. 

Proof. Let ( )ty  and ( )tz  be two solutions of the problem (1.1)-(1.2) and 

( ) ( ) ( ) ., Ittztytu ∈−=  Now by using hypotheses, we have 

( )tu  

( ) ( )tzty −=  

( ) ( ) ( )
( ) ( ) ( )

−

=

−
−−

−+−≤
1

1
0

1

0 !1

n

j

t

j

j

dsszsyL
j

st
tztyL  

( ) ( ) ( ) ( ) ( ) ( ) ( ) 
−α−α −αΓ+−−αΓ

λ+
t t

spstdsszsyst
0 0

1
11 1
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( ) ( ) ( ) ( ) ( )

 ττ−ττ+−× 
s

dzypszsy
0

2  

( ) ( ) ( ) dsdzyp
b



ττ−ττ+ 0
3  

( ) ( )
( ) ( ) ( ) ( ) ( )  

−

=

−α
−

−αΓ
λ+−

−+≤
1

1
0 0

1
1

0 !1

n

j

t tj

j dssustdssu
j

st
LtuL  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )   




 τττ+τττ+−αΓ+ −αt s b
dsdupdupsuspst

0 0 0
321

11
 

( ) ( )
( ) ( ) 

−

=

−

−
−+≤

t n

j

j

j dssu
j

st
LtuL

0

1

1

1

0 !1
 

( )
( ) ( ) ( ) ( ) ( ) ( ) ( )   




 τττ+τττ+−







αΓ
+λ+ −αt s b

dsdupdupsust
sp

0 0 0
32

11  

( ) ( )tuL01 −  

( ) ( ) ( ) ( ) ( ) ( )   




 τττ+τττ+≤
t s b

dsdupdupsusA
0 0 0

32 .  

Thus, 

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )   




 τττ+τττ+−≤
t s b

dsdupdupsu
L

sA
tu

0 0 0
32

0
.

1
 (4.1) 

By applying Pachpatte’s inequality to the inequality (4.1) with ( ) =tu  

( ) ( ) ,tzty −  ( ) ( )
,

1 0L

sA
sp −=  ( ) ( ),2 spsq =  ( ) ( )spsr 3=  and ,0=c  we 

obtain 

( ) ( ) ( ) 











 +−−≤ 

t
dssp

L

sA

d
tu

0
2

01
exp

1

0
 

0≤  

( ) .0= tu  

Therefore ( ) ( ),tzty =  which proves that there exists at most one solution. □ 
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The following theorem deals with the estimates on the solutions of the 

nonlocal problem (1.1) - (1.2). 

Theorem 4.2. Suppose that the hypotheses ( )1H - ( )4H  hold and 

( ) ( ) ( )  <






 τ




 τ+−
τ=

b s
dsdp

L

A
spd

0 0
2

0
3 .1

1
exp  

If ( ) Itty ∈,  is any solution of the problem (1.1)-(1.2), then 

( )ty  

( ) ( ) ( ) ,
1

exp
1

1

1

1

0
2

0

0
dsdssp

L

sA

d

L

Nb
GM

t













 +−−

−








+αΓ++
≤ 

α

 for ,It ∈  

where ( )sA  is defined as in Theorem 4.1. 

Proof. By using the fact that the solution ( )ty  of the problem (1.1)-(1.2) 

satisfies the equivalent equation (1.1) and the hypotheses, we have 

( )ty  

( ) ( )
( ) 

−

=

−

=

−

−
−+++≤

1

0

1

1
0

1

00 !1!

n

j

n

j

t

j

j
jj

dsG
j

st
GtyLt

j

c
 

( )
( ) ( )

−

=

−

−
−+

1

1
0

1

!1

n

j

t

j

j

dssyL
j

st
 

( ) ( ) ( ) ( ) +αΓ+−αΓ
λ+

α
−αt Nb

dssyst
0

1

1
 

( ) ( ) ( )
−α−αΓ+

t
spst

0
1

11
 

( ) ( ) ( ) ( ) ( ) dsdypdypsy
s b






 τττ+τττ+⋅  0 0
32  
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( ) ( )
−

=

α

+αΓ++++≤
1

1

00 1!

n

j

j

j
Nb

syL
j

t
GGM  

( )
( )

( )
( ) ( )  













−αΓ

+λ+−
−+

−

=

−α
−t n

j

j

j sb
sp

j

sb
L

0

1

1

11
1

!1
 

( ) ( ) ( ) ( ) ( ) dsdypdypsy
s b






 τττ+τττ+×  0 0
32  

( ) ( )syL
Nb

GM 01
+










+αΓ++≤
α

 

( ) ( ) ( ) ( ) ( ) ( )   




 τττ+τττ++
t s b

dsdypdypsysA
0 0 0

32 ,  

which can be written as 

( ) ( )







+αΓ++−≤
α

11

1

0

Nb
GM

L
ty  

( ) ( ) ( ) ( ) ( ) ( )   




 τττ+τττ+−+
t s b

dsdypdypsy
L

sA

0 0 0
32

0
.

1
 

 (4.2) 

Hence, by an application of Lemma 2.5 to (4.2) with 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),,,
1

, 32
0

spsrspsq
L

sA
sptytu ==−==  

( ) ,
11

1

0









+αΓ++−=
α

Nb
GM

L
c  
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we obtain 

( )ty  

 
( ) ( ) ( ) ,

1
exp

1

1

1

1

0
2

0

0












 +−−

−








+αΓ++
≤ 

α

t
dssp

L

sA

d

L

Nb
GM

 for .It ∈  (4.3) 

 □ 

5. Continuous Dependence 

In this section, we shall deal with continuous dependence of solution of 

the problem (1.1)-(1.2) on the initial data, functions induced therein and also 

on parameters. 

5.1. Dependence on initial data 

We first discuss dependence of solution on given initial data. 

Theorem 5.1. Suppose that the hypotheses ( )1H - ( )3H  and let 

( ) ( ) ( )  <






 τ



 τ+−

τ=
b s

dsdp
L

A
spd

0 0
2

0
3 ,1

1
exp  

where ( )sA  is defined as in Theorem 4.1. If ( )ty  and ( )tz  are solutions of 

(1.1) with initial data 

( )( ) ( ) ( )1...,,2,1,0,0 −=+= njygcy jj
j  (5.1) 

and 

( )( ) ( ) ( ),1...,,2,1,0,0 −=+= njzhdz jj
j  (5.2) 

( ) ( ) ,jjj yhyg δ≤−  where ( ),1...,,2,1,0 −= nj  (5.3) 

respectively, then 

( ) ( ) ( ) ( ) ,
1

exp
1

1

0
2

0

0













 +−−









−
+

≤− 
t

dssp
L

sA

d

L

GM

tzty  for ,It ∈  
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where 

 
−

=

−

=∈∈

δ
=

−
=

1

0

1

0

.
!

sup,
!

sup

n

j

n

j

j
j

It

jj

It
j

t
G

j

dc
M  

Proof. By using the fact that ( )ty  and ( )tz  are solutions of (1.1) and 

( ) ( ) ( ) ., Ittztytu ∈−=  Then by the hypotheses, we have 

( )tu  

( ) ( ) ( ) ( )
−

=
−+

−
≤−=

1

0

00!

n

j

jjj
zhygt

j

dc
tzty  

( )
( ) ( ) ( )

−

=

−
−−

−+
1

1
0

1

!1

n

j

t

jj

j

dszhyg
j

st
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) 
−α−α −αΓ+−−αΓ

λ+
t t

spstdsszsyst
0 0

1
11 1

 

( ) ( ) ( ) ( ) ( )

 ττ−ττ+−× 
s

dzypszsy
0

2  

( ) ( ) ( ) dsdzyp
b



ττ−ττ+ 0
3  

( ) ( ) ( ) ( )zhzgzgygM 0000 −+−+≤  

( )
( ) ( ) ( )

−

=

−
−−

−+
1

1
0

1

!1

n

j

t

jj

j

dszgyg
j

st
 

( )
( ) ( ) ( ) ( ) ( ) ( ) 

−

=

−α
−

−αΓ
λ+−−

−+
1

1
0 0

1
1

!1

n

j

t t

jj

j

dssustdszhzg
j

st
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )   




 τττ+τττ+−αΓ+ −αt s b
dsdupdupsuspst

0 0 0
321

11
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( ) ( ) ( )
( ) 

−

=

−

−
−δ+−+δ+≤

1

1
0

1

00 !1

n

j

t j

j ds
j

st
tztyLM  

( )
( ) ( ) ( ) ( ) ( ) ( )  

−

=

−α
−

−αΓ
λ+−−

−+
1

1
0 0

1
1

!1

n

j

t tj

j dssustdsszsy
j

st
L  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )   




 τττ+τττ+−αΓ+ −αt s b
dsdupdupsuspst

0 0 0
321

11
 

( )tuL
j

t
M

n

j

j

j 0

1

1

0 !
+













δ+δ+≤ 

−

=
 

( )
( ) ( ) ( )

( )  













−
−+−








αΓ
+λ+

−

=

−
−αt n

j

j

j j

sb
Lsb

sp

0

1

1

1
11

!1
 

( ) ( ) ( ) ( ) ( ) dsdupdupsu
s b






 τττ+τττ+×  0 0
32  

( )tuL
j

t
M

n

j

j

j 0

1

0
!

+












δ+≤ 

−

=
 

( ) ( ) ( ) ( ) ( ) ( )   




 τττ+τττ++
t s b

dsdupdupsusA
0 0 0

32  (5.4) 

( ) 







−
+≤

01 L

GM
tu  

( ) ( ) ( ) ( ) ( ) ( )   




 τττ+τττ+−+
t s b

dsdupdupsu
L

sA

0 0 0
32

0
.

1
 (5.5) 

Now, an application of Lemma 2.5 to (5.5) with ( ) =−
+= sp
L

GM
c ,

1 0
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ,,,,
1 32

0
tztytuspsrspsq

L

sA −===−  we obtain 
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( ) ( ) ( ) ( ) ;,
1

exp
1

1

0
2

0

0
Itdssp

L

sA

d

L

GM

tzty
t

∈












 +−−









−
+

≤−   

which shows the dependency of solutions of equation (1.1) on given initial 

data. □ 

5.2. Dependence on functions 

Consider the problem (1.1)-(1.2) and the corresponding problem 

( ) ( ) ( ) ( )( ) ( )( ) 






+λ=  
α t b

c
dsszshdsszsktztftztzD

0 0
,,,,,  (5.6) 

for [ ],,0 bIt =∈  ,0>b  ,1 nn ≤α<−  ,1>n  ( )1,0∈λ  with nonlocal 

conditions: 

( )( ) ( ) ( ),1...,,2,1,0,0 −=+= njzhdz jj
j  (5.7) 

where f  is defined as f. 

The following theorem deals with the continuous dependence of 

solutions of the problem (1.1)-(1.2) on the functions involved therein. 

Theorem 5.2. Suppose that the hypotheses ( )1H - ( )3H  hold and 

functions jj hg ,  satisfying the conditions (4.1). Let 

( ) ( ) ( )  <






 τ




 τ+−
τ=

b s
dsdp

L

A
spd

0 0
2

0
3 .1

1
exp  

Furthermore, suppose that 

( ) ( )( ) ( )( ) 







 

t b
dssyshdssysktytf

0 0
,,,,,  

( ) ( )( ) ( )( ) ,,,,,,
0 0

ε≤






−  
t b

dssyshdssysktytf  

where 0>ε  is an arbitrary small constant and ( )tz  is a solution of the 
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problem (5.6)-(5.7). Then the solution ( ) Itty ∈,  of the problem (1.1)-(1.2) 

depends continuously on the functions involved in the right side of equation 

(1.1). 

Proof. Let ( )ty  and ( )tz  be solutions of the problem (1.1)-(1.2) and 

(5.6)-(5.7), respectively, and let ( ) ( ) ( ) ., Ittztytu ∈−=  

Now, by hypotheses, we have 

( )tu  

( ) ( )tzty −=  

( ) ( ) ( )
( ) 

−

=

−

=

−
δ−

−+−+δ+
−

≤
1

0

1

1
0

1

00 !1!

n

j

n

j

t

j

j
jjj

ds
j

st
tztyLt

j

dc
 

( )
( ) ( ) ( )

−

=

−
−−

−+
1

1
0

1

!1

n

j

t

j

j

dsszsyL
j

st
 

( ) ( ) ( ) ( ) −−αΓ
λ+ −αt

dsszsyst
0

1
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 

 ττ−ττ+τ−−αΓ+ −αt s
dzypdszsyspst

0 0
21

11
 

( ) ( ) ( ) ( ) ( ) ε−αΓ+

ττ−ττ+ −αtb
dsstdsdzyp

0

1

0
3

1
 













 δ
+δ+≤ 

−

=

1

1

0 !

n

j

j
j

j

t
M  

( ) ( )
( ) ( ) ( )

−

=

α−

+αΓ
ε+−

−++
1

1
0

1

0 1!1

n

j

t j

j
b

dssu
j

st
LtuL  

( ) ( ) ( )
−α−αΓ

λ+
t

dssust
0

1
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )   




 τττ+τττ+−αΓ+ −αt s b
dsdupdupsuspst

0 0 0
321

11
 

( ) ( )tuL
b

GM 01
++αΓ

ε++≤
α

 

( ) ( ) ( ) ( ) ( ) ( )   




 τττ+τττ++
t s b

dsdupdupsusA
0 0 0

32  

( ) ( )







+αΓ
ε++−≤

α

11

1

0

b
GM

L
tu  

( ) ( ) ( ) ( ) ( ) ( )   




 τττ+τττ+−+
t s b

dsdupdupsu
L

sA

0 0 0
32

0
.

1
 (5.8) 

Therefore, on application of Lemma 2.5 to (5.8), with 

( ) ( ) ( ) ( ) ( )
,

1
,

0L

sA
tptztytu −=−=  

( ) ( ) ( ) ( ) ( ) ,
11

1
,,

0
32 









+αΓ
ε++−===

α
b

GM
L

cspsrspsq  

we get 

( ) ( )
( )

( ) ( )
( ) ( ) ,

1
exp

11

1

0
2

00













 +−−−










+αΓ
ε++

≤− 

α

t
dssp

L

sA

dL

b
GM

tzty  (5.9) 

.It ∈  From (5.9), it follows that the solution of the problem (1.1)-(1.2) 

depends continuously on the functions involved in the right side of the 

problem (1.1). □ 

Remark 5.3. The result given in Theorem 5.2 rotates the solutions of 

problems (1.1)-(1.2) and (5.6)-(5.7) in the sense that if f is close to ,F  

,jj dc →  and ,jj hg →  ( ),1...,,1,0 −= nj  then the solutions of the 

problem (1.1)-(1.2) and the problem (5.6)-(5.7) are also close to each other. 
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5.3. Dependence on parameters 

We next consider the following problem 

( ) ( ) ( ) ( )( ) ( )( ) ,,,,,,,
0 0

1






 µ+λ=  
α t b

c
dssyshdssysktytFtytyD  (5.10) 

for [ ] ( )1,0,1,1,0,,0 ∈λ>≤α<−>=∈ nnnbbIt  with nonlocal 

conditions: 

  ( )( ) ( ) ( )1...,,2,1,0,0 −=+= njygcy jj
j  (5.11) 

and 

( ) ( ) ( ) ( )( ) ( )( ) ,,,,,,,
0 0

2 






 µ+λ=  
α t b

c
dsszshdsszsktztFtztzD  (5.12) 

for [ ],,0 bIt =∈  ,0>b  ,1 nn ≤α<−  ,1>n  ( )1,0∈λ  with nonlocal 

conditions: 

( )( ) ( ) ( ),1...,,2,1,0,0 −=+= njzhdz jj
j  (5.13) 

where ( ),, XXXXICF R××××∈  ( )XICkh ,, ∈  and constants 1µ  

and 2µ  are real parameters. 

The following theorem shows that the dependency of solutions of the 

problems (5.10)-(5.11) and (5.12)-(5.13) on parameters. 

Theorem 5.4. Assume that ( )2H - ( )3H  hold and the functions jj hg ,  

satisfy the condition (5.3). Also, the function F satisfying the conditions 

( ) ( ) ( )( ) ( ( ) ( ) ( ) )11 ,,,,,,,, µ−µ tztytxtFtztytxtF  

( )[ ( ) ( ) ( ) ( ) ( ) ( ) ],4 tztztytytxtxtp −+−+−≤  (5.14) 

and 

( ) ( ) ( )( ) ( ( ) ( ) ( ) ) ( ) ,,,,,,,,, 21521 µ−µ≤µ−µ tptztytxtFtztytxtF  

 (5.15) 
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where ( ).,, 54 +∈ RICpp  Let 

( ) ( ) ( )  <











 +−=

b t
dtdssp

L

sB
tpd

0 0
2

0
3 ,1

1
exp  

where 

( ) ( )
( ) ( )

( )
( ) .

!1

1

1

1
14















−
−

+−αΓ
+λ= 

−

=

−
−α

n

j

j
j

j

sbL
sb

sp
sB  

If ( )ty  and ( )tz  be the solutions of the problem (5.10)-(5.11) and         

(5.12)-(5.13). Then 

( ) ( )tzty −  

( ) ( ) ( ) ,,
1

exp
1

11

1

0
2

0

21

0
Itdssp

L

sB

d

b
P

GM
L t

∈














 +−−









+αΓ
µ−µ++−

≤ 
α

 

where ( ){ }.sup 5 tpP
It∈

=  

Proof. Let ( ) ( ) ( ) ,tztytu −=  .It ∈  From the hypotheses, it follows 

that 

( )tu  

( )
( ) ( ) ( ) 

−

=

−

=

−
−+δ−

−+δ+
−

≤
1

0

1

1
0

0

1

0 !1!

n

j

n

j

t

j

jj
jj

tztyLds
j

st

j

tdc
 

( )
( ) ( ) ( )

−

=

−
−−

−+
1

1
0

1

!1

n

j

t

j

j

dsszsyL
j

st
 

( ) ( ) ( ) ( ) −−αΓ
λ+ −αt

dsszsyst
0

1
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( ) ( ) ( ) ( )( ) ( )( )   






 µττττττ−αΓ+ −αt s b
dyhdyksysFst

0 0 0
1

1
,,,,,,

1
 

( ) ( )( ) ( )( ) dsdzhdzkszsF
s b








 µττττττ−  0 0
2,,,,,,  

( )
−

=
+

δ
+≤

1

0

0!

n

j

j
j

tuL
j

t
M  

( )
( ) ( ) ( ) ( ) ( ) 

−

=

−α
−

−αΓ
λ+−

−+
1

1
0 0

1
1

!1

n

j

t t

j

j

dssustdssuL
j

st
 

( ) ( ) ( ) ( )( ) ( )( )   






 µττττττ−αΓ+ −αt s b
dyhdyksysFst

0 0 0
1

1
,,,,,,

1
 

( ) ( )( ) ( )( ) dsdzhdzkszsF
s b








 µττττττ−  0 0
1,,,,,,  

( ) ( ) ( ) ( )( ) ( )( )   






 µττττττ−αΓ+ −αt s b
dzhdzkszsFst

0 0 0
1

1
,,,,,,

1
 

( ) ( )( ) ( )( ) dsdzhdzkszsF
s b








 µττττττ−  0 0
2,,,,,,  

( ) ( ) ( ) ( ) µ−µ−αΓ+++≤ −αt
dsspsttuLGM

0
215

1
0

1
 

( )
( ) ( )

−

=

−

−
−+

1

1
0

1

!1

n

j

t

j

j

dssuL
j

st
 

( ) ( ) ( ) ( ) ( ) ( ) 
−α−α −αΓ+−αΓ

λ+
t t

spstdssust
0 0

4
11 1

 

( ) ( ) ( ) ( ) ( )

 ττ−ττ+−× 
s

dzypszsy
0

2  
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( ) ( ) ( ) dsdzyp
b



ττ−ττ+ 0
3  

( ) ( )
α

+αΓ
µ−µ+++≤ b

P
tuLGM

1
21

0  

( ) ( ) ( ) ( ) ( ) ( )   




 τττ+τττ++
t s b

dsdupdupsusB
0 0 0

32 .  (5.16) 

Thus 

( ) ( ) 







+αΓ
µ−µ++−≤ α

b
P

GM
L

tu
11

1 21

0
 

( ) ( ) ( ) ( ) ( ) ( )   




 τττ+τττ+−+
t s b

dsdupdupsu
L

sB

0 0 0
32

0
.

1
 (5.17) 

Now, an application of Lemma 2.5 to (5.17), with 

( ) ( ) ( ) ( ) ( )
,

1
,

0L

sB
sptztytu −=−=  

( ) ( ) ( ) ( ) ( ) ,
11

1
,, 21

0
32 








+αΓ
µ−µ++−=== α

b
P

GM
L

cspsrspsq  

we obtain 

( ) ( )tzty −  

( )
d

b
P

GM
L

−








+αΓ
µ−µ++−

≤

α

1

11

1 21

0 ( ) ( ) ,
1

exp
0

2
0















 +−

t
dssp

L

sB
 (5.18) 

,It ∈  which shows the dependence of solutions of the problems (5.10)-

(5.11) and (5.12)-(5.13) on parameters 1µ  and .2µ  □ 

6. Example 

In the last section, we can illustrate our results through the following 

example by taking the fractional order .21, ≤α<α  
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Example 6.1. Consider the following fractional integrodifferential 

equation 

( ) ( )
( )

( )
( ) 





++
+=

−

ty

ty

e

e
tytyD

t

t
c

1810

123  

( )
( )

( )
( )  +

+
+

+
−−t ss

dssy
s

e
dssy

s

e

0

1

0 22
,

39

1

29

1
 (6.1) 

for [ ] ( )1,0,21,1,0 ∈λ≤α<=∈ It  with conditions: 

( ) ( ) .sin
10

1
0,sin

9

1
0 21 ycyycy +=′+=  (6.2) 

Problem (6.1)-(6.2) is of the form (1.1)-(1.2) with ,
10

1
,

2

3 =λ=α  

( ) ( )( ) ( )( ) 







 

t
dssyshdssysktytf

0

1

0
,,,,,  

( )
( )

( ) ( )
( )

( )
( )  +

+
+

+





++

=
−−− t ss

t

t

dssy
s

e
dssy

s

e

ty

ty

e

e

0

1

0 22
.

39

1

29

1

18
 

Clearly, for each Xuzyuzy ∈,,,,,  and [ ],1,0∈t  

( ) ( ) [ ].
9

1
,,,,,, uuzzyyuzytfuzytf −+−+−≤−  

Also, we have 

( ) ( ) ,
9

1
,, yyytkytk −≤−  

( ) ( ) ,
9

1
,, yyythyth −≤−  

( ) ( ) ,
9

1
11 yyygyg −≤−  

( ) ( ) .
10

1
22 yyygyg −≤−  
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Hence all hypotheses ( )1H - ( )4H  are satisfied with ,
9

1
,

10

1
1 ==λ L  

.
9

1
,

9

1
,

9

1
,

10

1
3212 ==== PPPL  Therefore, we have 

[ ]
{ } .

90

19

10

1

9

1
sup 2121

1,0

=+=+≤+=
∈

LLtLLL
t

 

Now, we estimate the value 

( )( )
( )

α






+αΓ
+++λ++β b

bPPP
L

1

1 321  























Γ













 +++

+=

2

5

1
9

1

9

1
1

9

1

10

1

90

19
 

1774.02111.0 +=  

3886.0=  

.1<  

It follows from Theorem 3.1 that the problem (6.1)-(6.2) has a unique 

solution on [ ].1,0  
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