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Abstract

In this paper, some closed form expressions for selected parameters for
the probability density function (PDF) of the beta distribution are
obtained. The closed form expressions are recovered from the solution
of the ordinary differential equations (ODEs), obtained from the
differentiation of the PDF of the distribution. The paper shows that the
shape of the distributions also determines the nature of the resulting
ODE which has shown how distributions related to the beta
distribution can be traced via the solutions of the ODEs. Numerical
methods are unnecessary because the closed form expressions are the

same with the values obtained from the standard statistical software.
Introduction

The beta distribution is one of the most important interval bounded
probability distributions with wide applications in industries and various
areas of research [1]. The probability density function (PDF), cumulative
distribution function (CDF) and other functions of the distribution are
complex and only the PDF has a semi-closed form expression. A research
that x-rayed the extent of such complexity and intractability could be found
in [2].

The complexity of the distribution means that different values of the PDF
can be obtained for different values of the parameters that defined the
distribution. The easiest way is to query the standard software like Microsoft
EXCEL, R, SPSS, MINITAB and so on. The software outputs values but not
closed form expressions which can help understand the structure of the
distribution and hence, improve the applicability of the distribution. One way
of obtaining the structure is to solve the ordinary differential equations
(ODEs) obtained from the continuous differentiation and simplification of
the ODE obtained from the PDF of the distribution. Similar works have been
done by different authors who utilize the nature of ODEs whose output
results in close form is used to propose some ODEs from the differentiation

of probability functions of some probability distributions. Recently, such
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route was followed in the creation of ODEs of the probability functions of
the power function distribution [3] and the authors used numerical methods
to solve the resulting ODEs. Other authors have proposed the ODE of
probability functions of the following probability distributions: Harris
extended exponential [4], half-normal [5], Gumbel [6], exponentiated Pareto
[7], exponential and truncated exponential [8], half-Cauchy and power
Cauchy [9], exponentiated Fréchet [10], 3-parameter Weibull [11], Gompertz
and Gamma Gompertz [12], Burr XII and Pareto [13], Cauchy, standard
Cauchy and Log-Cauchy [14], exponentiated generalized exponential [15]
and Fréchet [16].

The use of ODE in the PDF is now added to a growing literature of the
use of ODE in probability functions. Hitherto, the use is mainly on the
quantile function which is used to recover the quartiles form intractable CDF
of probability distributions [17]. Examples are the use of ODE in the
recovery of the quartiles of Gamma [18], Maxwell-Boltzmann [19], Erlang
[20], Nakagami [21], Chi-square [22] and convoluted probability
distributions [23]. The method has also been extended to some generalized
family of distributions such as the generalized odd half-Cauchy family of
distributions [24] and transmuted generalized gamma distribution [25].

We remark that this paper uses differentiation to obtain the ODE of the
PDF of the beta distribution. The closed form expressions obtained for the
PDF can be integrated to obtain their respective cumulative distribution
function (CDF) which can be transformed to obtain their quantile functions.
Consequently, the quantile functions can be used in simulation and modeling
of real life phenomena.

Ordinary Differential Equations for the PDF of the Beta Distribution

The PDF of the beta distribution is given by

xll—l (1 _ x)b—l

f(x):W’ )

which is supported on x €(0,1);a,b>0 and B(a, b) is the beta function.
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Differentiating equation (1), one obtains

, 1
f(x)= B(a, b)

-1 -x)" (=) + (1= (a-1D)x* 2], @

which becomes

Py =] (a-Dx'(1-x)"" (b-Dx*(1-x)"" )
~ B(a, b) X 1-x
upon simplification.
Substituting the PDF as presented in equation (1) to obtain
, a-1)f(x) (b-1 f(x

This is termed the beta PDF first order ODE with the initial value condition
givenas f(0)=0 or f(1)=0.

It can be noted that no general solution of the ODE exists except for the
particular values of the shape parameters a and b.

Five conditions are to be considered. Theoretically, the conditions are the

different behaviours and orientations of the distribution.
Condition 1. When a = b.

This is when the distribution is symmetric. When a = b, equation (4)

becomes
oy @=Df(x) (a-1)f(x)
S'x)= X o 1-x )
Equation (5) can be simplified to get
iy 2 (@=1)(1=2%) f(x)
S = x(1-x) ' ©)

When a =b =1, equation (6) reduces to f’(x) =0 which when solved,

yields the standard uniform distribution.
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When a = b = 2, equation (6) reduces to

(- 1=2%) /(%)
f (X) - x(l —X) > (7)

which can be put in the form
xX(1=x) f'(x)=(1=2x) f(x) = 0. ®)
Applying the variable separable method to solve equation (8) yields
S(x)=e (% =), ©)
where c is the arbitrary constant of integration.
Solving equation (8) analytically with the initial condition yields
f(x)=—6x(x—1). (10)
When a = b = 3, equation (6) reduces to

7= 2, (an

x(1=x) f'(x)-2(1-2x) f(x)=0. (12)
Solving equation (12) by the variable separable method, we have
f(x)zec(x4—2x3+x2), (13)
where c is the arbitrary constant of integration.

Solving with the initial value condition, we have
F(x)=30x2(x=1). (14)
When a = b = 4, equation (6) reduces to

7=, (15)

x(1=x) f'(x)=3(1-2x) f(x)=0. (16)
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Solving equation (16) by the variable separable method and without any
initial value condition, we have

F(x)=e(x% =3x° +3x* = x). (17)
Solving equation (17) analytically with the initial value condition yields
F(x)=—140x (x - 1)°. (18)
When a = b =5, equation (6) reduces to

£ = H2070) ;(ff)j;(’“), (19)

x(1-x) f'(x)—4(1-2x) f(x)=0. (20)

By employing the variable separable method to equation (20) as usual, its

solution is obtained as
f(x)zec(xg—4x7+6x6—4x5 +x4). (21)
Invoking the initial value condition analytically yields
F(x)=630x* (x—1)*. (22)
Corollary. Similar results as follows are obtained:
When a = b = 6,
F(x)==2772x>(x=1)°. (23)
When a =b =17,
F(x)=12012x0(x—1)°. (24)

Generally, when a =b =n, the PDF of the beta distribution has the
following closed form expression given as:
Ax" ! (x— 1)”_1; n=3,517,9,..

f(X)={ N es)
-Bx"(x=1)""; n=2,4,6,8,....
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Condition 2. When ¢ =1 and b > 1.

This is when the distribution is positively skewed, strictly decreasing and

reduces to reversed power function [0, 1] distribution. When a = 1, equation

(4) becomes

f(x)= —M, (26)

l-x
(I=x) /"(x) +(b=1) f(x) = 0. (27)
When a =1 and b = 2, equation (27) becomes
(I1-x) f'(x)+ f(x)=0. (28)

By using the variable separable method, the solution of equation (28) without
any initial value condition gives

f(x)=¢(1-x). (29)
Invoking the initial value condition analytically yields
S (x)=2(1-x). (30)
When a =1 and b = 3, equation (27) becomes
(1-2) /() +2./(x) =0, (1)

In a similar manner, equation (31) can be solved by employing the variable

separable method (without any initial value condition) to obtain
f(x)=e(1-2x+x2). (32)

Solving equation (31) together with the initial value condition analytically,

we have

F(x)=3(1-x)>. (33)
When a =1 and b = 4, equation (27) becomes
(1-x) f(x)+3f(x)=0. (34)
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Solving equation (34) by the variable separable method without any initial

value condition, we have
f(x)=ef(1-3x+3x2 = x%). (35)
Solving equation (34) analytically with the initial value condition yields
S(x)=4(1-x)*. (36)
When a =1 and b = 5, equation (27) becomes
(1-x)f'(x)+4f(x)=0. 37)

By solving equation (37) by the variable separable method without imposing

any initial value condition, we obtain
f(x)=e(1-4x+6x% +4x> —x%). (38)
Solving equation (37) with the initial value condition yields
S(x)=5(1-x)*. (39)
Corollary. Similar results as follows are obtained:

When a =1 and b = 6,

S(x)=6(1-x). (40)
When a =1 and b =7,

f(x)=701-x)°. (41)

Generally, when a =1 and b = n, the PDF of the beta distribution has the

following closed form expression given as:
f(x)=n(1-x)"" n=234567,.., (42)

which is similar to the differentiation of (x —1)".

Condition 3. When b =1 and a > 1.
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This is when the distribution is negatively skewed, strictly increasing and

reduces to power function [0, 1] distribution. When b =1, equation (4)

becomes
JURRCELYIC) @)
f'(x) = (a = 1) f(x) = 0. (44)

When b =1 and a = 2, equation (44) becomes
3(x) = f(x) = 0. (45)

Solving equation (45) by the variable separable method without any initial
value condition, we have

f(x)=¢x. (46)
Solving equation (45) with the initial value condition yields
f(x) = 2x. (47)
When b =1 and a = 3, equation (44) becomes
Xf'(x) = 2/(x) = 0. (48)

Solving equation (48) by the variable separable method without any initial
value condition, we have

f(x) = e“x?. (49)

Solving equation (48) with the initial value condition yields

f(x) = 3x2. (50)
When b =1 and a = 4, equation (44) becomes
xf'(x) =3f(x)=0. (51)

Solving equation (51) by the variable separable method without any initial
value condition, we have

f(x)=ex. (52)
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Solving equation (51) analytically with the initial value condition yields
f(x) = 4x°. (53)
When b =1 and a = 5, equation (44) becomes

xf(x) = 3f(x) = 0. (54)

Solving equation (54) by the variable separable method without any initial

value condition, we have
f(x) = e“x*. (55)
Solving equation (54) with the initial value condition yields
f(x) = 5x*. (56)

Corollary. Similar results as follows are obtained:

When b =1 and a = 6,

f(x)=6x°. (57)

When b=1and a =17,

f(x) = 7x5. (58)

Generally, when b =1 and a = n, the PDF of the beta distribution has the

following closed form expression given as:
f(x) = w7l n=23,4,56,7,... (59)

Which is similar to the differentiation of x".
Condition 4. When b > 1, a>1, a# b and b > a.

This is when the distribution is positively skewed, U shaped and

unimodal.

When a =2 and b = 3, equation (4) becomes
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=122, (60)
K1) /() - (1= 3 £() = (61)

Solving equation (61) by the variable separable method without any initial

value condition, we have
f(x)=¢(- 2 ox? - x). (62)

Solving with the initial value condition, we have

F(x) =12x(x = 1)%. (63)

When a = 2 and b = 4, equation (4) becomes
riy = L2030, (64)
x(1 = x) f(x) ~ (1~ 4x) /(x) = . (63)

Solving equation (65) by the variable separable method without any initial

value condition, we have
F(x) = € (x* =35 +3x% — x). (66)
Solving equation (65) with the initial value condition yields
£(x) = —20x(x - 1)°. (67)

When a =2 and b = 5, equation (4) becomes

=18 46, (68)
K1) /(3) (1= 5%) /() = 0. (69)

Solving equation (69) by the variable separable method without any initial

value condition, we have

flx)=e(-x + 4xt —6x + 4x? - x). (70)
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Solving equation (69) with the initial value condition yields
£(x) = 30x(x — 1)* (71)
Corollary. Similar results as follows are obtained:

When a =2 and b = 6,

f(x) = —42x(x - 1)°. (72)

When a =2 and b =1,
£(x) = 56x(x —1)°. (73)

When a =2 and b =8,
f(x) = -72x(x - 1), (74)

Generally, when a =2 and b = n, the PDF of the beta distribution has

the following closed form expression given as:

Cx(x-1)""  n=3,57,09,..
f) = ¥ (75)
~Dx(x-1)"""; n=4,6,8,10,....
Condition 5. When b > 1, a>1, a# b and a > b.

This is when the distribution is negatively skewed, U shaped and
unimodal.

When a =3 and b = 2, equation (4) becomes

S(x) = %(x) - % (76)
x(1=x) f'(x) = (2= 3x) f(x) = 0. (77)

Solving equation (77) by the variable separable method without any initial
value condition, we have

f(x) = (- x> +x7). (78)
Solving equation (77) analytically with the initial value condition yields

f(x) = —12(x = 1)x*. (79)
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When a = 4 and b = 2, equation (4) becomes

f(x) = %(x) - % (80)
x(1-x) f'(x) = (3—4x) f(x) = 0. (81)

Solving equation (81) by the variable separable method without any initial
value condition, we have

f(x) = e (x* = x). (82)
Solving equation (81) analytically with the initial value condition yields
f(x) = =20(x - 1)x°. (83)
When a =5 and b = 2, equation (4) becomes
ri =202 S, (s4)
x(1 = x) f'(x) ~ (4 = 5) f (x) = 0. (85)

Solving equation (85) by the variable separable method without any initial
value condition, we have

f(x)=e(-x° + x4). (86)
Solving equation (81) analytically with the initial value condition yields
f(x) = =30(x — 1)x*. (87)

Corollary. Similar results as follows are obtained:

When a =6 and b = 2,
f(x) = —42(x - 1)x°. (88)
When a =17 and b = 2,
f(x) = =56(x - 1)x5. (89)

When a =8 and b = 2,

f(x) = -712(x = 1)x’. (90)
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Generally, when b = 2 and a = n, the PDF of the beta distribution has the

closed form expression given as:

E(x-Dx""% n=35709,.

o1
—F(x-1)x""'; n=4,68,10,..,

f(x) =

where A, B, C, D, E and F are the respective constants from the closed

form expressions.
Conclusion

Differentiation was successfully applied to obtain ordinary differential
equations from the probability density function of the beta distribution. The
work shows that no general solution is possible except for particular values
of the two shape parameters that characterize the beta distribution. Four cases
are considered which are also different shapes and orientation of the
distribution. Closed form expressions were obtained from the solutions of the
resulting ordinary differential equations. The paper considers only cases
where the shape parameters are integers. The rationale is to find patterns
within the probability density function and their relationship with other
distributions related to the beta distribution. Moreover, numerical methods
could be applied to validate the results. However, the various closed form
expressions gave the same values as obtainable in the various standard

statistical software.
Acknowledgements

The authors appreciate the kind comments from the reviewers. The
research benefits from sponsorship from Covenant University, Ota, Nigeria.

References

[1] H. I. Okagbue, M. O. Adamu, A. A. Opanuga and P. E. Oguntunde, Boundary
properties of bounded interval support probability distributions, Far East Journal
of Mathematical Sciences (FIMS) 99(9) (2016), 1309-1323.



(2]

(4]

[6]

[7]

[9]

Closed form Expressions Obtained from the Solution ... 61

H. I. Okagbue, T. A. Anake, P. E. Oguntunde and A. A. Opanuga, Near exact
quantile estimates of the beta distribution, Advances and Applications in Statistics
70(1) (2021), 109-128.

H. J. Mohammed and M. A. Mohammed, Solving the created equations from
power function distribution, Iraqi Journal of Science (2022), 3073-3087.

H. I. Okagbue, M. O. Adamu, E. A. Owoloko and E. A. Suleiman, Classes of
ordinary differential equations obtained for the probability functions of Harris
extended exponential distribution, Lecture Notes in Engineering and Computer
Science: Proceedings of the World Congress on Engineering and Computer
Science 2017, 25-27 October, 2017, San Francisco, U.S.A., pp. 883-888.

H. I. Okagbue, O. A. Odetunmibi, A. A. Opanuga and P. E. Oguntunde, Classes of
ordinary differential equations obtained for the probability functions of half-
normal distribution, Lecture Notes in Engineering and Computer Science:
Proceedings of the World Congress on Engineering and Computer Science 2017,
25-27 October, 2017, San Francisco, U.S.A., pp. 876-882.

H. 1. Okagbue, O. O. Agboola, A. A. Opanuga and J. G. Oghonyon, Classes of
ordinary differential equations obtained for the probability functions of Gumbel
distribution, Lecture Notes in Engineering and Computer Science: Proceedings of
the World Congress on Engineering and Computer Science 2017, 25-27 October,
2017, San Francisco, U.S.A., pp. 871-875.

H. 1. Okagbue, O. O. Agboola, P. O. Ugwoke and A. A. Opanuga, Classes of
ordinary differential equations obtained for the probability functions of
exponentiated Pareto distribution, Lecture Notes in Engineering and Computer
Science: Proceedings of the World Congress on Engineering and Computer
Science 2017, 25-27 October, 2017, San Francisco, U.S.A., pp. 865-870.

H. I. Okagbue, P. E. Oguntunde, A. A. Opanuga and E. A. Owoloko, Classes of
ordinary differential equations obtained for the probability functions of
exponential and truncated exponential distributions, Lecture Notes in Engineering
and Computer Science: Proceedings of the World Congress on Engineering and
Computer Science 2017, 25-27 October, 2017, San Francisco, U.S.A., pp.
858-864.

H. I. Okagbue, M. O. Adamu, E. A. Owoloko and S. A. Bishop, Classes of
ordinary differential equations obtained for the probability functions of half-
Cauchy and power Cauchy distributions, Lecture Notes in Engineering and
Computer Science: Proceedings of the World Congress on Engineering and
Computer Science 2017, 25-27 October, 2017, San Francisco, U.S.A., pp.
552-558.



62

[10]

[11]

[12]

[13]

[14]

[15]

[16]

0. O. Agboola, H. I. Okagbue, A. F. Adedotun and P. O. Ugwoke

H. I. Okagbue, A. A. Opanuga, E. A. Owoloko and M. O. Adamu, Classes of
ordinary differential equations obtained for the probability functions of
exponentiated Fréchet distribution, Lecture Notes in Engineering and Computer
Science: Proceedings of the World Congress on Engineering and Computer
Science 2017, 25-27 October, 2017, San Francisco, U.S.A., pp. 546-551.

H. I. Okagbue, M. O. Adamu, A. A. Opanuga and J. G. Oghonyon, Classes of
ordinary differential equations obtained for the probability functions of
3-parameter Weibull distribution, Lecture Notes in Engineering and Computer
Science: Proceedings of the World Congress on Engineering and Computer
Science 2017, 25-27 October, 2017, San Francisco, U.S.A., pp. 539-545.

H. I. Okagbue, M. O. Adamu, E. A. Owoloko and A. A. Opanuga, Classes of
ordinary differential equations obtained for the probability functions of Gompertz
and gamma Gompertz distributions, Lecture Notes in Engineering and Computer
Science: Proceedings of the World Congress on Engineering and Computer
Science 2017, 25-27 October, 2017, San Francisco, U.S.A., pp. 405-411.

H. I. Okagbue, S. A. Bishop, A. A. Opanuga and M. O. Adamu, Classes of
ordinary differential equations obtained for the probability functions of Burr XII
and Pareto distributions, Lecture Notes in Engineering and Computer Science:
Proceedings of The World Congress on Engineering and Computer Science 2017,
25-27 October, 2017, San Francisco, U.S.A., pp. 399-404.

H. 1. Okagbue, A. A. Opanuga, E. A. Owoloko and M. O. Adamu, Classes of
ordinary differential equations obtained for the probability functions of Cauchy,
standard Cauchy and log-Cauchy distributions, Lecture Notes in Engineering and
Computer Science: Proceedings of the World Congress on Engineering and
Computer Science 2017, 25-27 October, 2017, San Francisco, U.S.A., pp.
198-204.

H. 1. Okagbue, P. E. Oguntunde, P. O. Ugwoke and A. A. Opanuga, Classes of
ordinary differential equations obtained for the probability functions of
exponentiated generalized exponential distribution, Lecture Notes in Engineering
and Computer Science: Proceedings of the World Congress on Engineering and
Computer Science 2017, 25-27 October, 2017, San Francisco, U.S.A., pp.
192-197.

H. I. Okagbue, P. E. Oguntunde, A. A. Opanuga and E. A. Owoloko, Classes of
ordinary differential equations obtained for the probability functions of Fréchet
distribution, Lecture Notes in Engineering and Computer Science: Proceedings of
the World Congress on Engineering and Computer Science 2017, 25-27 October,
2017, San Francisco, U.S.A., pp. 186-191.



[17]

[18]

[19]

(20]

(21]

[22]

(23]

[24]

[25]

Closed form Expressions Obtained from the Solution ... 63

R. Torishnyi and V. Sobol, Smooth approximation of probability and quantile
functions: vector generalization and its applications, Journal of Physics:
Conference Series 1925 (2021) 012034.

H. Okagbue, M. O. Adamu and T. A. Anake, Approximations for the inverse
cumulative distribution function of the gamma distribution used in wireless
communication, Heliyon 6(11) (2020) e05523.

H. I. Okagbue, M. O. Adamu and T. A. Anake, Closed form expression of the
quantile function of Maxwell-Boltzmann distribution, Adv. Appl. Stat. 54(2)
(2019), 179-197.

H. 1. Okagbue, M. O. Adamu and T. A. Anake, Closed form expressions for the
quantile function of the Erlang distribution used in engineering models, Wireless
Personal Communications 104(4) (2019), 1393-1408.

H. Okagbue, M. O. Adamu and T. A. Anake, Closed form expression for the
inverse cumulative distribution function of Nakagami distribution, Wireless
Networks 26(7) (2020), 5063-5084.

H. I. Okagbue, M. O. Adamu and T. A. Anake, Closed-form expressions for the
quantile function of the Chi square distribution using the hybrid of quantile
mechanics and spline interpolation, Wireless Personal Communications 115(3)
(2020), 2093-2112.

H. I. Okagbue, M. O. Adamu and T. A. Anake, Ordinary differential equations of
probability functions of convoluted distributions, International Journal of
Advanced and Applied Sciences 5(10) (2018), 46-52.

G. M. Cordeiro, M. Alizadeh, T. G. Ramires and E. M. Ortega, The generalized
odd half-Cauchy family of distributions: properties and applications,
Communications in Statistics-Theory and Methods 46(11) (2017), 5685-5705.

A. Saboor, M. N. Khan, G. M. Cordeiro, M. A. Pascoa, P. L. Ramos and M.
Kamal, Some new results for the transmuted generalized gamma distribution,
Journal of Computational and Applied Mathematics 352 (2019), 165-180.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


