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SEMIADDITIVITY OF THE ENTROPY 

RAYLEIGH-RITZ OPERATOR IN THE PROBLEM 

OF REALIZATION OF AN INVARIANT POLYLINEAR 

REGULATOR OF A NON-STATIONARY 

HYPERBOLIC SYSTEM 

 



V. A. Rusanov, A. V. Lakeyev, A. V. Daneev and Yu. É. Linke 182 

Abstract 

Such qualitative issues which bound up with existence of a solution 

for the inverse problem of systems analysis as realization solvability 

(sufficient conditions) of the operator functions of the polylinear 

regulator for a non-stationary hyperbolic system, which contains given 

(finite/countable/continual) nonlinear bundles of infinite-dimensional 

controlled dynamic processes in the capacity of admissible solutions 

in a separable Hilbert space, are investigated. 

0. Introduction 

The theory of differential realization represents (and will probably 

represent in the future) a rather active domain of mathematical 

investigations. In the present context, this paper implies continuation of 

investigations conducted in the domain indicated [1-3]. Meanwhile, this 

paper has been constructed in some sense as a philosophical sketch. The 

point is that its principal objective presumes investigation of the existential 

proving of existence of special operator functions1 of the invariant polylinear 

regulator for a non-stationary hyperbolic system; although, some of the 

results may be extended also to stationary cases [4-7]. Invariance of the 

regulator presupposes that the scrutinized (modeled) hyperbolic system shall 

contain a fixed finite family of nonlinear dynamic bundles-processes in the 

class of feasible solutions; furthermore, each bundle is unbounded with 

respect to the power (finite/countable/continual) and induced by its 

(individual) regulator. 

                                                           
1This circumstance reduces the problem of structural identification of the system’s 

nonlinear regulator (understood as a posteriori realization of its general polylinear structure) 

to a more tangible solvability problem of realization of the adaptation (adjusted a posteriori) 

operator functions presuming multiplicative representation of i-linear additive terms of this 

construction; another (more radical) approach is bound up with identification of operators 

from i-multiple tensor products of Hilbert spaces, in particular, subspaces of the Fock space 

[8]. 
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1. Terminology and Problem Statement 

From now on, ( ),,
X

X ⋅  ( ),,
Y

Y ⋅  ( ),,
ZiZ ⋅  ,...,,1 ni =  are           

real separable Hilbert spaces (the  property of pre-Hilbertability [8] is 

determined by norms ,
X

⋅  ,
Y

⋅  ),
Z

⋅  nZZYU ×××= ⋯1:  is a Hilbert 

space product with the norm 

( ) ,:...,,,
21

...,,1
22

1 






 +=  = ni ZiYUn zyzzy  

( )XYL ,  is a Banach space with the operator norm ( )XYL ,⋅  of all linear 

continuous operators acting from Y into X (similarly, ( ( ) ( ) )
XXL

XXL ,,, ⋅  

and ( ( ) ( ) )),,, , XZLi XZL ⋅  i
X  is the ith Cartesian degree of space X, 

( )i
i

ZX ,L  is the space of all continuous i-linear (polylinear) mappings2 

from X into .iZ  

Let [ ]10 ,: ttT =  be a segment of a numerical line R with the          

Lebesgue measure µ; and µ℘  be σ-algebra of all µ-measurable subsets from 

T. When ( )⋅,B  denotes some Banach space below, ( ),,, BµTLp  

[ )∞∈ ,1p  denotes a Banach factor space of classes of µ-equivalence              

for all the Bochner integrable [8] mappings B→Tf :  with norm 

                                                           
2Space ( )ZX k ,L  is linear (as the spaces of functions with the values laying in the vector 

space Z: addition and multiplication by a scalar is conducted pointwisely), furthermore, 

( )ZX k ,L∈B  is understood as a relation ( )kxxz ...,,1B=  between the ordered systems 

( )kxx ...,,1  of elements from X and the elements from Z, which is linear with respect to          

each ,ix  other elements being fixed, and for some ,0<c  it satisfies ( ) Zkxx ...,,1B  

;1 XkX
xxc ⋯≤  this is equivalent: for each i and for any ,...,,,...,, 111 Xxxxx kii ∈+−  

it is true that ( ) ( ).,...,,...,,1 ZXLxxxx kii ∈B֏  
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( ) ( ) ;
1

∞<




 τµτ

p

T

p
df  ( )B,, µ∞ TL  denotes a space of all (equivalent 

class) µ-measurable and µ-substantially bounded functions from T into .B  

Furthermore, henceforth, ( )XTAC ,1  is a set of all functions ,: XT →ϕ  

whose first derivative is absolutely continuous on T (with respect to measure 

µ), moreover, for the purpose of simplicity, let us introduce the denotation 

( ) ( ) ( ) ( ).,,,,,,,: 2122
1

nZTLZTLYTLXTAC µ××µ×µ×=Π ⋯  

  Denote by 

( ) ( ) ( )nZTLZTLYTLH ,,,,,,: 21222 µ××µ×µ= ⋯  

a space-product with the topology induced by the norm 

( ) ( ) ( )( ) ( ) ( ) ;...,,,...,,:...,, 20

21
2

00 Hwwdwwww n
T

UnHn ∈






 τµττ=   

obviously, 2H  is a Hilbert space (due  to [8] the construction of norm 

).
H

⋅  

Next, consider the Banach space-product 

( )( ) ( )( ) ( )( )XZLTLXZLTLXYLTL n ,,,,,,,,,: 21222 µ××µ×µ= ⋯L  

for µ-equivalence classes of ordered systems of operator functions with the 

norm 

( ) ( ) ( ) ( ) ( ) ( ) .:...,,
21

...,,1
2

,
2

,00 






 τµ




 τ+τ=   =T ni XZLiXYLn dBBBB L  

Let there be given operator functions ( )( ),,,,, 110 XXLTLAA µ∈  

( )( );,,,2 XXLTLA µ∈ ∞  µ-almost everywhere on T operator ( ) ,,0 TttA ∈  

is self-conjugated and strongly positive definite; furthermore, fixed are the 

natural number n, i-linear mappings ( ) niZX i
i

i ...,,1,, =∈ LB  and 

{ ( ) ( )( ) } ,expCard,...,,...,,,, 0111 ℵ≤Π∈⊂ NxxxuxN nBB  
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{ ( ) ( )( ) } ,expCard,...,,...,,,, 0212 ℵ≤Π∈⊂ NxxxuxN nBB  (1) 

represent two fixed variants of behavior of the scrutinized dynamic system 

with trajectories x, programmed control u and positional feedbacks (forms) 

( ) ( ),...,,...,,1 xxx nBB  furthermore, ;21 ∅=NN ∩  henceforth, jNCard  is 

power of the set (bundle) ,jN  0ℵ -aleph-zero. It is clear that 

( ) ( ) ,...,,1,,,...,, niZTLxx ii =µ∈ ∞B  

( ) ( )( ) .2,1,...,,...,,,, 1 =∈ jNxxxux jnBB  

Let us also agree to differentiate in the denotations between the        

vector function ( ) ( )( ) Π∈xxxux n ...,,...,,,, 1 BB  as a class of equivalence 

( )µmod  and a definite representative of this class, i.e., an “individual” 

vector function ( ) ( ) ( )( ) ( ) ( )( )( )....,,...,,,, 1 txtxtxtutxt nBB֏  

Furthermore, we assume that in reality, the controlled dynamic bundles 

,1N  2N  are solutions of one hyperbolic system with different polylinear 

regulators: 

( ) ( ) ( )( ) ,...,,...,,,,:...,, 112101 NxxxuxBB nn ∈∀∈∃ BBL  

( ) =
+=++

ni ii xxBuBxAdtdxAdtxdA
...,,1 10101

22
2 ,...,,B  

( ) ( ) ( )( ) ,...,,...,,,,:...,, 212202 NxxxuxBB nn ∈∀∈∃ BBL  

( ) =
+=++

ni ii xxBuBxAdtdxAdtxdA
...,,1 20201

22
2 ,...,,B  

( ) ( );...,,...,, 202101 nn BBBB ≠  (2) 

from now on, on account of Lemma 1 [1], as regards the analytical 

construction of the x-solution, we follow the provisions of Section 121 in 

[9]. 

Consider the following problem: Determine (in  terms of trajectories           

of the joint bundle )21 NN ∪  the analytical conditions of existence of             
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the ordered system of operator functions ( ) ,...,, 20 L∈++
nBB  for which 

differential realization of the dynamic bundle 21: NNN ∪=+  of the form 

( ) =
++ +=++

ni ii xxBuBxAdtdxAdtxdA
...,,1001

22
2 ,...,,B  

( ) ( )( ) ;...,,...,,,, 1 +∈ Nxxxux nBB  (3) 

is implementable. Meanwhile, statement of the converse problem (3) gives a 

number of theoretical schemes3, which correctly explain the physics reality. 

Furthermore, this approach is a way to development of a new kind of 

mathematical intuition. Such an intuition is based on the “differential - a 

posteriori” modeling of complex hyperbolic systems [10]. 

Remark 1. Note that there are no structural obstacles4 for extending the 

results obtained and described below onto the qualitative theory of 

realization of the invariant regulator of hyperbolic system (3), which 

includes into its content polylinear operators, i.e., programmed positional 

links from ( ),, i
i

ZYX ×L  and includes (in the capacity of additional 

variables) k-times ( )ik ≤  derivative dtdx  and once programmed control   

u; obviously, for the given problem statement, ( ) ∈udtdxx ...,,...,,B  

( )iZTL ,,2 µ  for any mapping ( )., i
i

ZYX ×∈ LB  Furthermore, if the 

problem of solvability of realization of polylinear forms from 

( ) ,...,,1,, niZYX i
i =×L  is stated for the differential realization (3), then 

                                                           
3In [2], another (geometric) consideration of the converse problem (3) is briefly discussed, 

and a variant of its solution (Theorem 3 [2]) is given. In Section 4, this consideration obtained 
further development (it is embodied in the formulation of Theorem 2 and its Corollary 3) 

under definite constraints upon the power of dynamic bundles ., 21 NN  

4This may not be stated with regard to the structure of the regulator with the programmed 

positional links from ( ),, ij
ji

ZYX ×L  ,2≥j  because in the given case, i.e., when the 

domain of definition of operator ( ),, ij
ji

ZYX ×∈ LB  2≥j  includes variable u (control)    

j-times, condition ( ) ( )ijZTLudtdxx ,,...,,...,, 2 µ∈B  may fail to be satisfied (see the 

comment in Note 2 above). 
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construction of the tensor product5 of Hilbert spaces [8] may be the 

foundation of the mathematical apparatus, because its structure reduces the 

investigation of polylinear mappings needed to the consideration of linear 

mappings by introducing a new operation bound up with the category of 

linear spaces. 

2. Constructions of the Concomitant Mathematical Formalism 

Let us denote by ( )RTL ,, µ  the space classes of µ-equivalence of              

all real functions µ-measurable on T, and let L≤  be quasi-ordering in 

( )RTL ,, µ  such that ;21 φ≤φ L  when ( ) ( ) µ−φ≤φ tt 21 -almost everywhere 

on T. Let us denote the least upper bound for a subset ( )RTLW ,, µ⊂  as 

,sup WL  when this bound exists for a subset W in the structure of partial 

ordering .L≤  

Definition 1 [2, 3]. Consider operator ( ),,,: RTL µ→ΠΨ  which is 

constructed according to the rule 

( ) ( )twwq n...,,, 0Ψ  

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( )

( ) ( )( )











∈=∈

∈≠




 +⋅

++

=
−

=
;0...,,when,0

;0...,,when,:

0

0

21

...,,1
22

0

01
22

2

UtwtwR

Utwtwtwtw

tqtAdttdqtAdttqdtA

n

nni ZiY

X

 

 (4) 

according to the terminology [10, 12, 13], operator (4) is called the entropy 

Rayleigh-Ritz operator. 

                                                           
5Some elements of this tensor-theoretic extension can be found in [6], as well as in           

the algorithm of structural parametric identification (2.1)-(2.2) [11]; on its basis, we have 

constructed Example 1 [11] of a posteriori reconstruction of differential equations for 

nonlinear dynamics of spatial-rotational motion described by both the Euler equation with 

polylinear terms with respect to the coordinates of angular rates and the regulator of their 

damping. 
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In the construction of operator Ψ, the inclusion ( )XTLdtqd ,,1
22 µ∈  

is correct (due to Lemma 1 [1]). 

Let ( ) ( )( ){ } 01 expCard,...,,...,,,, ℵ≤Π∈⊂ NxxxuxN nBB  and Q 

be some (i.e., any) consuming set in Span N; as far as geometry of the 

consuming set is concerned, we follow [8], i.e., { }∪ .Span0 NQ =α >α  

Having fixed the terminology (motivations can be found in Theorem 2 [2]), 

let us speak that the bundle of controlled dynamic processes N is regular for 

the 3-tuple of operator functions ( )210 ,, AAA  of the hyperbolic system (3) if 

and only if the following hold: 

{ ( ) ( ) ( ) ( ) ( ) ( ) }0: 01
22

2 =++∈
X

tqtAdttdqtAdttqdtATt  

( ) ( ) ( ),mod0:
...,,10 µ







 =+∈⊃  = ni ZiY

twtwTt  ( ) ....,,, 0 Qwwq n ∈  

Remark 2. (i) If in the process of analysis of the dynamic bundle N, it 

appears obvious that 

( ) ( )∪ ni XZi xxx
...,,1

,modsupp...,,supp
=

µ=B  

                       ( ) ( )( ) ,...,,...,,,, 1 Nxxxux n ∈BB  

then bundle N is regular for any 3-tuple of operator functions 

( ) ( )( ) ( )( ) ( )( );,,,,,,,,,,, 11210 XXLTLXXLTLXXLTLAAA µ×µ×µ∈ ∞  

(ii) due to Theorem 2 [2] and representation (2), 21, NN  from (1) are 

regular dynamic bundles. 

Next, we have 

Lemma 1 (Modification of Lemma 1 [14]). If ,0ker 1 =B  then the 

dynamic bundle N is regular for any operator functions 

( )( ) ( )( ).,,,,,,,, 2110 XXLTLAXXLTLAA µ∈µ∈ ∞  
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Proof. Obviously, provision 0ker 1 =B  incurs that 

( ) ( )∪ ni XZi xxx
...,,1

,modsupp...,,supp
=

µ=B  

  ( ) ( )( ) ....,,...,,,, 1 Nxxxux n ∈BB  

So, it is sufficient to show that for any functions ( )XTACf ,∈  and 

( ),,, RTLg µ∈  equality ( ) 0=dttdf  is satisfied µ-almost everywhere in 

{ ( ) ( ) };0:: =+∈= tgtfTtT
Xfg  hence, in the structure of the proof, 

the 2-tuple ( )dtdff ,  plays a dual role, i.e., the role of the 2-tuple 

( )dtdxx,  and the 2-tuple ( )., 22
dtxddtdx  

Let ( ){ }.0:: =∈= tfTtT f  Since ,fgf TT ⊃  in the case when ( )fTµ  

,0=  the proposition { ( ) } ( )µ⊃=∈ mod0: fgX
TdttdfTt  is transparent. 

So, consider the variant when ( ) .0≠µ fT  

Introduce the denotation { (( ) )ff TttTtT ∩δ+δ−µ>δ∃∈= ,,0::0  

}.0=  Let us show that ( ) .00 =µ T  To this end, let us put constant 0>δ∗
t  in 

correspondence to each ,0Tt ∈  so that (( ) ) .0, =δ+δ−µ ∗∗
ftt Ttt ∩  Let us 

find rational numbers tt δ ′′δ′ ,  such that ( ) ( )∗∗ δ+∈δ′′δ−∈δ′ tttt tttt ,,,  and 

let ( ).,: tttI δ ′′δ′=  Hence the family of intervals { }
0TttI ∈  covers the set ,0T  

and since each interval tI  is open with rational ends, the family { }
0TttI ∈  

contains a countable subfamily { } ,...,2,1=itiI  which also represents the 

coverage of set .0T  Next, since for any index ...,,2,1=i  it is true that 

( ),, ∗∗ δ+δ−⊂ tiitiiti ttI  ( ) ,0=µ δTIti ∩  and so, the following “chain” of 

µ-relations: 

( ) 




µ=





 





µ=µ

== ∪∪ ∩∩
...,2,1 0...,2,100

i
ti

i
ti ITITT  

( ) =
=µ≤

...,2,1 0 ,0
i tiIT ∩  
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whence ( ) .00 =µ T  Now let us conduct the following concluding part of the 

proof. 

Let ,\ 0TTt f∈  hence for any ,0>δ  it is true that (( ) )fTtt ∩δ+δ−µ ,  

,0>  and since ( ),, XTACf ∈  it is possible to find a set TT ⊂∗  such  

that ( ) 0=µ ∗
T  and ,\ ∗∈∀ TTt f  there exists ( ) .dttdf  Let us show that 

( ) 0=dttdf  for ( ).\ 0
∗∈ TTTt f ∪  Indeed, for any natural k, we have 

(( ) ) 01,1 >+−µ fTktkt ∩  and, consequently, one can find a moment 

.,1, fkkk Ttktttt ∈<−≠  But then, the following limit transition may 

be executed in the structure of strong topology: 

( ) ( ) ( )( ){ }0:lim →∆∆−∆−= tttfttfdttdf  

( ) ( )( ) ( ){ } .0:0lim XkXtttftf kk ∈=∞→∈=−−=  □ 

Corollary 1. If ( ) ( )( ) Π∈xxxux n ...,,...,,,, 1 BB  and ,0ker 1 =B  then 

,−νν ℘⊂℘  where ν and −ν  are the respective Lebesgue-complemented 

behavioral measures 

( ) ( ) ( ) ( )( ) ( )  µ=
℘∈τµ





 ττ+τ=ν

S ni ZiY
SdxxuS ,,...,,:

...,,1
22

B  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) τµττ+τττ+τττ=ν−
S

X
dxAddxAdxdAS ,: 01

22
2  

.µ℘∈S  

Furthermore, if ,Im 11 Z=B  then 

X
xAdtdxAdtxdA 01

22
2 ++  

( ) ( )RTLxxu
ni ZiY

,,...,, 2

21

...,,1
22 µ∈




 +⋅

−

= B  



Semiadditivity of the Entropy Rayleigh-Ritz Operator … 191 

X
xAdtdxAdtxdA 01

22
2 ++⇔  

( ) ( ),,,...,, 2

21

...,,2
222

RTLxxxu
ni ZiXY

µ∈




 ++⋅

−

= B  

for any operator functions ,0A  ( )( ),,,,11 XXLTLA µ∈  ∈2A  

( )( ).,,, XXLTL µ∞  

It obviously follows from the functional construction (4) that the 

Rayleigh-Ritz operator satisfies the following simple (but important) 

relations: 

  ( ),0 φΨ≤L  where ( ) ,,,,0 Π∈φµ∈ RTL  ( ) ( ) .0, Rrr ∈≠φΨ=Ψ φ±  (5) 

Before proceeding further, we need to introduce some additional terms. 

Definition 2 [12, 13]. The Rayleigh-Ritz operator is called semiadditive 

with weight R∈α  on set ,Π⊂E  when for any tuple ( ) ,, 21 EE ×∈φφ  it 

is true that 

( ) ( ) ( ).2121 φΨα+φΨα≤φ+φΨ L  

Lemma 2. Semiadditivity (with the fixed weight) of the Rayleigh-Ritz 

operator is the property of finite character for a subset of .Π  

Proof. Suppose that the Rayleigh-Ritz operator Ψ is semiadditive on a 

set Π⊂E  with weight α. Then the given operator is semiadditive with this 

weight on a finite subset of E. On the other hand, if Ψ is semiadditive             

with the same weight on any finite subset of set E, then for any                      

tuple of vector functions ( ) ,, 21 EE ×∈φφ  the relationship ( )21 φ+φΨ  

( ) ( )21 φΨα+φΨα≤L  is satisfied because operator Ψ is semiadditive with 

weight α on subset { } ., 21 E⊂φφ  □ 

The interrelation between Lemma 2 and the Teichmüller-Tukey lemma6  

explicit the important geometric characteristic of semiadditivity of the 

                                                           
6We have to remind the reader that the Teichmüller-Tukey lemma is an alternative form of 

the axiom of choice [15]. 
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Rayleigh-Ritz operator in .Π  There exist maximum sets, on which operator 

(4) is semiadditive with some weight ;0>α  furthermore, the given sets 

cannot be linear when ( ).1,0∈α  To make sure, it is sufficient to consider 

the effect of Ψ on the tuple ( ) ,0, EE ×∈φ  ,0≠φ  with the exception of the 

trivial variant when { } .0 Π⊂=E  In this connection, below, in Lemma 3 

(and later by default), we assume that the weight of semiadditivity of 

operator Ψ is a fixed constant [ ).,1 ∞∈α  

Lemma 3. Let [ ),,1 ∞∈α  hence in ,Π  there exists a (nonunique) 

maximum (with respect to the set-theoretic inclusion) linear set E, on which 

the Rayleigh-Ritz operator is semiadditive with weight α. 

Proof. Let ( )1011 ...,,, nwwq  be a nonzero element in .Π  Hence due to 

(5), operator Ψ is semiadditive with weight α on the linear hull 1E  over 

( )....,,, 1011 nwwq  Next, let ( ) ,...,,, 2022 Π∈nwwq  ( )2022 ...,,, nwwq  

1E∉  and Ψ be semiadditive on ( ){ }20221 ...,,, nwwqE ∪  with weight α; if 

such an element does not exist, then 1E  is a desired maximum set. Let us 

choose an arbitrary element 

( ) ( ),...,,,...,,, 2022210111 nn wwqwwq β+β    ,0,, 221 ≠β∈ββ R  

in the set ,21 EE +  where 2E  is a linear hull over ( )....,,, 2022 nwwq  

Under such a problem statement, the relations 

( ) ( )( )2022210111 ...,,,...,,, nn wwqwwq β+βΨ  

( ( ) ( ))20221011
1

21 ...,,,...,,, nn wwqwwq +ββΨ= −  

( ( ) ( ))20221011
1

21 ...,,,...,,, nnL wwqwwq Ψα+ββΨα≤ −  

( ( )) ( )( )2022210111 ...,,,...,,, nn wwqwwq βΨα+βΨα=  

are satisfied in accordance with formulas (5), whence it follows that operator 

Ψ is semiadditive on the linear manifold 21 EE +  with weight α. By similar 
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speculations, it is possible to show that 1E  may be replaced in the upper 

computations with any nonzero linear subset from ,Π  on which Ψ is 

semiadditive with the weight equal to α. 

Other explications will be bound up with the chains, hence let P be a 

family of all ordered tuples ( ),, ## αE  where #
E  is a nonzero linear set in 

Π  and [ ),,1# ∞∈α  furthermore, the Rayleigh-Ritz operator is semiadditive 

on #
E  with weight .#α  Introduce the operation of partial ordering ≪  in P, 

while assuming that 

( ) ( ) .,,, ############ α=α⊂⇔αα EEEE ≪  

According to the Hausdorff theorem (the Hausdorff maximum principle 

[15]), in family P, there exists a maximum chain Ω (a maximum linear 

ordered set), which contains the chain ( ) ( ).,, 211 α+α EEE ≪  Let E  be a 

set of all linear sets γE  in Π  such that ( ) ., Ω∈αγE  Hence E  is linear 

ordered with respect to the set-theoretic inclusion, and, consequently, 

disjunction { }E∈= γγ EEE :: ∪  (trivially) forms a linear manifold in .Π  

Next, if ( ) ,, 21 EE ×∈φφ  then obviously ( ) γγ ×∈φφ EE21,  for some set 

,E∈γE  whence we draw the conclusion on the weight semiadditivity for 

the tuple ( )21, φφ  of operator Ψ: 

( ) ( ) ( ),, 2121 φΨα+φΨα≤φφΨ L  

and, consequently, ( ) ., Ω∈αE  Furthermore, if manifold E would fail to be 

maximum in ,Π  on which our operator Ψ is semiadditive with weight α, 

then the linear extension construction indicated above would have allowed 

one to obtain an element ( )α∗,E  in family P, for which ∗
E  strongly 

contains E, but this would contradict to the criterion of maximum for chain 

Ω in family P. □ 
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3. Existence of an Invariant Polylinear Regulator in the 

Constructions of the Rayleigh-Ritz Operator 

This section presumes investigation of the problem of existence of 

operator functions of the invariant polylinear regulator of system (3). We 

shall avoid the formulation of the best positive result in this direction. This 

result will be given in the form of a compact theorem (while roving a simple 

sufficient condition). All the parts of proving this condition have in essence 

been already prepared by us. It is necessary only to integrate these parts. 

Theorem 1. Let Π⊂21, NN  be the bundles of dynamic processes (1) 

and (2). Hence problem (3) is solvable when the Rayleigh-Ritz operator is 

semiadditive with some weight on .21 NSpanNSpan +  

Remark 3. The following issue remains open: whether Theorem 1 is 

equivalent to Theorem 3 [2], which is the solution of the problem of 

invariant extension of the differential realization in terms of angular metric 

of Hilbert space subspaces; in this case, Theorem 1 gives evidence of 

validity of the weight construction of semiadditivity of operator (4) in the 

process of discussion of the issue of extension for the bundles of dynamic 

processes assuming differential realization (3). 

Proof of Theorem 1. Since linear hulls 1Span N  and 2Span N  are 

absorbing sets, one, due to Theorem 2 [2], can find the two functions 

( ),,,, 221 RTL µ∈φφ  for which the following two functional inequalities 

are satisfied7 

[ ] [ ] .Spansup,Spansup 2211 φ≤Ψφ≤Ψ LLLL NN  

                                                           

7There is (see Theorem 17 [16, p. 68]) a countable set iNQ Span⊂∗  such that if 

( ) ( ),,,Spansup RTLNiL µ∈Ψ  then ( )iL NSpansup: Ψ=φ  is due to the sup-construction: 

( ) { ( ) ( ) ( ) }....,,,:...,,,sup 00
∗∈∈Ψ=φ QwwqRtwwqtt nn֏  
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Let us choose this manifold in the manifold 21 SpanSpan NN +  in the 

capacity of its absorbing set. Hence due to semiadditivity Ψ (with weight α) 

on ,SpanSpan 21 NN +  we obtain 

[ ]21 SpanSpansup NNL +Ψ  

[ ] [ ] ( ),,SpansupSpansup 2121 φφα≤Ψα+Ψα≤ LLLL NN  

whence, proceeding from Theorem 2 [2], it follows (on account of 

2121 SpanSpanSpan NNNN +=∪  and item (ii) of Remark 2 that the set 

of processes 21 NN ∪  possesses differential realization (3). □ 

Corollary 2. Let sets Π⊂kNNN ...,,, 21  possess realizations (2). 

Hence ∪ ki iN
...,,1=  is a family of solutions of system (3) for some ordered 

system ( ) ,...,, 20 L∈++
nBB  when Ψ is semiadditive with the weight on the 

linear manifold of a sum of linear hulls of these sets: 

.SpanSpan 1 kNN ++⋯  

Corollary 2 allows one to construct the algebra of a set of dynamic 

processes with a unit ∪ ki iN
...,,1

,=  all the elements of which (as a set of          

all subsets of the unit) possess realization (2) with a fixed model (3). 

Furthermore, the issue of “individual” characteristic indicator of differential 

realization for each separate bundle ( )kiNi ...,,1=  can be quite easily 

(constructively) solved on the family of one-element {( ( ) ...,,,, 1 xuxNi B=  

( )) }:...,, in xxB  

( ( ) ( )( ) ) ( ) ;...,,1,,,...,,...,,,, 21 kiRTLxxxux inii =µ∈Ψ BB  

what is the analytical fact of Theorem 1 [2]. If these relations (or some         

of them) fail to be satisfied, it is possible to state a problem of synthesis 
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( ),, i
i

i ZXL∈B  ,...,,1 ni =  which provide for the indicated conditions8, 

furthermore, this problem may be methodologically interpreted as structural 

identification9 of nonlinear components of equation (3) (in this aspect, see 

also the provisions discussed in [11, 17-19]). 

4. Related Issues for the Variant Card ,01 ℵ≤N  Card 12 =N  

Now consider what analytical results in the solution of the problem of 

existence of the realization of operator functions ( ) 20 ...,, L∈++
nBB  of 

hyperbolic system (3) introduce the following conditions: 

{ ( ) ( )( ) } 0111 Card1,...,,...,,,, ℵ≤≤Π∈⊂ NxxxuxN nBB  

is not more than a countable bundle of system (2) solutions with the ordered 

system of operator functions ( ) ,...,, 2101 L∈nBB  

( ( ) ( )) Π∈= ∗∗∗∗∗
xxxuxN n ...,,...,,,,: 12 BB  

is a solution of system (2) with the set of operator functions ( )202 ...,, nBB  

,2L∈  furthermore, ( ) ( )101202 ...,,...,, nn BBBB ≠  and ( ( ) ...,,,, 1
∗∗∗

xux B  

( )) ;Span...,, 1Nxxn ∉∗∗
B  therefore, the “integrated” dynamic bundle 

21: NNN ∪=+  is either finite or countable. 

Obviously, expansion of vector ( ( ) ( ( )) ( ( ) ( )))txtxtxtu n
∗∗∗∗ ...,,...,,, 1 BB  

in Hilbert space U into a projection in 

{ ( ) ( )( ) ( ) ( )( )( ) ( ) ( )( ) },...,,...,,,,:...,,...,,,Span 111 Nxxxuxtxtxtxtu nn ∈BBBB  

                                                           
8It is possible also to search for the functions XXjp →ϕ :  such that 

( ( )( ) ( ) ( )( )( ) ) ( ) ....,,1,,,...,,...,,,, 21111 kiRTLxxxux innnn =µ∈ϕϕϕΨ BB  

9Explanation: if the assertoric relation =  is sought for in some nR  by parametric 

identification, then by structural identification ( ),, i
i

i ZXL∈B  ni ...,,1=  explicated is the 

apodictic relation ∈  in ( ).,,2 RTL µ  
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which is designated with ( ( ) ( ( )) ( ( ) ( ))),...,,...,,, 1 txtxtxtu n
∗∗∗∗

BB  and a 

complement 

( ( ) ( ( )) ( ( ) ( )))⊥
∗∗∗∗

txtxtxtu n ...,,...,,, 1 BB  

( ( ) ( ( )) ( ( ) ( )))txtxtxtu n
∗∗∗∗= ...,,...,,,: 1 BB  

( ( ) ( ( )) ( ( ) ( )))−
∗∗∗∗− txtxtxtu n ...,,...,,, 1 BB  

is possible at any point .Tt ∈  

For the given problem statement, it can readily be ascertained that vector 

functions 

( ( ) ( ( )) ( ( ) ( ))) ,:...,,...,,, 1 UTtxtxtxtut n →−
∗∗∗∗

BB֏  

( ( ) ( ( )) ( ( ) ( ))) UTtxtxtxtut n →⊥
∗∗∗∗ :...,,...,,, 1 BB֏  

are µ-measurable10. Next, denote by ( ) ( ) 22211 , HNENE ⊂  the subspaces 

from the formulation of Theorem 3 [2], by ( )2NE⊥  - the closure in 2H           

of the linear hull { ( ( ) ( )) },:...,,...,,,Span 1 Fxxxu n ∈χ⋅χ ⊥
∗∗∗∗

BB  ⊂F  

( )RTL ,, µ  is a family of equivalence classes ( )µmod  of all the 

characteristic functions induced by elements of σ-algebra .µ℘  

Lemma 4. Subspaces 1E  and ⊥E  are orthogonal in the Hilbert space 

.2H  

Let us agree from now on that for two closed subspaces from spaces 

,2H  such that their intersection is { } ,0 2H⊂  and the vector sum is closed 

in ,2H  the sign of their vector composition is denoted by ,⊕  in particular, 

Theorem 14.C [9] and Lemma 4 make the notation ⊥⊕ EE1  correct. 

                                                           
10Due to separability of space U, weak and strong measurabilities coincide (Theorem IV.22 

[8]). 
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Let us answer the question: Under what analytical conditions imposed 

on the sets of controlled dynamic processes 1N  and ,2N  and “extended” 

family of processes, +N  possesses differential realization (2)? One of the 

ways of geometric solving this problem presumes constructing the 

characteristic indicator (see Lemma 5 below), which defines the quality 

 ,121 ⊥⊕=+ EEEE  (6) 

because existence of the partial form of equality (6), i.e., the form 

 ,121 ⊥⊕=⊕ EEEE  (7) 

gives a positive answer to the question about the differential realization of an 

extended bundle +N  in the context of the approach to the geometric solution 

of the problem of existence of a general polylinear regulator for dynamic 

bundles ,, 21 NN  which is based on Theorem 14.C [9] and Theorem 3                

[2]. Below, one characteristic property of equality (7) is ascertained by        

Theorem 2. 

Further speculations necessitate involvement of additional constructions. 

So, assume that 

{ ( ( ) ( ( )) ( ( ) ( ))) },0...,,...,,,:: 1 =∈= ⊥
∗∗∗∗

txtxtxtuTtT nBB  

and let ∗∗
⊥ νν ,  be the Lebesgue complements (on the respective extensions 

of σ-algebras) of the measures 

( ( ) ( ( )) ( ( ) ( ))) ( ) µ⊥
∗∗∗∗ ℘∈τµττττ

S
Un Sdxxxu ,,...,,...,,, 2

1 BB  

( ( ) ( ( )) ( ( ) ( ))) ( ) µ
∗∗∗∗ ℘∈τµττττ

S
Un Sdxxxu .,...,,...,,, 2

1 BB  

Lemma 5. Equality ⊥⊕=+ EEEE 121  holds if and only if 

( ) ( ),,,,, 22 RTLRTL
∗

⊥
∗
⊥ ν⋅χ=ν  

where ⊥χ  is a characteristic function of set .\TT  
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Consider now a variant of the characteristic conditions for equality (7) 

with a sketch of the proof. 

Theorem 2. When equality ( )µ∅= modT  holds, the following 

proposition is valid: 

( ) ( ).,,,, 22121 RTLRTLEEEE
∗∗

⊥⊥ ν=ν⇔⊕=⊕  

Proof. Proposition ( ) ( )RTLRTLEEEE ,,,, 22121
∗∗

⊥⊥ ν=ν⇔⊕=+  

is a direct statement of Lemma 5. On the other hand, confirmation of the fact 

that { } 221 0 HEE ⊂=∩  follows from 

{ ( ( ) ( ( )) ( ( ) ( ))) } ( )µ∅==∈ ⊥
∗∗∗∗ mod0...,,...,,,: 1 txtxtxtuTt nBB  

and from Corollary 3 of Theorem III.5 (the Hahn-Banach theorem) [8]. □ 

Lemma 5 and Theorem 2 in the context of Theorem 14.C [9] and 

Theorem 3 [2] validate the following corollary: 

Corollary 3. (i) The following three properties are equivalent: 

( ) ( )RTLRTL ,,,, 22
∗

⊥
∗
⊥ ν⋅χ⊂ν  

( ) ( )RTLRTL ,,,, 22
∗

⊥
∗
⊥ ν⋅χ=ν⇔  

.121 ⊥⊕=+⇔ EEEE  

(ii) If ( ),mod µ∅=T  then existence of any property from (i) transforms 

the dynamic bundle +N  into a set of nonlinear controlled processes with the 

differential realization (3). 

The hypothesis (in essence, conversion of Theorem 3 [2] and part (ii) of 

Corollary 3): 

“if ( )µ∅= modT  and bundle +N  possesses realization (3), then 

( ) ( )”,,,, 22 RTLRTL
∗∗

⊥ ν⊂ν  does not find confirmation in the general 

case, what may be illustrated by the following simple example. 
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Example. Let ,RZYX ===  [ ],1,1−=T  .2=n  Assume that 

parameters (coefficients) of the differential system and the dynamic bundles 

modelled have the following representation: 

( ),1,1,1,2,4,2 21210 ===== BBAAA  

{ ( ) },:,,0, 422
1 TteeetN

ttt ∈= −−−
֏  

{ ( ( ) ) }.:1,1,24,1 2222
2 TttttttN ∈++++= ֏  

Obviously, bundles ,1N  2N  have differential realizations (2) with 

regulators ( ) ( ),0,2,1,, 211101 =BBB  ( ) ( ).0,2,2,, 221202 =BBB  Furthermore, 

the integrated dynamic bundle 21: NNN ∪=+  possesses realization (3) with 

the regulator, for which ,210 == ++
BB  .02 =+

B  Moreover, the relations 

( ( ) ( ( )) ( ( ) ( ))) ( ( ) ),1,1,24,,, 222
21 +++=∗∗∗∗

ttttxtxtxtu BB  

( ( ) ( ( )) ( ( ) ( ))) ( ),0,0,24,,, 21 +=⊥
∗∗∗∗

ttxtxtxtu BB  

hold, and this leads to the expected fact that ( )µ∅= modT  ( =Talthough  

{ } )∅≠− −12  and to the transparent statement that 

( ) ( ),,,,, 22 RTLRTL µ=ν∗  

( ) ( ) ( ) τµ+τ=νν ∗
⊥

∗
⊥ .24,,, 2

2 dRTL  

Therefore, for the given problem statement, we have 

( ) ( ) ( ) ( ),,,241,,,241 22 RTLtRTLt µ∉+ν∈+ ∗
⊥  

whence ( ) ( ).,,,, 22 RTLRTL
∗∗

⊥ ν⊂/ν  Furthermore, due to Corollary 3, a 

conclusion may be drawn that for ,, 21 NN  it is true that .2121 EEEE ⊕≠+  

So, this example shows that, in the general case, Theorem 3 [2] does not 

have a converse. 
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