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HIGHER REGULARITY FOR PARABOLIC EQUATIONS 
BASED ON MAXIMAL qp LL -  SPACES 

 

Abstract 

In this paper, we prove higher regularity for 2mth order parabolic 
equations with general boundary conditions. This is a kind of maximal 

qp LL -  regularity with differentiability, i.e., the main theorem is 

isomorphism between the solution space and the data space using 
Besov and Triebel-Lizorkin spaces. The key is compatibility condition 
for the initial data. As a corollary, we are able to get a unique smooth 
solution if the data satisfying compatibility conditions are smooth. 
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1. Introduction 

We consider the following parabolic evolution equations: 
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,...,,1,,,,

,,,,

0 Gxxuxu
mjxtxtguDx
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jj

t
R
R
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 (1.1) 

The operators are m DxaDx 2,A  and Dxj ,B  

jm j Db  with ,,20 Nmmm j  where .xiD  The domain 

G is bounded or exterior domain with a smooth boundary .: G  For given 
m
jjgf 1,  and ,0u  we show the unique solvability of u in the point of 

maximal qp LL -  regularity, which means the isomorphism between them. 

One character of our paper is to treat higher regularity of data and solution. 
Our main theorem is that the solution belongs to a suitable regularity class 
when the data are pL  in time and qL  in space with differentiability and vice 

versa. The proof is based on the induction argument. To use this argument, 
we need to focus on the compatibility conditions of the initial data. When we 
require the regularity of the solutions, we should take care of the initial 
boundary data. This compatibility assumption is essential because we 
construct the theorem by sufficient and necessary. There are a lot of results 
on maximal regularity and relevant operator theory. We refer to [1, 2, 7] for 
parabolic and elliptic type, [3] for mixed order type, [4] for relaxation type 
and [6] for quasi-steady type. In particular, we refer to the comprehensive 
book [10]. This book lists various methods, results and even higher order 
maximal qp LL -  regularity for parabolic and elliptic equations. However, 

only the space regularity for the higher regularity is considered in parabolic 

case, i.e., base space is pL  in time and s
qH  in space. Therefore, the 

compatibility conditions became a little complicated. In fact, they stated the 
case ,1s  while they avoided other case s. On the other hand, there is a 
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higher regularity based on maximal 22 -LL  regularity in the book [5] for the 

second order equation with zero Dirichlet boundary conditions. The main 
result of our paper is a generalization to the qp LL -  settings and 2mth order 

equation with general boundary conditions. The key is to set the base space 

.;; 2 GHLGLH mk
qpq

k
p RR ∩  This is a natural space to consider 

higher order differentiability, which is a different point from the book [10]. 
The function spaces of initial data and boundary data are used Besov and 
Triebel-Lizorkin spaces. This is similar to the classical case ,0k  but we 

give the proof again. The compatibility conditions are required according to 
the differentiability index k. By considering k inductively, we are able to get 
the smooth solution as a corollary of the main theorem. 

This paper is organized as follows. In Section 2, we consider the 
equation more precisely. After setting the situation and assumptions, we state 
our main theorem. In Section 3, we prepare for the definitions and lemmas to 
prove the necessity of the theorem. In Section 4, we prove the main theorem. 
The sufficient conditions are proved by the induction argument as we can see 
the book [5]. The necessity conditions are almost similar to the results on [2, 
10] which is explained in Section 3. 

2. Settings and Main Theorem 

2.1. Some settings 

At first, we define some function spaces to state our main theorems.    
Few terminologies are given in Section 3. For almost all of definitions and 
notations in this section, we can find in [1, 3, 9-11]. 

Let X be a Banach space, 0,0: r∪NN  and .,1 qp  Then 

we define the vector-valued Besov and Triebel-Lizorkin spaces by 

XB nr
qp ;, R  

,2:;:
0, ;

1
; q

n
p

nr
qp ljXLj

rj
XB

n uuXu NRRR FFS  



Naoto Kajiwara 58 

XF nr
qp ;, R  
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0,

1
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qp LXljj
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XF
n uuXu RNRR FFS  

where Njj  is Littlewood-Paley smooth dyadic decomposition. 

Moreover, for a domain nR  we define XBr
qp ;,  and XF r

qp ;,  

by a restriction of XB nr
qp ;, R  and XF nr

qp ;, R  to .  

Note that  

q
k
p

k
p

r
qp XHXHXB ,, ;,;; 10  

with ,1,1,0,, 10010 kkrkk N  where q,,  is a real 

interpolation. We use this relation later.  

Definition 2.1. (a) A Banach space X is said to be of class HT  if the 
Hilbert transform H defined by 

RsRR s
dsstftHf 1lim1:  

is bounded linear operator on XLp ;R  for some .,1p  

(b) A Banach space X is said to have property  if there exists 0C  

such that  

XL

N

ji
ijji

XL

N

ji
ijjiji xCx

;1,;1,
,

22

 

for all ,,,1,1 1, NNXx N
jiij  and all symmetric independent 

1,1 -valued random variables i  jlyrespective  on a probability space 

,, A  .,,lyrespective A  

(c) HT  denotes the class of Banach spaces which belong to HT  

having property .  
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We consider the function HTEtxu ,  and note that NNC  is 

a Banach space of class ,HT  so we are able to consider a system of usual 

parabolic equations. 

We prepare for function spaces of f and .1
m
jjg  Let 1,0 jk N  

mqm
m j

2
1

2  and  

,;;;;: 2
1 EGHLEGLH mk

qpq
k
p

k RRF ∩  

.;;;;: 2
,,

,
2 EBLELF jjj km

qqpq
k

qp
mk RRF ∩  

Then we need to consider the operators .,...,,,,, 1 DxDxDx mBBA  

For the regularity of the operators, we assume the following :kR  

1kR  For each ,2m  the highest order coefficients  are bounded 

continuous, and a
x
lim  exists if G is unbounded. 

2kR  EGHEGHa kk
rl

BB ;;  for each ,2ml  with 

qrl  and .2
lr
nlkm  

3kR  EBb
km

qrj
j

jl
B;

2
,  for each ,jml  with qrjl  

and .12
jl

j r
nkm  

Above regularity assumption is the same used in higher order elliptic 
problems, see [10]. 

Definition 2.2. We call the system DxDxDx m ,...,,,,, 1 BBA  

uniformly normally elliptic if 

 (i) The operator Dx,A  is normally elliptic in the sense that infimum 

of angle ,0  such that ,xA  for all 1,nR  is 

less than ,2  for each ,Gx  and x  if G is unbounded.  
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(ii) The following Lopatinskii-Shapiro condition (LS) holds for each 
:x  

(LS) For all 20,0\, 1nR  and ,1
mm

jj Eg  

the ODEs on the half line R  given by  

mjgvDx
yyvDxyv

jyj

y
...,,10,,
,00,,

#

#
B

A
 (2.1) 

admit a unique solution ,;0 ECv R  where the subscript # denotes the 

principal part of the corresponding operator  

m
DxaDx

2# ,,A  

jm jj DxbDx,#B  

and  

,arg0\: zz C  

.0lim;:; 22
0 yvECvEC

y
mm RR  

2.2. Main theorem 

Theorem 2.3. Let nG R  be open with compact boundary of class 

,,1,, 0
12 qpkC km N  and let E be a Banach space of class 

.HT  Assume that DxDxDx m ,...,,,,, 1 BBA  is uniformly 

normally elliptic and satisfies .2mkR  Let pj 1  for all j. Then there is 

R0  such that for each ,0  equations (1.1) admit a unique solution 

u in the class  

,;;;;: 121 EGHLEGLHu km
qpq

k
p

k RRE ∩  
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if and only if the data are subject to the following conditions:  

m

j

mkkm
jj

jgf
1

,
211 ,, FF  

GBuv pkm
pq

112
,00 :  with ,00 tjj gvB  

GBvDxfv pkm
pqt

12
,001 ,: A  with ,01 tjtj gvB  

GBvDxfv pkm
pqtt

112
,102 ,: A   

with ,0
2

2 tjtj gvB  

#  

GBvDxfv pm
pqkt

k
tk

122
,20

2
1 ,: A   

with ,0
1

1 tj
k
tkj gvB  

GBvDxfv pm
pqkt

k
tk

112
,10

1 ,: A   

with 0tj
k
tkj gvB  if .1

pj  

The solution depends continuously on the data in the corresponding spaces, 
i.e., there is 0C  such that 

m

j
GBj pkm

pq
jmkkk ugfCu

1
0

112
,

,
21 FFE  

for all 0,, ugf j  satisfying conditions. 
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Remark 2.4. Since we would like to construct the global estimate, i.e., 
time interval ,R  we need the term u  in equations (1.1). If we replace the 

time interval T,0  for some ,,0T  then we are able to set .0  

Remark 2.5. For the case ,1 pj  there is a unique solution kEu  

under the above conditions including .0tj
k
tkj gvB  However, it is a 

delicate problem of the boundary initial trace of .kv  We expect the last 

compatibility conditions as neither its strong sense pj 1like  nor 

nothing .1like pj  

Corollary 2.6. Let .,0T  Assume G is an open with compact 

boundary of class TCgGTCfC j ,0,,0,  for all j, 

GCu0  and the kth order compatibility conditions hold for all 

.0Nk  Then the parabolic equations (1.1) have a unique solution 

.,0 GTCu  

Proof. Apply Theorem 2.3 for k inductively and use embedding theorem. 

3. Preliminaries 

3.1. Trace to the initial data 

In this subsection, we consider the trace to the initial data. This needs the 
necessity of the maximal regularity. For the classical 0k  case, the 
characterization of the initial space has shown, e.g. [10] by the real 
interpolation theory. However, we are not able to find the case of 0k  
which is the higher order regularity. So, we consider the trace space. The 
method is almost same as before, i.e., the real interpolation. 

Definition 3.1. Let A be a closed linear operator in X. Then the operator 
A is called sectorial if the following two conditions are satisfied:  

 (i) .0,, AXARAD  
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(ii) There exists 0M  such that MAtt 1  for all .0t  

If A0,  and (ii) hold, then the operator A is said to be 

pseudo-sectorial. For the pseudo-sectorial operator, spectral angle is given 
by  

.sup,inf: 1AAA  

Definition 3.2. Let A be a densely defined pseudo-sectorial operator with 
spectral angle 2A  in X. Let 1,0  and .,1p  Then the space 

pDA ,  is defined by means of  

.::,

1

0
1

,
pptA

pA t
dtxAetxXxpD  

When equipped with the norm  

,,,: ,, pDxxxx App  

the space pDA ,  becomes a Banach space. For ,Nk  the space 

pkDA ,  is defined by  

.:,,:, ,, p
k

pkA
kk

A xAxxpDxAADxpkD  

Lemma 3.3. Suppose A is a densely defined invertible sectorial operator 
in X with spectral angle ,1,2 pA  and .0∪Nk  Then for 

the function ,: xetu tA  the following assertions are equivalent:  

(a) 1kADtu  for a.e. 0t  and ,; 1k
p ADLu R   

(b) ,;1 XHu k
p R  

(c) .,11 ppkDx A  
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In this case, there is a constant C depending only on k, p and A such that  

.,11;; ppkADLXH xCuu k
p

k
p RR  

Proof. By a standard semigroup theory, we have 1ktA ADXe  for 

0t  and  

0, tMeAete ttAtA  

for some .0  By definition, ppkDx A ,11  implies 

,,11 ppDxA A
k  i.e., .; XLxAAe p

ktA R  This and 

commutativity of A and tAe  mean ,; 1k
p

tA ADLxe R  hence (c) 

implies (a). Since tAe  is holomorphic and tAtA Aeedt
d  for ,0t  

XLuAu
dt
d

p
k

k

k
;1

1

1
R  if we assume (a), hence (a) implies (b). 

On the other hand, (b) yields XLu
dt
duA pk

k
kk ;1 1

1
11 R  and 

.;
1

11
p

XL
kp

p
k

p
uAxA R  

This shows (b) implies (c). 

3.2. Trace to the boundary data 

In this subsection, we consider the trace to the boundary data. This also 
needs the necessity of the maximal regularity. We cite the results on Denk et 
al. [2], which characterize the boundary trace by Triebel-Lizorkin space, see 
also [10]. 

Let m
xtL :0  in the space ELLX n

qp ;;: 1
0 RR  

with domain  

,;;;; 1211
00 EHLELHLD nm

qp
n

qp RRRR ∩  
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where the index 0 means that initial trace of the function takes value 0. This 

operator is a sectorial operator with angle 2  and mL 21
0  is the generator 

of an analytic 0C -semigroup .
21

0
myLe  Let L be the canonical extension of 

0L  to the space .;; ELL n
qp RR  

Lemma 3.4. Let qp,1  and E be a Banach space with property 

.HT  Moreover, let 0L  and L be defined as above, and let :yu  

,
21

0 ge
myL

 .0,0 yXg  Then the following assertions are equivalent: 

(a) ,;;;; 11121
0 EHLELHu n

qp
n

q
m

p RRRRRR ∩  

(b) ,;; 12
1

ELLuL n
qpm RRR  

(c) .;;;; 111
,

12121
,0 EBLELFg nq

qqp
n

q
mqm

qp RRRR ∩  

Similar statements are valid on .R  

3.3. Higher regularity for the elliptic equations 

In this subsection, we collect the results on higher regularity for the 
elliptic equations. The result is written in [10, p. 279]. We do not need the 
compatibility conditions, which is different from parabolic problems. 

Theorem 3.5. For EGHf k
q ;  and ,;2

, EBg km
qqj

j  the 

elliptic problem  

mjxguDx
GxfuDx

jj ...,,1,,
,,

B

A
 

has a unique solution in ,;2 EGH m
q  provided Dx,A  is normally elliptic, 

Lopatinskii-Shapiro condition (LS) holds, ,sup: AAs R  

,2 kmC  and the coefficients satisfy the regularity conditions .kR  
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4. Proof of Theorem 2.3 

Proof of a sufficiency of the main theorem. The proof is based on an 
induction on k. For the sake of simplicity of notation, we prove the theorem 
up to the case .1k  The case 0k  is just a result of the paper [2]. Assume 
that a sufficient condition of the theorem is valid for some nonnegative 

integer k, and suppose that the data 01,, ugf m
jj  satisfy the 1k st 

compatibility conditions. By differentiate the equation with respect to t, we 

consider, by setting ffuu tt :~,:~  and j : ,j t jg g  

j

j
0 0 0

, , , ,

, , , , 1, ..., ,

0, , : .

t

j j

t

u u x D u f t x t J x G

x D u g t x t J x j m

u x f x D u u x G

�� � �

�

�

A

B

A

 

Note that  

j ,
1 21

1
, ,j

m
k mm k

j j
j

f g� F F  

i j
12 1

0 0 ,:
m k p

q pv u B G  with 0 0 ,j j tv gB  

i i
12

1 0 0 ,: ,
m k p

t q pv f x D v B G� A  with i j
1 0,j t j tv gB  

j i
12 1

2 0 1 ,: ,
m k p

t t q pv f x D v B G� A  

with j j2
2 0,j t j tv gB  

#  

k k
12 22

1 0 2 ,: ,
mk p

k t t k q pv f x D v B G� A  

with k j1
1 0,k

j k t j tv gB  
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j k
12 11

0 1 ,: ,
mk p

k t t k q pv f x D v B G� A  

with j j
0

k
j k t j tv gB  if 1 .j p  

Namely, j j
01, ,m

j jf g u�  satisfies the kth compatibility. Thus, applying the 

induction assumption, we deduce ku� E  and 

j j, 2 1 1/
1 2 01

.k m j m k pk k
q

m
j Bj

u C f g u�� E F F  

This implies 

EGHJLEGLJHu km
qpq

k
p

k
t ;;;; 121 ∩E  

and 

    kut E  

m

j
GBtjtt pkm

pq
jmkk uDxfgfC

1
00

112
,

,
21

,AFF  

,
1

0
122

,
,1

2
1

1

m

j
GBj pkm

pq
jmkk ugfC FF  

where we used the estimate  

.1
1

112
,0 kpkm

pq
fCf Bt F  

Here and hereafter we use the letter C to denote any constant that is not 
important, which may be different from line to line. 

We next consider the following the higher order elliptic problems for 
each fixed t: 

....,,1,,
,,

mjxguDx
GxufuDx

jj

t
B

A
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Under the assumptions on the regularity of the coefficients ,1kR  we have 

GHtu km
q

22  by Theorem 3.5 and  

   GH km
q

tu 22  

m

j
GLBjGHt q

qjmkm
qq

km
q

tutgtutfC
1

122
,

12  

,
1

12
,

1212

m

j
GLBjGHtGH q

jkm
qq

km
q

km
q

tutgtufC  

for a.e. t. We take RpL -norm in time, then we have  

     GHL km
qp

u 22;R  

GHLtGHL km
qp

km
qp

ufC 1212 ;; RR  

m

j
GLLBLj qp

jkm
qqp

ug
1

;;
12

, RR  

,
1

;0
122

,
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2
1

1

m

j
GLLGBj qp

pkm
pq

jmkk uugfC RFF  

by using the estimate (4.2). We again consider the estimate (4.2), and deduce  

m

j
GBj pkm

pq
jmkkk ugfCu

1
0

122
,

,1
21

1 FFE  

since we have the estimate  

.
1 0;

122
,

,1
2

1
1

m
j GBjGLL pkm

pq
jmkk

qp
ugfCu FFR  
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This proves the sufficient condition to get the higher order maximal qp LL -  

regularity solutions. 

Proof of a necessity of the main theorem. For the sake of simplicity, 

we prove the case that .nG R  The desired case is straightforward by 

coordinate transformation. Let ku E  be the solution of (1.1). Then                  

we have .1
kf F  We extend the function u in space so that 

,;; 121 nkm
qp

n
q

k
px HLLHuE RRRR ∩  where xE  is an 

extension operator from nR  to .nR  From Lemma 3.3, we know 

,;
112

,0 EBuE npkm
pqtx R  

which implies .;
112

,0 EBu npkm
pq R  Moreover, ufut A  

1: v  at  

 ufu tt A2  

21 : vvft A  

 1
3 vfu ttt A  

32
2 : vvft A  

          #  

at 0t  derives the compatibility conditions whose regularity is same as the 
theorem. 

As a next step, we consider the tangential part of .0: nxy  We 

extend the function u in time so that n
q

k
pt LHvuE RR;: 1  

,; 12 nkm
qp HL RR∩  where tE  is an extension operator from R  to 
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.R  Hence, vDw x
l
yt:  belongs ∩ELH n

q
m

p ;;21 RR  

EHL n
qp ;; 1 RR  if .1122 kmlm  Define the function 

w  by the solution of  

.00,0,21
0

21
0 wywLwwLw m

y
m

y  

This function also belongs to EHLELH n
qp

n
q

m
p ;;;; 121 RRRR ∩  

since 0L  satisfies the maximal regularity, see [2, 10]. Hence, ww  

0
21

0 y
yL we

m
 has same regularity as well. Then we are able to use Lemma 

3.4 to get  

.;;;; 111
,

12121
,0 EBLELFw nq

qqp
n

q
mqm

qpy RRRR ∩  

By a definition of w and proper choices of  and l, these yield  

,;;;;, 122
,

1
, EBLELFvDx nmmk

qqp
n

q
k

qpj
jj RRRR ∩B  

by restriction to .0t  We finally obtain .
,

2
jmk

jg F  This completes the 

necessity of the main theorem. 
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