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Abstract

The aim of this article is to prove uniqueness of solution to mix a
fractional problem of parabolic evolution of order-two in a plate with
integral boundary conditions:
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w Lo( vy 1%

Dy — ;a(xa) SRl

v(x, 3, 0) = o(x, y)

Wty v, 1) = %(x, 0, 1) =0

l
J.lev(x, v, )dx =0

l
[ vy ndy =0,
A functional analysis method is used. The proof is based on an

energy inequality and on a priori estimates established in non-classical

function spaces.

1. Posing of the Problem

In the plate Q = (0, /1) x (0, £5)x (0, T'), where /{ < 4w, {5 < +oo and

T < +wo, we determine a solution u of the fractional differential equation:

1o( v\ 1 0%
Do‘v———(x—j =2 = fx, . 0) (1.1)
t x Ox\ Ox x2 ayZ

satisfying the initial condition
v(x, v, 0) = o(x, »), (1.2)

the Neumann conditions
v({y, v, t)zﬁ_u(x’ ly,1)=0 (1.3)
oy
and the nonlocal conditions

l
J.()l xv(x, y, t)dx =0, (1.4)

%)
-[0 v(x, y, t)dy = 0. (1.5)
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For the consistency, it follows that

G )
J, w0ty 0)dx = [ Zute y )dy =0

o¢
0r, 1) =L2(x, 15) =0
(Lo, ¥) ay( 2)

where 0 < oo <1, n € N*. The left Caputo derivative D;* and the gamma

function I' are, respectively, defined as

L oy T

Dyv(x, 1) = (- Q)Joérﬁ’

_ +o l-a _—x
Ia) = o ¥ € dx.

Fractional differential equations have generated a lot of interest to engineers
and scientists in recent years. It is because FDEs have memory, nonlocal
relations in space and time and complex phenomena can be modeled by using
these equations. Indeed, we can find numerous applications in viscoelasticity,
electro-chemistry, control theory, porous media, fluid flow, rheology,
diffusive transport, electrical network, electromagnetic theory, probability,
signal processing, and many other physical processes.

Many methods were used to investigate the existence and uniqueness of
the solution of mixed problems which combine classical and integral
conditions. The existence and uniqueness of solutions to initial and
boundary-value problems for fractional differential equations has been
extensively studied by many authors; see for example [1-4, 8, 10-15]. Some
of the existence and uniqueness results have been obtained by using Laplace
transform method, Fourier’s method and energy-integral method [1, 2, 6, 7,
9, 14].

Motivated by this, we extend and generalize the study for PDEs with
integral conditions to the study of two-dimensional fractional PDEs with

integral conditions.
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In this paper, we extend an energy-integral method to the study of

mixed-type two-dimensional fractional differential equations.

This paper is outlined as follows: after this introductory section, in
Section 2, we present abstract formulations of the posed problems and make
precise the concept of solution of the problems. Finally, we establish a priori
estimates which are derived to show the uniqueness and continuous

dependence of the solution upon the data in Section 3.
2. Preliminaries

We introduce now a new function u(x, y, ) = v(x, y, t) — ¢(x, y). Then

the problem can be formulated as:

o, 10( au) 1% _
Dru x Ox (X ﬁx) x2 ayz - f(x’ Vs l‘), (2.1)
u(x, ¥, 0) = o(x, y), (2.2)
ult, . 1) = L (x, £5,0) = 0, (2.3)

oy

0
I o o v, )dx =0, 2.4)

2
.[0 ulx, y, )dy =0, 2.5)

where
_ 10( 8\, 1%
f(x, t)—F(X, Z)+xax(xaxj+x2 ayz .

Instead of searching for the function v, we search for the function u. So the
solution of the problem (1.1), (1.2), (1.3), (1.4) and (1.5) will be given by

v(x, ) = u(x, t) + o(x, ).
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In this article, we establish an energy inequality which is derived to show
the uniqueness and continuous dependence of the solution upon the data
(2.1), (2.2), (2.3), (2.4) and (2.5). For this, we consider the problem (2.1)-

(2.5) as a solution of the operator equation:
Lu=F =f, (2.6)

with domain of definition D(L) consisting of functions v € L,(Q) such that

po, ou du du o’u d%u
t ’8x’8y’ax2’ay2’8xﬁt

(S Lz(Q)

and v satisfies conditions (2.3), (2.4) and (2.5). The operator L is considered

from E to F, where E is the Banach space consisting of functions u € L,(Q),

satisfying (2.3), (2.4) and (2.5) with the finite norm:
j x3(3,D%u ) dxdydt + 2 j 3 (u, )2 dxdydt
o 7 Q
+ I . (3 yuy )2 dedvdr + J' ¥y ) dxdyd, 2.7)
where
X y
Ju= Jou(f‘;, v, 1)de, Iy = JO v(x, m, t)dn,
Jov=T,(3,v), I

Here F' is the Hilbert space of vector-valued functions F = f obtained by

completing of the space L, () with respect to the norm
|FIG = [ | 17 Ge y. o)dsy )

Definition 1. A solution of the operator Lu = F is called a strong
solution of the problem (1.1), (1.2), (1.3), (1.4) and (1.5).
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3. An Energy Inequality and its Applications

Theorem 3.1. For any function v € E, there is the a priori estimate
lulg < Lulg, (3.1)

where c is a constant which may depend on T but not on v.

Proof. Consider the inner product in L,(Q2), and the linear operator

_ _3~2pa 2~20u 3~ Ou
Mu = —x"J3D;u + 2x Jyg-i—x Jyg.

In light of the initial condition (2.2), the boundary conditions (2.3)-(2.5),
and the standard integration by parts of the equation (2.1), we obtain

3/~ o, \2 2~ o~
x(J,D; u dxddt—ZI x“T3 D uJ u. dxdydt
JQ (yt) a4 a ylr UJ Uy axay
3~ o
- x°J, D uu ., dxdydt
.[Q yor My B

2.[9 xQJyuxijta udxdydt + IQ x33yux3yDtauxdxdydt

bpet
+a? IO JO x(Jiux )dydt

(04
- 2.[9 xzuyjyux dxdydt + ZIQ x3(u, ) dxdydt + IQ x2 (D2 u)? dxdydt
~ 2
+ 2.[9 uy, 3 yu dxdydt + JQ x(uy, )" dxdydt
. j 23 32D udxdydt + 2j ¥ 32 dxdydt

3
+ J' o 5 Ty ddyr, (3.2)

Applying the elementary inequality and the Cauchy ¢ -inequality on
certain terms of (2.3), we have
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2~ o, ~ 2/~ (04 2
2JQx 3D uJ yudxdydt < SIIQX (3, D;"u)” dxdydt
1 20~ 2
+ gJAQT x“(3uy ) dxdydt,
3 ~ o 82 3/~ o 2
- IQx uy, 3, D; udxdydt < TJ‘QX (3,,D;"u)” dxdydt
+ LJ. () dxdydt
282 Q y ’
2I x2u, 3 u dxdydt < 83.[ () dxdydt
o Hydytx o Wy
1 2 2
+ - IQx (J yuy )" dxdydt,
2
= 2f w3 uddyde < 54 [ () dyd
1 2 2
+ aJ.Qx (Jyuy ) dxdydt,
~ ~ 2
—2 J' , Jyta3y D udsdyds < e j , () dcdy
+LJ‘ (3 ,D%u)? dxdydt
85 O yet ’
~ ~ ~ 2
- ZIQ 3 uy 3y, Dfudxdydt < 86IQ (3 yuy )" dxdydt
+ij (3, D%, dxdydi
g6 40 y=t *x ’
Ry € 3.2
- JQx £(3,,Du)dxdydt < 7719 3 fdxdydt

+ ﬁ JQ X (JnytO‘u)2 dxdydt,
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(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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2JQ ¥2f(3 iy )dxdyd < e J' . X2 2 dxdydt

2

b 2 . \2
+ 25 IQx (31, )" dxdydt,

3 o0~ €9 3.2
IQx f(3yu,,)dxdydt STJ‘Qx f“dxdydt

2

bS50 2
e IQx (uy, )" dxdydt.

Substituting (3.3)-(3.11) in (3.2), it follows that

(3.10)

(3.11)

¢ T
3~ 2 3 2 2["2 ~2
IQx (3, Dfu)"dxdydt + 2J.Qx (uy ) dxdydt + 17 J.O J.O x(35uy )dydt

o
2(n2. 2 J‘ 2
+ D dxdydt + dxdydt
jQx(tu) xdydr + | () dvdy

2.3
2 5% 1 b x ~ o \2
< 22,0
_J (slx g s + yr J(JyDt u)” dxdydt

x2 1 x2 p2x?
+ —t—+ T +e5+g+
Q

~ 2
e e e 2es )(Jyux) dxdydt

1 b2 ) N P
+.[Q(2_81+83 e +E](uy) b +EJQ(JyD’ )" ddy

4 38 4 38 2 2
+(%+%+zlggﬁg(f) dxdydt.
By virtue of f, and the elementary inequality:

¢ 2 .y
_[01 (3,u)dx < %J.Ol u?ds,

(3.12)
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from (3.12), it follows that

2
_ %l + _ZZml " 3/~ o, \2
3 286).‘9)6 (3, D;u)” dxdydt

l 2
+|1-L = e e, 2
[ 6, ta o3 €5 — &g 2eq ]J x(Jyux) dxdydt

1 f% 2
+[1 —2—81—83 — &4 —EJJ‘QX(MJ;) dXdydt

g7 ey | o 2
< | HE7 , TB 2. j (f)2 dxdydt. (3.13)
2 2 Q
Hence, if
2,3 2
Ay =1-g/ —%—5—%—2’3— 0;
5 €7 €6
2 2 2,2
A2 Zl—f—l—i—f—l—85 oS +%>0,
81 84 83 288
2
1 03
Ay=l-———g3-64—-2>0
3 281 83 84 489 > 5

it follows from estimation (3.14) that

3/~ 2 3 2 ~ 2
JQx (3,Df"u) dxdydt+2_[gx (uy )" dxdydt +JQ x(3yuy ) dxdydt
t j X(u, ) dxdydt < ¢ _[ ()2 dxdyd, (3.14)
o 7 Q

6%87 n f%Sg
2 2
min(2, Al’ Az, A3)

+ E%SS
where ¢ =

. This completes the proof.
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Proposition 3.1 [5]. The operator L from E to F admits a closure.

Corollary 1. Under the conditions of Theorem 3.1, there is a constant

C > 0 independent of v such that
Ivilg S||Zv||F, veD(Q). (3.15)

Corollary 2. If a strong solution exists, it is unique, which depends
continuously on f, if v is considered in the topology of E and f is considered

in the topology of F.
Corollary 3. The rang R(L) of the operator L is closed in F and

R(L) = R(L), where R(L) is the range of L.
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